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ABSTRACT 

 

STRATEGIC EXERCISE OF OPTIONS ON NON-TRADED ASSETS AND 

STOCHASTIC VOLATILITY IN AN INCOMPLETE MARKET:  

INDIFFERENCE PRICING AND ENTROPY METHODS 

 

Publication No. ______ 

 

SingRu Hoe, PhD. 

 

The University of Texas at Arlington, 2006 

 

Supervising Professor:  John David Diltz  

The first study explores optimal investment policies for strategic option exercise 

when the underlying project is not traded.  A duopoly model captures strategic 

interactions, while a partial spanning asset models market incompleteness.  The option 

value to invest is obtained through indifference pricing, i.e., certainty equivalent value.  

I find that incompleteness narrows the gap between leader and follower entry dates. The 

follower enters much sooner, and the leader delays slightly compared to classic real 

options models. Modeling investment income stream as an Arithmetic Brownian motion 

is a better fit than Geometric Brownian motion, while reducing the necessary numerical 

approximations for obtaining the results in the incomplete market situation. As a 
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byproduct of modeling two different stochastic income streams, I investigate the impact 

of market share and uncertainty on the relative investment trigger as well as the option 

value to invest. Results are sensitive to these factors; thus, it is important to model 

stochastic processes to accurately reflect the real world circumstances.      

The second study explores the valuation consequences of incompleteness 

resulting from stochastic volatility in a real options setting.  The optimal policy is 

obtained through q-optimal measures as well as indifference pricing.  I examine the 

efficacy of different approaches to finding and justifying a particular martingale 

measure.  Stochastic volatility induced market incompleteness affects the 

investment/abandonment decision in several important ways.  In addition, I demonstrate 

that indifference prices for the option value to invest and the abandonment option solve 

quasilinear variational inequalities with obstacle terms.  With the exponential utility 

function, the utility-based indifference price admits a new pricing measure, which is the 

minimal relative entropy martingale measure minimizing the relative entropy between 

the historical measure and the Q martingale measure. I also show that the indifference 

price is non-increasing with respect to risk aversion.  As the risk aversion parameter 

converges to zero, the indifference price converges to the unique bounded viscosity 

solution of the linear variational inequality with obstacle term.     
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CHAPTER 1 

INTRODUCTION 

 

1.1 Motivation 

One of the primary functions of corporate finance is to properly identify firms’ 

optimal investment policies.  Beginning with Myers’ (1977) path breaking realization 

that growth opportunities can be viewed as “real options”, numerous developments have 

appeared in the literature (see, for example, Brennan and Schwartz (1983, 1984, 1985), 

McDonald and Siegel (1986), Paddock et al (1988)).  Dixit and Pindyck’s (1994) 

publication of the first text devoted to real options analysis signaled the growing 

maturity of the field.  The real options theory of corporate investment has developed to 

the point that it is now in the mainstream of corporate finance. 

As important as real options has become to corporate finance, it still rests upon 

simplifying assumptions that may not hold in the real world.  For example, the classical 

real options model involves decision makers playing against nature rather than against 

competitors, i.e., “an irreversible investment decision under monopoly”.  The options 

game model1, integrating option pricing theory with game theory, has been developed to 

address this limitation of the standard real options model.  Strategic exercise of real 

options is now an important topic of current research.  Recent work suggests that the 
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fear of pre-emption leads to a significant erosion of the option value to delay 

investment, with optimal policies approaching that of static net present value analysis. 

Apart from the ongoing development of refinements to real options theory and 

application, deeper unresolved issues still exist that may impact the efficacy of the 

approach.  Perhaps foremost among these issues rests with the question, “What if 

managers are unable to create the project’s replicating portfolio?”  In this case project 

risks cannot be spanned by a portfolio of existing assets.  Market incompleteness may 

limit the utility of contingent claim analysis.  The presence of an imperfect hedge still 

exposes the investor to idiosyncratic risk, thus weakening seriously the risk neutrality 

assumption lying at the heart of option pricing theory2.  This incomplete market 

problem arising from pricing claims written on non-traded assets is to date an 

unresolved issue.  There is considerable disagreement over the practical importance of 

the non-traded asset issue, with top researchers appearing in both camps.  Two general 

methods are employed to price claims written on non-traded assets.  One method, 

known as mean-variance hedging, originated from work by Follmer and Sonderman 

(1986).  The other method is based on utility maximization.  Important theoretical 

                                                                                                                                               
1 See, for example, Dixit and Pindyck (1994, Ch9), Grenadier (1996, 1999, 2002), Smets (1995), 
Lambrech and Perraudin (1998),  Huisman (2001),  Smit and Trigeorgis (2004)…etc. 
 
2 McDonald and Siegel (1986) caveat their model by stating, “Risk aversion by investors is here 
introduced by supposing that options to invest are owned by well-diversified investors, who need only be 
compensated for the systematic component of the risk of projects and options to invest….Assuming that 
investors are well diversified describes publicly owned corporations in the United States and simplifies 
the computation of the option value.”  Implicit in their statement and model is the notion that capital 
markets are “complete”, i.e., that any pattern of risky cash flows may be spanned by existing securities. 
The statement that “Capital markets are sufficiently complete and well diversified investors need only be 
compensated for the systematic risk…” leads to Henderson’s (2005) assertion about McDonald and 
Siegel’s model assumption of risk neutrality to idiosyncratic risk. 
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groundwork pertaining to the underlying issues includes Follmer and Schweizer (1990), 

Henderson (2002), Henderson and Hobson (2002), Karatzs and Shreve (2000), Musiela 

and Zariphopoulou (2003) and Zariphopoulou (2004). 

Stochastic volatility is an important issue in contingent claims analysis, and it is 

especially important to handle volatility correctly in real options, given the long 

maturities involved.  Moreover, stochastic volatility may induce incompleteness 

because stochastic volatility cannot be traded.  Selecting the correct pricing measure in 

these situations is equivalent to specifying the market price of volatility risk.  Research 

such as Biagini et al. (2000), Heath, Platen and Schweizer (2001), Henderson (2005), 

Hobson (2004), Laurrent and Pham (1999), and Pham et al. (1998) contain approaches 

to selecting a single equivalent martingale measure with which to price options.  

Alternatively, the indifference pricing technique first proposed by Hodges and 

Neuberger (1998) has been applied to stochastic volatility models in Sircar and 

Zariphopoulou (2005).  Frittelli (2000) analyzes the connection of the pricing rules of 

agents with exponential utility to the arbitrage-free valuation under minimum entropy 

martingale measure.    

Pinches (1998) states, “one avenue for significant future research is that of 

valuation of options in incomplete markets”. Extending real options theory to include 

incompleteness has recently caught more and more attention worldwide (see, for 

example, Henderson (2005), Hugonnier and Morellec (2004, 2005), Kadam et al (2004), 

Miao and Wang (2005)) and will continue to be a burgeoning arena to be explored since 

no clear unifying theory has yet been developed.   



 

 4 

1.2 Purpose and Scope of the Study  

Assets underlying real options are typically not traded.  This characteristic 

makes integrating incompleteness and risk aversion into the classical real options model 

vital to the efficacy of the approach.  Recent research has shown that optimal 

investment policies obtained through the classical real options framework are 

substantially altered if the   market is incomplete.  Further, if investors are averse to 

idiosyncratic risks3, the effects are even greater.  This dissertation attempts to extend the 

existing research by exploring the impact of market incompleteness and managerial risk 

aversion on the investment timing decision and option value to invest in strategic 

exercise setting (i.e., duopoly). As an outgrowth of this work, it will be important to 

explore the effect of stochastic volatility on such models.   

Most real options have a maturity of several years, requiring the employment of 

stochastic volatility.  Stochastic volatility in turn induces incompleteness independent of 

the non-tradability of the underlying asset.  This makes it important to examine the 

order of the option value to invest under q-optimal pricing measures, along with their 

connection to indifference pricing. 

The first issue addressed is the impact of market incompleteness and managerial 

risk aversion on optimal investment policies if strategic interactions from other market 

players are integrated into the real options model.  Recent work (Henderson (2005), 

Hugonnier and Morellec (2004, 2005), Kadam et al (2004), Miao and Wang (2005)) 

investigates optimal investment policies in incomplete markets.  The consistent 

                                                 
3 See footnote 2. 
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conclusion is that with the lump-sum investment payoffs, incompleteness and 

managerial risk aversion lower the option value to invest as well as the investment 

threshold compared with those posited in classical complete market models.  Just as 

consistently, when flow (income stream) investment payoffs are assumed, the 

abovementioned observation is reversed.4  Motivated by the extant literature, this 

dissertation attempts to extend existing real options literature to include strategic 

interactions.  I aim to examine how market incompleteness, risk aversion and strategic 

competition interact. An interesting question is whether lump-sum investment payoffs 

and flow payoffs still yield reversed results when strategic interaction is considered 

simultaneously.  

The second issue examines the option value to invest under the class of q-

optimal measures with stochastic volatility.  I also extend the study to include 

indifference pricing to determine whether a connection exists between these two 

different pricing techniques in real options setting. 

1.3 Benefits of the Study 

Managers may make investment decisions under conditions that resemble an 

incomplete market due to nontradeability, stochastic volatility, or other factors.  

Henderson (2005) posits, “There is little evidence that perfect spanning asset exists.”  

Therefore, optimal investment policies obtained from an augmented model integrating 

                                                                                                                                               
 
4 It is interesting to observe different optimal investment rules due to lump-sum investment payoffs 
versus flow investment payoffs because they are the same in the standard real options model with 
complete market setting (see Dixit and Pindyck (1994) Ch5 and Ch6.) 
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incompleteness and aversion to idiosyncratic risk should result in better capital 

investment decisions. 

In addition, the incompleteness introduced by the stochastic volatility which 

cannot be traded is an important issue for financial and real options alike.  The selection 

of different arbitrage-free pricing measures, i.e., market price of volatility risk, will 

yield different investment timing decisions.  The links to the alternative pricing 

technique, indifference pricing, should also deserve study.     

This research provides two major benefits. First, it extends the valuation of real 

options in incomplete markets, which has been done so far by isolating strategic 

interactions from the model, to include a game-theoretic setting.  From the results of 

this dissertation, both academics and practitioners will know better how the option to 

invest and the investment timing decision may be distorted if the degree of spanning 

assets obtainable is wrongly assumed.  Second, it provides option value to invest under 

q-optimal measures and under indifferent pricing technique when the standard real 

options setting with constant volatility does not hold, rather the volatility is stochastic 

and cannot be traded. 
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CHAPTER 2 

LITERATURE REVIEW 

 

Literature pertaining to this dissertation is organized along three lines.  I begin 

with research on real options in complete markets.  I then summarize research 

concerning options on non-traded assets and option pricing in incomplete markets. 

Finally, I review relevant literature on stochastic volatility insofar as it relates to market 

incompleteness. 

2.1 Real Options in Complete Markets 

Myers (1977) was apparently the first to write that many corporate assets, 

particularly growth opportunities, may be viewed as call options.  He coined the term, 

”real options” to describe these assets.  Brennan and Schwartz (1985) applied option 

pricing techniques to the valuation and optimal operation of a copper mine.  The owner 

of an operating copper mine retains a put option to suspend operations should copper 

prices fall below a threshold value.  Similarly, the owner of a suspended operation 

retains a call option to reopen the mine should copper prices rise above a higher 

threshold.  Fixed suspension and resumption costs drive a wedge between the respective 

thresholds.  This in turn leads to a path-dependent optimal policy and a “hysteresis” 

effect.  The threshold prices represent free boundary conditions from the solution to a 
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partial differential equation, so the solutions are sufficiently complex to require 

numerical techniques.  

A considerable volume of real options research appeared during the mid to late 

1980s.  McDonald and Siegel (1986) showed that if a capital investment project is 

partially or totally irreversible and if there is flexibility in timing, the value of the option 

to delay investment may exceed the value of the project in place.  The familiar static net 

present value criterion for capital investment should be replaced in many situations by 

the criterion that net present value should exceed a project’s real option value before 

assets are put in place.  Paddock, Siegel, and Smith (1988) applied option pricing 

techniques to offshore oil leases, comparing their results to estimates provided by the 

U.S. Geological Survey.  They demonstrate the efficacy of the option approach to lease 

valuation, and they offer evidence to suggest that their approach is superior to the 

discounted cash flow approach used by the USGS.  

The earlier real options models did not consider optimal exercise policies with 

the possibility of strategic interactions with competitors.  Capital investment problems 

quite often are more than a simple game against nature.  Competitors may have a 

significant impact on the optimal time to place assets. Game theory was combined with 

real options to address managerial problems more realistically.  Researchers discovered 

by augmenting the real options framework with strategic considerations, some 

predictions of the standard real option models are mitigated. The optimal investment 

rule, as described in the classical real options literature, is to invest when the asset value 

exceeds the investment cost by a potentially large option premium.  However, if firms 
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fear pre-emption, then the option to delay investment is reduced, and project value 

approaches traditional net present value. Trigeorgis (1991) studied the impact of 

competition on the optimal timing of project initiation using option methodology, while 

Ankum and Smit (1993) considered managerial strategies as a sequence of tactical 

investment projects. Grenadier (1996) used a game-theoretical approach to option 

exercise in the real estate market to explain cascades and “overbuilding” in real estate 

markets; he extended the analysis in 1999 and 2002 to consider equilibrium strategies 

with option exercise games. Smets (1995) provided a treatment of duopoly in a 

multinational setting. Lambrech and Perraudin (1998) studied strategic behavior under 

incomplete information. Grenadier (2000) edited a good selection of option games 

papers. The first textbook covering real option games in continuous time setting 

appeared in 2001 by Huisman, while Smit and Trigeorgis edited an option games 

textbook in 2004 mainly focusing on discrete-time models with many practical 

examples. 

Agency problems and information asymmetries have been crucial issues in 

corporate finance, especially in modern decentralized firm. The standard real options 

paradigm assumes the options’ owner makes the exercise decision, but this is usually 

not true in modern decentralized corporations, where options’ owners delegate the 

investment decision to managers. Such delegation process possibly induces the agency 

and information asymmetries problems. In view of this, Grenadier and Wang (2005) 

augment standard real options model with the presence of agency conflicts and 

information asymmetries, in which an underlying option to invest can be decomposed 
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into a manager’s option and an owner’s option. Their model predicts that the manager 

will have a more valuable option to wait than the owner will, and the optimal contracts 

depend explicitly on two factors, hidden information and hidden action5. Grenadier et 

al. (2004) study the similar issues augmented by recursive optimal contracting and the 

consideration of manager’s risk aversion. They find that the net effect of risk aversion is 

to delay investment. 

2.2 Real Options, Non-Traded Assets, and Incomplete Markets 

Lurking in the background of earlier real options research was a concern over the 

importance of actually being able to construct the delta hedge for a real option.  

Brennan and Schwartz (1985) employed a self-financing replicating portfolio approach 

to value a copper mine (see previous section).  They cite the advantages of this 

approach over conventional discounted cash flow techniques, with one important 

caveat.  They state, “When a replicating self-financing portfolio can be constructed, our 

approach offers several advantages over the market equilibrium approach; not only does 

it obviate the need for a discount rate derived from an inadequately supported model of 

market equilibrium but, most important in the current context, it eliminates the need for 

estimates of the expected rate of change of the underlying cash flow and therefore of the 

output price.”   Particularly significant is the phrase, “When a replicating self-financing 

portfolio can be constructed….”  Brennan and Schwartz have chosen an application 

(i.e., copper mine) that allows them to actually construct a replicating portfolio.  

Assuming that the convenience yield for copper may be written as a function of output 

                                                 
5 They are measured by cost/benefit ratio. See Grenadier and Wang (2005). 
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price alone and that the interest rate is non-stochastic, the presence of a futures market 

for copper allows Brennan and Schwartz to construct a replicating portfolio. 

McDonald and Siegel (1986) caveat their model similarly, stating, “Risk 

aversion by investors is here introduced by supposing that options to invest are owned 

by well-diversified investors, who need only be compensated for the systematic 

component of the risk of projects and options to invest….Assuming that investors are 

well diversified describes publicly owned corporations in the United States and 

simplifies the computation of the option value.”  Implicit in their work the notion that 

either capital markets are complete, or that investors are risk neutral with respect to 

idiosyncratic risk. 

Paddock et al (1987) are also concerned with the replication / market 

completeness issue.  They state, “Most importantly, we show the necessity of 

combining option pricing techniques with a model of equilibrium in the market for the 

underlying asset (petroleum reserves).”  Implicit in the above statement is the notion 

that risk-neutral delta hedging may not be feasible.  As with previous real options 

studies, Paddock et al benefited from the fact that markets existed for both developed 

and undeveloped petroleum reserves. 

Dixit and Pindyck (1994) develop the classic real options models in a parallel 

mode.  That is, they describe a particular model by utilizing contingent claims style 

delta hedging.  They subsequently develop the same model using an optimal stopping 

approach.  It appears that concern over market incompleteness was the reason for the 

parallel approach.  In their Chapter 4, Section 3, they write in objective terms about the 
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pros and cons of optimal stopping versus contingent claims, but then they editorialize.  

They state that the contingent claims approach offers a better treatment of the discount 

rate.  They then go on to state that the contingent claims approach requires the existence 

of a sufficiently rich set of markets in risky assets. 

Valuing claims on non-traded assets represents a challenge to option pricing 

theory that has recently attracted much academic attention.  A natural way to approach 

the problem is to choose another traded similar asset or index for use in the delta hedge.  

If it is not possible to hedge all risk, the calculation of the option price as the expected 

discounted payoff under a risk-neutral measure may not apply.  Several approaches 

have been suggested to solve this problem.  Mean variance hedging (see Follmer and 

Sonderman (1982)) is one suggestion, and there are two ways to implement the 

approach.  The analyst either minimizes sequential future risk exposure by relaxing the 

self-financing strategy (also known as mean-self-financing strategy) or he/she 

minimizes the tracking error at the terminal date and assumes there is a self-financing 

strategy (see Duffie and Richardson (1991)). 

Another well-known approach is based on utility maximization, which can be 

viewed as a descendant of the seminal Merton (1969) contribution.  Hodges and 

Neuberger (1988) were the first to adapt the static certainty equivalence concept to the 

expected utility maximization through dynamic hedging/trading, which is then known 

as indifference pricing and there have been numerous papers study non-traded assets 

and incomplete market utilizing this technique, see for example Duffie and 

Zariphopolou (1993), Duffie et al. (1997), Henderson (2001, 2004, 2005), Henderson 
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and Hobson (2002), Zariphopolou ( 2001, 2003, 2004), Zariphopolou and Sircar (2005) 

…etc. and also the monograph by Karatzas and Shereve (2000).   

Since there are infinitely many admissible pricing measures in the presence of 

market frictions due to non-tradability, there is a substantial body of literature on how to 

select the “best” equivalent martingale measure with which to price options (see for 

example, Biagini et al. (2000), Heath, Platen and Schweizer  (2001), Henderson (2005), 

Hobson (2004), Laurrent and Pham (1999), and Pham et al. (1998)).  Other potential 

approaches include super-replication (see for example Hubalek and Schachermayer 

(1997)), and convex risk measures (see for example Follmer and Schield (2004)).  

Real options represent a particularly important application of the valuation of 

claims in incomplete markets.  Incompleteness is introduced by the fact that the option 

is usually written on a non-traded asset, and it may be that no ”twin security” can be 

found. Hubalek and Schachermayer (2001) studied the non-tradability issues indicating 

that using the assumption of no arbitrage alone would lead to no information about the 

price of the claim. Observing the results presented by Hubalek and Schachermayer 

(2001), Henderson and Hobson (2001) consider a utility-based approach to obtain the 

reservation price as well as the optimal hedging strategy. More recent contributions are 

Henderson (2005), Hugonnier and Morellec (2004, 2005), Kadam et al (2004), Miao 

and Wang (2005). 

Henderson (2005) considers a lump-sum payoff case for investment and 

introduces the concept of time consistency utility function for valuation.  Hugonnier and 

Morellec (2004, 2005), Kadam et al (2004), Miao and Wang (2005) analyze both lump-
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sum and flow payoffs.  The consensus is that with the lump-sum investment payoffs, 

incompleteness and managerial risk aversion lower the option value to invest as well as 

the investment threshold.  When flow payoffs are considered, the consequence is 

reversed. 

2.3 Stochastic Volatility Models, Pricing Measures and Indifference Pricing 

Hull and White (1987) introduced stochastic volatility to option pricing.  Their 

work was followed by Stein and Stein (1991) and Heston (1993).  Since then, there has 

been a growing body of research on option pricing techniques with stochastic volatility.  

Incompleteness induced by stochastic volatility allows infinitely many admissible 

option prices, consistent with the absence of arbitrage.  Each admissible price 

corresponds to a different martingale measure.  Biagini et al. (2000), Heath, Platen and 

Schweizer  (2001), Henderson (2005), Hobson (2004), Laurrent and Pham (1999), and 

Pham et al. (1998) contain approaches for selecting an equivalent martingale measure 

with which to price options, where Henderson (2005) compares and analyzes the order 

of option prices under q-optimal measures.  The indifference pricing technique first 

proposed by Hodges and Neuberger (1998) has been applied to stochastic volatility 

models in Sircar and Zariphopoulou (2005).  Frittelli (2000) analyzes the connection of 

the pricing rules of agents with exponential utility with the arbitrage-free valuation 

under minimum entropy martingale measure. 
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CHAPTER 3 

STRATEGIC EXERCISE OF OPTIONS ON NON-TRADED ASSETS 
IN AN INCOMPLETE MARKET  

 

3.1 Background 

This research explores relations between strategic exercise of real options and 

market completeness.  I integrate the non-traded asset / incomplete market model of 

Henderson (2005) with a Stackelberg leader/follower model similar to Dixit and 

Pindyck (1994) and Grenadier (1996).  From a classic game-theoretic real options 

setting (see Dixit and Pindyck (1994) and Grenadier (1997)), I also model the 

investment project value as a flow payoff from a stochastic demand shock. This enables 

us to study how a market demand shock and demand elasticity interact with the market 

incompleteness and the manager’s risk aversion. With the stochastic flow payoff 

induced from the stochastic demand following geometric Brownian motion, the 

stochastic investment stream payoff will be bounded from below by zero given no unit 

variable costs. In view of the possibility from negative cash flows, I model the 

stochastic investment income following arithmetic Brownian motion. Arithmetic 

Brownian Motion allows some analytical closed form solutions for some ordinary 

differential equations, thus reducing required ordinary differential equation 

approximations for obtaining results. I find that incompleteness narrows the gap 

between leader and follower entry dates. Relative to results in Dixit and Pindyck 
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(1994), the follower enters much sooner, and the leader delays slightly. As a byproduct 

of modeling two different stochastic income streams, I analyze the impact of market 

share and uncertainty on the relative investment trigger as well as the option value. 

Results are sensitive to these factors; thus, it is important to model stochastic processes 

to reflect real world circumstances. 

3.2 Motivation 

Real options models depend on simplifying assumptions that may not hold in 

practice.  For example, the classical real options model involves decision makers versus 

“nature” rather than against competitors, i.e., irreversible investment under monopoly.  

The options game model6, integrating option pricing theory with game theory addresses 

this limitation.  Recent work suggests that fear of pre-emption leads to a significant 

erosion of the option value to delay investment, with optimal policies approaching that 

of static net present value analysis. This extension to non-traded assets is especially 

important because assets underlying real options are typically not traded.  This 

characteristic makes integrating incompleteness and risk aversion into real options 

models important to the efficacy of the approach.  Recent research has shown that 

optimal investment policies obtained through the classical real options framework are 

substantially altered if the market is incomplete. 

This chapter merges two lines of research.  In one line, Dixit and Pindyck 

(1994, Chapter 9), Grenadier (1996, 1999, 2002), and others have examined optimal 

                                                 
6 See, for example, Dixit and Pindyck (1994, Ch9), Grenadier (1996, 1999, 2002), Smets (1995), 
Lambrech and Perraudin (1998),  Huisman (2001),  Smit and Trigeorgis (2004)…etc. 
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policies for exercise of options in a setting where fear of pre-emption induces one firm 

to exercise the option to invest sooner than would be the case in a monopoly setting. 

These models typically assume a Stackelburg leader-follower set up.  Grenadier (1996), 

for example, uses this type of model to explain cascades and overbuilding in real estate 

markets. 

The other line deals with the valuation of contingent claims when the underlying 

asset is not traded.  Under these circumstances, a unique martingale measure does not 

exist.  Various methods have been developed to study the option pricing under such 

situations, including, on one hand, approaches to selecting an equivalent martingale 

measure (see, for example, Follmer and Sonderman (1986), Duffie and Richardson 

(1991), Schweizer (1991), Delbaen and Schachermayer (1996), and Fratelli (2000), 

among others), and on the other hand, utility maximization and indifference pricing 

(see, for example, Henderson (2002, 2005), Henderson and Hobson (2002), Musiela and 

Zariphopoulou (2003), and Zariphopoulou (2004), among others) . Recent research has 

shown that incompleteness and managerial risk aversion lower the option value to 

invest as well as the investment threshold compared to in classical complete market 

models when lump-sum investment payoffs are considered.  In contrast, when flow 

(income stream) investment payoffs are assumed, this observation is reversed.7 (see, for 

example, Henderson (2005), Hugonnier and Morellec (2004, 2005), Kadam et al (2004), 

Miao and Wang (2005)). 

