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ABSTRACT

REGULAR ALGEBRAS RELATED TO REGULAR GRADED SKEW
CLIFFORD ALGEBRAS OF LOW GLOBAL DIMENSION

Manizheh Nafari, Ph.D.

The University of Texas at Arlington, 2011

Supervising Professor: Dr. Michaela Vancliff

M. Artin, W. Schelter, J. Tate, and M. Van den Bergh introduced the notion of
non-commutative regular algebras, and classified regular algebras of global dimension
3 on degree-one generators by using geometry (i.e., point schemes) in the late 1980s.
Recently, T. Cassidy and M. Vancliff generalized the notion of a graded Clifford al-

gebra and called it a graded skew Clifford algebra.

In this thesis, we prove that all classes of quadratic regular algebras of global
dimension 3 contain graded skew Clifford algebras or Ore extensions of graded skew
Clifford algebras of global dimension 2. We also prove that some regular algebras
of global dimension 4 can be obtained from Ore extensions of regular graded skew
Clifford algebras of global dimension 3. We also show that a certain subalgebra R of
a regular graded skew Clifford algebra A is a twist of the polynomial ring if A is a
twist of a regular graded Clifford algebra B. We have an example that demonstrates

that this can fail when A is not a twist of B.
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CHAPTER 1
INTRODUCTION

M. Artin, W. Schelter, J. Tate, and M. Van den Bergh introduced the notion of
non-commutative regular algebras and invented new methods in algebraic geometry
in the late 1980s to study them ([2], [3], [4]). Such algebras are viewed as non-
commutative analogues of polynomial rings; indeed, polynomial rings are examples

of regular algebras.

By the 1980s, a lot of algebras had arisen in quantum physics, specifically quan-
tum groups, and many traditional algebraic techniques failed on these new algebras.
In physics, quantum groups are viewed as algebras of non-commuting functions act-
ing on some “non-commutative space”([6]). In the early 1980s, E. K. Sklyanin, a
physicist, constructed a family of graded algebras on four generators ([16]). These
algebras were later proved to depend on an elliptic curve and an automorphism ([8]).
By the late 1980s, it was known that many of the algebras in quantum physics are
regular algebras; in particular, the family of algebras constructed by Sklyanin consists

of regular algebras.

The main results in [2], [3], and [4] concern the classification of regular algebras
of global dimension 3 on degree-one generators. M. Artin, J. Tate, and M. Van den
Bergh also defined the notion of twisting an algebra by an automorphism, and they

proved that regularity and GK-dimension are preserved under such twisting ([4, §8]).
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The quadratic regular algebras of global dimension 3 can be described using
geometry, i.e. the point scheme £ C P2, These algebras, where E contains a line as
well as those that are “generic”, are given in [3], and [4], and entail: P2, elliptic curve,
conic union a line, triangle, (triple) line, a union of n lines where n € {2,3} with one
intersection point. It should be noted that the cases where F is a nodal cubic curve

or a cuspidal cubic curve are not discussed in [3] or [4] as such algebras are not generic.

Classifying the regular algebras of global dimension 4 is still an open problem.

In fact, even the quadratic regular algebras of global dimension 4 are still unclassified.

T. Cassidy and M. Vancliff introduced a class of algebras that provide an “easy”
way to write down some quadratic regular algebras of global dimension n where n € N
([5]). In fact, they generalized the notion of a graded Clifford algebra and called it
a graded skew Clifford algebra (see Definition 2.2.1). It is hoped that graded skew
Clifford algebras might be useful in the attempted classification of the regular alge-

bras of global dimension 4.

This thesis has three main objectives as follows: to see how many point schemes
of regular graded algebras of global dimension 3 can be obtained from graded skew
Clifford algebras; to see how many known examples of regular algebras of global di-
mension 4 can be obtained from graded skew Clifford algebras; and to determine if
a certain subalgebra of a regular graded skew Clifford algebra A is a twist of the
polynomial ring whenever A is a twist of a graded Clifford algebra. The thesis is

outlined as follows.
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In Chapter 2, we define regular algebras (see Definition 2.1.13), graded skew

Clifford algebras (see Definition 2.2.1), and the quadric system associated to it (see
Definition 2.2.3).

In Chapter 3, we show that the point schemes of some quadratic regular alge-
bras of global dimension 3 can be obtained by using only regular graded skew Clifford
algebras. For the remaining point schemes, we use Ore extensions of regular graded
skew Clifford algebras of global dimension 2. Consequently, we show in Chapter 3
that all classes of quadratic regular algebras of global dimension 3 contain either a
regular graded skew Clifford algebra or an Ore extension of a regular graded skew
Clifford algebra of global dimension 2. The work in this chapter led to my paper [14]
with M. Vancliff and Jun Zhang, in which we prove that all quadratic regular algebras

of global dimension 3 are related in some way to a regular graded skew Clifford algebra.

In Chapter 4, we consider various known quadratic regular algebras of global
dimension 4 and try to relate them to graded skew Clifford algebras. In particular,
we prove that the regular algebras of global dimension 4 in the first half of [18] can
be obtained from Ore extensions of regular graded skew Clifford algebras of global
dimension 3. Some of these algebras arise in quantum physics such as the algebra
in Proposition 4.2. However, the Sklyanin algebras on 4 generators, which are reg-
ular algebras of global dimension 4, appear not to be directly related, in the sense
of Chapter 3, to any graded skew Clifford algebra, although they could perhaps be

weakly related in some way (c.f., [14, Remark 4.4]).

In Chapter 5, we take A to be a regular graded skew Clifford algebra of global

dimension n and study the subalgebra R of A generated by the y; (see Definition
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2.2.1). In Theorem 5.7, we prove that if A is a twist (in the sense of [4, §8]) of a

regular graded Clifford algebra by an automorphism, then R is a twist of a poly-
nomial ring by an automorphism, and is a skew polynomial ring. We thank S. P.
Smith (University of Washington) for the suggestion to study the algebra R. We give
an example that demonstrates that Theorem 5.7 can fail when A is not a twist of a

regular graded Clifford algebra.



CHAPTER 2
GRADED SKEW CLIFFORD ALGEBRAS OF GLOBAL DIMENSION n

Throughout the thesis, K denotes an algebraically closed field, char(K) # 2,
and K* denotes K\ {0}.

2.1 Definitions

2.1.1 Definition of Graded Algebras [3]

In this thesis, a K-algebra A is called a graded algebra if:
1) A=D,.,Ai where the A; are vector spaces over K,
2) dimA; < oo,

4

(1)
(2)
(3) A;A; C Ay for all 4, 7,
(4) A
(5)

A generated by A; only.

For each i, A; is the span of the homogeneous elements of degree .

2.1.2 Examples
(1) The polynomial ring A = K|xy, ..., 24 where z1,..., x4 have degree 1.
Here,
A =Kz ®Kzy @ - - - ® Kayg,
and

1+d—1

HHE ( d—1

) for all ¢ (c.f., [13]).

(2) The free algebra A = K(xy,...,z4) where x;, for all i, have degree n; € Z.

Here, A is a non-commutative analogue of the algebra A in (1).

5



2.1.3 Nonexamples

(1) The algebra
Kz, y]
(22 —y)’

where x and y have degree 1, is not graded. The relation 22 = y in A is not homoge-

A:

neous and so A; N Ay # {0} which violates (1) in Definition 2.1.1.

(2) The algebra
Kz, y]
(22 —y)’

where x has degree 1 and y has degree 2, is graded but not generated by A; since

A=

yEAQ

2.1.4 Definition of Quadratic K-Algebra
A K-algebra A is called quadratic if:
(1) A is graded (as defined above),

(2) A is a quotient of the free algebra by homogeneous relations of degree 2.

2.1.5  Example

The algebra

K<I1,...,[L’d>
(g — xja; 1 <i,5 < d)’

Klzy,... x4 = deg(z;) =1 forall 1

is quadratic.

2.1.6 Nonexample
The algebra

A=-——=, where x has degree 1,



is graded but is not quadratic. The relation 23 = 0 has degree 3.

In order to define a regular algebra, we first need the concepts of polynomial

growth, global dimension, and Gorenstein, which we now define.

