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ABSTRACT

STRESS ANALYSIS FOR A THREE PHASE PLATE WITH
A CONCENTRIC CIRCULAR INCLUSION BY DERIVING

AN AIRY STRESS FUNCTION

Abhishek Kunchala, MS

The University of Texas at Arlington, 2011

Supervising Professor: Dr. Seiichi Nomura

This thesis derives the Airy stress function for a three phase plate that consists of
two concentric circular inclusions and a matrix phase. It incorporates the elastic property of
each phase as well as the geometry of the inclusions. An Airy stress function has been derived
that satisfies the continuity conditions of the displacement and traction across the phase
interface precisely. The obtained results are new and could not have been possible without a

computer algebra system (Mathematica).
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CHAPTER 1
INTRODUCTION

1.1 Overview of elasticity

Elasticity is a subject appertained with the determination of stresses and displacements in a
body as a result of applied mechanical or thermal loads. Elastic behavior is governed by
Hooke's law. It is characterized by the conditions that stress is a unique function of strain and
the material has the property for complete recovery to natural shape upon the removal of
applied loads. These conditions ascertain the use of linear superposition and a wide range of
transformation techniques to solve the problems associated with elasticity. Elasticity attempts to
develop the solution directly and meticulously from the principles of Newton’s laws of motion
and Hooke’s law. Continuum mechanics and partial differential field equations are used in this

theory to solve the mathematical problems associated with elasticity.

In general, direct solutions to the equations of equilibrium of an elastic body pose
difficulties. The theory of Complex variable methods is imparted in solving the boundary value
problems associated with elasticity. Plane elasticity problems reduce to the solution of Navier's
displacement equations of equilibrium when subjected to certain boundary conditions. This
formulation then allows many powerful mathematical techniques available from the complex
variable theory to be applied to the elasticity problem. By the implementation of complex
variable notations, elastic displacement is derived as functions of complex variable potentials.

These potentials must be made to satisfy the boundary conditions on the surface of the body.



Analytical closed form solutions for three-dimensional problems are reduced to two-
dimensional axisymmetry problems. This is done to lessen the complexity involved in solving
the elasticity field equations. There are numerous solutions to plane stress and plane strain
problems. These solutions can be established by the implementation of a distinct stress function
techniques.

The method of Airy stress function reduces the general formulation to a single
governing equation in terms of a single unknown [3]. Several techniques such as fourier
methods, integral transforms, finite differences, finite elements etc., can be used to obtain many
analytical solutions to the problems emerging from the resulting governing equations. The basic
idea of developing a stress field is to form a single governing equation that satisfies the

equilibrium and compatibility equations.

This research stands out from the rest as the single governing Airy stress function has
been derived from certain combinations of complex variable potentials. Until now, theories have
been proposed on infinite plates with circular holes, inclusions and discs separately using the
Airy stress function. However the Airy stress function for a three phase plate could not be
worked on extensively due to lack of algebraic software to solve the simultaneous equations
and verify the compatibility and equilibrium equations. This thesis used algebraic software
(Mathematica) and successfully derived the Airy stress function for a three phase plate with
concentric circular inclusions and a matrix enclosing it. The previous studies of plates with

circular holes and inclusions are a special case of this topic.

1.2 Use of symbolic software

Software packages such as MATLAB, MAPLE, MATHEMATICA are now available because of

the immense development in hardware and software of computers. Older packages such as

2



Macsyma which was one of the very first general-purpose symbolic computations systems were
written in LISP [6]. However, new ones such as Mathematica are written in C language and

its variations and is one of the most widely available symbolic systems.

One can evaluate mathematical expressions analytically without any approximation
using symbolic algebra systems. The major features of symbolic algebra systems include
differentiations, integrations, expansions and solving equations. Most of the symbolic algebra
systems have been used by mathematicians and theoretical physicists [9]. One of the most
powerful feature of this system is its ability to deal with both symbolic formulae and numbers. It
is this feature which makes it possible to do both algebra and calculus. It has been
demonstrated that in certain circumstances the widely held view that one can always
dramatically improve on the CPU time required for lengthy computations by using
compiled C or Fortran code instead of advanced quantitative programming environments
such as Mathematica, MATLAB etc... is wrong. A well written C program can be expected to
outperform Mathematica, R, S-Plus or MATLAB [8] but, if the C program is not efficiently
programmed using the best possible algorithm then in fact it may take longer than using

a symbolic software byte-code compiler.

The advantage of using Mathematica lies in its built in functions. The code editor
provides many features to speed and improve applications development. It gives the largest
collection of algorithms, covering areas such as numerical computation, symbolic computation,
graphics, statistics, and data analysis. Mathematica can derive closed-form solutions for beams
with circular, elliptical, equilateral-triangular, and rectangular cross sections [6]. Symbolic
software also addresses the finite element method and is useful in finding shape
functions, creating different types of meshes and can solve problems different materials.
They are also useful in the kinematic modeling of fully constrained systems [6].
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CHAPTER 2
THEORY OF AIRY STRESS FUNCTION

2.1 Airy Stress Function

Various techniques employ the Airy stress function to reduce the governing equations with
solvable unknowns for the plane stress and plane strain problems. The equilibrium equations

are obtained by considering a small rectangular block of edges a, b and unity.

X
(0,),
(s
y ~
(t,); h 4 ‘
3 (xy) 1
(0), . l (©),
2 (t,),

(Txy)z

(0,),

Figure 2.1 Equilibrium of a rectangular block [1]

The forces on the faces are determined by multiplying the stress components with the
corresponding areas they act upon. In plane elasticity, boundary value problems can be
considered by neglecting the body forces.