                                                 
7 It’s interesting to observe different optimal investment rules due to lump-sum investment payoffs versus 
flow investment payoffs because they are the same in the standard real options model with complete 
market setting (see Dixit and Pindyck (1994) Ch5 and Ch6.) 
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In this chapter, I consider leader-follower Stackelberg option exercise games for 

investment in an asset when the underlying asset’s risk may only be partially hedged.  I 

employ the model documented in Dixit and Pindyck (1994, Chapter 9) to capture 

strategic exercise.  I combine this model with the partial hedging model of Henderson 

(2005) to capture market incompleteness.  Following Henderson (2005) and 

Zariphopoulou (2004), I employ an exponential utility function to solve for an 

“indifference price” for project value and for the option to invest.  With constant Sharpe 

ratio, the minimal martingale measure and minimum entropy martingale measure 

converge, as does the value of the investment opportunity under both measures. 

Following much of the game-theoretic real options literature, I assume a stochastic 

demand for the project’s output.  This framework allows for a reasonable set of 

possibilities, including strategic behaviors due to changes in market demand.  This 

particular formulation models investment payoff as as a stochastic cash flow stream.  In 

this case, I again employ the model documented in Dixit and Pindyck (1994, Chapter 9) 

to capture strategic exercise considerations, and the utility maximization method 

coupled with indifference pricing. In view of the possibility of negative cash flows, I 

model the stochastic investment income as an arithmetic Brownian motion. This 

reduces the required approximations for solution. As a byproduct of modeling two 

different stochastic income streams, I analyze the impact of market share and 

uncertainty on the relative investment trigger as well as option value. 
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3.3 Optimal Policies for Duopolistic Competition by Project Values 
(Lump-Sum Investment Payoffs) 

I consider leader-follower Stackelberg option exercise games for investment in a 

project when the underlying asset may only be partially hedged.  I employ the model 

documented in Dixit and Pindyck (1994, Chapter 9) to capture strategic exercise.  I 

combine this model with the partial hedging model of Henderson (2005) to capture 

market incompleteness.  Following Henderson (2005) and Zariphopoulou (2004), I 

employ an exponential utility function to solve for an “indifference price” for project 

value and for the option value to invest.  

3.3.1. Model Set-Up and Assumptions  

Two competing firms contemplate entry into a new market where operating 

profitability is stochastic and the decision to enter the market is completely irreversible.   

I identify the firms as the Leader (Firm L) and Follower (Firm F), respectively8. Entry 

yields a stochastic payoff resulting in a stochastic project value with which no perfectly 

correlated portfolios can be found. The absence of perfect spanning assets forces the 

manager to face unhedgeable idiosyncratic risk and an incomplete market.  

Firm L enters the market by investing to receive a monopoly rent until Firm F 

enters the market.  Upon entry by Firm F, I assume that Firm L obtains a fraction a œ 

[½,1] of project value, leaving (1-a) Vt for Firm F. 

                                                 
8 I take Firm L and Firm L’s management to be synonymous with the implicit assumption that there is no 
agency problem. I follow the same convention for Firm F.   
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I fix a filtered probability space (Ω, ,Ρ) with a fixed σ-algebra ⊆ , where 

Brownian motion is defined and the expectation {•}is computed. Let  =(=  )t≥0 be 

the augmented filtration of Brownian motion.  The increasing σ-algebras generated by 

the pair of Brownian motions (Zs)s≤t and (Z⊥
s) s≤t ,where Z⊥ is orthogonal to Z, satisfy the 

usual conditions of right-continuity and completeness (i.e., include all the sets of 

probability 0 in ).  Let  =H tLt≥0be filtration generated by Z alone. 

Non-traded Assets (The Project)10 

I assume that project value, Vt , evolves exogenously according to a  geometric 

Brownian motion11: 

dVt = α Vt dt + hVt dWt = hVt (ξ dt + dWt) + r Vt dt ;   Vt = v  

 where α  is the instantaneous conditional expected percentage change in V per 

                                                 
 
9 The completion by the null sets is important in particular for the following reason. If two random 
variables X and Y are equal almost surely (X=Y P-a.s. means P{X=Y}=1) and if X is t measurable 
(meaning that any event {Xt≤x} belongs to t ) then Y is also t -measurable.  
 
10 Consistent with extant research on real options in incomplete markets, I assume the existence of three 
assets, a non-traded asset, a traded risky asset and a traded riskless asset.  
 
11 I have the process able to follow a more general form as dVt = a(Vt, t)dt +η(Vt, t) dWt; Vt = v where  
a(Vt, t) and η(Vt, t) are measurable functions satisfying  
 
(1) |)|1(|),(||),(| vCtvtv +≤+ ηα  ; ∞<≤≤∈ Tt0 ,Rv for some constant C ( )0 ∞<< C  
(2) ∞<≤≤∈−≤−+− Tt0 R, |;||),(),(||),(),(| x,vxvDtxtvtxtv ηηαα  for some constant 
D ( )0 ∞<< D    
, so that the existence and uniqueness solution of Vt process is guaranteed. 
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unit time, η
αξ r−

=
 is the project’s Sharpe ratio, η, is the instantaneous volatility, and 

W is a standard Brownian motion having correlation )1,1(−∈ρ with Z.  Thus, W = ρZ + 

⊥− Z21 ρ , or equivalently, dW = ρ dZ +
⊥− dZ21 ρ .   

Traded Risky Security 

 There exists a partial spanning asset which follows the lognormal process12: 

dPt = μ Pt dt +σ Pt dZt = σ Pt (λ dt + dZt) + r Ptdt ; Pt = p   

where μ  is the instantaneous conditional expected percentage change in P per 

unit time, 
σ

μλ r−
=  is its Sharpe ratio is its Sharpe ratio, σ is the instantaneous volatility, 

and Z is a standard Brownian motion.   

TradedRiskless Security  

I also assume that a riskless bond B is available for trading. The riskless bond 

with price process B growing in deterministic fashion at risk-free rate satisfies the 

following dynamics: 

dBt = rBtdt; Bt = b 

Trading Wealth Process and Utility Function 

Realizing that markets are incomplete, the firm’s manager may hedge partially 

using the traded asset Pt and the riskless bond, generating trading wealth Xt that follows:  

dXt = q (dPt / Pt) + r (Xt – q) dt     

                                                 
12 Again, I can have the process follows more general forms satisfying all required technical conditions as 
described in footnote 2 for the guarantee of uniqueness and existence solution to Pt process.  
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where q is the cash amount invested in the partial spanning asset Pt, and 

remaining wealth is invested at riskless rate r.   

The utility function employed is a concave mapping U: →[-∞,∞) , strictly 

increasing, strictly concave, and continuously differentiable on its domain satisfying: 

(i) The half-line dom(U) = })(;{ −∞>∈ xURx is a non-empty subset of [0,∞). 

(ii) )(' xU is continuous, positive and strictly decreasing on the interior of 

dom(U),   and satisfy the Inada condition: 

                              0)('lim)(' =
∞→

=∞ xU
x

U  

The standard CARA, CRRA and HARA utility functions satisfy the above 

properties. Throughout the study, I employ the exponential utility function 

xexU γ

γ
−−=

1)( .  I specify γ > 0, i.e., the manager exhibits constant absolute risk-aversion. 

3.3.2 Firm F’s Value Function, Investment Timing Decision, and Certainty 
Equivalence Value 

 
Following Henderson (2005), I assume that investment cost, K, grows at a 

riskless rate, r.  Investment at time t: t ¥ t, yields the payoff [(1-a) Vt – K er (τ – t) ]+.  

The manager generates trading wealth, Xt, by dynamically adjusting the dollar amount 

qs for s > t in the partial spanning asset, and by consequence, the riskless bond.  

Assume Firm L has already entered the market. Firm F will enter optimally  

without fear of pre-emption. Therefore, the risk-averse manager’s problem becomes one 

of maximizing expected utility of wealth over an infinite horizon.  Wealth refers to both 

the quantity Xt generated by trading, and the payoff [(1-a) Vt – K e r (t – t) ]+ received at 



 

 23 

the time of investment.  That is, the manager chooses optimally the time to invest t, and 

hedge q in the partial spanning asset Pt. 

3.3.2 Proposition 1: 

The value function for Firm F’s investment problem is given by the optimal 

stopping problem: 

],|))1((([),( )(

,
supsup vVxXKeVaXUEvxF tt

tr
t

utt u

==−−+= +−

≤≤≤

τ
τττ

τθτ

.      

Employing a time consistent exponential utility function (see Henderson 

(2005)),    

)(
2
1 2

)(1)(
txe eexU

tr −− −−

−=
τλγ

τ

τ

γ
.         

, the value function can be rewritten as:  

],|1[),(
)(

2
1

,

2
))()1(((

)(supsup vVxXeeEvxF tt

te
t

utt

trKeVaX
tr

u

==−=
−−

≤≤≤

+−−−+
−− τλγ

τθτ

τ
ττ

τ

γ
 

3.3.2 Proposition 2: 

Firm F’s value function may be written as:  

⎪
⎪
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⎪
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 where b1 = 
η
λρξ )(21 −

−  and Fv~ is the solution to the following:  

])1)(1(~
1ln[

)1(
1~)1(

2

2 β
ργ

ργ
−−
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=−−
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F
F . 
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Fv~ is the solution to the free boundary problem; that is, Firm F’s investment 

problem is to invest as soon as V reaches the threshold Fv~ .  

Proof:  

Through standard arguments, the corresponding Bellman equation for 3.3.2 

Proposition 1 is given by: 

0
)(

2
1

2
1

2
1 2

222 =
+

−++
xx

xvx
vvv F

vFF
FvvFF

ρηλ
ηξηλ   

The value function derives by solving the above PDE with the following 

boundary, value matching and smooth pasting conditions: 

xexF γ

γ
−−=

1)0,(        

 )))~)1(((1)~,(
+−−+−−= KvaxF F

evxF γ

γ
    

 )))~)1(((
}~)1{(

)~,(
+−−+−

≥−
= Kvax

Kva
F

v

F

F eIvxF γ .                

In the stopping region, )))~)1(((1)~,(
+−−+−−= KvaxF F

evxF γ

γ
; and the optimal 

investment t*is given by t* = inf {u ¥ t : uV  ¥ Fv~ e r (u – t)}. 

3.3.2 Proposition 3: 

Firm F’s certainty equivalence valuation of the option value to invest is given 

by ])~)(1(1ln[
)1(

1)( )1)(~)1((
2

2 βργ

ργ F
Kva

e v
vevF

F −−−−−−
−

−=  

where b = 
η
λρξ )(21 −

−  and Fv~ is the solution to the following:  
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])1)(1(~
1ln[

)1(
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F
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Remarks:  

The certainty equivalent option value to invest can be found by equating the 

value obtained by investing in P and the risk-free asset (receiving the amount )(vFe ), to 

the value obtained by retaining the option, or , ),()0),(( vxFvFxF e =+ .   

Using the value function obtained from 3.3.2 Proposition 2 yields the following 

parity relation: 

22 1
1

)1)(~)1(())(( ])~)(1(1[11 ρβργγγ

γγ
−−−−−−+− −−−=− F

KvaxvFx

v
veee

F
e  

Solve for )(vFe  by taking natural logarithm of both sides and simplifying: 

  ])~)(1(1ln[
)1(

1)( )1)(~)1((
2

2 βργ

ργ F
Kva

e v
vevF

F −−−−−−
−

−= ~Q.E.D. 

3.3.2 Proposition 4: 

Firm F’s certainty equivalence option value to invest can be expressed in terms 

of pricing measure Q0: 

]|[ln
)1(

1sup)( )))1(()1(

2

)()(20

vVeEvF t
KeVaeQ
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trtr

=
−
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τ ργ
  

where 
0QE denotes expectation with respect to pricing measure Q0, defined as 

follows.  For each    t < ∞, the Radon-Nikodym density of Q0 with respect to the 

historical measure P is defined as:   

)
2
1exp(| 2

0

tZ
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dQ
tFt
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Under Q0, tZwhereZdZrdt
P

dP
ttt

t

t λσ +=+= 00 ,  is a Q0-Brownian motion and 

the independent Brownian motion ⊥
tZ  is unchanged under Q0.  Under Q0, the project 

value Vt follows:  

)1()( 20 ⊥−++−= tt
t

t dZdZdt
V
dV

ρρηηρλα       

The new pricing measure Q0 is the minimal martingale measure of Follmer and 

Schweizer (1990), which in this particular case also collapses to the minimal entropy 

martingale measure. 

3.3.3 Firm L’s Value Function, Investment Timing Decision, and Certainty 
Equivalence Value 

 
I begin prior to Firm L’s entry, and I assume Firm F will act optimally 

according to the optimal stopping rule described above.  Once Firm L has invested       

K er (T’ – t) at time T’ it has no further action to take.  It enjoys monopolistic rents π until 

Firm F enters, i.e., t < t*, where t* is Firm F’s entry point.  Upon Firm F’s entry, Firm 

L retains the portion a œ [½, 1] of project value leaving (1 – a) of  project value to Firm 

F.  If Firm L’s management undertakes investment at time T’ (t § T’ < t*), the payoff is 

(VT’ – K er (T’ – t) ) , where K er (T’ – t) is the investment cost and VT’ includes the expected 

monopoly rent. That is, the expected project value VT’ can be decomposed into two 

parts:(1) expected project value even if the follower jumps in denoted as aμVT’ ; and (2) 

expected capitalized monopoly rent prior to Firm F’s entry denoted as VT’ ( )π . The 

manager’s problem is to maximize expected utility of wealth with the investment 

strategy q by hedging partially using the traded asset P and the riskless bond.  
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3.3.3 Proposition 1:  

Firm L’s value function can be written as: 
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Employing a time consistent exponential utility function (see Henderson 

(2005)),    
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, the value function can be re-written as:  
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3.3.3 Proposition 2: 

Firm L’s value function is given by:13 
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where β =
η
λρξ )(21 −

− , and Fv~  is the investment trigger value corresponding to 

Firm F’s optimal investment policy.   

Proof 

Assume Firm L has already entered the market and given V< Fv~ , the 

corresponding equation for 3.3.3 Proposition 1 is 
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The value function derives from the solution to the above PDE with the 

following boundary and value matching conditions: 

xexL γ

γ
−−=

1)0,(        

 )~(1)~,(
FvaxF evxL +−−= γ

γ
 

3.3.3 Proposition 3:   

Firm L’s certainty equivalence valuation prior to Firm F’s optimal entry is given 

by: 
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where b = 
η
λρξ )(21 −

−  and Fv~ is the solution to the following:  
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Remarks:  

The certainty equivalent option value to invest can be found by equating the 

value obtained by investing in P and the risk-free asset (receiving the amount )(vLe ), to 

the value obtained by retaining the option, or ),()0),(( vxLvLxL e =+ .   

                                                                                                                                               
13 At the final step, K appears in the exponential component because if firm L exercises the investment 
option, the project value will decrease by Ker(T-t) at that point.   
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Using the value function obtained from 3.3.3 Proposition 2 yields the following 

parity relation: 

22 1
1

)1()~())(( ])~)(1(1[11 ρβργγγ
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Solve for )(vLe  by taking natural logarithm of both sides and simplifying: 
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3.3.3 Proposition 4: 

Firm L’s investment trigger, Lv~ , is the solution to the following equation: 
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which can be reduced to 
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where 1β =
η
λρξ )(21 −

− , and  Fv~ is the solution to the following:  
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Remarks: 

The above proposition makes use of the fact that Firm L’s trigger value, Lv~ , 

yields the same value for both firms with Fvv ~~ < .  That is, )~,( LvxL  should be equal to 

)~,( LvxF .   

3.3.4 Model Results Assuming Perfect Spanning (Complete Market) 

I now demonstrate that the model reduces to standard results when the market is 

complete.  The market is complete if either perfect spanning holds, i.e., uncertainty over 

project value, V, may be replicated by asset P (perfect correlation with V), or 

equivalently, V itself is traded. Such a complete market version of the model creates a 

“benchmark” for comparison to the incomplete market case. 

3.3.4.1 Firm F’s Value Function and Investment Timing Decision (Complete 
Market) 

 
Assuming Firm L has already entered the market, Firm F will enter the market 

optimally without fear of pre-emption. Under perfect spanning, Firm F’s value function 

and investment trigger can thus be obtained through the following proposition. 

3.3.4.1 Proposition 1: 

Under perfect spanning, Firm F will exercise the option as soon as the project 

value approaches the investment threshold, )(~ FCv , from below.  Firm F’s option value 

may be expressed as:  

⎪⎩

⎪
⎨
⎧

∞∈−−

∈−−
=

],~[;)1(

]~,0[;)~](~)1[(
)(

)(

)(
)(

)(
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C

vvKva

vv
v

vKva
vF

β
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where: 

b = 
η
λρξ )(21 −

−  and K
a

v FC

)1)(1(
~ )(

−−
=

β
β . 

Proof: 

Under perfect spanning, Firm F’s option value to invest at the optimal stopping 

time t (t ¥ t) follows from maximizing the expectation of the discounted value of 

project payoff under the unique equivalent martingale measure, Q: 

]|))1(([sup)( )()( vVKeVaeEvF t
trtrQ

t
t

C =−−= +−−−

∞<≤

τ
τ

τ

τ
.     

The corresponding Bellman equation for the above equation is given by: 

0
2
1)( 22 =+− ηλξη vFvF C

vv
C

v       

I solve the above ODE with following boundary, value matching and smooth 

pasting conditions: 

0)0( =CF        

KvavF FCFCC −−= )()( ~)1()~(      

 )1()~( )( avF FCC
v −=       

The optimal investment t*is given by t* = inf {u ¥ t : Vu ¥ )(~ FCv  e r (u – t)}.   

I propose a solution of the form βAvvF C =)( where A is a constant to be 

determined. Because βAvvF C =)( , it immediately follows that )1( −= ββvAF C
v and 

βββ vAF C
vv )1( −= . Substituting back into the Bellman equation 

0
2
1)( 22 =+− ηλξη vFvF C

vv
C

v ; the Bellman equation becomes   
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0)()1(
2
1 2 =−+− λξβηηββ      

Solving for β yields b = 0 or:  

η
λξβ )(21 −

−= . 

The solution b = 0 may be rejected given the boundary conditions, and the 

solution is of the form βAvvF C =)( with 
η
λξβ )(21 −

−= .  The constant A and 

investment trigger value )(~ CFv  may be determined by invoking value matching and 

smooth pasting conditions:     

β)~](~)1[()( )(
)(

FC
FCC

v
vKvavF −−=  , K

a
v FC

)1)(1(
~ )(

−−
=

β
β where 

η
λξβ )(21 −

−= .  

Remarks: 

The proposed solution may be verified by comparison with Dixit and Pindyck 

(1994), Chapter 9, if I assume that the capitalized project value is equivalent to the 

discounted project cash flow. 

3.3.4.2 Firm L’s Value Function and Investment Timing Decision (Complete   

Market) 

By design Firm L undertakes investment prior to Firm F’s entry. Firm L makes 

its investment decision conditional on Firm F acting optimally according to the optimal 

stopping rule described above.  
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3.3.4.2 Proposition 1: 

Firm L’s value function is: 

⎪⎩

⎪
⎨
⎧

∞∈−

∈−−+
=

],~[;

]~,0[;)~](~~[
)(

)(

)(
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vvKav

vvK
v

vvvav
vL

β

 

where 
η
λξβ )(21 −

−=   

and K
a

v FC

)1)(1(
~ )(

−−
=

β
β ,i.e., the investment trigger for Firm F.   

Proof (1st Version)  

Upon investment at time τ (τ≥t), Firm L expects to receive project value Vτ, 

which includes the expected monopoly rent. That is, the expected project value can be 

decomposed into two parts: (1) expected project value even if the follower enters, 

denoted as aμVτ and (2) expected capitalized monopoly rent prior to Firm F’s entry, 

denoted as Vτ( )π . L’s value function is the expected discounted project value 

conditional on optimal behavior by Firm F under the unique equivalent martingale 

measure, Q: 

]|))(([)( )()( vVKeVaVeEvL t
trtrQ

t
C =−+= −−− τ

ττ
τ π   where t ∈[t,∝}. 

Assume Firm L has already entered the market and given V< )(~ FCv , the Bellman 

equation is: 

0)(
2
1)( 22 =++− πηλξη VvLvL C

vv
C
v  

With the fact that )(πV is a fraction of V, and with a slight abuse of notation: 



 

 34 

+∈=++− RhhvvLvL C
vv

C
v  e      wher0

2
1)( 22ηλξη  

I solve the above ODE with the following boundary and value matching 

conditions.  The value matching condition requires Firm L’s value LC(V) to match the 

value of simultaneous investment at the boundary V = )(~ FCv : 

)()( ~)~( FCFCC vavL =  

I propose a solution of the form βAVVLC =)( for the homogeneous part, plus a 

particular solution for the non-homogenous part, where A is a constant to be 

determined.  The Bellman equation for the homogenous part is (similar to the previous 

section): 

0)()1(
2
1 2 =−+− λξβηηββ     

with solutions b = 0 or 
η
λξβ )(21 −

−= . 

The solution b = 0 may be rejected based on the boundary conditions.  One 

candidate of particular solutions is )
)(

(
λξη −

−
hv  > 0, which may be interpreted as 

capitalized project value, V.  Therefore, the solution should be the form of 

βAVVLC =)( for the homogenous part with 
η
λξβ )(21 −

−= , plus particular solution, 

V.  From the value matching condition, A may be determined, yielding Firm L’s value 

function:  

β)~](~~[)( )(
)()(

FC
FCFCC

v
vvvavvL −+=  
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 with 
η
λξβ )(21 −

−=  and K
a

v FC

)1)(1(
~ )(

−−
=

β
β  

Remarks: 

It is easily verified that the value function obtained is the same as the 

corresponding result from Dixit and Pindyck (1994), Chapter 9 by interpreting the 

discounted cash flow as the capitalized project value. 

Proof (2nd Version) 

Firm L holds the project and sells an European call on (1-a)V expiring at the 

stochastic time t* = inf {u ¥ t : Vu ¥ )(~ FCv  e r (u – t)}corresponding to Firm F’s optimal 

entry, with zero exercise price. The sale of the European call is to account for the loss of 

monopolistic rent following Firm F’s optimal entry. Therefore, Firm L’s portfolio value 

at time t should be 

])1[()( vaFvvLC −−=  

 where ])1[( vaF −  the value function for the call option 

Using Firm F’s value function with zero exercise price obtained above, the 

corresponding Firm L’s corresponding value function before and after Firm F’s optimal 

entry is given by: 

(i) Before Firm F’s optimal entry, that is, V< )(~ FCv  

β

β

)~](~~[(           

)~](~)1[(          

])1[()(

)(
)()(

)(
)(

FC
FCFC

FC
FC

C

v
vvvav

v
vvav

vaFvvL

−+=

−−=

−−=
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(ii) After Firm F’s optimal entry, that is, V≥ )(~ FCv  

                        
av

vav
vaFvvLC

           
])1[(          

])1[()(

=
−−=
−−=

  

In sum, Firm L’s value function is: 

⎪⎩

⎪
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                                                                       Q.E.D 

3.3.4.2 Proposition 2: 

Firm L’s investment trigger value )(~ LCv is the solution to the following equation:  

K
v
vKvav FC

LC
FCLC −−+ β)~

~
](~[~

)(

)(
)()( = β)~

~
](~)1[( )(

)(
)(

FC

LC
FC

v
vKva −−  

where 
η
λξβ )(21 −

−=  and K
a

v FC

)1)(1(
~ )(

−−
=

β
β   

Remarks: 

The above proposition exploits the fact that Firm L’s trigger value, )(~ LCv , yields 

the same value for both firms with )(~~ FCvv < .  That is, )~( )(LCC vL  should be equal to 

)~( )(LCC vF . 

3.4 Optimal Policies for Duopolistic Competition by Project Income Stream 
(Flow Investment Payoffs I – Demand Shock with Geometric Brownian  

Motion) 
 

Following much of the game-theoretic real options literature, I assume a 

stochastic demand for the project’s output.  This framework allows for a reasonable set 
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of possibilities, including strategic behaviors due to changes in market demand.  This 

particular formulation models investment payoff as a stochastic cash flow stream.  In 

this case, I again employ a Dixit and Pindyck (1994, Chapter 9) model to capture 

strategic exercise considerations, and the utility maximization method coupled with 

indifference pricing. 