2.1.7 Global Dimension
The algebra A has global dimension d < oo if every A-module M has projective

dimension < d and there exists at least one module M with projective dimension d.

2.1.8 Example
The polynomial ring, K[z, ..., x4], has global dimension d by Hilbert’s syzygy theo-
rem (c.f., [15]).

2.1.9 Definition of Polynomial Growth (c.f.,[13])
A graded algebra A, as above, is said to have polynomial growth if there exists positive

real numbers ¢, 0 such that
dimgA,, < en’ forall n>0.

For all known quadratic regular algebras of global dimension d, the minimal such §

isd—1([3, §2]).

2.1.10 Example
Let A = K[x1, x5], then

1
dimgA,, = (n—ll— ) =n+1<n!te

for all € > 0 where n > 0. Thus A has polynomial growth.



2.1.11 Definition of Gorenstein [2]

By [3, §2|, for a graded algebra A as in Definition 2.1.1, the global dimension of
A equals the projective dimension of the graded left module 4K (and projective
dimension of the right module Kj,).

The algebra A is Gorenstein if

(1) the projective modules P’ appearing in a minimal resolution
0—-Pl— .. P -P"5, K—0

of 4K are finitely generated, and if

(2) applying the functor
M ~~» M* := Homs(M, A) = {graded homomorphisms : M — A}
to the resolution in (1) yields a projective resolution
0—P”" P . SP" SKy—0

of the graded right A-module K4.

2.1.12 Example

The algebra
K(z,y)

A p—
(zy — qyz)

,  where ¢ €K,

is Gorenstein ([2, §0]).

2.1.13 Definition of Regular Algebras [3]

A graded K-algebra A is called a regular algebra if
(1) A has polynomial growth,
(2) A has finite global dimension,

(3) A is Gorenstein.



2.1.14 Definition of Normalizing Sequence
A sequence ay, ..., a, of elements of a ring R with identity is called a normalizing

sequence if a; is normal element in R (i.e. a;R = Ray) and for each j € {1,...,n—1},

ajs1 is a normal element in R/>7_ ;R and also 37, a;R # R.

2.2 Graded Skew Clifford Algebras

T. Cassidy and M. Vancliff defined a class of algebras in [5] that provide an
“easy” way to write down some quadratic regular algebras of global dimension d for

all d € N.

2.2.1 Definition of Graded Skew Clifford Algebras [5]
For {i,j} C {1,...,n}, let p;; € K* satisty p;jp;; = 1 for all i # j, and write
= (pi;) € M(n,K). A matrix M € M(n,K) is called p-symmetric if M;; = p;;Mj;
foralls,j =1,...,n.
Henceforth, suppose p; = 1 for all ¢, and fix p-symmetric matrices My, ..., M, €
M (n,K). A graded skew Clifford algebra associated to p and My, ..., M, is a graded
K-algebra on degree-one generators x1, ..., x, and on degree-two generators yi, ..., yn
with defining relations given by:

(a) mx; + pijxie; =Y o (My)ijye for all 4,5 =1,...,n, and

(b) the existence of a normalizing sequence {rq,...,r,} of homogeneous elements

that span Ky, + - - - + Ky,



2.2.2 Example

Let ,ugl,)\ € K>, If

2 0

0 2\

then any graded skew Clifford algebra A associated to M;, M, satisfies

K<.CL'1, $2>
(9% — A1)

since

T1To + U12T2X1 = Y1,

2.2.3 Definition of Quadric System [5]

Let S be the K-algebra on generators zq,

— A

2
Yy = X1,

)\yg = ZEQQ‘

..., zp with defining relations

Zjziy = WijZiZg, for all

and let

21

qr ‘= {21 zn] M,

Zn
We say {q1,--.,qn} is a quadric system.
2.2.4 Example
For the algebra A in Example 2.2.2, we have

K(21, 22)

S:

<2’221 - M1221Z2>'

Moreover,

i, J

€s.

q1 = 22122, g2 = 2212 + 2)\222.

10
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However, since char(K) # 2, we consider:

2 2
G = 2122, Q=21+ Az’

2.2.5 Definition of Normalizing Quadric System
A quadric system {qi,...,¢g,} is normalizing if > | Kg; C S is spanned by a nor-

malizing sequence of S.

2.2.6 Example

Referring to Example 2.2.4, in S, z; is normal for all ¢, and

G121 = M122141, Q122 = H212241.

Therefore ¢; is normal in S.

In =, we have
(q1)
221 = 21(212 + AM32222)7 Qozo = M21222(212 + /\,u122222)-

So ¢, is normal in % if A\=0orif A # 0 and p5% = 1.

2.2.7 Definition of Zero Locus [5]

Suppose A = K(z1,...,z,) and f € Ay. We define the zero locus V(f) of f to be

V(f)={peP" ' xP"": f(p) =0},

where P" ! is identified with P(A}).

Similarly if fi,..., f,, € Ag, then

V(fi, .o fm) ={p€P" P xP" 1 fi(p) =0 forall i}.



2.2.8 Definition of Base-Point Free [5]

Let Z be the zero locus in P?~! x P! of the defining relations of S, i.e.

7z = mV(ZjZi — ul-jzz-zj) C Pnil X Pnil.

Z‘?j

The quadric system {qi, . .., ¢, } is said to be base-point free (BPF) if ZNV(qy, . ..

is empty.

2.2.9 Example

Referring to Example 2.2.4, let

p = ((o1,a2), (61, 32)) € P' x P',

and let

(222’1 — ,ungl,ZQ)(p) = 0

Therefore, we have

o — p120c1 By = 0.

If ap = 0, then B, = 0. So ((1,0),(1,0)) € P! x PL.
If ap # 0, Le., ag = 1, then 1 = p20q 2. So, ((a1,1), (1201, 1)) € Pt x P,
Therefore,

Z = {((an, 29), (201, a2)) : (a1, a2) € P},

Let p € Z. We have

0=qi(p) = cuag, 0= qap) = p1ci® + Aa®.

Thus oy = s = 0 which is contradiction. Therefore {q1, ¢} is BPF.

12
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CHAPTER 3

REGULAR GRADED SKEW CLIFFORD ALGEBRAS OF GLOBAL
DIMENSION 3

The quadratic regular algebras of global dimension 3 can be described using
geometry, i.e., the point scheme E C P? ([3]). These algebras, where E contains a
line as well as those that are “generic”, are given in [3], and [4], and entail: P2, elliptic
curve, conic union a line, triangle, (triple) line, a union of n lines where n € {2, 3}
with one intersection point.

It should be noted that the cases where F is a nodal cubic curve or a cuspidal
cubic curve are not discussed in [3] or [4] as such algebras are not generic. In this
chapter, we prove that all classes of quadratic regular algebras of global dimension 3
contain either a regular graded skew Clifford algebra or an Ore extension of a regular
graded skew Clifford algebra of global dimension 2.

In order to compare quadratic regular algebras in [3] with regular graded skew
Clifford algebras, we first recall a result from [5] that identifies when a graded skew

Clifford algebra is a quadratic and regular.

3.1 Theorem [5]

Let u be as in Definition 2.2.1, and let My, ..., M, be py-symmetric n X n matrices. A
graded skew Clifford algebra A associated to p and My, ..., M, is quadratic, regular
of global dimension n and satisfies the Cohen-Macaulay property with Hilbert series

ﬁ if and only if the quadrics in P*~! x P"~! determined by the M, are BPF and

13
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form a normalizing quadric system. In this case, A is unique up to isomorphism,

noetherian and has no zero divisors.

3.2 First Family of Examples

This subsection is devoted to one particular family of algebras that are defined
as follows.
Let p;; € K* satisfy p;p5 = 1 for all ¢ # j, p; = 1 for all 7, and \; € K for all 1.

The matrices

2 0 0 0 0 Ao 0 A1 0O
Mi=10 0 X |, M= 0 2 0 |, Ms=1| pupry 0 0],
0 M32/\3 0 ,u31/\2 0 0 0 0 2

are p-symmetric.
The graded skew Clifford algebra A defined by these three matrices will have

three degree-2 relations and possibly more relations, e.g.,
BTy + flaaty = Miy1, @ =y, ete.