(ox)1a — (0x)3a + (txy)2b — (txy)3b =0 (2.1.1)



Dividing the above equation by the area ab,

(ox)1 — (0x)3 n (txy)2 - (txy)3 —0 2.1.2)
b a
When the rectangular block is considered to be very small, then a—> 0 and b->0.
y (ox)1 — (0x)3 _ dox
o b ax
Similarly, (2.1.3)
] (xy)2 - (txy)3. Otxy
lim [ | =
a—0 a ay
Hence the equations of equilibrium in x and y direction take the following form.
00y, a‘rxy _
- + 5y = 0 (2.1.4)
99y o 9y _
3y + o 0 (2.1.5)

(O

Figure 2.2 Sample Domain



A smooth contour can be represented by the functions which have continuous derivative
throughout the domain. The equilibrium equations will be satisfied by choosing the

representation [3].

2%¢
O, = a—yz
62
o, =22 (2.1.6)
__ 9%
Ty =7 0xdy

Where ¢ = ¢ (x,y) is the Airy stress function.
This method provides a variety of solutions to the equations of equilibrium but the perfect

solution would be the one which satisfies the compatibility equation given below [1].

2 2
(= + ;7) (oy+ 0,)= 0 (2.1.7)

V¥ (oy+ 0y) = 0 (2.1.8)
Where Vis the Laplace operator.
Substituting the airy stress function relations in the compatibility equation, we get [1].

*¢p 20%¢ % a,
it st g = V¢ =0 (2.1.9)

The above expression is called a biharmonic equation and every solution to this equation is
termed as a biharmonic function. The problem of elasticity is now reduced to a plane elasticity
problem with a single equation in terms of the Airy stress function,¢. The solution is determined
in the region R enclosed by the boundary S as shown in Figure 2.1. Appropriate boundary
conditions are applied over the boundary S and the resulting solutions satisfy the compatibility

equation.



2.2 Equations in polar coordinates

Polar coordinate system is often chosen to represent curved surfaces. Many plane problems in
elasticity are solved by developing the equations in polar coordinate system. The solution to the
governing equations in plane stress and plane strain problems involves the determination of the
displacements and stress in the plane corresponding to the region R subjected to the boundary
conditions S.

The transformation of the stress components from Cartesian to polar coordinate system is as

follows:

o, = 0,050 + 0,5in*0 + 21y, sinf cosH
0p = 0ySin*0 + 0,c05%0 + 21, sinb cosd (2.2.1)

Tr9 = (0y — 0y) Sin@ cosf + T,y (cos*0 — sin®6)

The two dimensional problems can be solved by the Airy stress function representation in the

relations (2.1.6) with the transformation of stress components into polar coordinates as shown

below:
= 100 10°
" ror ' r2062
=22 (2.2.2)
10 1020

= 1250 T T oroe

The biharmonic equation in terms of polar coordinates can be written as
V?(oy+ 0y) =0 (2.2.3)

The above equation takes the following form in polar coordinate system



Vi = (<’2_¢+ 106 iaqu) ("’2_¢’+ 199 i"’z‘f’) =0 (2.2.4)

ar? r or r2 002 or? r or r2 062

From various solutions of this biharmonic equation formulated in terms of Airy stress function
solutions can be obtained for plane elastic problems subjected to discrete boundary conditions

in polar coordinates.

2.3 Complex Variable Theory

The general notation for a complex variable z with real variables x and y is

z=x+1y (23.1)
where x is the real part and y is the imaginary part of the complex number.
The polar form expression for a complex number is

Figure

z = 1(Cos@ + iSinh) = re? (2.3.2)

wherer is the modulus of z given by

r= [T, (2.3.3)

0 is the argument of z given as

(2.3.4)
Z=x-iy =re’?

Where Z is the conjugate of the complex number z.



The following relations are developed by an ordinary coordinate transformation
g 1/0 iy 0
0z E(ﬂ l@)

g _ 1(0 , 0
z0z 5(5_15) (235)

2.3.1 Complex variables in elasticity

The method of Complex variables is applied to resolve many problems associated
with elasticity. These not only include torsion and plane problems but also cases anisotropic
and thermo elastic materials. The plane problems are attributed with cases of plane stress and
plane strain for which the formulation of equations remain the same. The implementation of
complex variables in plane problems of elasticity reduces to the solution of Navier's
displacement equations of equilibrium when subjected to certain boundary conditions.

The expression for stresses in terms of displacements is given by the following equations

_A<au+av>+2 ou
%=\ ox dy Hox

ou av v

oy =2(2+ 5) + 2 (2.3.6)
Jou dv

Tay = “(@+ a)

Where A is the Lame’s constant and u is the shear modulus of elasticity.
Implementing the complex variable theory in the Airy stress function transforms
the plane problem into a complex variable equation in polar coordinates. Taking advantage of

putting down the complex terms z and Z in terms of variables x and y, we can write the Airy



stress function as @ = @(z,z). Applying the differential operators defined in the equations

(2.3.5) results in the following equation [3].

2*()
2 —
MO =450z
(2.3.7)
2*()
40N _
MO = 16552
Hence the biharmonic equations in elasticity can be expressed as
a*(@) _
5705 = 0 (2.3.8)
Integrating the above equation yields
I P —
0(z2) = 5(zv@D + Zv(@D) + x(D) + x(2)
(2.3.9)

= Re(zy(2) + x(2))
Where y and y are arbitrary functions of the indicated variables and ¢ must be real. This shows

the formulation of Airy stress function in terms of two complex potentials.