Following Dixit and Pindyck (1994) and Grenadier (1997), I model the 

investment payoff as a stochastic flow arising from a stochastic demand shock.  Two 

competing firms are contemplating entry into a new market.  As before, I identify the 

firms as the Leader (Firm L) and Follower (Firm F), respectively.  There are no variable 

costs of production, and industry demand is assumed sufficiently elastic to ensure 

capacity production.  Project cash flows depend on a stochastic unit output price caused 

by a demand shock process.  The unit output price, P(t), fluctuates stochastically over 

time so as to clear the market14: 

P(t) = Y(t)D[Q(i)]      

where Y(t) is a multiplicative demand shock process, D[∏] is the inverse demand 

function, and Q(i) is the industry supply process.  The down-sloping inverse demand 

function ensures the existence of a first mover advantage to investment.  Q(i) may be 

either 0, 1, or 2 depending on the number of active firms. Since the demand shock is not 

traded, the manager faces unhedgeable idiosyncratic risk and an incomplete market. 

                                                 
14 This is an indirect way to model the operating cash flow process made via a stochastic demand shock. 
Alternatively, I can directly model the operating cash flow process with certain type of diffusion 
processes, say for example arithmetic Brownian motion process to incorporate the “negative” operating 
cash flow situations or more conventionally the geometric Brownian motion process.  
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3.4.1 Model Set-Up and Assumptions  

I fix a filtered probability space (Ω, ,Ρ) with a fixed σ-algebra ⊆ , where 

Brownian motion is defined and the expectation {•}is computed. Let  == H tLt≥0be 

the augmented filtration of Brownian motion.  The increasing σ-algebras generated by 

the pair of Brownian motions (Zs)s≤t and (Z⊥
s) s≤t ,where Z⊥ is orthogonal to Z, satisfy the 

usual conditions of right-continuity and completeness (i.e., include all the sets of 

probability 0 in ).  Let  =H tLt≥0be filtration generated by Z alone.   

Non-traded Assets (The Demand Shock) 

Project cash flows depend on a stochastic unit output price caused by a demand 

shock process. I let the multiplicative demand shock process, Y(t), follow the geometric 

Brownian motion16: 

dYt = aYtdt +σYt dWt;  Yt = y    

where a is the instantaneous conditional expected percentage change in Y per 

unit time, σ  is the instantaneous volatility, and W is a standard Brownian motion having 

                                                 
15 The completion by the null sets is important in particular for the following reason. If two random 
variables X and Y are equal almost surely (X=Y P-a.s. means P{X=Y}=1) and if X is t measurable 
(meaning that any event {Xt≤x} belongs to t ) then Y is also t -measurable.  
 
16 The process follows more general form as dYt = a(Yt, t)dt +η(Yt, t) dWt; Yt = y where  a(Yt, t) and 
η(Yt, t) are measurable functions satisfying  
 
(1) |)|1(|),(||),(| yCtyty +≤+ ηα  ; ∞<≤≤∈ Tt0 ,Ry for some constant C ( )0 ∞<< C  
 
(2) ∞<≤≤∈−≤−+− Tt0 R, |;||),(),(||),(),(| x,yxyDtxtytxty ηηαα  for some 
constant D ( )0 ∞<< D   , so that the existence and uniqueness solution of Yt process is guaranteed. 



 

 39 

correlation )1,1(−∈ρ with Z.  For this, I can take W = ρZ + 
⊥− Z21 ρ , or equivalently, 

dW = ρ dZ +
⊥− dZ21 ρ .   

Traded Risky Security 

There exists a partial spanning asset which follows the lognormal process17: 

dSt = μ St  dt +χ St dZt = χ St (ηdt + dZt) + r Stdt ; St = s   

where μ  is the instantaneous conditional expected percentage change in S per 

unit time, χ
μη r−

=
 is its Sharpe ratio, h is the instantaneous volatility, and Z is a 

standard Brownian motion.    

Traded Riskless Security  

I also assume that a riskless bond B is available for trading. The riskless bond 

with price process B satisfies the following dynamics: 

dBt = rBtdt; Bt = b 

Utility Function 

Realizing that markets are incomplete, the firm’s manager attempts to maximize 

her expected utility. That is, 

Maximize ])([
0

dtXUeE t
t∫

∞ −β  

                                                                                                                                               
 
17 Again, I can have the process follows more general forms satisfying all required technical conditions as 
described in footnote 2 for the guarantee of uniqueness and existence solution to St process. 
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The utility function is a concave function U: →[-∞,∞) , which is assumed to be 

strictly increasing, strictly concave, and continuously differentiable on its domain 

satisfying: 

(i) The half-line dom(U) = })(;{ −∞>∈ xURx is a non-empty subset of [0,∞). 

(ii) )(' xU is continuous, positive, and strictly decreasing on the interior of 

dom(U),   and satisfy the Inada condition: 

                                    0)('lim)(' =
∞→

=∞ xU
x

U  

The standard CARA, CRRA and HARA utility functions satisfy the above 

properties.  Throughout the study, I assume the manager has the exponential utility 

function xexU γ

γ
−−=

1)( .  I specify γ > 0, i.e., the manager exhibits constant absolute risk-

aversion. 

3.4.2 Firm F’s Value Function, Investment Timing Decision, and Certainty 
Equivalence Value 

 
Assume Firm L has already exercised its option, and thus Firm F may construct 

its optimal investment policy without fear of pre-emption. Firm F’s management may 

undertake investment at time t (t ¥ t), receiving perpetual profit flow Yt × D(2). The 

manager’s problem is to maximize expected utility of consumption with respect to 

stopping time t and investment strategy q by hedging partially using the traded asset S 

and the riskless bond.  The dynamics of the wealth process Xt are:  

dXt = qt (dSt / St) + r (Xt - qt) dt -Ctdt+[YtI {t≥t}D(2)-Kδ(t-t)] dt   

   
otherwise  0

t τif  1
)(

⎩
⎨
⎧ =

=−τδ t  
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where qt is the cash amount invested in the partial spanning asset S, and 

remaining wealth is invested at riskless rate, r, and C is the consumption rate.  

3.4.2 Proposition 1: 

The value function for Firm F’s investment problem is given by the optimal 

stopping problem: 

],|),(1[supsup             

],|1[sup),(

001
0}0,,{

00
0,,

yYxXYXFedseeE

yYxXdseeEyxF

s

ss

s

Cs

sC

Cs

C

==+−=

==−=

−−−

≤≤

∞
−−

∫

∫

ττ
βτ

τ
γβ

τθτ

γβ

τθ

γ

γ  

where ),(1 yxF is Firm F’s value function after exercising the investment 

decision. 

Proof: 

(See Appendix) 

Firm F’s Value Function  

I use backward induction to solve Firm F’s problem.  I first assume that Firm F 

has already begun receiving the cash flow Yt × D(2) and has already paid investment 

cost K.   

The follower maximizes expected utility, given by: 

]1[sup]1[sup),(
0,

)(

,
1 dseeEdseeEyxF ss Cs

Ct

Cts

C
∫∫
∞

−−
∞

−−− −=−= γβ

θ

γβ

θ γγ
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Proof: 

 

}as{ }{ Relabel ];1[sup             

];1[sup             

];1[sup),(
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Fact:   

If the process 0}{ ≥ttX is time homogeneous, 0
, }{ ≥+ u
xt
utX and 0

,0 }{ ≥u
x

uX have the 

same 0P -distributions. ( 0P is the probability law of Brownian motion, tB , starting at t 

= 0). 

Define a time homogeneous Ito diffusion process of the form 

tttt dBXdtXbdX )()( σ+=  , ts ≥ ; xXt =  

satisfying the Lipschitz condition |||)()(||)()(| yxDyxybxb −≤−+− σσ ; D is 

some constant and Ryx ∈, ; therefore, the unique solution tsXX xt
ss ≥= ,,  does exist.  

Note that  
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Since 0}~{ ≥vvB and 0}{ ≥vvB have the same 0P -distributions, it follows by the weak 

uniqueness of the solution of the stochastic differential equation  

 tttt dBXdtXbdX )()( σ+=  , xX =0  

that 0
, }{ ≥+ h
xt
htX and 0

,0 }{ ≥h
x

hX have the same 0P -distributions, equivalently, 

0}{ ≥ttX is time homogeneous.  

Therefore, the manager’s problem is: 

]1[sup),(
0,

1 dseeEyxF sCs

C
∫
∞

−−−= γβ

θ γ
 

Subject to  

yY =0 , xX =0    

dXt = qt (dSt / St) + r (Xt - qt) dt +YtD(2) dt-Ct dt 

The Bellman Equation (i.e., Hamilton, Jacobi, Bellman equation) associated 

with the value function ),(1 yxF is: 

]
2
1

2
1                         

))2()((1[sup),(

1
22

1
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11

1
,
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txyyytxxy

tttx
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yFyFFyF

CyDxrFeyxF t

θρσχσχθα

θμθ
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β γ

θ
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Taking first-order conditions for optimal consumption C and investment 

strategy θ, I obtain:  

 xt FC 1
* ln1

γ
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01
2

111 =++− σρχχθμ yFFrFF xytxxxx  
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Incorporating first order conditions in the Bellman equation gives 
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By solving the above equation coupled with transversality condition 

0][lim )2( =−−−

∞→

DYWrT

T
TTeeE γγβ ,  

I conjecture that the value function takes the form 

)]
2

)((exp[1),( 22

2

1 γ
β

γ
ηγ

γ r
r

r
yfxr

r
yxF −

+++−−= ]18 where  )(yf can be interpreted as 

the implied project value through certainty equivalence value and 

equation following  thesolves )(yf   

0)2()()(')1(
2

)(''
2

)(')( 222
2

2
2

=+−−−+− yDyrfyfyryfyyyf ργσσρησα  

with transversality condition 

0][lim )2( =−−−

∞→

DYWrT

T
TTeeE γγβ   

                                                 
18 The form of the ansatz solution is based on the form of  Merton (1969) solution with the variable 
separable property of the exponential function.    
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I now solve the complete problem as follows.  Firm F’s utility maximization 

problem is: 

],|1[sup),( 00
0,

yYxXdseeEyxF s

t

Cs ==−= ∫
∞

−− γβ

τθ γ
 

subject to  

dXt = qt (dSt / St) + r (Xt - qt) dt +[YtI {t≥t}D(2)-Kδ(t-t)-Ct] dt   
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t τif  1

)( τδ t  

By making use of F1(x,y), I can write the complete problem as: 
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The Bellman equation associated with the value function ),( yxF is: 
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Taking first-order conditions for solving optimal consumption C and investment 

strategy θ, I obtain:  
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I conjecture that the value function takes the form 

)]
2

)((exp[1),( 22

2

γ
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γ
ηγ

γ r
r

r
ygxr

r
yxF −

+++−−= ] then g(y) may be viewed as the 

certainty equivalent value of the option value to invest.  Using the conjectured solution 

for *
t

*  and θtC  and substituting into H-J-B equation, I obtain 

222
2

2
2

)(')1(
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)(')()( ygyrygyyygyrg ργσσρησα −−+−=  

subject to    

0)(lim =
−∞→

yg
y

 (absorbing barrier) 

)(')(' FF yfyg =  (smooth pasting) 

Kyfyg FF −= )()(  (value matching) 

The option value to invest,  )(yg , is solved by invoking certainty equivalence 

and Fy  is the investment trigger for Firm F’s optimal entry. 

 3.4.3 Firm L’s Value Function, Investment Timing Decision, and Certainty 
Equivalence  Value 

 
Firm L’s management expects to receive profit flow Yt × D(1) after undertaking  

investment and prior to Firm F’s entry; after Firm F’s entry, Firm L receives perpetual 

profit flow Yt × D(2).  The manager’s problem is to maximize her expected utility of 

consumption with the investment strategy q by hedging partially using the traded asset S 

and the riskless bond.  The dynamics of wealth process Xt are:  

dXt = qt (dSt / St) + r (Xt - qt) dt +[YtI {t<
Fτ }D(1)+YtI {t≥

Fτ }D(2) 

          -Kδ(t-T)-Ct] dt   
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⎩
⎨
⎧ =

=−
 otherwise  0

T tif  1
)( Ttδ  

where T is the time when Firm L undertakes investment,  Ct is the consumption 

process, and qt is the cash amount invested in the partial spanning asset S, and 

remaining wealth is invested at riskless rate, r.  

I first assume that the manager has already invested K, has already started to 

receive the cash flow Yt × D(1), and expects to receive Yt × D(2) forever following 

Firm F’s entry at time τF.   

3.4.3 Proposition 1: 

Firm L manager’s problem is to maximize her expected utility of consumption 

with the investment strategy q by hedging partially using the traded asset S and the 

riskless bond conditional on Firm F’s optimal entry, at time τF, where 

})(:inf{ FF ytYt ≥=τ and Fy is the investment trigger for Firm F.  That is, 

               

)],(1[sup               
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Subject to  

yY =0 , xX =0    

dXt = qt (dSt / S) + r (Xt - qt) dt +[YtI {t<
Fτ }D(1)+YtI {t≥

Fτ }D(2)-C] dt 
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Remarks 

The second equality derives from Lemma for the proof of 3.4.2 Proposition 1 

(see Appendix) and the fact that after the follower enters, the two firms share the market 

and hence the value function if homogeneous expectation/utility function is assumed. 

Firm L’s Value Function 

Assume Firm L has already entered the market and given FytY ≤)( , I then 

solve the equation by using H-J-B, the standard arguments yield: 

]
2
1                  

2
1))1()((1[sup),(

1
22

1

22
111

,

χθρσσ

χθαθμθ
γ

β γβ

θ

txyyy

txxytttx
Ct

C

yLyL

LyLCyDxrLeeyxL s

++

++−+−++−= −−

 

Solve for ),( yxL  

Taking first-order conditions for solving optimal consumption C and investment 

strategy θ, I obtain:  

)(ln1
1

*
xt LC

γ
−=  

χ
ρσ

χ
μθ

xx

xy

xx

x
t L

yL
L

rL

1

1
2

1

1* )(
−

−
−=   

I conjecture that the value function takes the form 

)]
2

)((exp[1),( 22

2

γ
β

γ
ηγ

γ r
r

r
yhxr

r
yxL −

+++−−=  where  )(yh has the interpretation as 

the certainty equivalence value, and solves the following non-linear second order ODE  
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with )()( FF yfyh =  

where equation followig  thesolves )(yf (see 3.4.2 Firm F’s value function for 

details)   

0)2()()(')1(
2

)(''
2

)(')( 222
2

2
2

=+−−−+− yDyrfyfyryfyyyf ργσσρησα  

with transversality condition 

0][lim )2( =−−−

∞→

DYWrT

T
TTeeE γγβ   

and Fy is the optimal investment trigger for Firm F’s entry.  

The investment trigger for Firm L occurs at the point where value function for 

Firm L is equal to the value function for Firm F with Fyy < .  That is, 

)()( LL ygKyh =− , where  )(yg  is the Firm F’s option value to invest and Ly   is Firm 

L’s investment trigger value. 

3.4.4 Model Results Assuming Perfect Spanning (Complete Market) 

I consider a complete market version of the model to create a “benchmark” for 

comparison to the incomplete market cases. The market is complete if either perfect 

spanning holds, i.e., uncertainty over the income stream, Y, may be replicated by asset 

S (perfect correlation with Y), or equivalently, Y itself is traded. Such a complete 

market version of the model creates a “benchmark” for comparison to the incomplete 

market case. 
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3.4.4.1 Firm F’s Value Function and Investment Timing Decision 

Assuming Firm L has already entered the market, Firm F will enter the market 

optimally without fear of pre-emption. Under the complete market, Firm F’s value 

function and investment trigger can thus be obtained through the following 

propositions. 

3.4.4.1 Proposition 1: (Y itself is traded.) 

Firm F manager’s value function may be written as: 

⎪
⎪
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α

β
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Fy is the solution to the free boundary.  Thus Firm F’s optimal policy is to 

invest the first time Y reaches the threshold Fy . 

Proof: 

Following standard arguments, the corresponding Bellman equation for Firm F 

is 

0
2
1 22 =−+ CC

yy
C
y rFFyyF σα  

I solve the above ODE with following boundary, value matching, and smooth 

pasting conditions: 

0)0( =CF        
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The value matching condition is obtained by the fact that after investment Firm 

F’s expected project value is the discounted expected present value of the duopoly 

cashflow, YD(2), in perpetuity. That is, assuming that the firm stops at time t, the value 

of the project equals:  
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The optimal stopping time tFis given by tF = inf { t : F
t yY ≥ }.  I propose a 

solution of the form βAyyF C =)( where A is a constant to be determined.   

Because βAyyF C =)( , it immediately follows that )1( −= ββyAF C
y and 

βββ yAF C
yy )1( −= .  Substituting into the Bellman equation, 

0
2
1 22 =−+ CC

yy
C
y rFFyyF σα , the Bellman equation becomes   

0)1(
2
1 2 =−+− rαβββσ      
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Solving for β in the above characteristic equation yields  
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The solution b < 0 may be rejected given the boundary conditions, and the 

solution is of the form βAyyF C =)( with 2
2

22

2)
2
1(

2
1

σσ
α

σ
αβ r

+−+−= .  The constant 

A and investment trigger value Fy  may be determined by invoking value matching and 

smooth pasting conditions, yielding Firm F’s value function and trigger value:     
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3.4.4.1 Proposition 2: (The perfect spanning asset, S, exists.) 

Firm F manager’s value function may be written as: 
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Fy is the solution to the free boundary.  Thus Firm F’s optimal policy is to 

invest the first time  Y reaches the threshold Fy . 

Proof: 

Following standard arguments, the corresponding Bellman equation for Firm F 

is 

0
2
1)( 22 =−+− CC

yy
C
y rFFyyF σσηα  

I solve the above ODE with following boundary, value matching, and smooth 

pasting conditions: 

0)0( =CF        
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The value matching condition is obtained by the fact that after investment Firm 

F’s expected project value is the discounted expected present value of the duopoly 

cashflow, YD(2), in perpetuity. That is, assuming that the firm stops at time t, the value 

of the project equals:  
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where QE denotes expectation with respect to unique martingale measure Q, 

defined as follows.  For each    t < ∞, the Radon-Nikodym density of Q with respect to 

the historical measure P is defined as:   

)
2
1exp(| 2tZ
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tFt
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Under Q, tZwhereZdZrdt
S

dS
t

Q
t

Q
t

t

t ηχ +=+= ,  is a Q-Brownian motion and the 

project stochastic demand follows:  

Q
tttt dZYdtYdY σησα +−= )(  

The optimal stopping time tFis given by tF = inf { t : F
t yY ≥ }.  I propose a 

solution of the form βAyyF C =)( where A is a constant to be determined.   

Because βAyyF C =)( , it immediately follows that )1( −= ββyAF C
y and 

βββ yAF C
yy )1( −= .  Substituting into the Bellman equation, 

0
2
1)( 22 =−+− CC

yy
C
y rFFyyF σσηα , the Bellman equation becomes   
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Solving for β in the above characteristic equation yields  
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The solution b < 0 may be rejected given the boundary conditions, and the 
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The constant A and investment trigger value Fy  may be determined by invoking value 

matching and smooth pasting conditions, yielding Firm F’s value function and trigger 

value:     
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3.4.4.2 Firm L’s Value Function and Investment Timing Decision 

By design Firm L undertakes investment prior to Firm F’s entry. Firm L makes 

its investment decision conditional on Firm F acting optimally according to the optimal 

stopping rule described above. 
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3.4.4.2 Proposition 1: (Y itself is traded.) 

Firm L’s value function is: 
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Proof: 

Following standard arguments, with the assumption that Firm L has already 

entered the market and given Fyy < , the corresponding Bellman equation for Firm L is 

0)1(
2
1 22 =+−+ yDrLLyyL CC

yy
C
y σα  

I solve the above ODE with following boundary and value matching conditions: 

α−
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I propose a solution of the form βAyyLC =)( for the homogeneous part, and a 

particular solution for the non-homogenous part, where A is a constant to be 

determined.  The Bellman equation for the homogenous part is (derivation is the same 

as the previous section): 

0)1(
2
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Solving for β in the above characteristic equation yields  
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The solution b < 0 may be rejected given the boundary condition. One candidate  

particular solution is 
α−r

yD )1( . Therefore, the solution should be the form of 

βAyyLC =)( for the homogenous part with 2
2

22

2)
2
1(

2
1

σσ
α

σ
αβ r

+−+−= , plus 

particular solution, 
α−r
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yielding Firm L’s value function: 
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3.4.4.2 Proposition 2: (Y itself is traded.) 

Firm L’s investment trigger value Ly is the solution to the following equation:   
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Remarks: 

The above proposition makes use of the fact that Firm L’s trigger value, Ly , 

yields the same value for both firms with Fyy < .  That is, )( LC yL  should be equal to 

)( LC yF . 

3.4.4.2 Proposition 3: (The perfect spanning asset, S, exists.) 

Firm L’s value function is: 
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Proof: 

Following standard arguments, with the assumption that Firm L has already 

entered the market and given Fyy < , the corresponding Bellman equation for Firm L is 

0)1(
2
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C
y σησα  

I solve the above ODE with following boundary and value matching conditions: 
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I propose a solution of the form βAyyLC =)( for the homogeneous part, and a 

particular solution for the non-homogenous part, where A is a constant to be 

determined.  The Bellman equation for the homogenous part is (derivation is the same 

as the previous section): 

0)()1(
2
1 2 =−−+− rβσηαββσ      

Solving for β in the above characteristic equation yields  
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The solution b < 0 may be rejected given the boundary condition. One candidate 
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yD .  From the value matching condition, A may be 

determined, yielding Firm L’s value function: 
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3.4.4.2 Proposition 4: (The perfect spanning asset, S, exists.) 

Firm L’s investment trigger value Ly is the solution to the following equation:   
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Remarks: 

The above proposition makes use of the fact that Firm L’s trigger value, Ly , 

yields the same value for both firms with Fyy < .  That is, )( LC yL  should be equal to 

)( LC yF . 

3.5 Optimal Policies for Duopolistic Competition by Project Income Stream 
(Flow Investment Payoffs II – Income Stream with Arithmetic Brownian 

Motion) 
 

The previous section showed that modeling a stochastic investment payoff 

through a multiplicative demand shock following a geometric Brownian motion process 

yields many ordinary differential equation approximations.  The chosen approximation 

must be carefully examined to ensure stability and convergence.  Motivated by Miao 

and Wang (2005) and Henderson (2005), I model the stochastic investment payoff as an 
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arithmetic Brownian motion process.  Negative values from the arithmetic Brownian 

motion may be interpreted as a loss generated from operations. 

As before, two competing firms are contemplating entry into a new market, and 

I identify the firms as the Leader (Firm L) and Follower (Firm F), respectively.  Firm L 

enters the market by investing to receive a monopoly rent until Firm F enters the 

market.  Upon entry by Firm F, I assume that Firm L obtains a fraction a œ [½,1] of 

project income, leaving (1-a)=a2 of project income for Firm F. 

3.5.1 Model Set-Up and Assumptions  

I fix a filtered probability space (Ω, ,Ρ) with a fixed σ-algebra ⊆ , where 

Brownian motion is defined and the expectation {•}is computed. Let  == H tLt≥0be 

the augmented filtration of Brownian motion.  The increasing σ-algebras generated by 

the pair of Brownian motions (Zs)s≤t and (Z⊥
s) s≤t ,where Z⊥ is orthogonal to Z, satisfy the 

usual conditions of right-continuity and completeness (i.e., include all the sets of 

probability 0 in ).  Let  =H tLt≥0be filtration generated by Z alone.   

Non-traded Assets (The Investment Income) 

Project cash flows  Y(t) follows the arithmetic Brownian motion20: 

                                                 
19 The completion by the null sets is important in particular for the following reason. If two random 
variables X and Y are equal almost surely (X=Y P-a.s. means P{X=Y}=1) and if X is t measurable 
(meaning that any event {Xt≤x} belongs to t ) then Y is also t -measurable.  
 
20 Assume it follows certain regularity conditions to guarantee the uniqueness and existence solution to 
the Yt process. 
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dYt = adt +σdWt;  Yt = y    

where a is the drift rate per unit time, σ is the instantaneous volatility, and W is 

a standard Brownian motion having correlation )1,1(−∈ρ with Z.  For this, I can take W 

= ρZ + 
⊥− Z21 ρ , or equivalently, dW = ρ dZ +

⊥− dZ21 ρ .   

Traded Risky Security 

There exists a partial spanning asset which follows the lognormal process21: 

dSt = μ St  dt +χ St dZt = χ St (ηdt + dZt) + r Stdt ; St = s   

where μ  is the instantaneous conditional expected percentage change in S per 

unit time, χ
μη r−

=
 is its Sharpe ratio, χ is the instantaneous volatility, and Z is a 

standard Brownian motion.    