So we have
K<x17 T, $3>

—- A
(91, g2, 93)

where

2
g1 = T1%2 + f12T2T1 — A1 T3,

— — M2
g2 = X123 + H13T3T1 2T5,
g3 = T2Z3 T [23T3T2 327-

From Definition 2.2.3, we have

G = 22% + p3aA32329 + A32923 = 2(A32223 + Zf),
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go = 22; + M31A22321 + )\22123 = 2(/\22’123 + Z;),
g3 = 2232) + Mgl)\lzgzl + )\12122 = 2()\12122 + 232))

However, since char(K) # 2, we consider:

2 2 2
@1 = X322z + 217, Q= Azizz+ 27, @3 = \N2122 + 23

and
K<Zlu 29, Z3>
S=—"=-—"""
<517 S92, 83>
where
81 = 2221 — Mi12”R1%2, S2 = 2321 — M13R1%3, S3 = 2322 — H23%2%3.
3.2.1 Lemma

If Z= zero locus in P? x P? of the defining relations of S, i.e., Z = N; ;V(zj2i — pij2i2),
then
(1) 7 = {(((Il,ag,ag), (al,umag,uglag)) : (al,ag,ag) € P2} lf and Ol’lly lf H13 =
Hi2ft23, O

(2) Z =P, UP,U Py if and only if p13 # p12/403, where
P = {((0, a, as), (0, ag, ps2as3)) : (az,a3) € P},
Py = {((a1,0,as3), (a1,0, p1as)) : (a1, a3) € P'},
P3 = {((a1,a2,0), (ay, p21a2,0)) : (a1, a) € P'}.
Proof:
We have

2221 = M1221%22, 2321 = M1321%3, k322 = H2322Z23.

Therefore, to find Z, we must solve the system of equations:

0= (2’221 - M122122)((<l1, a2, Cls)a (bh ba, 53)) = asby — pr12a1bo,
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0 = (2321 — 3z123)((a1, az, as), (b1, be, b)) = azby — pr1za:1bs,
0 = (2322 — paszez3)((a1, az, as), (b, be, b)) = aszby — pro3a2bs,

which yields

ag  —[1201 0 by 0
as 0 — 1304 by | = 0
0 as — 230G b3 0

In order to have a solution (b1, by, b3) € P?, the determinant of the first matrix must
be zero. So,
ayasaz(pz — flizptez) =0

which implies two cases:

(1) H13 = H12M23, OT

(2) H13 7’é H12H423 and ajazas = 0.

Addressing (1) we find the solutions are all points in P? as stated in part (1) of

the result. Addressing (2), if a3 = 0, then the zero locus is given by Example 2.2.9.

Similarly, if a; = 0 or if a; = 0. [ |

Associated to My, My, M3, we have the quadric system
{n =27+ Nszoz3, e =2+ Xomizs, g3 = 23" + Miziza),

which is a normalizing sequence in S if and only if ¢; is normal in .S, ¢ is normal in

(q—51>, and ¢3 is normal in (111—5;12> (c.f., Definition 2.1.14).

3.2.2 Proposition
The quadric system {q1, g2, g3} is BPF if and only if either

(1) g1z = pasptos and Ay AoAs + p1a3 # 0, or
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<2> H13 7 f12fh23-
Proof:

We want to find V(q1, ¢2,q3) N Z.

If p13 = pa2p123, then, by Lemma 3.2.1(1),
Z = {((a17a2,a3)7 (@1;,“21@27#31@3)) : (a1,a2,a3) S PQ} - P? x P2
Let

p = ((a1, a2, a3), (a1, po1as, pz103)) € Z.
We must solve the system of equations
0= qi(p) = a1* + Asazpzias,
0= q2(p) = pa1a2® 4+ Xopsraras,
0= gs(p) = psras® + A pz1a1as.
Thus, if a; = 0, then ay = a3 = 0, which is contradiction. Similarly, if a; = 0 or if

az = 0. Hence, we may assume ajasas # 0, A A2A3 # 0, and a1 = 1. So
1 + Aspsiazaz = 0, (1)
fia1a2” + Xopzraz = 0, (2)

paraz® + Apagraz = 0. (3)

Therefore, by (3), ay = M and by substituting as in (1), we have

1 I

_ 3
1+ )\3#31 (%) =0.
1

. By substituting for a; and a3 in (2), we have

3 _ M
Consequently, as” = = —

A A3 + p13 = 0.

Thus {q1, g2, g3} is BPF if p115 = paafi03 and Ay AoAg + p1a3 # 0.
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If p13 # pa2pi23, then Z is given by Lemma 3.2.1(2). Let

p= ((07&27@3)7 (Oaa27u32a3)) € Z.

As before, we solve

0 = ¢1(p) = Asaspsaas,
0= Q2(p) = a22,

0= Q3(p) = N32G32‘

Thus a; = 0 = a3 which is contradiction. Similarly if
p = ((a1,0,a3),(a1,0, pz1a3)) € Z or p=((a1,as,0),(as, p2102,0)) € Z.

Hence {q1, qo, g3} is BPF if 13 # piafios. [ |

To find out if the algebra A in §3.2 is regular, we need to prove that the quadric

system associated to A is normalizing.

Henceforth, condition (x) will denote the case 13 = 1124123

3.2.3 Proposition

The sequence {qi, ¢2, 3} is a normalizing sequence in S if and only if either
(1) Mi=Xa=X3=0,0r

(2) A2 = A3 =0 Ay, ps2 = ju13, or

(3) A = Xa=0# A3, pug = fi21, p12° = piz2 (which implies (x)), or

A = A3 =0# Xy, flo3 = fl12, 13 = p12° (which implies (x)), or

A =0, Ay # 0 # X3, and 113 = o1 = fize = p12° (which implies (%)), or
Ao =0, A3 # 0 A1, and g3 = fio1 = fiza = flaa” (which implies (x)), or
A3 =0, A\ #0# Xy, and g = pigo = o1 = p12” (which implies (*)), or

)
)
)
)
)
)
)
)

N\ # 0 for all i and g3 = po1 = 32, p12°> = 1 (which implies (x)).
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Proof:
We have
g_ K(z1, 22, 23)
(817 52, S3>
where

S§1 = 2221 — M1221%2, S2 = 2321 — M13R1<3, 53 = 2322 — H23%2%3,
therefore z; is normal in S for all 7. Moreover,

@21 = 21(21% + Aspaspiinzezs) (i)

Q129 = o1 22(21% + Aspn2’piaszozs)  (il)

@373 = p31°23(21% + Aapuag®panzazs) (il
If A\3 = 0, then ¢; = 2,2 is normal in S. If A3 # 0, then, by (i), (ii), (iii), ¢; is normal
in S if

fi1s = pior,  pazpias = 1, ps’ps = 1.

Similarly, g» is normal in @il) if Ay =0 or if

A #0 and  posps = 1= pgr’ s = pog’pian = 1,

if Ay =0 orif

. . S
and ¢5 is normal in ——
a3 (q1,92)

A #0 and  p3o = s

Analysis of the possibilities yields the result. [ |

By Theorem 3.1, when the A, and the p;; satisfy Propositions 3.2.2 and 3.2.3,
the graded skew Clifford algebra A associated to g and My, My, M3 (defined at the
start of §3.2) is unique up to isomorphism and quadratic and regular.