Considering the Navier equation [3],

pVu+ A + v (v.u) =0 (2.3.10)
Where V? is the Laplacian operator.
Introducing the complex variable for the displacement U = u + i vin the Navier equation given

above, we get

d (90U , dU 92U
A+ WS+ D) +2u(oa) =0 (2.3.11)
Integrating the above expression yields a complex solution for displacement

2uU = xy(2) — zy'(2) — V(2) (2.3.12)

10



Where y(z) and y¥(z) = x'(z) are functions of an arbitrary complex variable and the parameter
k depends on the Poisson’s ratio v.

A+3 .
E—3_4y , Plane strain
A+u

51+6 3—-v
L , Plane stress
34421 1+4v

(2.3.13)

Using the relations for stresses implementing the Airy stress function in equations (2.1.6),
(2.1.7) and the integrated result of the biharmonic function in equation (2.3.12)
ox+ 0y = 2(y’(z) + W)
(2.3.14)

Oy — Oy + 2ity, = 2(2y”(z) + ljJ’(Z))

Simplifying the above equations using standard transformations, the relation for stresses,
displacements in polar coordinates and Cartesian coordinates can be written as
O + 0g = Oy t+ Oy
0p — o + 2it"% = (0, — oy + 2iT,y)e? (2.3.15)
—i0

U+ iug=W+iv)e

2.4 Complex Potentials

The formulation of Airy stress function involves the determination of the complex
potentials y(z) and y(z). They are analytic functions which can be determined by applying
certain stress and displacement conditions. The representation of the function depends on the
domain of the problem under study. The different domains include finite simply connected, finite

multiply connected and infinite multiply connected domains.

11



2.4.1 Finite Simply Connected Domain

Figure 2.3 Finite Simply Connected Domain

Consider a finite simply connected domain R bounded by a contour C as shown in the figure
above. For this case, the single valued analytic functions have the power series representation

as

@) = ) s
n=0

(2.4.1)

Y(2) = i by, z"
n=0

Where a,and b,are the constants which can be determined by applying the boundary

conditions.

12



2.4.2 Finite Multiply Connected Domain

Figure 2.4 Finite Multiply Connected Domain

If R is a finite multiply connected domain bounded by the exterior contour C,.; and by the m
interior contours C, (k=1, 2, 3, ..., m) as shown in the figure below, if the displacements and

stresses arte single valued functions throughout R, then y and i have the following structures:

v = ;zm loez — 20+ V'@
(2.4.2)
R *
&) _;Zn(1+ 108 (2= 2) + ()

whereFy is the resultant vector of external forces applied to thecontourCy,z,is an arbitrary point
within the contour Cyin the simple connected region R. The functions y*(z) and y*(z)are

arbitrary analytic functions in R, and k is the material constant.

13



2.4.3 Infinite Domain

Figure 2.5 Infinite Domain

For an infinite region R, bounded by several simple closed contours Cy(k =1, 2, 3, ... ,m) and if
the stress components are bounded in the neighborhood of the point at infinity, then for
sufficiently large |z|,

oy — 0y

N —F y .
y(z) = ;mlog(z —z) + 7 z+ vy (2)

(2.4.3)

[ee) [oe] Lo o)
ay° — 0y + 20Ty,
4

3 = kF, -
Y(z) = ;mlog(z —z) + z + Y (2)

Whereo,’, 0y°, 1y, are the stresses at infinity, y*(z) and 1**(z) are arbitrary analytic functions

outside the region enclosing all contours. They are represented using the power series notation

as follows:

14



a
vr@ =) —
n=0
(2.4.4)
*ok _ C bn
Y(2) = P
n=0

The displacements at infinity would indicate unbounded behavior as even abounded strain over

an infinite length will produce infinite displacements. Therefore the case of the above region is

obtained by dropping the summation terms.

15



CHAPTER 3
APPLICATIONS OF AIRY STRESS FUNCTION

3.1 Finite plate with a hole subjected to tensile loading

Applying the concept of finite multiply connected domain as discussed in the previous chapter to

a plate with finite boundaries subjected to a tensile loading as shown below.

X

2

Figure 3.1 Finite Plate With A Hole Subjected To Tensile Loading

Assuming a rectangular plate of length 21 and width 2b with a hole of radius ‘a’ at the
center of the plate subjected to uniform tension S acting along the X-axis. Applying the complex
potentials as given in the equations ... for a finite multiply connected domain and integrating the

second complex potential since ¥ (z) = x'(z), we get

x@ = f(mo%log(z—zk) * w*(z>>dz. (31D

16



Where k = 1 since it has only 1 internal boundary and the center of the circle is taken as the
origin (0,0) which makes z, = 0. The arbitrary analytic functions y*(z) and *(z) can be defined

as

r@ = a",
n=0

(3.1.2)

Y@ = ) byt
n=0
Substituting the above equations in the complex potential functions and solving for the Airy

stress function defined in equation (2.3.9) we get

0(2,2) = RelZEr=0an 2" + [ Enzo bn2"] (3.1.3)
Applying the boundary conditions for the plate
o (+1,y) =S,
ay(x,+b) =0, (3.1.4)
Toy(£1,y) = Tuy(x,2b ) =0

o.(+a,+a) - to(+a,+a) =0
Solving the Airy stress function we get

S(x2-y?)(-6a?+ x2+y?)+12box(a?-y?)+12a9x(a?- y?)
12(a?-y?)

O(x,y) = (3.1.5)

17



3.2 Infinite plate with a hole subjected to tensile loading

Consider an infinite plate with a central hole subjected to uniform tensile loading ¢,° = S in the x

direction.