Traded Riskless Security  

I also assume that a riskless bond B is available for trading. The riskless bond 

with price process B satisfies the following dynamics: 

dBt = rBtdt; Bt = b 

Utility Function 

Realizing that markets are incomplete, the firm’s manager attempts to maximize 

her expected utility. That is, 

Maximize ])([
0

dtXUeE t
t∫

∞ −β  

                                                 
21 Again, I can have the process follows more general forms satisfying all required technical conditions as 
described in footnote 2 for the guarantee of uniqueness and existence solution to St process.  
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The utility function is a concave function U: →[-∞,∞) , which is assumed to be 

strictly increasing, strictly concave, and continuously differentiable on its domain 

satisfying: 

(i) The half-line dom(U) = })(;{ −∞>∈ xURx is a non-empty subset of [0,∞). 

(ii) )(' xU is continuous, positive, and strictly decreasing on the interior of 

dom(U),   and satisfy the Inada condition: 

                                    0)('lim)(' =
∞→

=∞ xU
x

U  

The standard CARA, CRRA and HARA utility functions satisfy the above 

properties.  Throughout the study, I assume the manager has the exponential utility 

function xexU γ

γ
−−=

1)( .  I specify γ > 0, i.e., the manager exhibits constant absolute risk-

aversion. 

3.5.2 Firm F’s Value Function, Investment Timing Decision, and Certainty 
Equivalence Value 

 
Assume Firm L has already exercised its option, and thus Firm F may construct 

its optimal investment policy without fear of pre-emption. Firm F’s management may 

undertake investment at time t (t ¥ t), receiving perpetual profit flow Yt × (1-a). The 

manager’s problem is to maximize expected utility of consumption with respect to 

stopping time t and investment strategy q by hedging partially using the traded asset S 

and the riskless bond.  The dynamics of the wealth process Xt are:  

dXt = qt (dSt / St) + r (Xt - qt) dt -Ctdt+[(1-a)YtI {t≥t}-Kδ(t-t)] dt   

   
otherwise  0

t τif  1
)(

⎩
⎨
⎧ =

=−τδ t  
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where  qt is the cash amount invested in the partial spanning asset S, and 

remaining wealth is invested at riskless rate, r, and C is the consumption rate.  

3.5.2 Proposition 1: 

The value function for Firm F’s investment problem is given by the optimal 

stopping problem: 
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where ),(1 yxF is Firm F’s value function after exercising the investment 

decision.   

Proof: 

(See Appendix) 

Firm F’s Value Function  

I use backward induction to solve Firm F’s problem.  I first assume that Firm F 

has already begun receiving the cash flow Yt × (1-a) and has already paid investment 

cost K.   

The follower maximizes expected utility, given by: 
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Proof: 
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Therefore, the manager’s problem is: 
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Subject to  

yY =0 , xX =0    

dXt = qt (dSt / St) + r (Xt - qt) dt +(1-a)Ytdt-Ctdt 

The Bellman Equation (i.e., Hamilton, Jacobi, Bellman equation) associated 

with the value function ),(1 yxF is:  
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Taking first-order conditions for optimal consumption C and investment 

strategy θ, I obtain:  
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Incorporating first order conditions in the Bellman equation gives 
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By solving the above equation coupled with transversality condition 

0][lim )2( =−−−

∞→

DYWrT

T
TTeeE γγβ ,  

I conjecture that the value function takes the form 
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+++−−= ]22 where  )(yf can be interpreted 

as the implied project value through certainty equivalence value and 

equation followig  thesolves )(yf   
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with transversality condition 
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T
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22 The form of ansatz solution is based on the form of Merton (1969) solution with the variable separable 
property of the exponential function.    
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I can find 2

222

2 2
)1)(1()1)(()1( )(

r
a

r
ay

r
ayf −−

−
−−

+
−

=
ργσρησα  

I now solve the complete problem as follows.  Firm F’s utility maximization 

problem is: 
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subject to  

dXt = qt (dSt / S) + r (Xt - qt) dt +[YtI {t≥t}(1-a)-Kδ(t-t)-Ct] dt   
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By making use of F1(x,y), I can write the complete problem as: 
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The Bellman equation associated with the value function ),( yxF is: 
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Taking first-order conditions for solving optimal consumption C and investment 

strategy θ, I obtain:  

  xt FC ln1*

γ
−=  

χ
ρσ

χ
μθ

xx

xy

xx

x
t F

F
F

rF
−

−
−= 2

* )(  



 

 68 

I conjecture that the value function takes the form 
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+++−−= ] then g(y) may be viewed as the 

certainty equivalent value of the option value to invest.  Using the ansatz solution for 

*
t

*  and θtC  and substituting into H-J-B equation, I obtain 
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=  (smooth pasting) 
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(value matching) 

The option value to invest, )(yg , is solved by invoking certainty equivalence 

and Fy  is the investment trigger for Firm F’s optimal entry. 

 3.5.3 Firm L’s Value Function, Investment Timing Decision, and Certainty 
Equivalence  Value 

 
Firm L’s management expects to receive profit flow Yt after undertaking  

investment and prior to Firm F’s entry; after Firm F’s entry, Firm L receives perpetual 

profit flow Yt × a.  The manager’s problem is to maximize her expected utility of 

consumption with the investment strategy q by hedging partially using the traded asset S 

and the riskless bond.  The dynamics of wealth process Xt are:  
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dXt = qt (dSt / St) + r (Xt - qt) dt +[YtI {t<t
F

}+YtI {t≥t
F

}a 

          -Kδ(t-T)-Ct] dt   

⎩
⎨
⎧ =

=−
 otherwise  0

T tif  1
)( Ttδ  

where T is the time when Firm L undertakes investment,  Ct is the consumption 

process, and qt is the cash amount invested in the partial spanning asset S, and 

remaining wealth is invested at riskless rate, r.  

I first assume that the manager has already invested K, has already started to 

receive the cash flow Yt, and expects to receive Yt ×a forever following Firm F’s entry 

at time τF.   

3.5.3 Proposition 1: 

Firm L manager’s problem is to maximize her expected utility of consumption 

with the investment strategy q by hedging partially using the traded asset S and the 

riskless bond conditional on Firm F’s optimal entry, at time τF, where 

})(:inf{ FF ytYt ≥=τ and Fy is the investment trigger for Firm F.  That is, 
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Subject to  

yY =0 , xX =0    

dXt = qt (dSt / S) + r (Xt - qt) dt +[YtI {t<
Fτ }a1+YtI {t≥

Fτ }a-C] dt 
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Remarks 

The second equality derives from Lemma 2, Section 3.5.2 and the fact that after 

follower enters, the two firms share the market and hence the value function if 

homogeneous expectation/utility function is assumed. 

Firm L’s Value Function 

Assume Firm L has already entered the market and given FytY ≤)( , I then 

solve the equation by using H-J-B, the standard arguments yield: 

]
2
1                  

2
1))((1[sup),(

1
2

1

22
111

,

χσθρσ

χθαθμθ
γ

β γβ

θ

txyyy

txxytttx
Ct

C

yLL

LLCyxrLeeyxL t

++

++−+−++−= −−

 

Solve for ),( yxL  

Taking first-order conditions for solving optimal consumption C and investment 

strategy θ, I obtain:  
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I conjecture that the value function takes the form 
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+++−−=  where  )(yh has the interpretation as 

the certainty equivalence value, and solves the following non-linear second order ODE  
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−
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+== . This is the value 

matching condition indicating Firm L’s project value after Firm F’s entry. It differs 

from Firm F’s project value obtained in the previous section because of the difference in  

market share. 

where 2

222

2 2
)1()( )(

r
a

r
ay

r
ayf ργσρησμ −

−
−

+= .(see 3.5.2 Firm F’s value 

function for details23)   

and Fy is the optimal investment trigger for Firm F’s entry. 

The investment trigger for Firm L occurs at the point where value function for 

Firm L is equal to the value function for Firm F with Fyy < .  That is, 

)()( LL ygKyh =− , where  )(yg  is Firm F’s option value to invest and Ly   is Firm L’s 

investment trigger value. 

3.5.4 Model Results Assuming Perfect Spanning (Complete Market) 

I consider a complete market version of the model to create a “benchmark” for 

comparison to the incomplete market cases. The market is complete if either perfect 

spanning holds, i.e., uncertainty over the income stream, Y, may be replicated by asset 

S (perfect correlation with Y), or equivalently, Y itself is traded. Such a complete 

                                                 
23 It differs from Firm F’s project value obtained in the previous section due to the difference in the 
market share.  
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market version of the model creates a “benchmark” for comparison to the incomplete 

market case. 

3.5.4.1 Firm F’s Value Function and Investment Timing Decision 

Assuming Firm L has already entered the market, Firm F will enter the market 

optimally without fear of pre-emption. Under the complete market, Firm F’s value 

function and investment trigger can thus be obtained through the following proposition. 

3.5.4.1 Proposition 1: (Y itself is traded.) 

Firm F manager’s value function may be written as: 
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Fy is the solution to the free boundary.  Thus Firm F’s optimal policy is to 

invest the first time  Y reaches the threshold Fy . 

Proof: 

Following standard arguments, the corresponding Bellman equation for Firm F 

is 

0
2
1 2 =−+ CC

yy
C
y rFFF σα  

I solve the above ODE with following boundary, value matching, and smooth 

pasting conditions: 



 

 73 

0)(lim =
−∞>−

yF C

y
       

K
r
a

r
yayF

F
FC −

−
+

−
= 2

)1()1()( α      

 
r

ayF FC
y

−
=

1)(  

The value matching condition obtains from the fact that after investment Firm 

F’s expected project value is the discounted expected present value of the duopoly 

cashflow, (1-a)Y, in perpetuity. That is, assuming that the firm stops at time t, the value 

of the project equals:  
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The optimal stopping time tFis given by tF = inf { t : F
t yY ≥ }.  I propose a 

solution of the form βyC AeyF =)( where A is a constant to be determined.   



 

 74 

Because βyC AeyF =)( , it immediately follows that ββ yC
y eAF = and 

ββ yC
yy eAF 2= .  Substituting into the Bellman equation, 0
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Solving for β in the above characteristic equation yields  
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The solution b < 0 may be rejected given the boundary conditions, and the 
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and investment trigger value Fy  may be determined by invoking value matching and 

smooth pasting conditions, yielding Firm F’s value function and trigger value:     
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3.5.4.1 Proposition 2: (The perfect spanning asset, S, exists.) 

Firm F manager’s value function may be written as: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

∞∈−
−−

+
−

∈
−

=

−

],[;))(1()1(

],0[;1

)(

2

)(

F

Fyy

C

yyK
r

a
r

ya

yye
r
a

yF

F

ησα
β

β

   

 where 2
2

22

2)()(
σσ

σηα
σ
σηαβ r

+
−

+
−

−=  and 
a

rK
r

yF

−
+

−
−=

1
)(1 ησα

β
 

Fy is the solution to the free boundary.  Thus Firm F’s optimal policy is to 

invest the first time  Y reaches the threshold Fy . 

Proof: 

Following standard arguments, the corresponding Bellman equation for Firm F 

is 

0
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I solve the above ODE with following boundary, value matching, and smooth 

pasting conditions: 
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The value matching condition is obtained by the fact that after investment Firm 

F’s expected project value is the discounted expected present value of the duopoly 
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cashflow, (1-a)Y, in perpetuity. That is, assuming that the firm stops at time t, the value 

of the project equals:  
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where QE denotes expectation with respect to unique martingale measure Q, 

defined as follows.  For each    t < ∞, the Radon-Nikodym density of Q with respect to 

the historical measure P is defined as:   
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t ηχ +=+= ,  is a Q-Brownian motion and the 

project stochastic income follows:  

Q
tt dZdtdY σησα +−= )(  

The optimal stopping time tFis given by tF = inf { t : F
t yY ≥ }.  I propose a 

solution of the form βyC AeyF =)( where A is a constant to be determined.   
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Because βyC AeyF =)( , it immediately follows that ββ yC
y eAF = and 
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3.5.4.2 Firm L’s Value Function and Investment Timing Decision 

By design Firm L undertakes investment prior to Firm F’s entry. Firm L makes 

its investment decision conditional on Firm F acting optimally according to the optimal 

stopping rule described above. 

3.5.4.2 Proposition 1: (Y itself is traded.) 

Firm L’s value function is: 
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Proof: 

Following standard arguments, the corresponding Bellman equation for Firm L 

is 
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I solve the above ODE subject to the following boundary condition: 
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I propose a solution of the form βyAeyL =)(1 for the homogeneous part, and a 

particular solution for the non-homogenous part, where A is a constant to be 

determined.  The Bellman equation for the homogenous part is (derivation is the same 

as the previous section): 
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Solving for β in the above characteristic equation yields  
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3.5.4.2 Proposition 2: (Y itself is traded.) 

Firm L’s investment trigger value Ly is the solution to the following equation:   
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Remarks: 

The above proposition makes use of the fact that Firm L’s trigger value, Ly , 

yields the same value for both firms.  That is, )( LC yL  should be equal to )( LC yF . 

3.5.4.2 Proposition 3: (The perfect spanning asset, S, exists.) 

Firm L’s value function is: 
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Proof: 

Following standard arguments, the corresponding Bellman equation for Firm L 

is 

0
2
1)( 2 =+−+− yrLLL CC

yy
C
y σσηα  

I solve the above ODE subject to the following boundary condition: 

2

)()(
r

a
r

ayyL
F

FC ησα −
+=  

I propose a solution of the form βyAeyL =)(1 for the homogeneous part, and a 

particular solution for the non-homogenous part, where A is a constant to be 

determined.  The Bellman equation for the homogenous part is (derivation is the same 

as the previous section): 
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0)(
2
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Solving for β in the above characteristic equation yields  
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The solution b < 0 may be rejected given the boundary condition. One candidate 

particular solution is 2
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determined, yielding Firm L’s value function: 
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3.5.4.2 Proposition 4:  (The perfect spanning asset, S, exists.) 

Firm L’s investment trigger value Ly is the solution to the following equation:   
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Remarks: 

The above proposition makes use of the fact that Firm L’s trigger value, Ly , 

yields the same value for both firms with Fyy < .  That is, )( LC yL  should be equal to 

)( LC yF . 

3.6 Quantitative Results Analysis 

I consider a capital investment project with the following base case parameter 

values: 

Investment cost (K) = 1, 

Project volatility (h) =0.4, 

)(
η

αξ r−
= – r × )(

σ
μλ r−

=  is set at –0.3, fixing b = 2.5,  

Leader market share, a, ranges from 0.5 to 0.8 upon entry by Firm F. 

All trigger values reported below are “discounted” values. 

3.6.1 The Impact of Market Completeness on the Investment Timing Decision 
and Option Value to Invest 

 
Holding constant ρ and γ, I find that the lower Firm L’s market share following 

Firm F’s entry, the lower the trigger investment value for the follower.  That is, Firm F 

has greater incentive to enter the market the greater the anticipated market share.  When 

the firms are able to hedge completely the project risk, Firm L’s investment trigger 

value is negatively correlated with its market share.  Moreover, option value to invest 
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becomes smaller as L’s market share increases.  That is, Firm L enters immediately to 

secure the pre-emptive advantage.  

I find that the higher the degree of completeness (measured by ρ), the greater is 

the follower’s option value to invest, a result consistent with Henderson (2005).  The 

leader’s option value for investment, as well as project value, is higher than is the case 

when perfect hedging is possible.  Considering simultaneously the market 

incompleteness and the leader’s fear of pre-emption, it appears that Firm L displays 

behavior closer to the classic real option models relative to the case in which perfect 

hedging is possible.  I conjecture that Firm L’s management has greater concern for the 

risk involved in the imperfect hedge than for the risk of pre-emption. 

I next focus on Firm L’s market share, a.  If Firms L and F expect to share the 

market equally, they will enter the market nearly simultaneously.  This result conflicts 

with classical model results in a complete market setting.  However, if Firm L 

anticipates a market share greater than 50% upon F’s entry, Firm L will enter the market 

slightly earlier than F but not as fast as would be the case in a complete market.  These 

results reflect in part our specification of the leader’s value function.  I anticipate 

verifying and refining this specification in future versions of the paper.  Results are 

summarized in Table 1. 

3.6.2 The Impact of Risk Aversion on Investment Timing Decision and Option 
Value to   Invest 

 
The greater the risk aversion coefficient, the lower is the investment option 

value for both firms.  This result suggests that the more risk-averse managers may be 
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more concerned about the unhedgeable risks, placing relatively less value in the option 

to delay investment.  Results are summarized in Table 2. 

3.7 Does Stochastic Process Matter? Geometric Brownian Motion vs. 
Arithmetic Brownian Motion (GBM vs. ABM) 

 
I investigate how the stochastic process specification impacts the decision rule. 

It may not be appropriate to compare the static trigger values and option values for two 

different stochastic processes. Schwartz (1997) indicates the importance of mean-

reverting process vs. non-reverting process in the capital budgeting investment problem. 

Trajanowska and Kort (2005) compare the equilibrium in a strategic real-option game  

under arithmetic Brownian motion with Grenadier (2002) under geometric Brownian 

motion. They exponentiate arithmetic Brownian motion results to make “reasonable” 

static comparisons between the two.  

3.7.1 Firm F’s and Firm L’s Value Functions under Geometric Brownian 
Motion versus Arithmetic Brownian Motion 

 
As presented in section 3.4, modeling stochastic investment payoff through a 

multiplicative demand shock following a GBM process assuming zero variable cost 

yields a GBM investment income stream. I model directly the stochastic income stream 

following (first) GBM and (second) ABM respectively. That is, the stochastic income 

stream either follows process (A) or the process (B): 

(A) GBM: dYt = aYtdt +σYtdWt;  Yt = y  

(B) ABM: dYt = adt +σdWt;  Yt = y  

As before, two competing firms are contemplating entry into a new market, and 

I identify the firms as the Leader (Firm L) and Follower (Firm F), respectively.  Firm L 
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enters the market by investing to receive a monopoly rent until Firm F enters the 

market.  Upon entry by Firm F, I assume that Firm L obtains a fraction a œ [½,1] of 

project income, leaving (1-a)=a2 of project income for Firm F. 

The corresponding Firm F’s and Firm L’s value functions under two different 

stochastic processes are summarized as: 

(C) GBM: 
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(D) ABM: 
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3.7.2 Uncertainty Impact   

I focus on the uncertainty variable, i.e., income stream volatility. Holding all 

else constant, I find that increasing uncertainty delays Firm L’s investment trigger in 

both stochastic processes. However, the sensitivity is quite different. Firm L’s 

investment trigger value is more sensitive to the uncertainty in the GBM case, while 

Firm L’s option value is more sensitive to the uncertainty in the ABM case. However, 

for Firm F’s investment trigger and option value to invest, they are both more sensitive 

to the uncertainty in the GBM case and less sensitive in the ABM case. (See Table 6, 7, 

8.)  

3.7.3 Market Share Impact 

Focus on varying Firm L’s market share after Firm F’s entry, holding all else 

constant, I find that the lower the Firm F’s market share after its entry, the higher the 

investment trigger for Firm F in both stochastic processes. However, with the GBM 

investment income stream, Firm F’s option value to invest does not vary with the 

market share as its investment trigger appears. On the contrary, with the ABM 

investment income stream, Firm F’s option value to invest varies with the market share 

as its investment trigger appears. The phenomenon can be justified through the 

following equation: 

With GBM, Firm F’s option value to invest is 
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To observe how the market share impacts the option value to invest, take 

derivative of )(yF C with respect to the market share parameter, (1- a ), evaluated at the 

trigger point, yielding: 

ββ
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That is, Firm F’s option value to invest is independent of the market share 

though the investment trigger increases as its market share decreases.  

With ABM, Firm F’s option value to invest is 
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To observe how the market share impacts the option value to invest, take 

derivative of )(yF C with respect to the market share parameter, (1- a ), evaluated at the 

trigger point, yielding: 
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That is, Firm F’s option value to invest decreases as its market share decreases 

upon entry, whereas its investment trigger increases as its market share decreases. 

Moreover, it shows that Firm F’s option value to invest and its market share decrease at 

approximately the same rate. 
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Firm F’s trigger exhibits the same sensitivity to market share in both stochastic 

processes. However, Firm L’s investment trigger is more sensitive to the market share 

in the GBM case, while Firm L’s option value to invest is more sensitive to market 

share in the ABM case. Results are summarized in Table 1, 2, and 3. 

3.7.4 Conclusion 

Sensitivity analyses indicate that the choice of process specification, ABM or 

GBM, has a material impact on project value and option value to invest.      
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CHAPTER 4 

REAL OPTIONS UNDER STOCHASTIC VOLATILITY 

 

4.1 Background  

This chapter explores the valuation consequences of incompleteness resulting 

from stochastic volatility in a real options setting.  I examine the efficacy of different 

approaches to finding and justifying a particular martingale measure.  This research 

provides insight into how choice of equivalent martingale measures impacts the real 

option values, relative to complete market models. 

Stochastic volatility induced market incompleteness affects the 

investment/abandonment decision in important ways. The optimal investment/ 

abandonment decision rule changes, as do the corresponding option values, as follows: 

(1) With non-zero correlation between the project randomness and volatility 

randomness, the option values to invest/abandonment option value under q-optimal 

measures will decrease (respectively, increase) in q if 2),( σξ t  increases (respectively, 

decreases) inσ . Thus, the difference between NPV and option value to invest (also 

project value with option to abandon24) under q-optimal measures will decrease 

(respectively, increase) in q if 2),( σξ t  increases (respectively, decreases) inσ . 

                                                 
24 Project value with option to abandon = Static net present value + Abandonment option premium  
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(2) With zero correlation between the project randomness and volatility 

randomness,  ),()( σλ tq will be non-decreasing (respectively, non-increasing) in q if 

2),( σξ t  is non-decreasing (respectively, non-increasing) inσ . As a result, option 

values to invest/abandonment option value under q-optimal measures will decrease 

(respectively, increase) in q if 2),( σξ t  increases (respectively, decreases) inσ . The 

difference between NPV and the option values to invest (also project value with option 

to abandon) under q-optimal measures will increase (respectively, decrease) in q if 

2),( σξ t  is non- increasing (respectively, non-decreasing) inσ .  

(3) With a non-zero correlation between the project randomness and volatility 

randomness, the optimal investment trigger under q-optimal measures decreases 

(respectively, increases) in q if 2),( σξ t  increases (respectively, decreases) inσ .  The 

optimal abandonment trigger is reversed. 

(4) With zero correlation between the project randomness and volatility 

randomness, the optimal investment trigger under q-optimal measures decrease 

(respectively, increase) in q if 2),( σξ t  increases (respectively, decreases) inσ . The 

optimal abandonment trigger is reversed.   

(5) There are no conclusive relations between the option value to invest/ 

abandonment option value under q-optimal measures and the correlation between the 

project randomness and volatility randomness. 

I demonstrate the indifference prices for the option value to invest and the 

abandonment option solve quasilinear variational inequalities with obstacle terms. With 
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the choice of the exponential utility function, the utility-based indifference price admits 

a new pricing measure, which is the minimal relative entropy martingale measure 

minimizing the relative entropy between the historical measure and the equivalent Q 

martingale measure. I also show that the indifference price for the option value to invest 

and the abandonment option (also, project value with abandonment option) is non-

increasing with respect to the risk aversion parameter. As the risk aversion parameter 

converges to zero, the indifference price converges to the unique bounded viscosity 

solution of the linear variational inequality with obstacle term. 

4.2 Motivation 

Stochastic volatility is important in contingent claims analysis because it 

represents an unhedgeable risk.  It is especially important with respect to real options, 

given long maturities and concern over tradability of the underlying asset.  There is no 

longer a unique martingale measure, and the choice of pricing measure is no longer 

preference free.  It depends on the utility of investors, or on a criterion depending on 

some measure of pricing error. Relatively little attention has been paid to comparisons 

between proposed measures.  Heath et al. (2001) examined numerically obtained option 

price orderings from different martingale measures.  Henderson (2005) and Henderson 

et al. (2004) obtained an ordering of option prices under several q-optimal measures, 

minimizing the qth moment of the Radon-Nikodym derivative of the pricing measure 

with respect to the original real-world measure.  Henderson et al demonstrated that the 

ordering proposed in Heath et al. (2001) was incorrect.  
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Indifference pricing technique represents an alternative to the q-optimal 

approach. An arbitrage free price is selected according to the investment optimality 

criteria of a risk averse investor. First proposed by Hodges and Neuberger (1998), 

indifference pricing has been applied to stochastic volatility models. (see Sircar and 

Zariphopoulou (2005)).       

Classic real options models typically assume constant volatility (e.g., Dixit and 

Pindyck (1994)).  Long investment horizons make the assumption problematic in real 

options.  Motivated by this concern, I extend the classical real options model to 

incorporate stochastic volatility.  I focus on the option value to invest and abandonment 

option value under the class of q-optimal measures.  Henderson (2005) and Henderson 

et al. (2004) show that when volatility is stochastic, option prices with convex payoffs 

decrease in q.  That is, option prices under the minimal martingale measure (q = 0) are 

at least as large as option prices under the minimal entropy martingale measures (q =1), 

which in turn are at least as large as option prices under the variance optimal martingale 

measure (q = 2).  The comparisons were derived for European options, and I contend 

that they also apply to American options.   