Our next result yields the point scheme of A in these cases.
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3.2.4 Proposition

If
K('Il? T, $3>

A p—
<glu 92, g3>

where

2
g1 = T1T2 + f12T2%1 — N T37,
_ — AoTo?
g2 = X123 + HU13T3T1 22",
_ A 2
g3 = ToX3 + [123X3T2 — A3X1”,

then the point scheme P of A is given by one of the following:
(la) P =P?if and only if Ay = Ay = A\3 = 0 and pu13 + p12p003 = 0, or
(1Ib) P = V(z1) U V(x2) U V(x3) (i.e., triangle, see Figure 3.1) if and only if A\, =
Ay = A3 =0, and g3 + 12123 # 0, or
(2a) P = V(a3)UV((p13+ piiopto3) 102+ A1 232) (i.e., conic union line, two intersection
points, see Figure 3.2) if and only if Ay = A3 = 0 # A\ and uss = py3, and
ps + pazpies 7 0, or
(2b) P = V(z3®) (i.e., triple line, see Figure 3.3) if and only if Ay = A3 = 0 # Ay,
pr32 = g, and fiy3 + paapiag = 0, or
(3) P =V(x1)UV(2u137973 + A371?) (i.e., conic union line, two intersection points,
see Figure 3.2) if and only if \; = Ay = 0 # A3 and g1 = p3, f12> = i3, OT
(4) P = V(u12Aoxo® + 2u13711973 + A371?) (i.e., nodal cubic curve in P? with one
singular point (node) at (0, 0, 1), see Figure 3.4) if and only if Ay = 0, Ay #
0 # A3, and ji13 = o1 = pizp = /~01227 or
(5) P = V(12Aow2® + 2113710573 + Ajx3) (i.e., nodal cubic curve in P? with one
singular point (node) at (1, 0, 0), see Figure 3.4) if and only if A3 = 0, Ay # 0 #

A1 and g3 = pza = o1 = N1227 or
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(6) P = V(madowa® + (2113 — MAeAs) w1223 + Agz1® + Aas®) if and only if A; # 0

for all 4 and p13 = pro1 = p32, and p19® = 1 (i.e., an elliptic curve in P? if and

)

Figure 3.1. Depiction of the Point Scheme  Figure 3.2. Depiction of the Point Scheme
in Proposition 3.2.4(1b). in Proposition 3.2.4(2a)&(3).

S X<

Figure 3.3. Depiction Figure 3.4. Depiction Figure 3.5. Depiction
of the Point Scheme in  of the Point Scheme in  of the Point Scheme in
Proposition 3.2.4(2b). Proposition 3.2.4(4)&(5).  Proposition 3.2.4(6).

only if /\1)\2)\3 % 8,LL13, see Figure 35)

Proof:
Suppose

p= ((041,042,&3), (ﬁlaﬁ?aﬁS)) S }P)2 X IP)2-

To find the point scheme P of A, we solve
0= gi1(p) = 1Pz + pa2azB — Mazfs,

0= g2(p) = a1 05 + pzazfBi — Ao s,

0 = g3(p) = 203 + pozazfBa — Az 1,
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which yields

1202 o7 -0 B 0
p13Qy  —A20n Qg Bo | =10
—A3Q1 flo303 Qo B3 0

In particular, as in the proof of Lemma 3.2.1, we require the determinant of the first

matrix to equal zero.

(la) and (1b): We have Ay = g = A3 =0, so

(p2pias + pz)arasag = 0.

If piopios + pug = 0, then P = P2

If pyopios + p13 # 0, then ayasag = 0, so P is a triangle.

(2a): Since Ao = A3 = 0 # Ay and 3o = 13, we have

as((p1s + pazpteg) e + /\16Y32) = 0.
So
P = V(x3((ps + pazptes)r122 + )\15632))-

In fact,

V(glvg%g?:) = {((O./,ﬁ, 0)7 (Oéa _M12ﬁ7 0)) : (a76) € ]P)l}u
{(((a3 + propas)a®, =M1 62, (s + papas)af),

(—(1+ M12/~L§3)a27 p13d 32, (13 + paapesz)af)) : (o, B) € P}

Similarly for (2b), (3), and (4).
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(5): Since A # A3 =0 # Ay and

Hi2 = o3 = f31 = p32ftor  and ,u123 =1,
we have p;;* = 1, for all 4, j, so
[i12A000” + 2p130 Qars + Ajas® = 0.

In fact,

V(ghgz,gs) = {((—)\153 - /\2,&12063, 2#1350427 2#135204)7
(—Mlz)\lﬁg + Ao, 2113002, —25204)) (o, B) € Pl}-

(6): Since for all 7, A\; # 0, and

H13 = 21 = H32 = H12/423, M123 =1,
which implies y;;* = 1, for all i, j, so
,U,12/\QOKQ3 -+ (2#13 — )\1)\2/\3)041062043 + )\3@13 + )\10(33 =0 ('l')

If \jAgA3 = 83, then (1) can be written as a product of two factors. In this case,

the zero locus is not an elliptic curve. [ |

3.3 Ore Extension of Graded Skew Clifford Algebras of Global Dimension 2

It remains to figure out which of the other types of quadratic regular algebras of
global dimension 3 (i.e., those with point schemes not occurring in Proposition 3.2.4)
are related to graded skew Clifford algebras. Such algebras have point schemes: a
union of n lines where n € {2,3}; conic union line with one intersection point; and
cuspidal cubic curve. To find such a relationship, we use the notion of Ore extension

which uses certain types of derivations.
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3.3.1 Definition of a o-Derivation [9]

Let R be any ring with 1 # 0 (possibly non-commutative), and let ¢ € End(R). A

left (respectively, right) o-derivation of R is an additive map ¢ : R — R such that
d(rs) =o(r)o(s) +d(r)s

(respectively, right o-derivation
d(rs) = d(r)o(s) +ro(s)),

for all r,s € R.

The definition of Ore extension is due to the following result.

3.3.2 Theorem (c.f., [9])
Let R be any ring with 1 # 0 (possibly noncommutative). If ¢ € End(R) and if o
is a left o-derivation, then there exists a ring A such that R C A and there exists

y € A\ R such that the elements of A can be expressed uniquely in the form

Zriyi where r; € R for all 1,
i=0

and

yr=o(r)y+0o(r) forall reR.

3.3.3  Definition of Ore Extension [9]
Let R be a ring with 1 # 0 (possibly noncommutative). Let ¢ € End(R). By
Theorem 3.3.2, the Ore extension R[y;c,d] is the ring obtained by giving the ring of

polynomials

Rly] = {Z yri i € R}

a new multiplication, subject to the identity

yr = o(r)y + o(r)
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(respectively, ry = yo(r) 4+ d(r)) for all r € R.

3.3.4 Theorem [5, Corollary 4.3]
If B is a quadratic regular algebra and if gldim(B) < 2, then B is a graded skew
Clifford algebra.

We will look at Ore extensions of quadratic regular algebras of global dimension
< 3. Such algebras are Auslander-regular ([7], [11], [12]). Auslander-regular algebras
that have polynomial growth are regular ([11]). Hence, the next result implies that
Ore extensions of quadratic regular algebras of global dimension < 3 are regular

algebras.

3.3.5 Examples [5]
(i) Quadratic regular algebras of global dimension 1 are isomorphic to B = Klz]. We

take 4 =1 and M; = 1, then B is a regular graded skew Clifford algebra.

(ii) Up to isomorphism, there are exactly two types of quadratic regular algebras of
global dimension 2:

(1) Let A € K*, and let

_ K<$1,$2>
(r129 + A1271)
If
20 0 0
M, = ) M,y = )
00 0 2

where 15 = A, then B is a regular graded skew Clifford algebra.

(2) Let
K(xq, x9)

B = .
(IE1$2 — X271 — $12>
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If

2 0 0 1
M1 = s M2 = )
0 0 -1 2

where p15 = —1, then B is a regular graded skew Clifford algebra.

3.3.6 Theorem [7], [12]
Let R be a noetherian algebra and S = R[y;0,d] be an Ore extension of R where
o € Aut(R) and ¢ is a left o-derivation. If R is an Auslander-regular algebra, then S

is an Auslander-regular algebra.

3.3.7 Proposition

Let
K<I1, l’g)

B=—1—"-_
(951552 - 1‘2$1>’

which is a regular graded skew Clifford algebra. Let
o =idp € Aut(B),
and let § : B — B be the linear map such that
d(z1) = 2119 = 0(22).

The map § is a o-derivation of B, and A = B|x3;0,0] is a regular algebra. In fact,

the algebra
K<x17 T, .173)

A p—
<gla 92, g3>

where
g1 = T1T2 — T2,
g2 = T3T1 — 13 — T1T2,

g3 = T3Tp — T2X3 — T1T2,
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has point scheme V(z125(x2 — x1)) given by the union of three lines Ly, Ly, L3 such

that Ly N Ly N Ly = one point (see Figure 3.6).