Figure 3.2 Infinite Plate With A Hole Subjected To Tensile Loading

The Airy stress function for an infinite plate with a circular hole can be derived by
applying the complex potential equations given in (2.4.3). The logarithmic part of the equation is
neglected as it corresponds to discontinuities in the displacement which does not exist in this
case as it is an elastic material. Substituting z = re'®, applying the boundary conditions
oy =S§,0y° =15, = 0and solving for the unknown constants in the complex potential functions

assumed for an infinite domain, we get

—2a?(a®?-3r?%)S cos260-3a?sr?logr?+6r* S sin?6
12r2

@(r,0) =

(3.2.1)

18



3.3 Two Dimensional Circular Inclusion

In the previous sections, we have seen the derivation for an Airy stress function for
finite and infinite plates with a circular hole. This section deals with an infinite plate having a

circular inclusion. Research has been done on this topic and the Airy stress function has been

derived for this geometry by my peer.

Figure 3.3 Two Dimensional Circular Inclusion

We can consider the above figure to be an infinite plate with a circular disc embedded
in it instead of a hole. The infinite plate with a hole can be grouped with the finite simply
connected domain by maintaining the equilibrium and continuity of stresses and displacements

at the boundary of the two phases.

19



3.3.1 Stress Field Inside The Two Dimensional Circular Inclusion

Considering the circular inclusion embedded within the infinite plate to be similar to a finite

simply connected domain. Hence the complex potentials are assumed to be

2
@ = ) st
n=0

(3.3.1)

2
Y(2) = Z d,z"
n=0
Similar boundary conditions are applied to the disc and the infinite plate matrix surrounding it.

Considering the first three terms of the power series, we have

y(2) = ¢y + ¢z + 22,

l/J(Z) = dO + d12 + dZZZ, (3.3.2)

72 z3
X(Z) = d0Z+ d17+d2?.

Expressing the Airy stress function in the polar coordinate system using z = r e, we get
¢(r,0) = cor cos0 + ¢;r?cos?0 + c¢;r?sin?0 + c,r3 cos O cos 20 +

c,r3sin0sin20 + dyrcosBcos 20 + d,rsin0sin20 + (3.3.3)

1 1
Edlr2 cos 8 cos 36 + Edlrz sin 6 sin 36

1 1
Ed2r3 cos 6 cos 40 + Ed2r3 sin @ sin 40

20



Applying the Cartesian to polar coordinate transformation as in equation (2.2.1)
o' = 2c; + 2c, 7 cos@ — d; cos 20 — 2d, r cos 38,
olh = 2c; + 6c, 7 cos® — dy cos 20 — 2d, r cos 36, (3.3.4)

T = 2c, 7 sinf — d, sin20 — 2d, r sin36.

Determining the displacements using the equation (2.3.12)

) 1
M= — (KkcycosO — c;7+ ke —2¢,r?cos6 + Kk cr? cosf —

T 21
dycos® — d; r cos26 — d,r? cos 20) (3.3.5)
ult = 2 (—Kkcosin@ + 2c,r?sinf + kcy,r?sinf +

dysinf — d; r sin26 — d,r?sin 36 .

The stresses and displacements are now evaluated for the boundary of the circular inclusion

with the material constants u and k by substituting r = a in the equations (3.3.4) and (3.3.5).

3.3.2 Stress Field For Infinite Plate Surrounding The Disc
The stresses and displacements for the infinite matrix surrounding the circular inclusion with
material constant x; and shear modulus y; at radius r = a can be derived from the equations

(3.3.4) and (3.3.5).

out 1 4 4 2

o = o3 (a*S+ a*S cos20 + 2a”b, + 4ab,cosO
+ 6b5 cos 20 — 8a’a, cos 20 — 20aa, cos 36),

gyt = % (a*S — a*S cos26 — 2a?b, — 4ab, cos @ (3.3.6)

— 6b; cos 20 + 4aa, cos 36),

1
Tout = Sat (— a*S sin20 + 4ab, sin@ + 6b; sin 20

21



— 4a”a, sin 260 — 12aa, sin 30),

out —
r =

4 4 4 2
8L (—a*S+ a*Sk, — 2a*S cos 26 — 4a“b,;

— 4ab, cos - 4b; cos 20 + 4a’a, cos 20

+ 4a’k,a, cos 20 + 8aa, cos 30 + 4ak,a, cos 36), (3.3.7)

1
4adpy

out _
0 =

(— a*S sin20 — 2ab, sin® — 2b;sin 260 + 2a?a, sin 26

— 2a’k,a, sin 20 + 4a, sin 30 — 2ax a, sin 30).

If the traction force and displacements are satisfied at the boundary of the circular disc and
infinite plate interface, then the continuity equation can be satisfied.

Equating (3.3.4) to (3.3.6) and (3.3.5) to (3.3.7) and solving for the constants a,, a,, a,, by, by, b,
by equating the coefficients of cos6,cos26,cos30,sinf,sin26,sin36 and making the

constants zero.

a?(Su—Sw)
= ——, a,=0 a;=0
20+ pq)
b — a(—aSu+ aSkqpu+ aSpu,—aSkpiy) b, =0 b = _a*(Su-Spy) (3.3.8)
1 2(2u— pq+ Kiq) » P2 ’ 3 20k p+ pg) A
do 1 (S + Sky) 0
o= —, ¢ = , C, =
Tk YT aQu - + Kpy) 2
1 (S +Sky)
dy = ke, dy= 2T
0 0 ! 200 + 1) 2

Substituting the solutions into the equations (3.3.4), (3.3.5) and (3.3.6), (3.3.7) to obtain the final
stress and displacement equations for the circular inclusion and the infinite plate surrounding it
respectively. The validity of these equations can be verified by substituting them in the

equations of equilibrium given by equation (2.2.2).

22



Hence the Airy stress function chosen for this geometry is valid and it can be utilized to

determine the stresses and displacements for a two dimensional plate with a circular inclusion.