This chapter examines three issues pertaining to the option value to invest and 

also abandonment option under both q-optimal measures and indifference pricing.  

First, I examine how the choice of q-optimal measure affects the optimal 

investment/abandonment policy.  Second, I explore how the correlation between the 

volatility and project value alters option value under q-optimal measures. Third, I 

compare option values under q-optimal measures to the investment decision derived 
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from traditional net present value. Henderson (2005) and Henderson et al. (2004) 

propose the existence of links between pricing under the q-optimal measure and utility 

indifference pricing under a power-law utility for q ≠ 0, 1.  For q < 1, the price under 

the q-optimal measure corresponds to the marginal utility indifference price for an agent 

with power-law utility with constant relative risk aversion.  For q =0, it corresponds to 

logarithmic utility ( i.e., unity risk aversion coefficient in the power utility function).   

Motivated by Sircar and Zariphopoulou (2005), I employ indifference pricing 

for an agent with absolute risk aversion to determine: (1) whether a connection exists 

between these two pricing techniques in a real options setting, and (2) the nature of the 

interaction among risk aversion, correlation and q-optimal measures. It has been noted  

that the zero risk aversion limit of the indifference price corresponds to the minimal 

entropy martingale measure price.  

4.3 The General Standard Stochastic Volatility Model and the Class of  
q-Optimal Measures 

I fix a filtered probability space (Ω, ,,P) with ==( )t≥0, the increasing σ-

algebras generated by the pair of Brownian motions (Bs)s≤t and (B⊥
s) s≤t ,where B⊥ is 

orthogonal to B, satisfying the usual conditions of right-continuity and completeness.  

Let V be the project value, with volatility σ.  Assuming a non-stochastic risk-free 

interest rate, there is no loss of generality using discounted quantities.  Thus, V 

represents the discounted project value process.  Under the real world measure, P, V 

and σ follow a stochastic process with coefficients satisfying sufficient regularity 
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conditions to ensure the existence of a unique solution with the Strong Markov 

Property, as follows: 

)),(( ttt
t

t dBdtt
V
dV

+= σξσ  ---------------------------------------------------------- (1) 

))(,(),(),(),( ⊥++=+= tttttttt dBdBtdttdWtdttd ρρσβσασβσασ ---------- (2) 

where B and W are independent Brownian motions having correlation )1,1(−∈ρ . 

For this, I can take W = ρB + ⊥⊥ +=− BBB ρρρ 21 , or equivalently, dW = ρdB 

+ ⊥dBρ . ),( ttσξ may be interpreted as the Sharpe ratio or equity risk premium.   

I assume the existence of perfect spanning assets, so I do not consider 

incompleteness caused by the non-tradability of the project.  However, σ is not traded, 

so the market is incomplete and there is no unique martingale measure.  Following the 

analysis in Frey (1997), I characterize the family of equivalent local martingale 

measures.  Let Ө denote the set of such measures and Ө ≠ ∅. 

Under the proposed project value process, a probability measure Q ∈ Ө 

equivalent to P on TF  is a local martingale measure for V on TF  if and only if there is a 

progressively measurable process λ = Ttt ≤≤0)(λ  with ∞<∫ ds
T

s0

2λ  P a.s. such that the 

local martingale TttZ ≤≤0)(  with     
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 95 

satisfies E[ZT]=1 and ZT = 
dP
dQ on TF .  If Zt is of the form of the above 

equation, V is a Q-local martingale, and if Z is a true P-martingale, Q is a probability 

measure. Kt = duu
t

u∫0
2),( σξ  is the mean-variance tradeoff process typical in the 

finance literature. 

By Girsanov’s theorem, Brownian motions B and B⊥ under Q are given as: 

 uduBB
t

ut
Q
t ∫+=

0
),( σξ  and udBB

t

ut
Q

t ∫+= ⊥⊥

0

, λ  

Under Q ∈ Ө, V and σ follow the processes: 

Q
tt

t

t dB
V
dV σ= -----------------------------------------------------------------------------(3) 

Q
tt

Q
tttttttt dBtdBtdtttttd ,),(),()],(),(),(),([ ⊥++−−= σβρσρβσβλρσβσρξσασ -(4) 

Under Q, the change of drift tλ  on the Brownian motion B⊥ is called the market 

price of B⊥ risk, the associated change of drift on W is tt t λρσρξ +),(  and the change 

of drift on σ is ),()),(( tt ttt σβλρσρξ + . I call the stochastic process tt t λρσρξ +),(  

the volatility risk premium, or the market price of volatility risk.  The first term 

represents the effect of the market price of B risk, and the second term represents the 

effect of the market price of B⊥ risk. From Girsanov’s theorem, there is a one-to-one 

correspondence between Ttt ≤≤0)(λ  (such that ∞<∫ ds
T

s0

2λ ) and the generic martingale 

measure. Thus the option pricing problem reduces to the selection of the volatility risk 

premium, or equivalently, the associated martingale pricing measure.  
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Remark:  

The case tλ = 0 corresponds to the minimal martingale measure of Follmer and 

Schweizer (1991), known as the local risk minimization measure.  In this case, the Q is 

defined via
dP
dQ | TF = )),(

2
1),(exp( 2

00
duudBu

t

u

t

uu ∫∫ −− σξσξ , which makes the traded 

assets into martingales, leaving the drifts of Brownian motions which are orthogonal to 

the traded assets unchanged. In other words, it means the unhedgeable risk is not priced.    

The q-optimal measure is the equivalent martingale measure which is closest to 

the original real world measure P based on a distance metric of the qth moment of the 

relative density. In order to calculate the q-optimal measure, it is necessary to know the 

real world dynamics and the real world probability measure P. Following the techniques 

in Hobson (2004) and the analysis in Henderson (2005) and Henderson et al. (2004), I 

define the following such that for Rq∈ the q-optimal measure is the measure )(qQ  

minimizing relative entropy ).,( QPH q   

For }1,0{\Rq∈  

otherwise 

 if ])(
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[{),(
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PQZ
q

qEQPH
q

T
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For }1,0{∈q  
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 if )]ln()1[(
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q
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Remarks:  

Through this definition, I infer25:  

For q = 0, by definition, I have ])ln(1[),( 0
0 TT ZZEQPH −=  ])ln(1[ TZE −=  

])ln([
dP
dQE −=  ),( QPH= , which is the reverse relative entropy of ),( PQH . 

The idea of considering ),( QPH  instead of ),( PQH is first presented by Platen 

et al. (1996).  They define arbitrage information as the information obtained from the 

difference between the objective (real world) probability measure and the minimal 

equivalent martingale (risk neutral) pricing measure for the contingent claim processes.  

Following Platen et al., I define Radon-Nikodym derivative as )(
dP
dQ , and 

Kullback-Leibler information process as }:{ 0 ∞<≤= tthh t where 

11 )ln()( −−=
dP
dQ

dP
dQht ; then for time ),[ 0 ∞∈ tt , the total information functional at time 

0t  of P  with respect to Q  can be defined as  

⎩
⎨
⎧

∞
=

otherwise                     
integrable- is n        whe]|[

),( 0

0 ,

QhFhE
QPI tttQ

tt  

Consequently, ]|)log([]|[),(
000 , tttQtt F

dP
dQEFhEQPI −==  0tt ≥∀  represents 

the information up to time t at time 0t  of the objective probability measure P  with 

respect to the martingale measure Q . ),(,0
QPI tt is called the arbitrage information up to 

                                                 
 
25 For detailed proofs see Hobson 2004.  
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time t at time 0t . It can be seen that the arbitrage information is equivalent to negative 

relative entropy, and thus I can interpret it as a measure of free energy in terms of 

relative entropy. The relative entropy can be related to the characterization of the 

minimal equivalent martingale measure defined in Follmer and Schweizer (1991).   

Schweizer (1999) shows that the minimal martingale measure, defined through 

the Radon-Nikodym derivative )),(
2
1),(exp( 2

00
duudBu

t

u

t

uu ∫∫ −− σξσξ  in my diffusion 

model with respect to objective probability measure, minimizes the reverse relative 

entropy of ),( QPH . In my setting the minimal martingale measure MQ = 0Q  

corresponding to tλ = 0. 

I have ),(])ln([])ln(1[),( 1
1 PQH

dP
dQ

dP
dQEZZEQPH TT ===  when q = 1, which 

is the relative entropy. By invoking results from Delbaen and Schachermayer (1996), 

Grandits and Rheinlander (2002), and Frittelli (2000), Hobson (2004) shows the 

existence and optimality of the candidate measure )(qQ  defined through the 

representative form of q-optimal measure.  If q=1, it is the minimal relative entropy 

martingale measure.    

For q = 2, I have-the variance-optimal measure. The variance optimal measure 

is defined as the density 
dP

dQvom

 having minimal )(2 PL  -norm. In fact, 
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2]][[)(
dP

dQE
dP

dQE
dP

dQVar
vomvomvom

−=  = 1][ 2 −
dP

dQE
vom

, that is  =2][
dP

dQE
vom

 

1)( +
dP

dQVar
vom

; equivalently, 
)(2 PL

vom

dP
dQ  1)( +=

dP
dQVar

vom

 .  

To calculate the option price under the q-optimal measure, it is necessary to be 

able to characterize the measure.  Following Hobson’s (2004) q-optimal representation 

equations, the identification of the q-optimal measure )(qQ  is given via the market price 

of unhedgeable randomness ⊥B risk, 

),(),(),()(
ttt

q tgtt σρσβσλ σ=  

where 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

==

≠=−−

=

=

∫

∫
T

t
tu

T

t
tu

duuqE

duuRqE
R

tg

0R    ]|)),(
2

[exp(ˆ

0R with otherwise    ]|)),(
2

[exp(ˆlog1
0q if   0

),(

2

2

σσσξ

σσσξσ --

---------(5) 

where 21 ρqR −=  

Under measure ,P̂ the dynamics of σ are modified to become 

tttttt Wdtdtttqtd ˆ),()],(),(),([ σβσβσρξσασ +−=  

Note that P̂ corresponds to the real world probability measure if q=0 or ρ=0. 

If R = 0, from the Feynman-Kac formula g solves the following representation 

equation  
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0),(
2
1),(),(),(),(

2
22 =+++− ggtgtgttqtq

&σσσσ σβσασξσρβσξ ---(6) 

with .0),( =σTg  

If R ≠ 0, from the Feynman-Kac formula g solves the following representation 

equation:                                                      

0),(
2
1

),()(),(
2

),(),(),(
2

2

222

=++

+−−

ggt

gtgtRgttqtq

&σσ

σσσ

σβ

σασβσξσρβσξ
--(7) 

with .0),( =σTg  

Under )(qQ , the dynamics of σ and V in equation (3) and (4) become  

)( qQ
tt

t

t dB
V
dV

σ=   

)(

)(

,

22

),(          

),()],(),(),(),(),([
q

q

Q
tt

Q
tttttttt

dBt

dBtdttgttttd
⊥+

+−−=

σβρ

σρβσσβρσβσρξσασ σ  

where  uduBB
t

ut
Q
t

q

∫+=
0

),(
)(

σξ  and uduguBB
t

uut
Q

t
q

∫+= ⊥⊥

0

, ),(),(
)(

σσβρ σ . 

4.4 Option Value to Invest –  q-Optimal Measures 

This section investigates the option value to invest under q-optimal measures. I 

first formulate the investment problem and propose the corresponding model. I then 

show the ordering results for option value to invest under q-optimal measures.  

4.4.1 Investment Problem Formulation and the Model 

I assume that the manager faces an investment timing problem in which the 

investment cost, K, grows at the risk free rate.  I specify the manager’s investment 
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problem, and I find the option value to invest by solving the following maximization 

problem (fixing some Q ∈ Ө):  

],|)[(sup              

],|)~([sup),(
)(

)( )()(1

σσ

σσσ

τ
τ

τ
τ

τ

τ

==−=

==−=

+

∞<≤

+−−−−

∞<≤

tt
Q
t

t

tt
trtrQ

t
t

vVKVE

vVKeVeEvp
q

q

26 

where V~  denotes the forward process of discount process tV , that is the original 

process. 

The option value to invest will vary with different choices for Q, i.e., different 

choices for the market price of volatility risk. I focus on the market price of volatility 

                                                 
26 (1) It will never be optimal to early exercise American call option if the underlying asset does not pay 
dividends. 
 
(2) To capture the early exercise property of the American call option, it is assumed that the asset pays 
“continuous dividend yield”, (in the investment opportunity problem formulation presented, i.e., the real 
options problem, it is termed “service flow”.) The general discounted process defined in equation (1) 

)),(( ttt
t

t dBdtt
V
dV

+= σξσ  will have ),(),()),(( ttt tttt σκσμσξσ −= , where ),( ttσκ is the 

continuous dividend yield. For tractability, we keep ),( ttσκ  constant. For the Girsanov’s transformation 
for equivalent martingale measure, if we specify  

(i) uduBB
t

ut
Q
t ∫+=

0
),( σξ , then tV  and tσ process are still the same specified in equation (3) and 

(4) with different ),( ttσξ specification.
t

t
t

tt
σ

κσμσξ −
=

),(),(  rather than the one with no dividend 

yield 
t

t
t

tt
σ
σμσξ ),(),( = . 

 

(ii) udBuduBB
t

ut

t

t

u
t

Q
t ∫∫ +=+=

00

),( ς
σ
σμ

, then tV  and tσ in equation (3) and (4) become 

Q
tt

t

t dBdt
V
dV σκ +−= with 

Q
tt

Q
tttttttt dBtdBtdtttttd ,),(),()],(),(),(),([ ⊥++−−= σβρσρβσβλρσβσρςσασ  

 



 

 102 

risk, and in particular, the market price of unhedgeable randomness (i.e., ⊥B ) risk.  The 

q-optimal measure market price of volatility risk is related to q through the qλ equation 

and fundamental representation equation presented in the previous section.  

Consistent with Hobson (2004), I assume a finite time horizon. Later, I will 

consider the perpetual American option in the classical real option setting.  The 

manager’s investment problem is revised as follows  

],|)[(sup                 

],|)~([sup),,(
)(

)( )()(1

σσ

σσσ

τ
τ

τ
τ

τ

τ

==−=

==−=

+

<≤

+−−−−

<≤

tt
Q
t

Tt

tt
trtrQ

t
Tt

vVKVE

vVKeVeEtvp
q

q

  

where V~  denotes the forward process of discount process tV , that is the original 

process. 

Invoking the general model dynamics for the class of q-optimal measures, the 

problem then reduces to satisfying the following variational inequality27:  

                                                                                                                                               
The parameterization is different (also presented in the corresponding variational inequality), but it will 
not affect the analysis result.    
27 As pointed out in the footnote 26, the variational inequality will be a little different due to the 
parameterization. 
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⎨

⎧
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+

+

+

KvTvp

vTtKvTvpptpt

ptgttttpVp

KvtvpvTtptpt

ptgttttpVp

tvtt

tttttvttt

tvtt

tttttvttt

σ

σσβσβρσ

σσβρσβσρξσασ

σσβσβρσ

σσβρσβσρξσασ

σσσ

σσ

σσσ

σσ

  

where ),( σtg is defined in equation (5), f or R=0 ),( σtg  solves the 

representation equation (6)  , for R≠0, ),( σtg  solves the representation equation (7).    

It reduces to solving the following equations 

Kvvtp −=),,(1 σ   for ),( σtVv fb≥  

For ),( σtVv fb≤  

0),(
2
1),(

)],(),(),(),(),([
2
1

121

1221221

=++

−−++

σσσ

σσ

σβσβρσ

σσβρσβσρξσασ

ptpt

ptgttttpVp

tvtt

tttttvttt

 

with  

+−= )(),,(1 KvvTp σ  

KTVfb =),( σ  

In addition, the following boundary and smooth pasting conditions:  
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+−== )()),,((,( **1 KvtVvtp fb σσ  

1
))),,((,(

*

*1

=
∂

=∂

v
tVvtp fb σσ

 

0
)),,((,( *1

=
∂

=∂

σ
σσtVvtp fb  

assure that ),,(1 uVp uu σ , *

*1 )),,((,(
v

tVvtp fb

∂

=∂ σσ
, and 

σ
σσ

∂

=∂ )),,((,( *1 tVvtp fb  

are continuous across the boundary ),( σtV fb .  

The partial differential equation cannot be solved analytically for a closed form 

solution.  I must resort to numerical techniques.  By considering different q (i.e., 

different market prices of volatility risk), the investment trigger and option value to 

invest will vary.  

4.4.2 Ordering Results for Option Value to Invest under q-Optimal Measures 

The convexity of option value is used for generating the ordering results. The 

American call option value with stochastic volatility is strictly convex in the 

continuation region.28  

4.4.2 Proposition 1:  

The convex option prices are decreasing in the market price of ⊥B  risk 

parameter tλ , or equivalently the market price of volatility risk. The reason is that, with 

a selected pricing measure, the dynamic presented in equation (4) shows that an 

                                                 
28 This statement can be proven by applying Touzi (1999) Lemma 2.3 for the American put option with 
stochastic volatility.    
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increase in either tλ or the market price of volatility risk corresponds to a decrease in 

the drift of the volatility.  

Proof: 

I prove the proposition in two steps. I first show that the model with higher 

volatility drift term yields the higher option price. I then induce the relationship between 

option prices and market price of volatility risk. 

(1) Let the asset price process V and volatility σ satisfy 

tt
t

t dB
V
dV σ=   

))(,(),(),(),( ⊥++=+= tttttttt dBdBtdttdWtdttd ρρσβσασβσασ    

Suppose that the drift on the volatility either takes the form of 

),(),( tt tt σασα +=  or ),(),( tt tt σασα −=  where ),(),( tt tt σασα −+ > , and let 

+E (respectively −E ) denote the model with drift ),( ttσα + (respectively ),( ttσα − ).  For 

a payoff function h define 

],|)]([),,( sup σσσ τ
τ

=== +

≤≤

+
tt

Tt

vVVhEvtJ , 

and ],|)]([),,( sup σσσ τ
τ

=== −

≤≤

−
tt

Tt

vVVhEvtJ  

 ),,( σvtJ + and ),,( σvtJ − are the price of American options. It’s known that  

American option, VAO, may be expressed as the counterpart of a European option, 

denoted VEO, plus the early exercise premium, denoted Verp. That is, VAO=  VEO + Verp .  
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In addition, the early exercise premium, Verp,,  is itself the value process of a 

European option (Karatzas and Shreve (1998) Ch2 Theorem 5.8, Remark 5.10). 

Therefore, I re-express ),,( σvtJ + and ),,( σvtJ −  as: 

),,(),,(                 

],|)]([],|)]([                

],|
)(

)()([)(],|)]([                 

V],|)]([),,( EOsup

σσ

σσσσ

σσσσ

σσσ τ
τ

vtLvtL

vVVhEvVVhE

vV
uV

uduVEtVvVVhE

VvVVhEvtJ

erp

ttTerpttT

tt

T

t
ttT

erp
tt

Tt

++

++

++

+

≤≤

+

+=

==+===

==
Λ

+===

+====

∫  

                where )(1)( )}()({ (
tdtd uVuV fb>=Λ  

where the third equality makes use of the definition of European options and the 

early exercise premium from Karatzas and Shreve (1998) Ch 2 Theorem 5.8, Remark 

5.10. The fourth equality replaces the second term of the third equality with the fact that 

the early exercise premium is the value process of the European options (e.g. Karatzas 

and Shreve (1998) Ch2 Proposition 2.3).  

Fact: 

Touzi (1999, p. 415) shows the suitability of applying Karatzas and Shreve’s 

theorem and proposition in complete market case (constant volatility) to the model with 

stochastic volatility by assuming some options are traded on the market additionally to 

the underlying risky asset and the riskless one.  

Similarly,   
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),,(),,(               

],|)]([],|)]([                
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∫  

),,(),,(),,(),,(),,(),,( σσσσσσ vtLvtLvtLvtLvtJvtJ erperp
−+−+−+ −+−=−  

Following Henderson et. al. (2004), by making use of the fact from the 

European option that ),,( σvtL+  ( ),,( σvtL−  respectively) satisfies 0),,( =++ σvtLA  

( 0),,( =−− σvtLA respectively)  subject to )(),,( vhvTL =+ σ  ( )(),,( vhvTL =− σ  

respectively), where )( −+ AA is the infinitesmall generator, and by defining a new 

function ),,(),,(),,(ˆ σσσ vtLvtLvtL −+ −= subject to 0),,(ˆ =σvTL   

with  

),,()(),,(),,(                    
)),,(),,((),,(ˆ

σσσ

σσσ

vtLAAvtLAvtLA
vtLvtLAvtLA

+−+−−++

−+−−

−−−=

−=
 

                   +−+ −−= σσασα Ltt )),(),(( .   

From the application of Feynman-Kac formula,  

∫ ==−= +−+−
T

t
ttuu vVduVuLuuEvtL ],|),,()),(),(([),,(ˆ σσσσασασ σ . 

 Thus 0),,(),,(),,(ˆ ≥−= −+ σσσ vtLvtLvtL  because 0),,( ≥+ σσ vtL  (e.g. 

Romano and Touzi (1997)). 
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I can apply the same proof to ),,(),,( σσ vtLvtL erperp
−+ −  since 

),,( σvtLerp
+ ( ),,( σvtLerp

− respectively) is a value process of a European option. 

Therefore, 0),,(),,( ≥− −+ σσ vtJvtJ . In other words, the model with higher 

volatility drift term yields the higher option price.  

(2) I now proceed to the induction of the relationship between option prices and 

market price of volatility risk. 

Define two candidate pricing measures, +Q  and −Q , with associated market 

price of ⊥B  risk parameter +λ  and −λ respectively, where −+ > λλ . 

By definition, with the stochastic volatility model specified in equation (1) and 

(2), the volatility drift terms corresponding to +Q  and −Q  are 

)],(),(),(),([ tttt ttttt σβλρσβσρξσα +−− and )],(),(),(),([ tttt ttttt σβλρσβσρξσα −−−  

respectively. It follows that )],(),(),(),([ tttt ttttt σβλρσβσρξσα +−− < 

)],(),(),(),([ tttt ttttt σβλρσβσρξσα −−−  since −+ > λλ . 

With the result from the step 1 that the model with higher volatility drift term 

yields the higher option price, it shows that the pricing measure with higher market 

price of ⊥B risk, λ ,yields lower option prices. 

Alternatively, since the whole process tt t λρσρξ +),(  is termed volatility risk 

premium or market price of volatility risk, it can be said that the pricing measure with 

higher market price of volatility risk yields lower option prices.  
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From the above proposition, I know that the convex option prices are decreasing 

in the market price of ⊥B  risk parameter tλ , or equivalently the market price of 

volatility risk. Since the identification of the q-optimal measure )(qQ is given via the   

market price of ⊥B  risk with ),(),(),()(
ttt

q tgtt σρσβσλ σ= , the comparison of option 

prices under q-optimal measures can be performed through ),()( σλ tq . As pointed out in 

the Henderson et al (2004) Theorem 2, the sign of )),(),()(,()(
ttt

q tgtt σρσβσλ σ=  is 

related to 
σ
σξ

∂
∂ 2),(tq  through the link to the first derivative of the function ),( σtg  with 

respect to σ 29. ),( σξ t is the project Sharpe ratio and ),( σtg  is the solution to the 

                                                 
29 (A) Henderson et al (2004) shows that with volatility dynamics specified in equation (2) and 

),(),(),()(
ttt

q tgtt σρσβσλ σ= ,  
 
(1) If 0≠R  with the transformation Rgef −=   subject to 1),( =σTf and Feynman-Kac 

formula, it is able to arrive ]))
2

(exp([ˆ 2 dsduRqqqfE
f
qg

T

t

s

t

αρξβρβξαξξ σσσσσ −−−= ∫ ∫ . 

Since 0>f , it is shown that (i) 00 >→> σσξξ gq (ii) 00 <→< σσξξ gq (iii) 

00 =→= σσξξ gq .   
 
(2) If 0=R  subject to 1),( =σTg and Feynman-Kac formula, it is able to arrive 

]))(exp([ˆ dsduqqEqg
T

t

s

t
σσσσσ ρξβρβξαξξ −−= ∫ ∫ . It is shown that (i) 00 >→> σσξξ gq  

(ii) 00 <→< σσξξ gq (iii) 00 =→= σσξξ gq .   
 
 
(3) Since ),(),(),()(

ttt
q tgtt σρσβσλ σ=  with 0>β  and 0>ρ , the sign of ),()(

t
q t σλ  

hinges on σξξq . 
 



 

 110 

representative equation.  0)lyrespective( 0),()( ≤≥σλ tq iff 2),( σξ tq is non-decreasing 

in σ   (respectively non-increasing in σ ). The strict equality holds iff 2),( σξ tq is 

strictly non-decreasing in σ  (respectively strictly non-increasing in σ ).  