Figure 3.6. Depiction of the Point Scheme in Proposition 3.3.7.

Proof:
The algebra B is a regular graded skew Clifford algebra by Theorem 3.3.4. To prove

J is a left o-derivation of B, we show that 6(0) = 0 in B; that is,

d(z129 — wowy) = d(T122) — §(T277)
= 0(x1)0(xg) + 0(x1)x2 — 0(22)d(21) — d(22) 21
= X1T1T2 + T1XoTo — ToX 1Ty — T1XoX
= 21(x129 — T2x1) + (X129 — ToX1 )Xo
=0
in B. Therefore, by Theorem 3.3.6, A = Blzs; 0, 0] is a regular algebra. By definition

of Ore extension, we have
r3ry = o(x1)xs + 6(z1), x372 = 0(x2)x3 + 0(22),

which yields the relations g and g3 in the statement. [

3.3.8 Proposition

Let
K<ZE1, l’g)

B =
<l’1$2 — $2$1> ’
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which is a regular graded skew Clifford algebra. Let

oc=1idg € Aut(B),
and let 6 : B — B be the linear map such that
d(x1) = 129 and  I(zg) = 0.

The map § is a o-derivation of B, and A = Blzs;0,] is a regular algebra. In fact,

the algebra
K(-rl? T, 173>

A=
<g17 g2, g3>

where
g1 = T3T1 — 13 — T1X2,
g2 = 122 — T2Z1,
g3 = T3To — T2T3,
has point scheme V(z175?) given by the union of a line L; and a double line Ly such

that Ly N Ly = one point (see Figure 3.7).

Figure 3.7. Depiction of the Point Scheme in Proposition 3.3.8.

Proof:

The algebra B is a regular graded skew Clifford algebra by Theorem 3.3.4. To prove
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J is a left o-derivation of B, we show that §(0) = 0 in B; that is,

d(z129 — wowy) = d(T122) — §(2277)
= 0(x1)0(x2) + 0(x1)xe — 0(22)0(21) — 0(22)21
=04 z12979 — Tox1292 — 0
= (2129 — Tox1)Tg
=0
in B. Therefore, by Theorem 3.3.6, A = Blxs; 0, 0] is a regular algebra. By definition

of Ore extension, we have
x3ry = o(x1)xg + 0(x1), X320 = 0(T2)x3 + 6(x2),

which yields the relations g and g3 in the statement. [ |

3.3.9 Proposition

Let
K<$1, [L’Q)

B=_ "2
<IE1$2 - I21131>’

which is a regular graded skew Clifford algebra. Let o € Aut(B) such that
o(xr1) =x; and o(x3) =x9+ar; where o€ K*,
and let 6 : B — B be the linear map such that
§(z1) =0 and §(wy) = quy> where ¢ € K*.

The map § is a o-derivation of B, and A = Blzs;0,d] is a regular algebra. In fact,

the algebra
K(I‘l, Za, ‘T3>

A=
<gla g2, g3>
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where

g1 = 1T — T2,
_ 2
g2 = 3Ty — T3 — X113 — T2~,

g3 = T3T1 — T1723,

has point scheme
V(x1(que® + axy23))
which is the union of the conic C' = V(qz3? + axix3) and the line L = V(1) such

that C'N L = one point (see Figure 3.8).

Figure 3.8. Depiction of the Point Scheme in Proposition 3.3.9.

Proof:
The algebra B is a regular graded skew Clifford algebra by Theorem 3.3.4. To prove

J is a left o-derivation of B, we show that §(0) = 0 in B; that is,

d(z129 — wowy) = d(T122) — §(2277)
= 0(x1)0(x2) + d(x1)xe — 0(22)0 (1) — 0(22)21
= 21qx9% + 0 — 0 — quo’2y
= Q(ZC1SC22 - 9522331)
= qTa(1179 — To71)
=0
in B. Therefore, by Theorem 3.3.6, A = Blzs; 0, 0] is a regular algebra. By definition

of Ore extension, we have

r311 = o(x1)xs + 6(x1), X319 = 0(12)x3 + 0(12),
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which yields the relations g and g3 in the statement. [

3.3.10 Proposition

Let
K<ZL’1, 172)

B =
<ZL’2I1 — T1T9 + $12>’

which is a regular graded skew Clifford algebra. Let o € Aut(B) such that
o(xy) =x1 and o(xy) = xe — 227,
and let § : B — B be the linear map such that
§(z1) = 3z0° + 112 and  0(x2) = —3x° — 27175,

The map § is a o-derivation of B, and A = Blzs;0,0] is a regular algebra. In fact,

the algebra
K<x17 T, $3>

A p—
(g1, G2, g3)

where
g1 = Tox1 — 21Ty + 117,
92 = 1371 — 39% — 113 — 117,
g3 = T3To — Toly + 3x92 + 22123 + 27122,
has point scheme V(3(x23 + z1%23)) which is a cuspidal cubic curve if and only if

char(K) # 3 (see Figure 3.9).

Figure 3.9. Depiction of the Point Scheme in Proposition 3.3.10.
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Proof:

The algebra B is a regular graded skew Clifford algebra by Theorem 3.3.4. To prove

J is a left o-derivation of B, we show that §(0) = 0 in B; that is,

§(woxy — 179 + 11%) = O(waw1) — 0(T172) + §(71?)
= 0(x2)0(x1) + 0(z2)x1 — 0(21)6(22)
—6(x1)xe + 0(21)0(21) + 0(21) 21
= 21209 + 29712 — 201257
= 11(2o71 + 71%) + Tox1? — 2217971
= 1% + 2911? — T1To1y
= (21%) + Tow1 — 1170) 71
=0
in B. Therefore, by Theorem 3.3.6, A = Blzs; 0, 9] is a regular algebra. By definition

of Ore extension, we have
x3ry = o(x1)xs + 0(x1), X372 = 0(T2)x3 + 0(X2),

which yields the relations g, and g3 in the statement. |

3.3.11 Theorem
All the point schemes of quadratic regular algebras of global dimension 3 can be
obtained from either a regular graded skew Clifford algebra of global dimension 3 or

from an Ore extension of a regular graded skew Clifford algebra of global dimension 2.

Proof:
The results follow by considering the first family of examples (§3.2), Proposition 3.3.7,

Proposition 3.3.8, Proposition 3.3.9, and Proposition 3.3.10. [ |
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These results are extended in my paper “Classifying Quadratic Quantum P>2s
By Using Graded Skew Clifford Algebras” with M. Vancliff, and Jun Zhang ([14]), in
which we classify all quadratic regular algebras of global dimension 3 using regular

graded skew Clifford algebras.



CHAPTER 4

REGULAR GRADED SKEW CLIFFORD ALGEBRAS OF GLOBAL
DIMENSION 4

In this chapter, we prove that the regular algebras of global dimension 4 in
[18] can be obtained from Ore extensions of graded skew Clifford algebras of global

dimension 3.

4.1 Proposition
Suppose ¢ € K, where ¢* =1 but ¢ # 1. Let

B _ K<l’1,x2,x3>

— )
<l’1ﬂ32 — qT2%1, X123 — (¢ Yesay, wows — C]flf3332>

which is a regular graded skew Clifford algebra. Let o € Aut(B) such that
o(x;) = qu;, forall =123,
and let 6 : B — B be the linear map such that
§(w1) = x3%, 0(x2) = 21° and  (w3) = 2%

The map § is a o-derivation of B, and A = Blzy4;0,0] is a regular algebra. In fact,

the algebra

A= K<x17 Lo, X3, $4>

(91, 96)
where
g1 = T1T2 — qTa%1, g2 = T2Z3 — X3T2,
_ -1 _ 2
g3 = T1T3 —q "T37q, g4 = X421 — qT1T4 — 37,
_ 2 _ 2
g5 = T4To — qT2Tg — 17, g6 = T4T3 — qT3T4 — T27,

34
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has point scheme given by one point and appears in [19].