3.4 Three Phase Plate With A Concentric Circular Inclusion

Considering a three phase plate with a concentric circular inclusion embedded in an infinite
plate. This can be assumed as an extension to the previously discussed circular inclusion

problem by embedding another circular disc within the previous circular inclusion.

Figure 3.4 Three Phase Plate With A Concentric Circular Inclusion

The Inner circular inclusion can be considered as a finite simple connected domain, the outer
circular disc as a finite multiply connected domain and the infinite matrix surrounding them to be
an infinite domain.

3.4.1 Formulation Of Equations For Stresses And Displacements

The stresses for an Airy stress function ¢ can be derived using the equations below.
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o+ = 2(y'(2) + Y (@)

(3.4.1)
0, — 09 + 2iT,9 = Z(Zy”(z) + 1]1’(2))
The displacement equations can be given as follows
200 = xy(@) - zv'(®) - ¥(@)
(3.4.2)
U+ iug = u+iv)e
WhereU = u + iv.
3.4.2 Stress Field Inside The Inner Circular Inclusion
The complex potentials for the inner most circular inclusion can be given as
Yin = (a; + ib))z + (ay + iby)z3,
(3.4.3)

Yin = (ag + ib3)z.

Substituting the complex potentials in the equations (3.4.1), (3.4.2) and solving for stresses and

displacements, we get

Oprin = 204 — a3 c0s 260 + by sin 26,
Opoin = 20, + 127%a, cos 260 + a3 cos 26 — 121r2b, sin 20 — b, sin 20, (3.4.4)

Troin = 6720, sin 20 + ag sin 20 + 6r2b, cos 26 + b; cos 26.

1
Upin = ﬁr( (-1 +k)a; + r3ay( =3 + K;,) cos 20 — as cos 20 +
mn

37r3b, sin 260 — r3b,k;;, Sin 20 + b4 sin 26)

24



Ugin = ﬁr( r2a,(3 + Kip,) Sin 20 + agrsin 260 + rby (1 + k) + (3.4.5)

37r3b, cos 20 + r3b,k;, cos 20 + rbs cos 26)

3.4.3 Stress Field For Concentric Circular Inclusion
Consider the outer circular inclusion in the infinite plate for which the complex potentials can be

defined as

1
y = (a4 + lb4) ; + (as + ibs)Z + (a6 + ib6)Z3

(3.4.6)
1 1
Substituting the complex potentials in the equations (3.4.1) we have
4a, cos 260 3a;cos20 ag
Opy = _r—2+ 2as + r—4+ = aq cos 260 —
4b4:i2n 26 3b7:;n 26 + b9 sin 20
3a;cos20 a
Ogo = 2as + 1212%aq cos 20 _7r—4 - r—g + aqcos26 —
12r2bg sin 20 — 2223220 _ b sin 260 (3.4.7)
2a, sin 26 . 3a, sin 26 ) 2b, cos 26
Trg = I 67r°ag sin 26 +r—4+ Qg sin 20 +r—2+
6712bg cos 260 — 3’177:—2529 - 1:_2 + bgcos 20

The displacements at the boundary of the outer circular inclusion are obtained by the equations

(3.4.2).
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U, = m(a@‘z cos20 (1 + k) — r*ag(1 — k) —r%ag cos 20 (3 — k) — a, cos 20 — r?ag

—r%aq cos 20 + r2b, sin 20 (1 + k) + r°%bg sin 20 (3 — k) — b, sin 20 + r*by sin 20

(3.4.8)

1

Ug = 73 (a4r2 sin20 (1 —x) + r6a6 sin 20 (3 + k) — a, sin 26 + r*a, sin 20
U

—byr?2c0s20 (1 — k) +r*bs(1 + k) + 1°b cos 20 (3 + k) + b, cos 26 +

72bg + 1r*bg cos 20

3.4.4 Stress Field For The Infinite Matrix Surrounding Circular Inclusion

The complex potential functions for the infinite matrix have been chosen as given below

Yout = (?) z+ (a0 + iblo)i
(3.4.9)

) . 1 . 1
Your = (7)2 + (a1 + lbll); + (a;; + lblZ)Z_g

Substituting the above complex potentials in the equations and (3.4.1) we have the stress

components as

—r*00 +r*00 cos 20 + 8r? cos 20 a;o — 2r%a,; — 6 cos 20 ay,

2r4

Orrout = —

8r?sin 20 b,y — 6sin 26 by,
+
2r4
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a;; 3cos20a,, 3sin26bq,

oo 1
Oggout = - +500COS 20 — e s S— (3.4.10)
—r*00sin 260 + 4r? sin 20 a;, — 6sin 26 a,,
Troout = — o -
412 cos 20 by, — 2r2%b;; — 6.c0s 26 by,
2r4
The displacement functions are:
Urour = #(— 7400(1 — Kpy) — 2100 €05 20 + 4a,qr? cos 20 (1 + Kyy) — 47%a4, —
out
4a;, cos 20 + 41%b, sin 20 (1 + K,y) — 4b1, sin 20)
(3.4.11)

1

4r3u

Ugout = (r*cosin 26 + 2a10r2 sin 26 (1 — Kk,y,) — 2aq5 sin 26 — 2b10r2 cos 20 (1 —

out

Kout+2r2611+2cos26612

3.4.5 Continuity Equations
In the previous section, we have defined the stress and displacement field functions for the
complete geometry. For the Airy stress function to hold valid throughout the plate, it has to
satisfy the continuity equations at the interface of the circular inclusions boundary and the
infinite matrix surrounding it.