4.4.2 Proposition 1 shows that the convex option payoffs in American options 

yield the same relationship displayed in European options between option prices and the 

market price of ⊥B  risk parameter tλ , or equivalently the market price of volatility 

risk. It shows that the convex option prices are decreasing in the market price of ⊥B  

risk parameter tλ , or equivalently the market price of volatility risk. Incorporating 4.4.2 

proposition 1 and Theorem 2 in Henderson et al (2004), I am able to arrive following 

propositions.       

4.4.2 Proposition 2: 

With non-zero correlation between the project randomness and volatility 

randomness, I conjecture that the option values to invest (i.e., prices of American call 

options) under q-optimal measures will be decreasing (respectively. increasing) in q if 

2),( σξ t  is increasing (respectively, decreasing) in σ  as conjectured in Henderson et al 

(2004) and postulated in Henderson (2005) for European option case.  

                                                                                                                                               

(B) It is straightforward that if 2),( σξ tq is non-decreasing in σ , i.e.,   0),( 2

≥
∂

∂
σ
σξ tq

, then it has 

0),(2 ≥σξσξ tq , equivalently 0),( ≥σξσξ tq . Therefore, 0),()( ≥t
q t σλ if 2),( σξ tq is non-

decreasing in σ .  
 
(C) The reverse inequality and strict inequality is proven by the same argument.  
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Proof: 

(1) Henderson et al (2004) Corollary 3 proposes that (i) if 2),( σξ t is increasing 

in σ , then for 0>q , European option prices under the q-optimal measure are less than 

those under minimal martingale measure, and for 0<q , European option prices under 

the q-optimal measure are greater than those under minimal martingale measure.30 (ii) if 

2),( σξ t is decreasing in σ , then for 0>q , European option prices under the q-optimal 

measure are greater than those under minimal martingale measure, and for 0<q , 

European option prices under the q-optimal measure are less than those under minimal 

martingale measure.31   

                                                                                                                                               

(D) To sum up, the sign of )),(),()(,()(
ttt

q tgtt σρσβσλ σ=  is related to 
σ
σξ

∂
∂ 2),(tq

.         

30 (1) 2),( σξ t is increasing in σ  0),( 2

>
∂

∂
σ
σξ t 0),( >σξσξ t . The sign of ),()(

t
q t σλ  hinges 

on σξξq . For 0>q and 0),( >σξσξ t , it implies that 0),()( >t
q t σλ .  

   
(2) In the q-optimal measure setting, minimal martingale measure means 0),()( =t

q t σλ . 
 
(3) For the volatility dynamic specified in equation (2), it shows under the q-optimal measure, the 
volatility drift under q-optimal measure )],(),(),(),([ tttt ttttt σβλρσβσρξσα −− is lower than 

that under minimal martingale measure, ),(),(),([ ttt ttt σβσρξσα − ].  
 
 (4) Therefore, the option prices under the q-optimal measure are less than those under minimal 
martingale measure if 2),( σξ t is increasing in σ and 0>q , meaning 0),()( >t

q t σλ . 
 
(5) The same argument applies to the case where 0<q . In this case,  0),()( <t

q t σλ , therefore, all the 
arguments are reversed.         

31 (1) 2),( σξ t is decreasing in σ  0),( 2

<
∂

∂
σ
σξ t 0),( <σξσξ t . The sign of ),()(

t
q t σλ  hinges 

on σξξq . For 0>q and 0),( <σξσξ t , it implies that 0),()( <t
q t σλ .  
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(2) As in Henderson et al (2004), linking the relationship observed in the zero 

correlation case in Henderson (2005), they conjecture that European option prices under 

q-optimal measures will be decreasing (respectively, increasing) in q if 2),( σξ t  is 

increasing (respectively, decreasing) in σ .  

(3)  

(a) I apply the proof for 4.4.2 Proposition 1 showing that the convex option 

prices are decreasing in the market price of ⊥B  risk parameter tλ ( or equivalently the 

market price of volatility risk given American options setting), I have  

)),());,(( )),,((,(,(
)),());,(( )),,((,(,(

)()(1)(1

)()(1)(1

222

111

σλσλσσλσ

σλσλσσλσ

ttttvtp
ttttvtp

qqq

qqq

−−

−− ≤
 

if ),( ),( )()( 21 σλσλ tt qq ≥ , where p(;•) is the option price under market price of 

volatility risk •. 

(b) As in Henderson et al (2004), I employ the strong relations observed in the 

zero correlation case in Henderson (2005) that  ),()( σλ tq will be non-decreasing 

                                                                                                                                               
 (2) In the q-optimal measure setting, minimal martingale measure means 0),()( =t

q t σλ . 
 
 (3) For the volatility dynamic specified in equation (2), it shows under the q-optimal measure, the 
volatility drift under q-optimal measure )],(),(),(),([ tttt ttttt σβλρσβσρξσα −− is greater than 

that under minimal martingale measure, ),(),(),([ ttt ttt σβσρξσα − ].  
 
 (4) Therefore, the option prices under the q-optimal measure are less than those under minimal 
martingale measure if 2),( σξ t is decreasing in σ and 0>q , meaning 0),()( <t

q t σλ . 

 (5) The same argument applies to the case where 0<q . In this case,  0),()( >t
q t σλ , therefore, all the 

arguments are reversed.         
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(respectively, non-increasing) in q if 2),( σξ t  is non-decreasing (respectively, non-

increasing) in σ . 

(c) From (b) I find that ),( ),( )()( 21 σλσλ tt qq ≥ (respectively, 

),( ),( )()( 21 σλσλ tt qq ≤ ) with 21 qq ≥ (respectively 21 qq ≤ ) if 2),( σξ t  is non-decreasing 

(respectively non-increasing) in σ . Incorporate this relation with (a), I have  
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ttttvtp

qqq

qqq
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−− ≤
  

(respectively, 
)),());,(( )),,((,(,(

)),());,(( )),,((,(,(
)()(1)(1

)()(1)(1

222

111

σλσλσσλσ

σλσλσσλσ

ttttvtp

ttttvtp
qqq

qqq

−−

−− ≥
)    

if ),( ),( )()( 21 σλσλ tt qq ≥ (respectively, ),( ),( )()( 21 σλσλ tt qq ≤ ). 

(d) Therefore, I conjecture that the option values to invest (i.e., prices of 

American call options) under q-optimal measures will be decreasing (respectively. 

increasing) in q if 2),( σξ t  is increasing (respectively, decreasing) in σ .  

4.4.2 Corollary 1: 

With non-zero correlation between the project randomness and volatility 

randomness, the difference between NPV and option value to invest under q-optimal 

measures will be will be decreasing (respectively. increasing) in q if 2),( σξ t  is 

increasing (respectively, decreasing) in σ .  

4.4.2 Corrollary 2: 

With non-zero correlation between the project randomness and volatility 

randomness, there are no conclusive relations between the option value to invest under 
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q-optimal measures and the correlation between the project randomness and volatility 

randomness. 

Proof:   

(1) Under the general stochastic volatility setting, the stochastic volatility 

process under q-optimal measures is: 

)()( ,

2

),(),(          

)],(),(),(),(),([
qq Q

tt
Q
tt

tttttt

dBtdBt

dttgttttd
⊥++

−−=

σβρσρβ

σσβρσβσρξσασ σ   

The change in correlation changes ),()),(( tt t
q
tt σβλρσρξ + , where 

),(),(),()(
ttt

q tgtt σρσβσλ σ= , and ),( ttg σ is defined in equation (5). 

(2) .)1( ),1,0( 22 ↓=−↑→∈∀ ρρρρ It indicates that increases in ρ increases the 

first term, ),(),( tt tt σβσρξ  while decreasing the second term, ),( tt
q
t σβλρ . 

(3) )1,0(∈∀ρ , given q, as ρ  increases and the change in first term, 

),(),( tt tt σβσρξ , dominates the change in the second term, ),( tt
q
t σβλρ , by applying 

the proof of 4.4.2 Proposition 1 result (1), it shows that the option price due to increases  

in the correlation between the project randomness and volatility randomness decreases, 

and vice versa. 

(4) )0,1(−∈∀ρ , above results are reversed. 

(5) Thus, there are no conclusive relations between the project randomness and 

volatility randomness, there are no conclusive relations between the option value to 

invest under q-optimal measures and the correlation between the project randomness 

and volatility randomness.   
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4.4.2 Proposition 3: 

With zero correlation between the project randomness and volatility 

randomness, I propose that  ),()( σλ tq will be non-decreasing (respectively, non-

increasing) in q if 2),( σξ t  is non-decreasing (respectively, non-increasing) in σ  as 

postulated in Henderson (2005). As a result, option values to invest under q-optimal 

measures will decrease (respectively, increase) in q if 2),( σξ t  is increasing 

(respectively, decreasing) in σ .   

Proof: 

(1) Henderson (2005) Theorem 4 shows that  ),()( σλ tq will be non-decreasing 

(respectively, non-increasing) in q if 2),( σξ t  is non-decreasing (respectively, non-

increasing) in σ .32   

                                                 
32 
 (1) For 0=ρ , ),(),(),()(

ttt
q tgtt σσβσλ σ= , where ),( σtg solves the following representation 

equation:                                                 

0),(
2
1),()(),(

2
1),(

2
2222 =+++− ggtgtgttq

&σσσσ σβσασβσξ , or equivalently by 

Feynman-Kac formula ∫ =−−=
T

t
tu duuqEtg  ]|)),(

2
[exp(ˆlog),( 2 σσσξσ . The main idea is to 

analyze the q dependence of σg .  
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(2) 
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 Show the dependence of 
q
g
∂
∂

 on 

σ .  
 
(3) Following Henderson (2005),  

(a) Fix t=0 and re-write ∫
T

u duu
0

2),( σξ  as mean-variance tradeoff process TK , I obtain 

.
]

2
[exp(ˆ

]
2

exp([ˆ
),0(2
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KqKE

q
g

−

−
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(b) From Hobson (2004), there exists a processς and a finite constant such that 

cduudWuKq T

u

T

uuT ++= ∫∫
0

2

0
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2
1),(

2
σςσς . 

(c) Define a new measure P~  by 
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(2) The market price of ⊥B  risk parameter tλ , or equivalently the market price 

of volatility risk may be negative if q<0. 33However, this will not affect the relations 

shown in step (1). 

(3)  

(a) By step (1):  ),()( σλ tq will be non-decreasing in q if 2),( σξ t  is non-

decreasing in σ . That is, ),( ),( )()( 21 σλσλ tt qq ≥  with  21 qq ≥  if 2),( σξ t  is non-

decreasing in σ .  

(b) From 4.4.2 Proposition 1, I show that the convex option prices are 

decreasing in the market price of ⊥B  risk parameter tλ , (or equivalently the market 

                                                                                                                                               

(e) Invoking Henderson (2005) Lemma 3 with dufufm
T

∫=
0

2),()( ξ , it states that if 

dufufm
T

∫=
0

2),()( ξ is non-decreasing (respectively, non-increasing) in f , 

dufuEfmEdufuEfmE
TT

∫∫ =≥=
0

2
22

0

2
11 ),(~)(~),(~)(~ ξξ (respectively, 

)),(~)(~),(~)(~

0

2
22

0

2
11 dufuEfmEdufuEfmE

TT

∫∫ =≤= ξξ with 12 ff ≥ . That is the dependence of 

q
g
∂
∂

 on σ is non-decreasing (respectively, non-increasing) in σ  if 2),( σξ t  is non-decreasing 

(respectively, non-increasing) in σ . The proof is completed.   
 
33 Henderson (2005) Remrk 5 points out the index option data for a negative market price of volatility risk 

),( tq σλ (Bakshi and Kapadia (2003)). (1) When ),(2 tσξ (project Sharpe ratio) non-decreases in σ , 

the negative market price of volatility risk (i.e., ),( tq σλ <0) is consistent with pricing under q-optimal 

measures with q<0.  (2) When ),(2 tσξ (project Sharpe ratio) non-increases in σ , the negative market 

price of volatility risk (i.e., ),( tq σλ <0 is consistent with q>0. 
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price of volatility risk given an American options setting). That is, 

)),());,(( )),,((,(,(

)),());,(( )),,((,(,(
)()(1)(1

)()(1)(1
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qqq
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−− ≤
 

if ),( ),( )()( 21 σλσλ tt qq ≥ , where p(;•) means the option price under market price 

of volatility risk •. 

(c) Combine (a) and (b): If 2),( σξ t  is non-decreasing in σ , then 

),( ),( )()( 21 σλσλ tt qq ≥  with 21 qq ≥ , which in turn leads to 

)),());,(( )),,((,(,(
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qqq

−−

−− ≤
.  

In other words, the option price, equivalently option value to invest, under q-

optimal measures decreases in q if 2),( σξ t  is non-decreasing in σ .  

(d) Applying the same procedures to the case where 2),( σξ t  is non- increasing 

in σ , I am able to derive the option values to invest under q-optimal measures will 

increase in q.   

4.4.2 Corollary 3: 

With zero correlation between the project randomness and volatility 

randomness, the difference between NPV and the option values to invest under q-

optimal measures will increase (respectively, decrease) in q if 2),( σξ t  is non- 

increasing (respectively, non-decreasing) in σ .  
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4.4.2 Proposition 4: 

(1) With a non-zero correlation between the project randomness and volatility 

randomness, from 4.4.2 Proposition 2, I conjecture that the optimal investment trigger 

under q-optimal measures decrease (respectively, increase) in q if 2),( σξ t  is increasing 

(respectively, decreasing) in σ .  

(2) With zero correlation between the project randomness and volatility 

randomness, from 4.4.2 Proposition 3, I propose that the optimal investment trigger 

under q-optimal measures decrease (respectively, increase) in q if 2),( σξ t  is increasing 

(respectively, decreasing) in σ .  

Proof: 

(1) From 4.4.2 Proposition 2 and Proposition 3 I know that if 2),( σξ t  is non-

decreasing in σ , then ),( ),( )()( 21 σλσλ tt qq ≥  with 21 qq ≥ , which in turn leads to 

)),());,(( )),,((,(,(
)),());,(( )),,((,(,(

)()(1)(1

)()(1)(1
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σλσλσσλσ

σλσλσσλσ

ttttvtp
ttttvtp

qqq

qqq

−−

−− ≤
.  

(2) By the definition of exercise boundary, 

)),((,()),((,(, )(1)(1 21 σλσσλσ ttvttv qq −− ≤ . In other words, the optimal investment trigger 

under q-optimal measures decreases in q if 2),( σξ t  is non-decreasing in σ .    

(3) Applying the same the same procedure to the case where 2),( σξ t  is non- 

increasing in σ , I am able to show the optimal investment trigger under q-optimal 

measures increases in q if 2),( σξ t  is non-increasing in σ .  
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4.4.2 Proposition 5: 

From the above considerations, I deduce that the optimal investment policy 

varies with choice of q-optimal measures (which directly link to different market price 

of non-hedgeable volatility randomness, ⊥B , risk). 

4.5 Abandonment Option Value –  q-Optimal Measures 

This section investigates the abandonment option value (also project value with 

option to abandon) under q-optimal measures. I first formulate the investment problem 

and propose the corresponding model. I then show the ordering results for the 

abandonment option value (also project value with option to abandon) under q-optimal 

measures. 

4.5.1 Investment Problem Formulation and the Model 

I assume that the manager faces the abandonment timing problem in which the 

salvage value, K, grows at the risk free rate.  I specify the manager’s abandonment 

problem, and I find the abandonment option value by solving the following 

maximization problem (fixing some Q ∈ Ө):  

],|)[(sup              

],|)~([sup),(
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)( )()(1
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vVVKE

vVVKeeEvp
q

q

 

where V~  denotes the forward process of discount process tV , that is the original 

process. 

Again, as in section 4.4, the abandonment option value will vary with different 

choices for Q, i.e., different choices for the market price of volatility risk. The market 
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price of volatility risk, and in particular, the market price of unhedgeable randomness 

(i.e., ⊥B ) risk, is my focus.  The q-optimal measure market price of volatility risk is 

related to q through the qλ equation and fundamental representation equation presented 

in the previous section.  

Consistent with Hobson (2004), I assume a finite time horizon. Later, I will 

consider the perpetual American option in the classical real option setting.  The 

manager’s investment problem is revised as follows  

],|)[(sup                   

],|)~([sup),,(
)(

)( )()(
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trtrQ

t
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abn

vVVKE

vVVKeeEtvp
q

q

  

where V~  denotes the forward process of discount process tV , that is the original 

process. 

Invoking the general model dynamics for the class of q-optimal measures, the 

problem then reduces to satisfying the following variational inequality:  
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where ),( σtg is defined in equation (5), f or R=0 ),( σtg  solves the 

representation equation (6)  , for R≠0, ),( σtg  solves the representation equation (7).    

The problem reduces to solving the following equations 

vKvtpabn −=),,( σ   for ),( σtVv fb≤  

For ),( σtVv fb≥  
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with  

+−= )(),,( vKvTpabn σ  

KTVfb =),( σ  

In addition, the following boundary and smooth pasting conditions:  
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 are continuous across the boundary ),( σtV fb . The free 

boundary becomes a surface. 

The partial differential equation cannot be solved analytically for a closed form 

solution.  I must resort to numerical techniques.  By considering different q (i.e., 

different market prices of volatility risk), the optimal abandonment trigger and 

abandonment option value will vary.  

4.5.2 Ordering Results for Abandonment Option Value under q-Optimal 
Measures 

 
The convexity of option value is used for generating the ordering results. The 

American put option value with stochastic volatility is strictly convex in the 

continuation region.34 

4.5.2 Proposition 1:  

The convex option prices are decreasing in the market price of ⊥B  risk 

parameter tλ , or equivalently the market price of volatility risk. The reason is that, with 

                                                 
34 See Touzi (1999) Lema 2.3 for the American put option with stochastic volatility.    
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a selected pricing measure, the dynamic presented in equation (4) shows that an 

increase in either tλ or the market price of volatility risk corresponds to a decrease in 

the drift of the volatility.  

Proof: 

(1) With the convexity of the American put option premium, Touzi (1999) 

Proposition 3.1 shows that in the continuation region, the American put option premium 

is increasing with respect to the volatility variable.  That is 0>abnpσ . 

(2) With a selected pricing measure, the dynamic presented in equation 4 shows 

that an increase in either tλ or the market price of volatility risk corresponds to a 

decrease in the drift of the volatility. 

(3) Combine step (1) and (2); the convex American put option premium 

decreases in the market price of ⊥B  risk parameter tλ , or equivalently the market price 

of volatility risk.    

4.5.2 Proposition 2: 

With a non-zero correlation between the project randomness and volatility 

randomness, corresponding to 4.4.2 Proposition 2, I conjecture that the abandonment 

option values  (i.e., prices of American put options) under q-optimal measures will be 

decreasing (respectively. increasing) in q if 2),( σξ t  is increasing (respectively, 

decreasing) in σ . 
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Proof: 

(1) Make use of the observed relations between  ),()( σλ tq and 2),( σξ t under 

different q. 

(2) Incorporate 4.5.2 Proposition 1.  

4.5.2 Corollary 1: 

With non-zero correlation between the project randomness and volatility 

randomness, the difference between NPV and project value with abandonment option 

under q-optimal measures will be will be decreasing (respectively. increasing) in q if 

2),( σξ t  is increasing (respectively, decreasing) in σ .  

4.5.2 Corollary 2: 

With non-zero correlation between the project randomness and volatility 

randomness, there are no conclusive relations between the abandonment option value 

(also project value with option to abandon) under q-optimal measures and the 

correlation between the project randomness and volatility randomness. 

Proof: 

Same as 4.4.2 Proposition 2.  

4.5.2 Proposition 3: 

With zero correlation between the project randomness and volatility 

randomness, corresponding to 4.4.2 Proposition 3, I propose that abandonment option 

values under q-optimal measures will decrease (respectively, increase) in q if 2),( σξ t  is 

increasing (respectively, decreasing) in σ .   
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Proof: 

Same as 4.5.2 Proposition 2.  

4.5.2 Corollary 3: 

With zero correlation between the project randomness and volatility 

randomness, the difference between NPV and the project values with option to abandon 

under q-optimal measures will increase (respectively, decrease) in q if 2),( σξ t  is non- 

increasing (respectively, non-decreasing) in σ . 

4.5.2 Proposition 4: 

(1) With non-zero correlation between the project randomness and volatility 

randomness, from 4.5.2 Proposition 2, I conjecture that the optimal abandonment 

trigger under q-optimal measures increase (respectively, decrease) in q if 2),( σξ t  is 

increasing (respectively, decreasing) in σ .  

(2) With zero correlation between the project randomness and volatility 

randomness, from 4.5.2 Proposition 3, I propose that the optimal abandonment trigger 

under q-optimal measures increase (respectively, decrease) in q if 2),( σξ t  is increasing 

(respectively, decreasing) in σ .  

Proof: 

(1) From 4.5.2 Proposition 2 and Proposition 3 I know that if 2),( σξ t  is non-

decreasing in σ , then ),( ),( )()( 21 σλσλ tt qq ≥  with 21 qq ≥ , which in turn leads to 

)),());,(( )),,((,(,(

)),());,(( )),,((,(,(
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(2) By the definition of exercise boundary, 

)),((,()),((,(, )(1)(1 21 σλσσλσ ttvttv qq −− ≥ . In other words, the optimal abandonment 

trigger under q-optimal measures increases in q if 2),( σξ t  is non-decreasing in σ .    

(3) Apply the same the same procedure to the case where 2),( σξ t  is non- 

increasing in σ ; I am able to arrive the optimal abandonment trigger under q-optimal 

measures decreases in q if 2),( σξ t  is non-increasing in σ .  

4.5.2 Proposition 5: 

From the above considerations, I deduce that different choice of q-optimal 

measures, which directly link to different market price of non-hedgeable volatility 

randomness, ⊥B , risk, will alter the optimal abandonment policy. 

4.6 General Stochastic Volatility Model and Indifference Pricing 

Delbaen et al. (2002) show that the indifference price of a contingent claim 

under exponential utility is related via the dual problem to the solution of a minimum 

entropy problem.  As the coefficient of risk aversion approaches zero, the utility 

indifference price approaches the expected value under the minimum entropy 

martingale measure.  Sircar and Zariphopoulou (2005) apply indifference pricing in a 

stochastic volatility setting.  I extend this technique to a real options setting, and I 

investigate the interaction among risk aversion, and certain q-optimal measures.  

 

 

 



 

 128 

4.6.1 Option Value to Invest – Investment Problem Formulation and the Model 

I fix a filtered probability space (Ω, ,,P) with =H tLt≥0, the increasing σ-

algebras generated by the pair of Brownian motions (Bs)s≤t and (B⊥
s) s≤t ,where B⊥ is 

orthogonal to B, satisfying the usual conditions of right-continuity and completeness.  

Let V be the project value and σ be the volatility of project value.  Throughout the 

analysis, I assume that the riskless interest rate is equal to zero.  Under the real world 

measure P, V and σ follow a stochastic process with coefficients satisfying sufficient 

regularity conditions to ensure the existence of a unique solution with the Strong 

Markov Property, as follows: 

)),(( ttt
t

t dBdtt
V
dV

+= σξσ 35; vVt =  ------------------------------------------------(1) 

))(,(),(),(),( ⊥++=+= tttttttt dBdBtdttdWtdttd ρρσβσασβσασ ; σσ =t --------(2) 

                                                 
35 (1) It will never be optimal to early exercise American call option if the underlying asset does not pay 

dividends. 

 
(2) To capture the “early exercise” characteristics of the American call option, 

),(),()),(( ttt tttt σκσμσξσ −= , where ),( ttσκ is the continuous dividend yield. For simplicity 
and tractability, I keep μ and κ constant. 
 

(3)  For the Girsanov’s transformation for equivalent martingale measure, if we specify  

(i) uduBB
t

ut
Q
t ∫+=

0
),( σξ , then tV  will be a martingale with 

t
t t

σ
κμσξ −

=),(  rather than the one 

with no dividend yield 
t

t t
σ
μσξ =),( . 
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I further assume a twin security exists, and the manager generates trading 

wealth through dynamically adjusting the amount invested in the twin security for qs for 

s > t and riskless bond, yielding constant interest rate 0=r . I assume that no 

intermediate consumption nor infusion of extraneous funds is allowed. The trading 

wealth process under real world probability measure P is:  

      ),( tttttt dBdttdX σθσμθ += ; xX t = ---------------------------(3) 

The single control variable qs is called admissible if it is smeasurable and 

satisfies the integrability constraint ∞<∫ dssE s

T

t
s

22),( θσσ .   

I assume the manager has exponential utility function xexU γ

γ
−−=

1)( .  I specify γ 

> 0, i.e., the manager exhibits constant absolute risk-aversion. 