Proof:
The algebra B is a regular skew polynomial ring, and so is a regular graded skew

Clifford algebra. The result now follows from [19, Lemma 3.2]. |

4.2  Proposition
Suppose ¢ € K*, and ¢*> # 1. Let

B — K<l’1,x2,$3>

—_ — )
<$1$2 —q Yooz, myws — q Yeszy, xows — $3$2>

which is a regular graded skew Clifford algebra. Let o € Aut(B) such that
o(x) =z, ol(x;) =qr; for i=23,
and let 6 : B — B be the linear map such that
§(z1) = (¢ — ¢ Vwgws and  6(zy) = 0 = §(w3).

The map § is a o-derivation of B, and A = Blzy4;0,0] is a regular algebra. In fact,

the algebra
K<[E1, Zo, T3, .T4>

A=
(91,1 96)
where
g1 = L2217 — X122, g2 = T2X3 — X3T2,
_ _ 1
g3 = T3T1 — X173, g4 = T4T1 — T1T4 — (q —dq )«’132353,
g5 = T4T2 — qT224, g6 = T4T3 — qT3T4,

has point scheme given by V(za, x3) U V(2223 — x124) (see Figure 4.1).
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Figure 4.1. Depiction of the Point Scheme in Proposition 4.2.

Proof:
The algebra B is a regular graded skew Clifford algebra by §3.2. To prove ¢ is a left

o-derivation, we show that 6(0) = 0 in B; that is,

S(r1z9 — ¢ lwomy) = 0(w1w9) — ¢ 10 (0m1)
=0 (21)0(x2) + 6(x1)xe — ¢ Lo (22)0(x1) — ¢ 0(22) 24
=0+ (¢ — g wawars — ¢ 'qua(q — ¢ oy
= (q — ¢ ")wo (239 — 2273)
=0

in B. Similarly,
5(1’1[E3 - q_lxgl’l) = 0 and 6(3721‘3 —_ ,’,631,'2) = O

Therefore, by Theorem 3.3.6, A = Blxy;0,6] is a regular algebra. By definition of

Ore extension, we have

x4y = o(x1)xy + 0(21),
x4y = o(x9)xy + 0(29),
Tply = O'(LE3)$4 + (5(.133),

which yields the relations gy, g5, g¢ in the statement. [

4.3 Proposition
Suppose a € K*. Let

B — K<ZU1,.Z’2,(E3>

b
<£U1372 — T2X1,T1X3 — T3T1, Ta2l3 — $3ZU2>



37
which is a regular graded skew Clifford algebra. Let o € Aut(B) such that

o(x) =x1 —axs, o(z;) =x; for =23,
and let 0 : B — B be the linear map such that
d(z1) = aryze and  d(z2) =0 = §(x3).

The map § is a o-derivation of B, and A = Blzy4;0,0] is a regular algebra. In fact,

the algebra
K<.T1, Xo, T3, ‘/E4>

A=
(91,1 96)
where
g1 = X1T2 — T2, g2 = X3T2 — T23,
g3 = T1T3 — T3, g4 = X417 — X124 + 04(334333 - 951352),
gs = T4T2 — TaTy4, g6 = T4T3 — T3y,

has point scheme given by V(xo(x129 — x374), x3(x129 — 2324)) Which contains the

double line V(z2, z3) (see Figure 4.2).

Figure 4.2. Depiction of the Point Scheme in Proposition 4.3.

Proof:
The algebra B is a regular graded skew Clifford algebra by §3.2. To prove ¢ is a left

o-derivation, we show that §(0) = 0 in B; that is,

(5(33'1.1’2 — 33233'1) = (5(171332) — 5(1’233'1)
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= 0(x1)0(xg) + 0(z1)x2 — 0(22)d(21) — d(22)21
=04 azr1T9x9 — x200x1T9 — 0
= a(x1x9 — Towq)To
=0
in B. Similarly,

d(z123 —x321) =0 and  §(xoxs — x329) = 0.

Therefore, by Theorem 3.3.6, A = B[z4;0,0] is a regular algebra. By definition of

Ore extension, we have

xryxy = o(xy)xy + 6(21),
x4y = o(x9)xy + 0(22),
x4y = o(x3)xy + 0(23),

which yields the relations g4, g5, g¢ in the statement. |

4.4  Proposition

Suppose o € K*\ {—1}. Let

B _ K<I’1,.§C2,x3>

)
<$1$2 — T2X1,T1X3 — X3T1, X2X3 — 5C3513'2>

which is a regular graded skew Clifford algebra. Let o € Aut(B) such that
o(z;)=z; for i=1,3, o(xs) =1+ a)xs,
and let 6 : B — B be the linear map such that
§(z1) =0=20(x3) and 6(zs) = —ax >

The map § is a o-derivation of B, and A = Blzy4;0,0] is a regular algebra. In fact,

the algebra
K<$17 X2, X3, $4>

A:
(91,---,96)
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where
g1 = T1T2 — XTaq, g2 = T3 — T3T2,
g3 = T1T3 — T3, g4 = T1T4 — Ty,
_ 2 _
g5 = ToTq — TyTy — (L1 — Toly), g6 = T4T3 — T3y,

has point scheme given by Q U L where Q = V(x1? — xyx4) and L = V(zy,x3) (see

Figure 4.3).

Figure 4.3. Depiction of the Point Scheme in Proposition 4.4.

Proof:
The algebra B is a regular graded skew Clifford algebra by §3.2. To prove ¢ is a left

o-derivation, we show that 6(0) = 0 in B; that is,

d(z129 — wowy) = d(T122) — I(2277)
= 0(x1)0(xg) + 0(x1)x2 — 0(22)d(21) — d(22) 21
=z1(—ar?) + 0 -0 — (—az,®)xy
= —a(z® — 2,°)

=0

in B. Similarly,
d(ri1xs —x371) =0 and  §(zaz3 — x379) = 0.

Therefore, by Theorem 3.3.6, A = B[z4;0,0] is a regular algebra. By definition of

Ore extension, we have

a1 = o(x1)xy + 0(21),



40

Tyl = U($2)$4 + 5(&72),
xryx3 = o(x3)xy + 6(x3),

which yields the relations g4, g5, gs in the statement. [

4.5 Proposition

Let

B _ K<J}1,l‘2,x3>

)
<$1I2 — X1, T1T3 — X3X1,Ta2X3 — $3$2>

which is a regular graded skew Clifford algebra. Let o € Aut(B) such that
o(x) =x1+z3, o(x;)=x;, for i=23,
and let 0 : B — B be the linear map such that
§(zy) = —21® and  O(x2) =0 = §(z3).

The map § is a o-derivation of B, and A = Blzy4;0,0] is a regular algebra. In fact,

the algebra

A _ K<Z‘1, Lo, T3, $4>

(91,---,96)
where
g1 = T1X2 — T2, g2 = T3Ty — T2X3,
g3 = 213 — T3, g1 = Ty — T4T1 — T1° + T4T3,
gs = T2y — TyX2, g6 = T3Ty — TyT3,

has point scheme given by Q U L where Q = V(z9? — x423) and L = V(z3,74) (so the

line L is tangential to the quadric @ at a nonsingular point of Q)(see Figure 4.4).
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Figure 4.4. Depiction of the Point Scheme in Proposition 4.5.

Proof:
The algebra B is a regular graded skew Clifford algebra by §3.2. To prove ¢ is a left

o-derivation, we show that 6(0) = 0 in B; that is,

d(z129 — wowy) = d(T122) — §(T277)
= 0(x1)0(xg) + 0(x1)z2 — 0(22)d(21) — d(22)21
=0—21%Ty — 29(—1,%) = 0
= —x1229 + 21229

=0

in B. Similarly,
(123 —x311) =0 and  O(wews — x322) = 0.

Therefore, by Theorem 3.3.6, A = B[z4;0,0] is a regular algebra. By definition of

Ore extension, we have

a1 = o(x1)xy + 0(21),
T4y = 0(x9)xy + 0(29),
Typly = 0(333).174 + (5(333),

which yields the relations g4, g5, g¢ in the statement. |

4.6 Proposition

Let

B — K<ZU1,.Z’2,(E3>

b
<£U1372 — T2X1,T1X3 — T3T1, Ta2l3 — $3ZU2>
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which is a regular graded skew Clifford algebra. Let o € Aut(B) such that

oc=1idg € Aut(B),
and let 0 : B — B be the linear map such that
§(z1) = —21° + 2923 and  6(x9) = 0 = §(w3).