At r = a, we have the continuity equations for the concentric circular inclusions by

equating (3.4.4) to (3.4.7) and (3.4.5) to (3.4.8).

Orrin — Opr = 0

2a,; — a; cos 20 + by sin 260 + M“z%ze— 2a5 — 3%%29— % + agcos26 + (3.4.12)
4by sin 26 . 3b; sin 26 . bg sin26 = 0

a? a*
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Trgin — Trg = 0

2a4sin 260 3ay sin 26

6a’a, sin 20 + ag sin 20 + 6a*b, cos 20 + =~ 6a’aq sin 20 — pr (3.4.13)

2b, cos 26 3b,cos260  bg
—aqg sin 260 ——2—6a2b6c0529 +————+ 5 — bycos20 =0

a a a
Urin—Ur =0
2 a((—1+xp)a + a?a,( =3 + k) cos 20 — az cos 20 + 3a?b, sin 20 —
in

a’byK;y, sin 20 + by sin 20) — ﬁ (aza?cos20 (1 +k) — a*as(1 — k) (3.4.14)

—abag cos 20 (3 — k) — a, cos20 — a’ag — a*aq cos 260 + ab, sin 260 (1 + k) +

a®bg sin 26 (3 — k) — b, sin 20 + a*bgy sin20) = 0

Upin—Ug = 0

5 a(a’a,(3 + ki) sin 20 + a; sin 26 + by (1 + k) + 3a?b, cos 20 + a?b,k;y, cos 260
Hin

+by cos 20) — zi(a‘,a2 sin26 (1 — k) + abagsin260 (3 + k) — a,sin260 + a*agsin26 (3.4.15)

r3u

—b,a?cos 20 (1 — k) + a*bs(1 + k) + a®bg cos 20 (3 + k) + b, cos 260 + a’bg + a*bgcos26 =0

Similarly, we have the continuity equations for the outer inclusion and the infinite matrix

interface. Equating (3.4.7) and (3.4.10)

Opr — Oprout = 0

4a4 cos 26

2 + 2a5 +

3ay cos 260
4

4by sin 26 3b;sin 260
r2 r4

+ Z—g— aq cos 260 — + bysin26 + (3.4.16)

—r*00 +r*c0 cos 20 + 8r? cos 260 a,q — 2r%a,; — 6¢cos20 a;; 8r?sin20 by, — 65in 20 by,
2r4 - 2r4
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Tr — Troout = 0

2a, sin 26 3a; sin 26 2b, cos 26

2 — 6r2a4sin 26 +r—4+ aqsin 26 + 2 + 612bg cOs 20 —

3b; cos 260 b
—L———— =24 bgcos26 +
r r

—r*0osin260+4r? sin20a,,—6sin20a;,
2r4

+ (3.4.17)

412 cos 20 by — 2r%b;; — 6 c0s 20 b,
2r

Ur = Upoue =0
1
m(am2 cos 20 (1 + k) — b*as(1 — k) — b%ag cos 20 (3 — k) — a, cos 20 — b2ag
—b*agcos20 + b%b, sin20 (1 + k) + b®bgsin 26 (3 — k) — b, sin 20 + b*by sin 20) — (3.4.18)

1

813 uout

(—r*00(1 — Koye) — 2r*00 c0s 20 + 4a g% cos 20 (1 + Koy) — 47204, — 4ay, cos 260 +

412b, sin 20 (1 + Koyt ) — 4by, sin 26)

UB - erut =0

1
273 (a4r2 sin20 (1 —«x) + r6a6 sin20 (3 + k) — a, sin 26 + r4a9 sin 26
U
b,r* cos 20 (1 — k) + r*bs(1 + k) + r®hg cos 20 (3 + k) + b, cos 20 + 1’ by (3.4.19)

+7r*bg cos 20 — 31 (r*c0sin 20 + 2a,r* sin 20 (1 — k,,,) — 2ay3 sin 260 —

L

2b1o7% c0s 20 (1 — Koyt) + 27%byy + 2 cos 20 by,)

Equating the coefficients of cos 8, cos 26 ,sin 6, sin 20 and the constants in the above equations

to zero, we get
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2a, — 2as — == 0 (3.4.20)
by+ 2t =22 — by =0 (3.4.21)
—a3+ 22— 4 a5 =0 (3.4.22)
~Z 4 2a: + aB;jn =0 (3.4.23)
et D py+ T2 (3.4.24)
? % n % —ay + 4;‘;0 3’% =0 (3.4.25)
% -0 (3.4.26)
6a’a, + az + % — 6a’ag — % —ag=0 (3.4.27)
6a%b, + by — 2% — 6a?bs + =% — by = 0 (3.4.28)
% =0 (3.4.29)
— 2 24 6b2ag + 22+ ag + R — 2 = (3.4.30)
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2by
b2

3b
+6b%bg + 7 + by —

2b 3b
10 4 bz _
b2 b4

a?(=1+Kip)pas +pin(—a?(=1+Kk)as+ag) _ 0

2appin
3a3b2 a3Kinbz ab3 b4 Kb4, 3a3b6 + a3Kb6 + b7 abg _ 0
2Uin 2Uin 2Uin  2ap  2ap 2p 2p 2a3p  2u
3a3a alkia aa a Ka 3a3a a3ka a aa
2 indz 3 4 4 6 6 7 9
2pin 2pin 2Uin  2ap 2ap 2p 2p 2a3p  2u