The risk-averse manager’s investment problem is to maximize her expected 

utility of wealth with optimally exercising investment decision with investment cost K 

during the investment horizon, [t,T]. I assume the manager has a one time irreversible 

investment opportunity. Prior to exercising the investment option, time t, the wealth 

                                                                                                                                               

(ii) udBuduBB
t

ut

t

t

u
t

Q
t ∫∫ +=+=

00

),( ς
σ
σμ

, then tV  becomes Q
tt

t

t dBdt
V
dV σκ +−=  which itself 

is not a martingale, rather the process with dividend revisted in the underlying asset becomes the 

martingale. 

 

(4) For tractability, we adopt (i). 
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refers to the quantity τX  the manager generates by following investment policyθ , at 

the time of investment, t, the manager’s wealth τX increases to τX +[ τV –K]+36, and 

after time t, the manager faces the same investment opportunities and continues trading 

between the twin security and the bond till the end of investment horizon T.  

4.6.2 Option Value to Invest – Indifference Pricing 

In order to construct the indifference price, I introduce two stochastic 

optimization problems. I first define the value function with no investment opportunities 

presented, i.e., a classical Merton portfolio problem modified to accommodate 

stochastic volatility: 

],|)([),,( sup σσσ
θ

=== ttT xXXUEtXV  ------------------------------------(4) 

where the single control variable qs is called admissible if it is smeasurable and 

satisfies the integrability constraint ∞<∫ dssE s

T

t
s

22),( θσσ .   

I then introduce the investment opportunity into the optimization problem. 

When the manager faces the investment opportunity, the Dynamic Programming 

                                                                                                                                               
(5) In the American put option case, I leave ),()),(( tt ttt σμσξσ = , that is, ),( ttσξ  is the project 

Sharpe ratio. Again for simplicity and tractability, I keep μ  and κ constant.   
36 (1) It is assumed the payoff is bounded. For an unbounded payoff, e.g. traditional calls, regularization 
technique, that is, regularizing payoff, is resorted (See for example, Fouque et. al . (2003), Ilhan and 
Sircar (2004)). It does not affect the analysis framework.  
 
  (2) Or we may follow Frey and Sin (1999) by assuming (VT-K)+ is locally bounded. 
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Optimality Principle37 yields that at time t, the manager’s expected utility payoff is 

given by: 

],,|),)(([),,,( σστσ ττ ===−+= +
ttt vVxXKVXVEtvxJ -------------------(5) 

Therefore, the manager’s value function is then defined for Tt ≤≤0 as 

],,|),)(([sup                   

),,,(sup),,,(

σστ

σσ

ττ ===−+=

=

+
ttt

A

A

vVxXKVXVE

tvxJtvxF
--------------(6) 

where 

} and,),( ,measurableely progressiv is :),{( ],[
2

Tts

T

t
sss IsEA ∈∞<−= ∫ τσσθθτθ , and 

],[ TtI is the set of all stopping times of Filtration .  

Combined with the classical Merton portfolio problem, appropriately modified 

to accommodate stochastic volatility, defined in equation (4), the manager’s 

indifference price of this investment opportunity, ),,,( tvxh σ , is defined by: 

),,),,,,((),,( tvtvxhxFtxV σσσ −= -----------------------------------------------(7) 

It states that the manager is indifferent between paying nothing and not having 

the investment opportunity versus paying ),,,( tvxh σ to hold the investment opportunity. 

Equivalently, equation (7) can be expressed as ),,,(),,),,,,(( tvxFtxtvxhxV σσσ =+  

which states that the manager is indifferent between having the wealth 

                                                 
 
37 Bellman and Dreyfus (1962), P15 “An optimal sequence of decisions in a multistage decision process 
problem has the property that whatever the initial stage, state, and decision are, the remaining decisions 
must constitute an optimal sequence of decisions for the remaining problem, with the stage and state 
resulting from the first decision considered as initial conditions.  
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),,,( tvxhx σ+ and having wealth x while simultaneously holding the investment 

opportunity.   

When early exercise is not allowed, that is the investment can only be made at 

time T, the manager’s optimization problem in equation (6) becomes 

],,|1[sup                   

],,|),)(([sup),,,(

))((

0

0

σσ
γ

σσσ

γ ===−=

===−+=

+−+−

+

ttt
KVX

A

tttTT
A

vVxXeE

vVxXTKVXVEtvxF

TT

-----------(8) 

where the set of 0A takes the set of A by restricting T=τ . 

Thus, the manager’s indifference price of this investment opportunity fixed at 

time T is defined by 

 ),,),,,,((),,( tvtvxHxFtxV σσσ −= -----------------------------------------(9) 

),,,( tvxH σ is the manager’s indifference price of investment opportunity fixed 

at time T.  

To facilitate presentation, I introduce the following operators and Hamiltonians: 

σ

σσσ
σ

σασξσσ

σβσβσρσσσ

FtvFtt

FtvFttFvtFA

v

vvv
v

),(),(),(            

),(
2
1),(),(),(

2
1 222,

++

++=
 

σσσ
σ σασβ FtFtFA ),(),(

2
1 2 +=  

where σA and σ,vA are actually the infinitesimal generators of the Markov 

process σ  and (V,σ) respectively. 
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}),(                                       

),(),(),(),(
2
1{),,,( 222, sup

x

xxvxxxxxvxx
v

Ft

FttvFtFtFFFF

σθμ

σβσθρσσθσσσθ σ
θ

σ
σ

+

++=H

 

σ

σσσ
σ

σβ
σσ
σμρσα

σκσβσβσρσσσ

Ft
t
tt

vFtFtvFttFvtFL vvvv
v

)),(
),(
),(),((            

),(),(
2
1),(),(),(

2
1 222,

−+

−++=
 

σ
σσ σβ

σσ
σμρ Ft

t
tFAFL ),(
),(
),(

−=  

            

),(
2
1),(),(),(

2
1),,(

2
22

2
22

Γ
Γ

+
Γ
ΓΓ

+
Γ
Γ

=ΓΓΓ σσ
σ σβρσβσρσσσ tvttvtR vv

v  

4.6.2 Theorem 1: 

From Sircar and Zariphopoulou 2005 Theorem 2.7, the indifference price for the 

manager’s investment opportunity fixed at time T, ),,,( tvxH σ , (more specifically 

),,( tvH σ because the exponential utility function allows us to separate “wealth” from 

utility indifference pricing), is the unique ]),0[(1,2,2 TC ××+  bounded solution of the 

following pricing equation 

⎪⎩

⎪
⎨
⎧

−=

=−−−++
+)(),,(

0),()1(
2
1),()1( 2222,

KvTvH

HtHtHLH v
t

σ

σβργφσβρ σσσ
σ

  

where ),,( Ttσφ solves 

⎪⎩

⎪
⎨
⎧

=

=−++

0),,(
),(2
),(),()1(

2
1

2
222

TT
t
ttLt

σφ
σσ
σμφσβρφφ σ

σ
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It is given by  

),(1),,(ln1),,(ln1),,( ),(

),,(

),( ttv
e

e
e

tvJtvH t

tv

t σφ
γ

σψ
γ

σ
γ

σ σφ

σγψ

σφ +−=−=−=  

where ),,( Ttσφ is defined above and ),,( Ttσψ solves    

⎪⎩

⎪
⎨
⎧

−=

=−++

+)(),,(
),(2

),(),()1(
2
1

2
222,

KvTv
t

ttLv
t

σψ
σγσ
σμψσβργψψ σ

σ

  

 4.6.2 Proposition 1: 

As pointed out in equation (4), the classical Merton portfolio problem, 

appropriately modified to accommodate stochastic volatility, defines the following 

value function: 

],|)([),,( sup σσσ
θ

=== ttT xXXUEtXV  

The value function ),,( txV σ solves the Hamilton-Jacobi-Bellman equation 

⎪
⎪

⎩

⎪
⎪

⎨

⎧

−=

=+

++++

− x

xxxxt

eTxV

Vt

VtVtVttVtV

γ

σ

σσσ
θ

γ
σ

σα

σβσθμσβσθρσσσθ

1),,(

0)),(           

),(
2
1}),(),(),(),(

2
1{ 222sup

   

With the optimal θ , the above becomes 

⎪
⎪
⎩

⎪⎪
⎨

⎧

−=

−−−−=++
+

−

− x

xx

xx
t

eTxV

VtVt
Vt

VttVtV

γ

σσσ
σ

γ
σ

σασβ
σσ

σβσρσσμ

1),,(

)10(0)),(),(
2
1

),(2
)),(),(),(( 2

2

2
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Propose the form of the solution ),(1),,( tGetxV x σ
γ

σ γ−−=  

After simplification, I have  

⎪⎩

⎪
⎨
⎧

=

=−−+

1),(

0),(
2
1

),(
),(

2
1 2

22
2

TG
G
GtG

t
tGLGt

σ

σβρ
σσ
σμ σσ

 

Linearize the above non-linear HJB by Hopf-Cole-type transformation38 and set 

δσσ ),(),( tgtG =  with 21
1
ρ

δ
−

= , yielding 

⎪⎩

⎪
⎨
⎧

=

=−−+

1),(

0
),(
),()1(

2
1

2

2
2

Tg

g
t
tgLgt

σ
σσ
σμρσ

  

To sum up, the value function is given by 

21
1

),(1),(1),,( ργγ σ
γ

σ
γ

σ −−− −=−= tgetGetxV xx ---------------------------------(11) 

where ),( tg σ solves 

⎪⎩

⎪
⎨
⎧

=

=−−+

1),(

0
),(
),()1(

2
1

2

2
2

Tg

g
t
tgLgt

σ
σσ
σμρσ

 for ],[),( TtRt ×∈σ . 

4.6.2 Proposition 2: 

Following Oberman and Zariphopoulou (2003) Theorem 6 and Zariphopoulou 

and Davis (1995), the manager’s value function ),,,( tvxF σ defined in equation (5) is 

the unique viscosity solution of the Hamilton-Jacobi-Bellman equation 

                                                 
38  The idea was introduced by Zariphopoulou (1983) with the terminology distortion.  
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⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

−=−+=

−−−−−−−−−−−−−−−−−=−+−

+−++

+−+

++−−

+−+−+

+

))((

2

22

222

1),)((),,,(

)12(0),)((),,,(            

 ),),(),(),(),(
2
1           

),(),(),(
2
1(}),(           

),(),(),(),(
2
1{min( sup

Kvx

vv

vvvx

xxvxxt

eTKvxVTvxF

tKvxVtvxF

FtvFtvFtFt

vFttFvtFt

FttvFtFtF

γ

σσσ

σ

σ
θ

γ
σ

σ

σασκσμσβ

σβσρσσσσθμ

σβσθρσσθσσσθ

  

where ),)((),,,( tKvxVtvxF +−+=σ is in the class of functions that are 

concave and increasing in the spatial argument x and bounded in +− )( Kv .39  

4.6.2 Proposition 3: 

The manager’s early exercise indifference price (i.e., option value to invest) is 

the unique bounded viscosity solution of the quasilinear variational inequality with 

terminal conditions 

⎪
⎪
⎩

⎪⎪
⎨

⎧

−=
=−−

−+−−−−

+

+

)(),,(
0))(

),,( ,),()1(
2
1),()1(( min 2222,

KvTvh
Kv

tvhhththLh v
t

σ

σσβργφσβρ σσσ
σ

 

Proof: 

Using the pricing equality (7) and the HJB equation (12), evaluated at the point 

),,),,,(( tvtvhx σσ− , the HJB becomes 

                                                 
39 Following Frey and Sin (1999), we assume that +− )( KVT  is locally bounded.  
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)13(0)),)(

),,((),,,(V ),),(),(
2
1),,(

}),( ),(),(),(
2
1{min(

2

22sup

−−−−=−+

−−−−+

++−−

+ tKv

tvhxVtvxFtFttvdhV

FtFttVtV

x

xxxxt

σσσασβσ

σθμσβσθρσσσθ

σσσ

σ
θ

 

With the optimal θ , the above becomes 

 

0)),)(),,((),,,(V,        

),(),(
2
1),,(

),(2
)),(),(),((min( 2

2

2

=−+−−

−−+
+

+−

+ tKvtvhxVtvx

VtVttvdhV
Vt

VttVtV x
xx

xx
t

σσ

σασβσ
σσ

σβσρσσμ
σσσ

σ

 

  That is, 

0)),)(),,((),,,(V

),),()1(
2
1),()1((

),(),(
2
1

),(2
)),(),(),((

min(

2222,

2
2

2

=−+−−

−+−−−−+

−−
+

+−

+ tKvtvhxVtvx

hththLhV

VtVt
Vt

VttVt
V

v
tx

xx

xx
t

σσ

σβργφσβρ

σασβ
σσ

σβσρσσμ

σσσ
σ

σσσ
σ

  

For the first part of the above variational inequality, when evaluated at the 

optimal θ , the term 

0),(),(
2
1

),(2
)),(),(),(( 2

2

2

=−−
+

+− σσσ
σ σασβ

σσ
σβσρσσμ

VtVt
Vt

VttVt
V

xx

xx
t (see 

equation (10)) 

By equation (11)
21

1

),(1),,( ργ σ
γ

σ −−−= tgetxV x , ),( tg σ must be positive 

since ),,( txV σ is negative. As a result, I see that 0),(
21

1

>= −− ργ σ tgeV x
x . Combining the 

above two arguments, ),,( tvh σ satisfies  
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0)),()1(
2
1),()1(( 2222, ≥−+−−−− σσσ

σ σβργφσβρ hththLh v
t --------------(14) 

for ],0[),,,( TRRRtvx ×××∈σ . 

On the other hand, the monotonicity of ),,( txV σ with respect to the spatial 

argument x and the form of the obstacle term in equation (13) yield 

++ −≥→≥−−+− )(),,(0))(( KvtvhKvhxx σ  

for ],0[),,,( TRRRtvx ×××∈σ .---(15) 

Combining the inequalities (14) and (15) yields: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

−=
=−−

−+−−−−

+

+

)(),,(
0))(),,( ,         

),()1(
2
1),()1(( min 2222,

KvTvh
Kvtvh

hththLh v
t

σ
σ

σβργφσβρ σσσ
σ

 

Remark: Viscosity Solution and Some Properties40  

Frequently, the value function might not be smooth, and we must relax the 

notion of solutions to the H-J-B equation. A rich class of weak solutions to the H-J-B 

are known as  viscosity solutions. They were introduced by Crandall and Lions (1983) 

for the first order non-linear PDE and by Lions (1983) for the second order case. The 

viscosity solution provides rigorous characterization of the value function as the unique 

solution to the H-J-B equation. Strong stability properties provide excellent 

                                                 
40 References:   

(1) Fleming, Wendell H. and H. Mete Soner (1992): Controlled Markov Processes and Viscosity 
Solutions. Springer-Verlag  

 
(2) Nizar Touzi (2002): Stochastic Control Problems, Viscosity Solutions and Application to 

Finance 
(3) Thaleia Zariphopolou (2001): Stochastic Control Methods in Asset Pricing 
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convergence results for a large class of numerical schemes for the value function and 

the optimal policies. The basic ideas are presented as follows: 

Consider a nonlinear second order PDE of the form 

0))(),(),(,( 2 =xuDxDuxuxF  for Ω∈x         

where Ω  is an open subset of nR , )(xDu and )(2 xuD denote the gradient vector 

and the second derivative matrix of )(xu , and the function F is continuous in all its 

arguments and degenerate elliptic; that is 

BABprxFAprxF ≥≤    whenever),,,(),,,(    

Definition (1): A function Ru →Ω:  is a classical supersolution (respectively, 

subsolution) of 0))(),(),(,( 2 =xuDxDuxuxF  if )(2 Ω∈Cu  and  

Ω∈≤≥ xlyrespectivexuDxDuxuxF for  0),())(),(),(,( 2  

Definition (2): Let u  be a )(2 ΩC function. Then the following claims are 

equivalents: 

(I) u is a classical supersolution (respectively, subsolution) of  

0))(),(),(,( 2 =xuDxDuxuxF . 

(II) For all pairs )(),( 2
0 Ω×Ω∈ Cx ϕ such that 0x  is a minimizer (respectively, 

maximizer) of the difference )( ϕ−u  on Ω , we have 

0),())(),(),(,( 0
2

000 ≤≥ lyrespectivexDxDxuxF ϕϕ . 
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The formal definition of viscosity solution is presented as follows: 

For a locally bounded function Ru →Ω: ,  denote 
−
u and u the lower and upper 

semicontinuous envelopes of u and  

)'(inf lim
'

xuu
xx →−

= ,  )'(sup lim
'

xuu
xx →

=  

Observe that the definition (II) does not involve the regularity of u . It therefore 

suggests the following weak notion of solution to 0))(),(),(,( 2 =xuDxDuxuxF . 

Definition (3): For a locally bounded function Ru →Ω: ,   

(I) u is a (discontinuous) viscosity supersolution of  

0))(),(),(,( 2 =xuDxDuxuxF  if 0))(),(),(,( 0
2

000 ≥
−

xDxDxuxF ϕϕ  For all pairs 

)(),( 2
0 Ω×Ω∈ Cx ϕ such that 0x  is a minimizer of the difference )( ϕ−

−
u  on Ω .    

(II) u is a (discontinuous) viscosity subsolution of  

0))(),(),(,( 2 =xuDxDuxuxF  if 0))(),(),(,( 0
2

000 ≤xDxDxuxF ϕϕ  For all pairs 

)(),( 2
0 Ω×Ω∈ Cx ϕ such that 0x  is a maximizer of the difference )( ϕ−u  on Ω .        

(III) u is a (discontinuous) viscosity solution of  0))(),(),(,( 2 =xuDxDuxuxF  

if it is both a viscosity supersolution and subsolution of 0))(),(),(,( 2 =xuDxDuxuxF .       

4.6.3 Option Value to Invest, Indifference Pricing and Pricing Measure 

The indifference pricing equation for the manager’s investment opportunity 

fixed at time T,    

0),()1(
2
1),()1( 2222, =−−−++ σσσ

σ σβργφσβρ HtHtHLH v
t   
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or the corresponding early exercise indifference price, ),,( tvh σ , the solution of  

the unique bounded viscosity solution of the quasilinear variational inequality with 

terminal conditions 

⎪
⎪
⎩

⎪⎪
⎨

⎧

−=
=−−

−+−−−−

+

+

)(),,(
0))(),,( ,        

),()1(
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1),()1(( min 2222,
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hththLh v
t

σ
σ
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admits a new pricing measure Q : 
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2
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2
1),(exp(
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2
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2
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∫∫∫∫ −+−−= ⊥
T

tt

T

t

T

tt

T

t dttdBtdttdBt
dP
dQ σλσλσξσξ  

where - ),( ttσλ is a particular market price of volatility risk. In the above 

pricing formula, ),(),(),( ttt ttt σφσβρσλ σ= . By Girsanov’s theorem, Brownian 

motions B and B⊥ under Q are given as: 

 uduBB
t

ut
Q
t ∫+=

0
),( σξ  and udBB

t

ut
Q

t ∫−= ⊥⊥

0

, λ  

Under Q, V and σ follow the processes: 

Q
tt

t

t dB
V
dV σ=  

Q
tt

Q
tttttt

Q
tt

Q
ttttttt

Q
tt

Q
tttttttt

dBtdBtdttttt

dBtdBtdtttttt

dBtdBtdtttttd

,2
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,

),(),()],()),(),((),([      

),(),()],(),(),(),(),([       

),(),()],(),(),(),([
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σβρσρβσβσφρσρξσα

σβρσρβσφσβρσβσρξσα

σβρσρβσβλρσβσρξσασ

σ

σ

 

Under the new pricing measure Q, the market price of volatility risk premium, 

or the market price of volatility risk is )),(),(( 2 tt tt σφρσρξ σ− . This new pricing 
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measure is actually the minimal entropy martingale measure which minimizes the 

relative entropy of pricing measure Q with respect to the historical pricing measure P In 

terms of q-optimal measures discussed previously, it yields q=1. Several papers 

describe the link between maximizing exponential utility function and the minimal 

entropy martingale measure (see for example Fritelli (2000), Delbaen et. al. (2002) 

etc.). There are also several studies involving this issue with the stochastic volatility 

presented (e.g. Sircar and Zariphopoulou (2005) and Ilhan and Sircar (2005)). The 

following briefly sketches the proof and assertion from Sircar and Zariphopoulou 

(2005) and Ilhan and Sircar (2005). 

Sircar and Zariphopoulou (2005) present the view from “relative entropy 

penalization”. The indifference pricing obtained admits a new pricing measure under 

which V and σ follow the processes: 

Q
tt

t

t dB
V
dV σ=  

Q
tt

Q
tttttt

Q
tt

Q
ttttttt

Q
tt

Q
tttttttt
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That is 
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with uduBB
t

ut
Q
t ∫+=

0
),( σξ  and udBB

t

ut
Q

t ∫−= ⊥⊥

0

, λ  



 

 143 

Now let LP be any equivalent local martingale measure with some progressively 

measurable process L  = TttL ≤≤0)(  with ∞<∫ dsL
T

s0

2  Q a.s. such that  

   ∫∫ −−= ⊥
T

t
Q

t

T

t

L

dttLdBtL
dQ
dP

0

2,

0

)),(
2
1),(exp( σσ  with udLBB

t

u
Q

t
L

t ∫+= ⊥⊥

0

,,  

The dynamics of σ becomes 

L
tt

Q
tt

ttttttt

dBtdBt

dtLttttd
,),(),(          

)])(,(),(),(),([
⊥++

−+−=

σβρσρβ

λσβρσβσρξσασ
  

Through the direct calculation of relative entropy )|( QPH L , it yields  

]
2
1[)|( 2

0

dtLEQPH t

T
PL L

∫=  

It shows that when picking up the other new pricing measure rather than Q, it 

will yield a quadratic penalization on the additional volatility risk premium tL .  

Ilhan and Sircar (2005) approach the problem by finding the minimal entropy 

martingale measure. Let Q be any equivalent local martingale measure with some 

progressively measurable process λ  = Ttt ≤≤0)(λ  with ∞<∫ ds
T

s0

2λ  P a.s. such that  
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0
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The entropy of measure Q with respect to P is 
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2
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T
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The stochastic control problem related to maximizing the negative of relative 

entropy gives: 

])),((
2
1[sup),( 22

0)(
dttEt tt

T
Q

Q
λσξσφ

λ
+−= ∫

∈
 

Through H-J-B and direct calculation, it yields that  

),(),(),( ttt ttt σφσβρσλ σ= , with ),( tσφ solving 
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Next invoking the Proposition 3.2 of Grandits and Rheinlander (2002)41, 

applying  Ito’s formula to ),( tσφ  and through direct calculation, it yields that tλ is 

equal to the parameter solution to the minimal entropy martingale measure and Q is the 

minimal entropy martingale measure.        

 

 

                                                 
41 Grandits and Rheinlander (2002) Proposition 3.2: 
    Notation 

)(PM s : Space of all signed martingale measures. 

)(PM : The elements of )(PM s  eith non-negative density. 

)(PM e : The subset of )(PM  consisting probability measures which are equivalent to P. 
 
Proposition 3.2: Assume there exists )(PMQ e∈ with ∞<),( PQH . Then EQQ = , where EQ  is 
the minimal martingale measure iff the following holds 
 

(i) ))exp((∫= TdXc
dP
Qd η for a constant c and an X-integrable η . 

(ii) 0])[( =∫ T
Q dXE η  for EQQQ ,=  
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4.6.4 Option Value to Invest, Indifference Pricing and Risk Aversion 

With the obtained result that the manager’s early exercise indifference price 

(i.e., option value to invest) solves the variational inequality with obstacle terms, this 

section shows the relationship between the manager’s early exercise indifference price 

(i.e., option value to invest) and the risk aversion parameter.    

4.6.4 Proposition 1:  

The manager’s early exercise indifference price (i.e., option value to invest) is 

decreasing with respect to the risk aversion parameter. As 0→γ , the manager’s early 

exercise indifference price (i.e., option value to invest) satisfies the unique bounded 

viscosity solution of the variational inequality with termianl conditions42 
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Proof: 

(1) The comparison principle for viscosity solutions implies that subsolutions of 

the relevant equation are dominated by its solution. 

(2) Denote the manager’s early exercise indifference by 1γh and 2γh , where 1γ  

and 2γ represent the corresponding risk aversion coefficients satisfying 210 γγ ≤≤ . 

(3) The nonlinear term in the variational inequality 

                                                                                                                                               
 
 
 
42 The superscript for ),,( tvh σ represents for the risk aversion parameter. 
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is monotone with respect to g while the rest of the differential expression is 

independent of g. Thus,   
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The terminal condition does not depend on risk aversion. Combining the above 

differential inequality, 1γh is a subsolution to the variational inequality satisfied by 2γh .  

(4) Combining (3) with (1), I find that the manager’s early exercise indifference 

price is decreasing with respect to the risk aversion parameter.  

(5) Since γh  are uniformly bounded with respect toγ , }{ γh converge along with 

subsequences. It is thus observed that as 0→γ  the pricing equation 

0))(),,( ,
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2
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t

σ

σβργφσβρ σσσ
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converges, locally uniformly bounded in γ , to the linear variational inequality 

0))(),,( ,),()1(( min 0020,0 =−−−−−− +KvtvhhthLh v
t σφσβρ σσ

σ . 