The map § is a o-derivation of B, and A = Blzy4;0,0] is a regular algebra. In fact,

the algebra
K<.T1, Xo, T3, ‘/E4>

A=
(91,1 96)
where
g1 = T1T2 — T2, g2 = a3 — T3T2,
_ _ 2
g3 = T1x3 — T3x1, g4 = T1T4 — T4T1 — T1° + XT3,
g5 = T2ly4 — T4T2, g6 = T3T4 — T4T3,

has point scheme given by Q U L where Q = V(z,? — x9z3) and L = V(z,x3) (so the

line L is tangential to the quadric @ at a singular point of Q)(see Figure 4.5).

Figure 4.5. Depiction of the Point Scheme in Proposition 4.6.

Proof:
The algebra B is a regular graded skew Clifford algebra by §3.2. To prove ¢ is a left

o-derivation, we show that 6(0) = 0 in B; that is,

(5(.’1715(]2 — 372561) = 5($1$2) — 5(1’2371)
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= 0(x1)0(xg) + 0(z1)x2 — 0(22)d(21) — d(22)21
=0+ (=212 + 2273) T2 — To(—71% + 2223) — 0
= —x12my + 2223 + 11710 — 12773

=0

in B. Similarly,
d(z123 —x321) =0 and  §(xoxs — x322) = 0.

Therefore, by Theorem 3.3.6, A = B[z4;0,0] is a regular algebra. By definition of
Ore extension, we have

x4y = o(x1)xy + 0(21),

x4y = o(x9)xy + 0(29),

zyx3 = o(x3)Ts + I(23),

which yields the relations g4, g5, gs in the statement. [ |

4.7 Proposition

Let

B — K<ZU1,.Z’2,LC3>

b
<£U1372 — T2X1,T1X3 — T3T1, T2l3 — $3SB2>

which is a regular graded skew Clifford algebra. Let o € Aut(B) such that
o =idp € Aut(B),
and let 6 : B — B be the linear map such that
§(z1) =0=10(x0) and §(z3) = —21% + T3

The map § is a o-derivation of B, and A = Blz4;0,0] is a regular algebra. In fact,

the algebra
K<$17 X2, T3, $4>

A:
(91,---,96)
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where
g1 = 1T — T, g2 = X3 — T332,
g3 = 1T3 — T3x, g4 = T1T4 — Ty27,
g5 = X2y — X422, g6 = T3Ty — Tyly — T1° + ToTs,

has point scheme given by V(z;(21? —z213), T2 (212 —x923)), which contains the double

line V' (z1,z2) (see Figure 4.6).

Figure 4.6. Depiction of the Point Scheme in Proposition 4.7.

Proof:
The algebra B is a regular graded skew Clifford algebra by §3.2. To prove ¢ is a left

o-derivation, we show that 6(0) = 0 in B; that is,

(5(I1$2 — .CCQ.’L‘l) = (5(1’15(72) — (5(372&31)
= 0(x1)0(x2) + 0(x1)xe — 0(22)0(21) — 0(22)21
=0

in B. Similarly,
d(z123 —x3w1) =0 and  §(xoxs — x329) = 0.

Therefore, by Theorem 3.3.6, A = Blxy;0,6] is a regular algebra. By definition of

Ore extension, we have

x4y = o(x1)xy + 0(21),
x4y = 0(x9)xy + 0(29),
xywy = o(x3)xy + 0(23),

which yields the relations g4, g5, gs in the statement. [
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4.8 Remark

S. P. Smith and T. Stafford proved that the Sklyanin algebras on 4 generators (the
family of algebras constructed by the physicist, E. K. Sklyanin [16]) are regular al-
gebras of global dimension 4 [17]. However, they appear not to be directly related,
in the sense of Chapter 3, to any graded skew Clifford algebra, although they could

perhaps be weakly related in some way (c.f., [14, Remark 4.4]).



CHAPTER 5

TWISTING A REGULAR GRADED SKEW CLIFFORD ALGEBRA BY AN
AUTOMORPHISM

In this chapter, we suppose A is a regular graded skew Clifford algebra that
is a twist (in the sense of [4, §8]) of a regular graded Clifford algebra B by an au-
tomorphism. We prove in Theorem 5.7 that, under this hypothesis, the subalgebra
R of A generated by the y; (see Definition 2.2.1) is a twist of a polynomial ring by
an automorphism, and is a skew polynomial ring. We also present an example that

demonstrates that this can fail when A is not a twist of B (see Nonexample 5.3).

We thank S. P. Smith (University of Washington) for the suggestion to study

the algebra R.

5.1 Definition of a Twist by an Automorphism [4, §§]

Let D denote a quadratic algebra, let D; denote the span of the homogeneous degree-
one elements of D. Suppose 7 is a graded degree-zero automorphism of D, that is,
T|p, : D; — D; for all i. The twist D7 of D by 7 is a quadratic algebra that has the

same underlying vector space as D, but has a new multiplication * defined as follows:
if a,be Dy =(D");, then axb=ar(bh),

where the right-hand side is computed using the original multiplication in D.
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A7

In this chapter, ™ means 7(a) for a € D; = (D7);. Also, we consider only automor-

phisms 7 such that

T|p, : D; — D; for all 1.

5.2 Example
Let A1, Ay € K*| and let
. 8%
(XY —YX)
The map
A0
T = € Aut(C),
0 A
so the algebra
4o K@y

(MA ey — yx)
is the twist of C' by 7, since

MA lzsxy—ysxz=XY -YX.

5.3 Nonexample

Let A € K and let
K(l‘l, T, I3>

A p—
<gla 92, g3>

where
g1 = T1T2 T H122271 x3",
g2 = T1T3 + U13T3T1,
g3 = TaT3 + U23T3T2,

where 0 # p;; € K for 4, j = 1,2, 3 such that

P32 = 413 7 [h12/423.
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By §3.2, A is a regular graded skew Clifford algebra. Let R be the K-algebra gener-

ated by y1, Y2, ys (see Definition 2.2.1). By Definition 2.2.1, deg(y;) = 2 for all 4, and,
in this algebra A, the y;’s satisfy only two relations of degree 4, so R is not a skew

polynomial ring, nor a twist of a polynomial ring by an automorphism.

The main result of this chapter, Theorem 5.7, proves that R is a twist of a
polynomial ring if A is a twist of a graded Clifford algebra. Thus section 5.4 defines

this concept and results useful in the proof of Theorem 5.7.

5.4 Definition of Graded Clifford Algebras [10]
Let My, ..., M, € M(n,K) denote symmetric matrices. A graded Clifford algebra B
associated to My, ..., M, is a graded K-algebra on degree-one generators Xi,..., X,
and on degree-two generators Yy, ...,Y, with defining relations given by:

(a) XiX; +X,;X; => 7 (My);;Yy forall i, j =1,...,n, and

(b) Y central for all k =1,... n.
In Definition 2.2.1, if pu;; = 1 for all 4,5 = 1,...,n, and if r; is central for all i €
{1,...,n}, then the graded skew Clifford algebra in that definition is a graded Clifford

algebra.

5.4.1 Example

Let A e K*. If

01 2 0
Ml = ) M2 = )
10 0 2\

then the graded Clifford algebra B associated to My, Ms is

K(X1, X5)
(X2 — AX %)
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since

XX+ XoXi =Y,  Ya=X% AW =X57

and Y; is central for all 7.

5.4.2  Definition of Quadric System

Let C' be the K-algebra on generators 71, ..., Z, with defining relations
ZjZi = Zle for all i,j,

and let

kaz[zl Zn]Mk |l ec.

The collection {Q1, ..., @y} is called a quadric system. In Definition 2.2.1, if p;; =1
for all 7,7 = 1,...,n, then the quadric system of a graded skew Clifford algebra is

the quadric system of a graded Clifford algebra.

5.4.3 Example

For the algebra B in Example 5.4.1, we have

K(Z1, Z5)

C = :
(2221 — Z1Z5)

Moreover,

Q1 =221Zy, Qo =272+ 2)\Z,°.