4p? (—1+K)Houta5_4#0uta8+ﬂ(_bz(_1+K0ut)0'0+a11) =0
8bulout

boo as ka, 3b3ag n b3kag a; bag aio Koutd1o aiz
4lout  2bu  2bp 2u 2u 2b3pu 2u 2bpout 2buout 2b3poue
b4 Kb4, 3b3b6 b3Kb6 b7 bbg b10 Koutblo b12 _ 0
2bp  2bp 2u 2p 2b3p 24 2bpoyr 2buour  2b3pout

a?(1+Kin)uby — i (—a?(1+K)bs+bg) _

0
2aupin
3ab, = adki,b, |, abs by kbys 3a3bg a3kbg b, abg
2Uin 2Uin 2Uin  2ap 2ap 2u 2u 2a3u 24
3a3a, |, a’kjpa, | aas as ka, 3a’ag a’kag a; aaqg
2pin 2pin 2Uin  2ap - 2ap 2p 2p 2a3p  2p

31

=0

(3.4.31)

(3.4.32)

(3.4.33)

(3.4.34)

(3.4.35)

= 0 (3.4.36)

(3.4.37)

(3.4.38)

(3.4.39)

(3.4.40)



b2 (14+K) foutbs +Houtbs—Hb11 -0

(3.4.41)
2bppout
_ kbs . 3b3bg n b3kbg n b; bbg bio  Koutbio _ 13)12 —0 (3.4.42)
2bu  2bpu 2u 2u 2b°u 2u 2buout 2buoyt 2b° poyt
boo a Ka 3b3a b3ka a ba a Kout@ a
_ 4 kay 6 4 6 _ ; bag  aio out@10 312 =0 (3.4.43)
4oyt 2bp 2bu 2u 2u 2bspu 2u 2blout 2bpout 2b>poyt

Solving the above equations for the unknowns using mathematica and simplifying the solution

by applying material properties, we have

a, o

a, —

3—>

a, =

as —

ag —

a; -

ag —

a9_>_

5b%00

a? + 28b2

24a?%(a? — b*)b%00
a8 —120a%bh? + 150a*b* — 60a?b® — 675b8

5b%(14a® — 9a*b? + 75b%)00
—a8 + 120a%b? — 150a*b* + 60a2b® + 675b8

4a%b?(a® + 15b%)0o0

a8 — 120a%b? + 150a*b* — 60a?b® — 675b8

14b%co0

3a? + 84b2

20a?(a? — b*)b%c0

a8 — 120a%b? + 150a*b* — 60a%b® — 675b8

4a*b*(a* + 15b*)oo

a8 — 120a%b? + 150a*b* — 60a?b® — 675b8

2a*b?c0

3a? + 84b?

12(8a®h? — 5a*b* + 45b%)00

a8 — 120a%b? + 150a*b* — 60a2b® — 675b8
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9b%(a® + 8a®b? — 10a*bh* + 20a?b® + 45b%)00
o
@10 ™ 75 (@® — 120a5h? + 150a*b* — 60a?b — 675h%)

b?(a? — 28b%)oo
-
M1 7 TG a2 + 28b?)

b*(9a® + 72a®b? — 10a*bh* + 100a?bh® — 405b%)00
2(a® —120a®b? + 150a*b* — 60a?h® — 675b%)

A = —

b, = 0,b, - 0,b;>0,b, = 0,bs = 0,bg = 0

b, - 0,bg > 0,bg — 0,b;, = 0,b;; » 0,b;, & 0 (3.4.44)

Substituting the above solutions into equations (3.4.4) and (3.4.5), we get the final stress

equations for the inner circular inclusion as

_ (2b%00(5(a® — 120a®b? + 150a*h* — 60a’bh® — 675b°)
Trrin =42 1 28b2)(a® — 120a5b? + 150a*b* — 60a2b6 — 675b°)

4(14a® + 383a®b? — 252a*b* + 75a*b® + 2100b%) cos 20))
(a? + 28b?)(a® — 120ab? + 150a*b* — 60a?b® — 675h8)

_ —(2b?00(-5(a® — 120a°bh? + 150a*b* — 60a’h°® — 675b°)
900in = (42 1 28b2)(a® — 120a%h? + 150a*h* — 60aZb® — 675b°)

4(a* + 28b%)(14a® + 75a°b® + 36a%b*r? — 9a*(b? + 4r?))(cos 26))
(a? + 28b2)(a® — 120a%b? 4+ 150a*b* — 60a?b® — 675h8)

8b2(14a6+75a6b6+18a2b2r2—9a4(b2+2r2))ao sin 26

Trgin = — 3.4.45
réin a8-120a5h2+150a*b*—60a2b6—675bh8 ( )

Substituting the above solutions into equations (3.4.7) and (3.4.8), we get the final stress

equations for the outer circular inclusion as

_ —(2b%00(—(a® — 120a°b? + 150a*bh* — 60a’h® — 675b°)r?(a® + 14r?)
Irr = 3(aZ + 28b?)(a® — 120a®h? + 150a*b* — 60aZb® — 675b°)

6(a® + 28b%)(—60a?b®r? — 24a8r* — 135b%r* + a®(3b? — 41?) + 15a*b?(3b* + r*)) cos 20))
3(a? + 28b?)(a® — 120a°b? + 150a*b* — 60a?b® — 675b8)
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_ (2b*go(—(a® —120a°b? + 150a*b* — 60a’h® — 675b°)r%(a’® — 141r?)
%60 = T 3(a2 + 28b2)(a® — 120a°h? + 150a*h* — 60a?h — 675b%)r

18(a? + 28b%)(a®h? — 8a’r* — 45b°r* — 20a?b?r® + 5a*(3b® + b?r* + 41°))(cos 26))
3(a? + 28b?)(a® — 120a®b? + 150a*b* — 60a?b® — 675b8)r*

4b%(24a8r* + 13545b°r* + a®(3b? — 27r2) — 30a2b?r?(b* — 1*)
(a® —120a%b? + 150a*b* — 60a?b® — 675b8)r*