Classical optimal stopping results (see Ishii and Lions (1990)) imply that the 

above variational inequality has a unique viscosity solution in the class of bounded 

functions. In addition, the stability of viscosity solutions (see Lions(1983)) yields that as 
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0→γ  { γh }, along with subsequences, converge to 0h  locally uniformly bounded in 

γ . Therefore, the desired result that as 0→γ , the manager’s early exercise 

indifference price satisfies the unique bounded viscosity solution of the variational 

inequality with terminal conditions 
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⎨
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 is obtained.  

4.6.5 Abandonment Option - Investment Problem Formulation and the Model 

   As a by-product of the previous section, I propose the indifference price for 

the abandonment option. The project value with the option to abandon can be viewed as 

the summation of static net present value and the abandonment option premium. I 

modify one assumption and the manager’s investment problem holding all else the same 

as the previous section. 

First, the manager’s investment problem is modified as follows. The risk-averse 

manager’s investment problem is to maximize her expected utility of wealth with 

respect to the optimal exercise abandonment decision. She receives salvage value K if 

she exercises during the investment horizon, [t,T]. It is a one time irreversible 

investment decision. Prior to exercising the investment decision, time t, the wealth 

refers to the quantity τX  the manager generates by following investment policyθ , at 

the time of investment, t, the manager’s wealth τX increases to τX +[K- τV ]+, and after 

time t, the manager faces the same investment opportunities and continues trading 

between the twin security and the bond till the end of investment horizon T. 
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Second, I do not consider the “dividend yield”43 for the project value process, 

equivalently, the twin security process. Thus the, wealth process and the twin security 

process will not differ by the dividend yield in the drift rate. 

)),(( ttt
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t dBdtt
V
dV

+= σξσ ; vVt =  

))(,(),(),(),( ⊥++=+= tttttttt dBdBtdttdWtdttd ρρσβσασβσασ ; σσ =t  

tttttt dBdttdX σθσμθ += ),( ; xX t =  

4.6.6 Abandonment Option Value – Indifference Pricing 

By making use of the indifference pricing result for the manager’s option value 

to invest, it is able to establish the indifference pricing for the manager’s abandonment 

option value.  

4.6.6 Proposition 1:  

The manager’s early exercise indifference price (i.e., the abandonment option 

value) is the unique bounded viscosity solution of the quasilinear variational inequality 

with terminal conditions 
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43 That is ),( tσκ =0. 
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Proof:  

Same as 4.6.2 Proposition 3. 

4.6.7 Abandonment Option Value, Indifference Pricing and Pricing Measure 

The indifference pricing equality (for fixed time abandonment decision (i.e., 

traditional European put) or the indifferencing pricing variational inequality does not 

change (except for the obstacle term presented in the early exercise situation); therefore, 

as the discussion shown in 4.5.4, the indifference pricing admits a new pricing measure 

which minimize the relative entropy between the new pricing measure and the historical 

measure. 

 4.6.8 Abandonment Option Value, Indifference Pricing and Risk Aversion 

 With the obtained result that the manager’s early exercise indifference price 

(i.e., the abandonment option value) solves the variational inequality with obstacle 

terms, this section shows the relationship between the manager’s early exercise 

indifference price (i.e., the abandonment option value) and the risk aversion parameter.  

4.6.8 Proposition 1:  

The manager’s early exercise indifference price (i.e., the abandonment option 

value)44 is decreasing with respect to the risk aversion parameter. As 0→γ , the 

manager’s early exercise indifference price (i.e., the abandonment option value) 

satisfies the unique bounded viscosity solution of the variational inequality with 

terminal conditions 

                                                 
44 The same relationship can be inferred for the project value with the abandonment option by the equality  
Project value with option to abandon = Static net present value + Abandonment option premium 
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Proof:  

Same as 4.6.6 Proposition 1 
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CHAPTER 5 

CONCLUSION 

 

5.1 Conclusion 

The real options theory of corporate investment has developed to the point that 

it is now in the mainstream of corporate finance. The classical real options approach 

relies on one of the following assumptions: (1) the tradability of real investment 

opportunity, (2) the existence of perfect spanning traded assets, or (3) the risk neutrality. 

It is noted that if a capital investment project is partially or totally irreversible and if 

there is flexibility in timing, the value of the option to delay investment may exceed the 

value of the project in place.  The familiar static net present value criterion for capital 

investment should be replaced in many situations by the criterion that net present value 

should exceed a project’s real option value before assets are put in place. 

If one or more assumptions is violated, the classical options valuation technique 

may require modification. Hubalek and Schachermayer (2001) studied the non-

tradability issues indicating that using the assumption of no arbitrage alone would lead 

to no information about the price of the claim. There has been much study in pricing 

claims written on non-traded assets. 

This research explores the market incompleteness issue presented in the capital 

budgeting problem with real options setting. The incompleteness is presented in two 
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different scenarios. The first incomplete market problem arises from pricing claims 

written on non-traded assets with the existence of partial spanning assets. This problem 

has been studied by many researchers and has been extended specifically to the capital 

budgeting problems in real options setting. Recent papers include Henderson (2005), 

Hugonnier and Morellec (2004, 2005), Kadam et al (2004), Miao and Wang (2005) etc. 

I extend existing real options literature in an incomplete market setting  to include 

strategic interactions for exploring relations between market incompleteness and 

strategic exercise of real options in a Stackelberg model. I find that incompleteness 

narrows the gap between leader and follower entry dates. Relative to results in Dixit and 

Pindyck (1994), the follower enters much sooner, and the leader delays slightly. I 

conjecture that Firm L’s management has greater concern for the risk involved in the 

imperfect hedge than for the risk of pre-emption. Thus, the incompleteness coupled with 

strategic interactions alters the corporate capital investment decision. The more detailed 

results are summarized as:  

(A) Market share, investment timing decision, and option value to invest: 

Holding  market completeness correlation coefficient and risk parameter constant, I find 

that the lower Firm L’s market share following Firm F’s entry, the lower the trigger 

investment value for the follower.  That is, Firm F has greater incentive to enter the 

market the greater the anticipated market share.  When the firms are able to hedge 

completely the project risk, Firm L’s investment trigger value is negatively correlated 

with its market share.  Moreover, option value to invest becomes smaller as L’s market 
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share increases.  That is, Firm L enters immediately to secure the pre-emptive 

advantage.  

(B) Degree of completeness, investment timing and option value to invest: 

Focusing on the degree of completeness, I find that the higher the degree of 

completeness, the greater is the follower’s option value to invest, a result consistent 

with Henderson (2005).  The leader’s option value for investment is higher than is the 

case when perfect hedging is possible.  Considering simultaneously the market 

incompleteness and the leader’s fear of pre-emption, it appears that Firm L displays 

behavior closer to the classic real option models relative to the case in which perfect 

hedging is possible. I next focus on Firm L’s market share.  If Firms L and F expect to 

share the market equally, they will enter the market nearly simultaneously.  This result 

conflicts with classical model results in a complete market setting.  However, if Firm L 

anticipates a market share greater than 50% upon F’s entry, Firm L will enter the market 

slightly earlier than F but not as fast as would be the case in a complete market.  These 

results reflect in part our specification of the leader’s value function. 

(C) Managerial Risk aversion, investment timing and option value to invest: 

Regarding managerial risk preferences, the greater the risk aversion coefficient, the 

lower is the investment option value for both firms.  This result suggests that the more 

risk-averse managers may be more concerned about the unhedgeable risks, placing 

relatively less value in the option to delay investment.  

In addition, as a byproduct of this research, I analyze the impact of market share 

and uncertainty on the relative investment trigger as well as option value through 



 

 154 

modeling two different stochastic income streams. The senstivity analysis indicates that 

the choice of the process specification has a material impact both on Firm L’s and Firm 

F’s project value and option value to invest. This result is consistent with Schwartz’s 

(1997) assertion about the importance of mean-reverting process vs. non-reverting 

process in the capital budgeting investment problem. Therefore, it is important to model 

stochastic processes to reflect the real world circumstances. 

The second incomplete market problem arises from the stochastic volatility 

since the volatility itself is not traded. I explore this problem through two approaches. 

Since it is noted that there are infinitely many admissible pricing measures in the 

presence of market frictions due to non-tradability, the option pricing problem reduces 

to selection of a measure with which to price options. Therefore, I first work through q-

optimal measures selected to investigate optimal investment/ abandonment decision rule 

and the the corresponding option values as well as project value. The optimal 

investment/ abandonment decision rule changes, so do the corresponding option values 

as well as project value as follows: 

(1) With non-zero correlation between the project randomness and volatility 

randomness, the option values to invest/abandonment option value under q-optimal 

measures will decrease (respectively, increase) in q if 2),( σξ t  increases (respectively, 

decreases) inσ . Thus, the difference between NPV and option value to invest (also 
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project value with option to abandon45) under q-optimal measures will decrease 

(respectively, increase) in q if 2),( σξ t  increases (respectively, decreases) inσ . 

(2) With zero correlation between the project randomness and volatility 

randomness,  ),()( σλ tq will be non-decreasing (respectively, non-increasing) in q if 

2),( σξ t  is non-decreasing (respectively, non-increasing) inσ . As a result, option 

values to invest/abandonment option value under q-optimal measures will decrease 

(respectively, increase) in q if 2),( σξ t  increases (respectively, decreases) inσ . The 

difference between NPV and the option values to invest (also project value with option 

to abandon) under q-optimal measures will increase (respectively, decrease) in q if 

2),( σξ t  is non- increasing (respectively, non-decreasing) inσ .  

(3) With a non-zero correlation between the project randomness and volatility 

randomness, the optimal investment trigger under q-optimal measures decreases 

(respectively, increases) in q if 2),( σξ t  increases (respectively, decreases) inσ .  The 

optimal abandonment trigger is reversed. 

(4) With zero correlation between the project randomness and volatility 

randomness, the optimal investment trigger under q-optimal measures decrease 

(respectively, increase) in q if 2),( σξ t  increases (respectively, decreases) inσ . The 

optimal abandonment trigger is reversed.   

                                                 
45 Project value with option to abandon = Static net present value + Abandonment option premium  
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(5) There are no conclusive relations between the option value to invest/ 

abandonment option value under q-optimal measures and the correlation between the 

project randomness and volatility randomness. 

I then use utility maximization approach to price the option value to invest and 

the abandonment option. I demonstrate the indifference prices for the option value to 

invest and the abandonment option solve quasilinear variational inequalitites with 

obstacle terms. Assuming an exponential utility function, the utility-based indifference 

price admits a new pricing measure, which is the minimal relative entropy martingale 

measure minimizing the relative entropy between the historical measure and the Q 

martingale measure. I also show that the indifference price for the option value to invest 

and the abandonment option (also, project value with abandonment option)46 is non-

increasing with respect to the risk aversion parameter. As the risk aversion parameter 

converges to zero, the indifference price converges to the unique bounded viscosity 

solution of the linear variational inequality with obstacle term. 

5.2 Limitation and Future Research 

The first study presents the model incorporating market incompleteness with 

strategic behavior through the Stackleberg leader follower model. I will extend the 

analysis to incorporate the “collusion” and “collaboration” strategy and also extend the 

model to consider other game-theoretic settings. I will consider how the stochastic 

interest rate affects the result of current analysis. An efficient and stable approximation 

numerical scheme will be developed. 
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The second study presents the model with stochastic volatility. For q-optimal 

measure valuation, I currently focus on the finite time horizon under current model. 

There are three items for the future research: (1) Find out the sufficient/necessary 

conditions for current model with q-optimal measure valuations to be extended to the 

infinite time horizon. (2) Find out manager’s optimal hedging strategies under q-optimal 

measures with the investment opportunity and or abandonment option presented. (3) 

Develop the efficient and stable computational scheme for approximations. 

For indifference pricing, I will investigate in detail how other q-optimal 

measures penalize the indifference pricing other than the minimal entropy martingale 

measure, that is q =0, under the exponential utility function. Also what is the impact 

with other class of HARA utility functions?  Finally, I would like to develop the 

efficient and stable computational scheme for approximations. 

Since assets underlying real options are typically not traded and the fact that 

long investment horizons make the constant volatility assumption problematic in real 

options, the study and development of valuation technique under market incompleteness 

are inevitable for providing better capital investment policy and hedging strategies for 

the modern corporation.  

   

                                                                                                                                               
46 The project value with the abandonment option is inferred from the valuation equality: Project value 
with the abandonment option = Static Net Present Value + Abandonment Option Premium. 
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PROOF OF 3.4.2 PROPOSITION 1
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Appendix A Proof of 3.4.2 Proposition 1 
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47 References:  

(1) Fleming, Wendell H. and H. Mete Soner (1992): Controlled Markov Processes 
and Viscosity Solutions. Springer-Verlag  
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(4) Definition for δ -optimal control )(1 sX for ))(,( rXrV   

      For any ,0>δ choose an admissible control ))(,()(1 rXrUu ∈⋅ such that 
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Here )(1 sX is the state at time s corresponding to the control  )(1 ⋅u and  initial 

condition ))(,( rXr . Such a control  )(1 ⋅u is called δ -optimal. 
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(5) For a small positive δ , choose a δ -optimal admissible control ),()( xtUu ∈⋅ . 

Then I have 

                                                                                                                                                 
(2) Nizar Touzi (2002): Stochastic Control Problems, Viscosity Solutions and 

Application to Finance 
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(6) Since δ is arbitrary, I have proved the following: 
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(7) Since I have already shown the reverse inequality, the equality holds, i.e.,  
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                                                                                             Q.E.D. 

In addition, it can be shown that an optimal control  ),()(* xtUu ∈⋅ maximizes the 

above equation at every r.  Therefore, I can choose r arbitrarily close to t.  

(2) By invoking the lemma with the specification of t = 0, T = ∞, no bequest 

function, and optimal stopping timeτ , Firm F’s value function: 

    ],|1[sup),( 00
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may be written as: 
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where ),(1 yxF is Firm F manager’s value function after exercising the investment 

decision.                                                                               Q.E.D.
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TABLES 



 

 

 Table 1  The Impact of Market Incompleteness on the Investment Timing Decision and the Option Value to Invest 

~Simulation Results  

     
Correlation =1, Risk Aversion=10         
Market Share Follower's Trigger Follower's Option Value Leader's Trigger Leader's Option Value

0.5 3.33 0.67 1.17 0.0487
0.6 4.14 0.67 1.08 0.02279
0.7 5.56 0.67 1.03 0.00998
0.8 8.33 0.67 1.01 0.0034

     
Correlation =0.99, Risk Aversion=10         
Market Share Follower's Trigger Follower's Option Value Leader's Trigger Leader's Option Value

0.5 3.207 0.60372 3.207 0.60372
0.6 4.009 0.60372 3.944 0.578073
0.7 5.345 0.60372 5.193 0.55958
0.8 8.019 0.60372 7.743 0.550373

          
Correlation =0.90, Risk Aversion=10       
Market Share Follower's Trigger Follower's Option Value Leader's Trigger Leader's Option Value

0.5 2.7538 0.37689 2.7538 0.37689
0.6 3.4424 0.37689 3.4173 0.367071
0.7 4.5897 0.37689 4.554 0.3664
0.8 6.88448 0.37689 6.844 0.368975
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Table 2  The Impact of Risk Aversion on the Investment Timing Decision and the Option Value to Invest  

~ Simulation Results  

Correlation =0.90, Risk Aversion=10       
Market Sahre Follower's Trigger Follower's Option Value Leader's Trigger Leader's Option Value

0.5 2.7538 0.37689 2.7538 0.37689
0.6 3.4424 0.37689 3.4173 0.367071
0.7 4.5897 0.37689 4.554 0.3664
0.8 6.88448 0.37689 6.844 0.368975

          
Correlation =0.90, Risk Aversion=5       
Market Sahre Follower's Trigger Follower's Option Value Leader's Trigger Leader's Option Value

0.5 2.9323 0.466159 2.9323 0.466159
0.6 3.6554 0.466159 3.60197 0.441411
0.7 4.8872 0.466159 4.77157 0.433634
0.8 7.3308 0.466159 7.19127 0.439004
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Table 3  Geometric Brownian Motion Process v.s. Arithmetic Brownian Motion Process  ~ Volatility v.s. Option Value v.s. 

Investment Trigger (Leader Market Share: 50%) 

(A) After F's Entry: L and F co-share the market.   
Geometric Brownian Motion    
Volatility L's Trigger L's Option Value F's Trigger F's Option Value 

0.25 4.21697 0.563793 11.6157 10.5677
0.5 5.54222 3.2679 17.0298 24.8152

0.75 7.53495 8.01664 24.3534 44.088
% Change in Volatility % Change in L's Trigger % Change in L's Option Value % Change in F's Trigger % Change in F's Option Value

100.00% 31.43% 479.63% 46.61% 134.82%
200.00% 78.68% 1321.91% 109.66% 317.20%

     
Arithmetic Brownian Motion         
Volatility L's Trigger L's Option Value F's Trigger F's Option Value 

0.25 3.95012 0.000029 8.37107 1.05269
0.5 3.963382 0.0056683 8.76596 2.03991

0.75 4.02502 0.0435887 9.16112 3.02779
% Change in Volatility % Change in L's Trigger % Change in L's Option Value % Change in F's Trigger % Change in F's Option Value

100.00% 0.34% 19445.86% 4.72% 93.78%
200.00% 1.90% 150205.86% 9.44% 187.62%

 

Base Parameters: r=0.2, a=0.01,K=20 
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Table 4   Geometric Brownian Motion Process v.s. Arithmetic Brownian Motion Process~ Volatility v.s. Option Value v.s. 

Investment Trigger (Leader Market Share: 60%) 

(B) After F's Entry: L owns 60% maket share, while F owns 40% market share  
Geometric Brownian Motion         
Volatility L's Trigger L's Option Value F's Trigger F's Option Value 

0.25 3.98576 0.251167 14.5196 10.5677
0.5 4.64708 1.58888 21.2872 24.8152

0.75 5.51594 3.68076 30.4418 44.088
% Change in Volatility % Change in L's Trigger % Change in L's Option Value % Change in F's Trigger % Change in F's Option Value

100.00% 16.59% 532.60% 46.61% 134.82%
200.00% 38.39% 1365.46% 109.66% 317.20%

     
Arithmetic Brownian Motion         
Volatility L's Trigger L's Option Value F's Trigger F's Option Value 

0.25 3.95 0.0000002 10.3711 0.842149
0.5 3.9511 0.000385044 10.766 1.63193

0.75 3.96303 0.00635414 11.1611 2.4224
% Change in Volatility % Change in L's Trigger % Change in L's Option Value % Change in F's Trigger % Change in F's Option Value

100% 0.03% 192422.00% 3.81% 93.78%
200% 0.33% 3176970.00% 7.62% 187.65%

 

Base Parameters: r=0.2, a=0.01,K=20 
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Table 5  Geometric Brownian Motion Process v.s. Arithmetic Brownian Motion Process~ Volatility v.s. Option Value v.s. 

Investment Trigger (Leader Market Share: 70%) 

After F's Entry: L owns 70% maket share, while F owns 30% market share   
Geometric Brownian Motion         
Volatility L's Trigger L's Option Value F's Trigger F's Option Value 

0.25 3.87447 0.100692 19.3595 10.5677
0.5 4.22407 0.795429 28.383 24.8152

0.75 4.6931 1.91573 40.5891 44.088
% Change in Volatility % Change in L's Trigger % Change in L's Option Value % Change in F's Trigger % Change in F's Option Value

100% 9.02% 689.96% 46.61% 134.82%
200% 21.13% 1802.56% 109.66% 317.20%

          
Arithmetic Brownian Motion         

Volatility L's Trigger 
L's Option Value 

F's Trigger F's Option Value 
0.25 3.95 close to zero 13.7044 0.631612

0.5 3.95002 4.8511E-06 14.0993 1.22395
0.75 3.95078 0.000300902 14.4945 1.81668

% Change in Volatility % Change in L's Trigger % Change in L's Option Value % Change in F's Trigger % Change in F's Option Value
100% 0.00% Huge 2.88% 93.78%
200% 0.02% Huge 5.77% 187.63%

  
Base Parameters: r=0.2, a=0.01,K=20
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Table 6 Geometric Brownian Motion Process v.s. Arithmetic Brownian Motion Process ~ Market Share v.s. Option Value v.s. 

Investment Trigger (Volatility at 25%) 

 
(A) Volatility= 0.25         
Geometric Brownian Motion         
F's Market Share  L's Trigger L's Option Value F's Trigger F's Option Value 

0.5 4.21697 0.563793 11.6157 10.5677
0.4 3.98576 0.251167 14.5196 10.5677
0.3 3.87447 0.100692 19.3595 10.5677

% Change in Market Share % Change in L's Trigger % Change in L's Option Value % Change inF's Trigger % Change in F's Option Value
-20.00% -5.48% -55.45% 25.00% 0.00%
-40.00% -8.12% -82.14% 66.67% 0.00%

     
Arithmetic Brownian Motion    
F's Market Share  L's Trigger L's Option Value F's Trigger F's Option Value 

0.5 3.95012 0.000029 8.37107 1.05269
0.4 3.95 0.0000002 10.3711 0.842149
0.3 3.95 close to zero 13.7044 0.631612

% Change in Market Share % Change in L's Trigger % Change in L's Option Value % Change inF's Trigger % Change in F's Option Value
-20.00% 0.00% -99.31% 23.89% -20.00%
-40.00% 0.00% nearly -100% 63.71% -40.00%

  
Base Parameters: r=0.2, a=0.01,K=20 
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Table 7  Geometric Brownian Motion Process v.s. Arithmetic Brownian Motion Process~ Market Share v.s. Option Value v.s. 

Investment Trigger (Volatility at 50%) 

 
(B) Volatility=0.5     
Geometric Brownian Motion         
F's Market Share  L's Trigger L's Option Value F's Trigger F's Option Value 

0.5 5.54222 3.2679 17.0298 24.8152
0.4 4.64708 1.58888 21.2872 24.8152
0.3 4.22407 0.795429 28.383 24.8152

% Change in Market Share % Change in L's Trigger % Change in L's Option Value % Change inF's Trigger % Change in F's Option Value
-20.00% -16.15% -51.38% 25.00% 0.00%
-40.00% -23.78% -75.66% 66.67% 0.00%

     
Arithmetic Brownian Motion    
F's Market Share  L's Trigger L's Option Value F's Trigger F's Option Value 

0.5 3.963382 0.0056683 8.76596 2.03991
0.4 3.9511 0.000385044 10.766 1.63193
0.3 3.95002 4.8511E-06 14.0993 1.22395

% Change in Market Share % Change in L's Trigger % Change in L's Option Value % Change inF's Trigger % Change in F's Option Value
-20.00% -0.31% -93.21% 22.82% -20.00%
-40.00% -0.34% -99.91% 60.84% -40.00%

  
Base Parameters: r=0.2, a=0.01,K=20 
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Table 8  Geometric Brownian Motion Process v.s. Arithmetic Brownian Motion Process ~ Market Share v.s. Option Value 

v.s. Investment Trigger (Volatility at 75%) 

 
 
(C) Volatility = 0.75     
Geometric Brownian Motion         
F's Market Share  L's Trigger L's Option Value F's Trigger F's Option Value 

0.5 7.53495 8.01664 24.3534 44.088
0.4 5.51594 3.68076 30.4418 44.088
0.3 4.6931 1.91573 40.5891 44.088

% Change in Market Share % Change in L's Trigger % Change in L's Option Value % Change inF's Trigger % Change in F's Option Value
-20.00% -26.80% -54.09% 25.00% 0.00%
-40.00% -37.72% -76.10% 66.67% 0.00%

     
Arithmetic Brownian Motion    
F's Market Share  L's Trigger L's Option Value F's Trigger F's Option Value 

0.5 4.02502 0.0435887 9.16112 3.02779
0.4 3.96303 0.00635414 11.1611 2.4224
0.3 3.95078 0.000300902 14.4945 1.81668

% Change in Market Share % Change in L's Trigger % Change in L's Option Value % Change inF's Trigger % Change in F's Option Value
-20.00% -1.54% -85.42% 21.83% -19.99%
-40.00% -1.84% -99.31% 58.22% -40.00%

  
Base Parameters: r=0.2, a=0.01,K=20
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APPENDIX C 
 
 

ILLUSTRATIONS



 

 

Figure 1  Leader’s/Follower’s Value Functions in the Complete Market 
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Figure 2  Follower’s Value Function in the Incomplete Market (Representative) 
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Figure 3  Leader’s/Follower’s Value Functions in the Incomplete Market  
(If Leader keeps larger market share upon Follower’s Entry) 
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Figure 4  Geometric Brownian Motion Process ~ Volatility v.s. Option Value v.s. Investment Trigger (Co-share Market) 
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Figure 5  Arithmetic Brownian Motion Process ~ Volatility v.s. Option Value v.s. Investment Trigger (Co-share Market) 
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