However, since char(K) # 2, we consider:

Q1 =212y, Q2= 702+ \Z5%
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5.4.4 Definition of Zero Locus

Suppose C' = K[X7,..., X, ] and F € Cy. We define the zero locus I'(F') of F' to be
D(F) = {P e P! F(P) =0},

where P"~! is identified with P(CY).

Similarly if Fy,..., F,, € C5, then

T(Fy,...,F)={PeP" ' :F(P)=0 forall i}.

5.4.5 Definition of Base-Point Free
The quadric system {Q1, ..., Q,} C Cissaid to be base-point free (BPF) if ['(Q1, ..., Q)

is empty.

If ;j =1 for all ¢,5 = 1,...,n, then Definition 5.4.5 is equivalent to Definition 2.2.8,

since, in this case, Z is the graph of the identity map on P"~!,

5.4.6 Example

Let P = (ay, as) € PL. Referring to Example 5.4.3, we have
0=0Q1(P)=aja, 0=Qs(P)=0>+ >

Thus a3 = ap = 0 which is contradiction. Therefore {Q1, @2} is BPF.

5.4.7 Theorem [1], [10]
Let My, ..., M, be symmetric n X n matrices. The graded Clifford algebra A as-

sociated to My, ..., M, is quadratic, regular of global dimension n and satisfies the

Cohen-Macaulay property with Hilbert series ﬁ if and only if the quadric system
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in P"~! determined by the M, is BPF. In this case, A is noetherian and has no zero

divisors.

Before returning to our main theorem, we first require some preliminary tech-

nical results.

5.5 Lemma
Let X4,..., X, and the Y} be as in Definition 5.4. Let D C B, denote the homoge-

neous central elements in B of degree two. If a,b € By, then ab+ ba € D.

Proof:

We may write

a = zn:ame and b= Xn:ﬁle
m=1 =1

with «a,,, 5 € K for all m,[. It follows that

ab + ba = Z B (X X1 + X1 X Z amﬁl< M) ln).
m,l=1 m,l=1

Therefore

ab+ba € D forall a,be By,

since Y, € D for all k. |

5.6 Lemma

Let 11;; be as defined in Definition 2.2.1 for all 7, j, and let S be the skew polynomial
ring on n generators defined in Definition 2.2.3. The algebra S is a twist of the
polynomial ring

O:K[Zl,,zn]
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by an automorphism ¢ € Aut(C) if and only if

ik = pijpg  for all 4, 5, k;

in this case, o|¢, is semisimple, and for all 7, 7, we have

Hij = &, where pi € K>
Pj
and
o(Z;) = piZ; forall .
Proof:

The first part follows from [3], since p;, = 445 for all ¢, 7, k if and only if the point
scheme of S is P"~!, and the latter holds if and only if S is a twist of the polynomial
ring on n variables by an automorphism.

Let S be a twist of the polynomial ring
C=K|[Zi,...,Z,)
by an automorphism o € Aut(C'). The relations in S are
2jz; = Jijziz;  for all 1,7,

therefore, in C; we have

ZjZio— = /LUZZZJU (**)
However, C' is commutative and a unique factorization domain, and

deg(Z;) =1 forall i,
so Z; is irreducible, and, for all ¢ # j, Z; { Z;. It therefore follows from (xx) that
Z; | Z;7 for all i. Since deg(Z;°) = 1, Z;° € K*Z; for all i. Hence, o|¢, is semisimple.
Writing

ZZ'U = pzZz for all i,



23

where

pi € K* forall i,

and substituting into (**) completes the proof. |

Recall B is a regular graded Clifford algebra and A is a regular graded skew
Clifford algebra that is a twist of B by an automorphism 7 € Aut(B). From Definition
2.2.3, there is a skew polynomial ring S associated to A. By [5, Proposition 4.5],
since A is a twist of B by 7, there exists a choice for S so that S is a twist of the
polynomial ring C' by 77! and conversely. By Lemma 5.6, 7|g, is semisimple; i.e. for

each 1 =1,...,n, we have
T(z;) = Nz for some  \; € K

and

s
pi; ==L forall i,j.

%

(In the notation of Lemma 5.6,

-1

Ai = pi for all 7

since 7 =o01.)

In the next result, R’ is the subalgebra of B generated by the Y;, so R’ is the
commutative polynomial ring K[Y3,...,Y,]. The algebra R denotes the subalgebra
of A generated by the y;, and by Nonexample 5.3, this algebra is not, in general, a

skew polynomial ring nor a twist of a polynomial ring.
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5.7 Theorem

Suppose that A is a regular graded skew Clifford algebra on n degree-1 generators
Z1,...,%, (in the sense of Theorem 3.1), and R is the subalgebra of A generated
by y1,...,yn. If Ais a twist of a regular graded Clifford algebra B (in the sense of
Theorem 5.4.7) by

T € Aut(B),

then R is a twist of the polynomial ring R’ on n variables and is a skew polynomial

ring.

Proof:

By the preceding discussion

>~

Mij:_j forall 4,7 (1)

where \; € K* and

T(z) = Nz for all .

Since S; = C1, 7(Z;) = \iZ; for all i, so we may rechoose the X}, in By so that the
degree-two relations of B have the form given by Definition 5.3(a) (the M} will also
change) and so that {X3,..., X} is dual to the basis {Z1,..., Z,} for C. With this
choice, we have

XiT = )\’LXZ for all ’i,

and the twist of X; is x;. For all 7, j, we have

)\.
TiZ; + Wi T = TiZj + /\—Jl.’ﬂj.TZ

<

= Lo x; + 2 2;) € KX (2725 + ;7).

2

A
A



For all 7, 7, let

nij = ; T + x5 x5
By Definition 2.2.1, n;; € R for all 4, j, so
Kln;; : 1 <4,5 <n]CR.
Since A is quadratic, each yj, is a function of the n;;, and so
R=K[n;;:1<4i,j <nj.
Moreover, each n;; is a normal element of A since, for all ¢, j, k, we have:

rEni; = xp(r7 T + 7 ;)
= Xp(X7 X+ XTXT)
= NN XR (X XS + X5 X0)
= NN (XX 4 X X)X
= /\k_z/\i)\j(xij + x;7x;)xy,
= ki kT T ey

where the fourth equality follows from Lemma 5.5. It follows that
NijMhkr = MikMjkfbirfbirerni  for all 4,7,k r.
Hence, by (T), we have
NijNpr = NikQUjr2nkrnij for all 4,7, k.7 (ft).
Therefore R is a skew polynomial ring. For all 7, 7, k, r, let
Vijkr = ,uik:QerQ-

It follows that

VijkrVkrab = Vijap for all 1,7, k,7,a,0,



56
so R is a twist of the polynomial ring R”. For all 4, j, let N;; € B denote the element

that twists to n;; € A. So
Ny = X7 X7+ XX = 1(XiX; + X; X))
and, by (1), we have
NiiNiw™ = vijie NNy 7 for all i, j, k. .
In particular, R” is the subalgebra of B generated by the Y}, so R” = R’. Defining

7 € Aut(R)

by
T/(Nij) = /\i2>\j2Nij for all i,j,
we find that R is the twist of R’ by 7'. |
5.8 Example
Let
B— K<X17X27X3>
<f17f27 f3>

where

fi=X1Xo+ Xo X, — X32,

fo=X1X3+ X3X; — Xp?,

fz = Xo X3+ X3Xo — X2
and let

T=10 po O € Aut(B).

0 0 s
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Twisting B by 7 yields the algebra

K(Il, T, ‘/173>

A=
<gla g2, g3>

where
_ 2
g1 = T1T2 + [12T2T1 — U32X3",
_ 2
g2 = T1T3 + [13T3T1 — H23T2”,
_ 2
g3 = ToX3 + [23T3T2 — 41321 .

By Definition 5.3, B is a graded Clifford algebra, and by §3.2, A is a graded skew

Clifford algebra. The subalgebra R of A generated by the y; is the algebra

K<y17 Y2, y3>
<y1y2 — K12Y2Y1,  Y2Y3 — MU23Y3Y2, Y1Y3 — u13y3y1>’

which is a skew polynomial ring and a twist of the polynomial ring K[Y7, Y5, Y3] C B.
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