Trg = —

15a*(30°-b21r*-2r®)go sin 260
(a8-120a%b%2+150a*b*-60a2b6-675b8)r*

(3.4.46)

Substituting the above solutions into equations (3.3.10) and (3.3.11), we get the final stress
equations for the infinite matrix surrounding the concentric circular inclusions as

_ —(oo((a® = 120a°b? + 150a*b* — 60a’bh® — 675b°)r?(—28b*(b* — 3r?) + a®(b” + 3r?))
Orrout = 6(a? + 28b2)(a® — 120a5h? + 150a*h* — 60a2b® — 675b%)r*

3(a® + 28b%)(135b8(9b* — 12b?r? — 5r*) + 60a®b®(5b* — 12b*r? —r*)
6(a? + 28b2)(a® — 120a%b? + 150a*b* — 60a?b® — 675h8)r*

a®(27b* —36b%r? + r*) + 24a%(9b® — 12b*r? — 5b%r*) — 30a*(b® — 12b%r2 — 5b*r*)) cos 20))
6(a? + 28b?)(a® — 120a®b? 4+ 150a*b* — 60a?b® — 675b8)r*

_ (00(=(a® —120a°b? + 150a*b* — 60a’bh® — 675b°)r?(a’(b* — 3r?) — 28(b* + 3b?r?))
T600ut = 6(aZ + 28b?)(a® — 120a®h? + 150a*b* — 60aZb® — 675b%)r*

N 3(a? + 28b%)(135b%(9b* — 51*) + 60a?b®(5b* — %)
6(a? + 28b?)(a® — 120a°b? + 150a*b* — 60a?b® — 675bh8)r*

a®(27b* +r*) + 24a®(9b°® — 5b?r*) — 30a*(b® — 5b*r*)) cos 26))
6(a? + 28b?)(a® — 120a®b? + 150a*b* — 60a?b® — 675b8)r*

_ ((=60a®b°(5b* — 6b%r? +1*) + a®(—27b* + 18b*r? + r*) — 135b°(9b* — 6b°r? + 5r%)
froout = 2(a® — 120a5b2 + 150a*b* — 60a2b® — 675b)r*

24(16'(9b6'—6b‘1'7’2+5b27"1')+30a4 (b8-6b°1r2+5b*r*))g0 sin 26
2(a8-120a6b2+150a*b*-60a2b—-675b8)r*

(3.4.47)

The above equations can be verified by substituting them into the equilibrium equations.
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Example Problem:
Finding stresses for a thin infinite plate made of material M; with two concentric circular
inclusions with the inner circular inclusion M, of radius a = 2mm and the outer circular inclusion

M; of radius b = 4mm subjected to a far field tensile loading of 100 N/mm?.

Material properties M1, M,, Mz are given below.
For material M, Shear modulus 4 =1 and k = 1.
For material M,, Shear modulus 4 = 4 and k = 5.

For material M3, Shear modulus u = 10 and k = 10.

Substituting the above values in the stress and displacement components derived above, we
get

Oprin = 35.398 — 87.509 cos 26

Ogoin = 35.398 + (87.509 + 0.495r2) cos 20

Troin = (87.509 + 0.247r2) sin 20

~9.439

423.738  140.806
Gy = ——+ 33.038 + ( -
T

r4 r?

— 78.79) cos 20

9 423.738
Opg = +33.038 + (r—4 + 78.79 + 0.412r2) cos 20

r2

423.738 70.033
Trg = ( -

r4 r2

+ 78.79 + 0.206r2) sin 20

Orrout —

261.94 4 (24223.655 2088.968

> - 50) cos 20
r

r4 r2

261.94 24223.655
+(s0- =222

Ogoour = 50 + 3 I )cos 20

24223.655 1044.484
r4 B r?

Trgout = ( + 50) sin 26

Converting the above equations into Cartesian coordinate system and plotting the graphs for

various stress com ponents.
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Figure 3.6 Variation of shear stress along the plate
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Figure 3.8 Variation of stress along the plate
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CHAPTER 4

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

This research demonstrated the application of Airy stress function in solving elasticity problems.
It demonstrated the methodology in determining the stress fields and displacements at any point
on a two dimensional plate considering various domains subjected to different boundary
conditions. Earlier, research has been carried out on derivation of airy stress function for a two

dimensional plate with a circular inclusion subjected to far field tensile loading.

The thesis presented now derives an Airy stress function for a three phase plate with a
concentric circular inclusion subjected to a tensile loading at far field and is successful in finding
the stress fields and displacements at any point on the matrix. This work has been proposed
earlier [Christen & Lo] but could not be computed due to lack of symbolic software. Using
mathematica, the simultaneous system of equations with unknown variables has been solved
successfully. Likewise the equations of equilibrium and continuity equations have been satisfied
for the assumed airy stress function. This search stands out from the previous work done by
other students till date. The earlier research work would be a special case of this thesis topic by
equating the radii of the concentric circular inclusions.

From the graphical representation of the result, it can be seen that shear stress is zero
along the x and y axes. It can also be observed that the shear stresses within the inclusions are
constant respectively. The maximum tensile stress occurs at the interface of the concentric
inclusion and the infinite matrix intersecting the y-axis and decreases along the y-axis further
into the infinite matrix. The maximum compressive stress occurs at the boundary intersecting

with the x-axis and decreases as it nears the y-axis along the interfacing boundary.
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Recommended future work on this thesis topic would be
e Generalizing boundary conditions to include all the stress components at far field.
e Considering multi-layer circular inclusions with centers offset.
e Considering the shape of the inclusion to be elliptic.

e Concentric elliptical inclusions.
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