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ABSTRACT

ONLINE LEARNING ALGORITHMS FOR DIFFERENTIAL DYNAMIC GAMES AND OPTIMAL

CONTROL

KYRIAKOS G. VAMVOUDAKIS, PhD

The University of Texas at Arlington, 2011

Supervising Professor: FRANK L. LEWIS

Optimal control deals with the problem of finding a control law for a given system that a
certain optimality criterion is achieved. It can be derived using Pontryagin’s maximum principle
(a necessary condition), or by solving the Hamilton-Jacobi-Bellman equation (a sufficient
condition). Major drawback of optimal control is that it is offline. Adaptive control involves
modifying the control law used by a controller to cope with the facts that the system is unknown
or uncertain. Adaptive controllers are not optimal. Adaptive optimal controllers have been
proposed by adding optimality criteria to an adaptive controller, or adding adaptive
characteristics to an optimal controller.

In this work, online adaptive learning algorithms are developed for optimal control and
differential dynamic games by using measurements along the trajectory or input/output data.
These algorithms are based on actor/critic schemes and involve simultaneous tuning of the
actor/critic neural networks and provide online solutions to complex Hamilton-Jacobi equations,
along with convergence and Lyapunov stability proofs.

The research begins with the development of an online algorithm based on policy

iteration for learning the continuous-time (CT) optimal control solution with infinite horizon cost

v



for nonlinear systems with known dynamics. That is, the algorithm learns online in real-time the
solution to the optimal control design Hamilton-Jacobi (HJ) equation. This is called
‘synchronous’ policy iteration.

Then it became interesting to develop an online learning algorithm to solve the
continuous-time two-player zero-sum game with infinite horizon cost for nonlinear systems. The
algorithm learns online in real-time the solution to the game design Hamilton-Jacobi-lsaacs
equation. This algorithm is called online gaming algorithm ‘synchronous’ zero-sum game policy
iteration.

One of the major outcomes of this work is the online learning algorithm to solve the
continuous time multi player non-zero sum games with infinite horizon for linear and nonlinear
systems. The adaptive algorithm learns online the solution of coupled Riccati and coupled
Hamilton-Jacobi equations for linear and nonlinear systems respectively. The optimal-adaptive
algorithm is implemented as a separate actor/critic parametric network approximator structure
for every player, and involves simultaneous continuous-time adaptation of the actor/critic
networks.

The next result shows how to implement Approximate Dynamic Programming methods
using only measured input/output data from the systems. Policy and value iteration algorithms
have been developed that converge to an optimal controller that requires only output feedback.

The notion of graphical games is developed for dynamical systems, where the
dynamics and performance indices for each node depend only on local neighbor information. A
cooperative policy iteration algorithm, is given for graphical games, that converges to the best
response when the neighbors of each agent do not update their policies and to the cooperative
Nash equilibrium when all agents update their policies simultaneously.

Finally, a synchronous policy iteration algorithm based on integral reinforcement

learning is given. This algorithm does not need the drift dynamics.
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CHAPTER 1
INTRODUCTION
The introductory chapter discusses background, motivation and contribution. The list of
publications which resulted from this research is given in Section 1.6.

1.1 Adaptive Optimal Control

Optimal control has emerged as one of the fundamental design philosophies of modern
control systems design. Optimal control policies satisfy the specified system performance while
minimizing a structured cost index which describes the balance between desired performance
and available control resources.

From a mathematical point of view the solution of the optimal control problem is based
on the solution of the underlying Hamilton-Jacobi-Bellman (HJB) equation. Until recently, due to
the intractability of this nonlinear differential equation for continuous-time (CT) systems, which
form the object of interest in this work, only particular solutions were available (e.g. for the linear
time-invariant case, the HJB becomes the Riccati equation). For this reason considerable effort
has been devoted to developing algorithms which approximately solve this equation [4], [13],
[63]. Far more results are available for the solution of the discrete-time HJB equation. Good
overviews are given in [15], [81], [98], [99], [100].

Reinforcement learning (RL) is a class of methods used in machine learning to
methodically modify the actions of an agent based on observed responses from its environment
[22],[23], [35], [86]. The RL methods have been developed starting from learning mechanisms
observed in mammals. Every decision-making organism interacts with its environment and uses
those interactions to improve its own actions in order to maximize the positive effect of its
limited available resources; this in turn leads to better survival chances. RL is a means of

learning optimal behaviors by observing the response from the environment to non-optimal



control policies. In engineering terms, RL refers to the learning approach of an actor or agent
which modifies its actions, or control policies, based on stimuli received in response to its
interaction with its environment. This learning can be extended along two dimensions: i) nature
of interaction (competitive or collaborative) and ii) the number of decision makers (single or
multi agent).

In view of the advantages offered by the RL methods, a recent objective of control
systems researchers is to introduce and develop RL techniques which result in optimal
feedback controllers for dynamical systems that can be described in terms of ordinary
differential or difference equations.

Some of the methods involve a computational intelligence technique known as Policy
Iteration (PI) [35], [86]. PI refers to a class of algorithms built as a two-step iteration: policy
evaluation and policy improvement. Instead of trying a direct approach to solving the HJB
equation, the PI algorithm starts by evaluating the cost of a given initial admissible (in a sense
to be defined herein) control policy. This is often accomplished by solving a nonlinear Lyapunov
equation. This new cost is then used to obtain a new improved (i.e. which will have a lower
associated cost) control policy. This is often accomplished by minimizing a Hamiltonian function
with respect to the new cost. (This is the so-called ‘greedy policy’ with respect to the new cost).
These two steps of policy evaluation and policy improvement are repeated until the policy
improvement step no longer changes the actual policy, thus convergence to the optimal
controller is achieved. One must note that the infinite horizon cost can be evaluated only in the
case of admissible control policies, which requires that the policy be stabilizing. Admissibility is
in fact a condition for the control policy which is used to initialize the algorithm.

Werbos defined actor-critic online learning algorithms to solve the optimal control
problem based on so-called Value lteration (VI), which does not require an initial stabilizing
control policy [98], [99], [100]. He defined a family of VI algorithms which he termed Adaptive

Dynamic Programming (ADP) algorithms. He used a critic neural network (NN) for value



function approximation (VFA) and an actor NN for approximation of the control policy. Adaptive
critics have been described in [69] for discrete-time systems and [8], [30], [91], [92] for
continuous-time systems.

Generalized Policy Iteration has been discussed in [86]. This is a family of optimal
learning techniques which has PI at one extreme. In generalized PI, at each step one does not
completely evaluate the cost of a given control, but only updates the current cost estimate
towards that value. Likewise, one does not fully update the control policy to the greedy policy
for the new cost estimate, but only updates the policy towards the greedy policy. Value lteration
in fact belongs to the family of generalized PI techniques.

In the linear CT system case, when quadratic indices are considered for the optimal
stabilization problem, the HJB equation becomes the well known Riccati equation and the policy
iteration method is in fact Newton’s method proposed by Kleinman [44], which requires iterative
solutions of Lyapunov equations. In the case of nonlinear systems, successful application of the
Pl method was limited until [13], where Galerkin spectral approximation methods were used to
solve the nonlinear Lyapunov equations describing the policy evaluation step in the PI
algorithm. Such methods are known to be computationally intensive. These are all off-line
methods for PI.

The key to solving practically the CT nonlinear Lyapunov equations was in the use of
neural networks (NN) [4] which can be trained to become approximate solutions of these
equations. In fact the Pl algorithm for CT systems can be built on Werbos’ actor/critic structure
which involves two neural networks: the critic NN, is trained to approximate the solution of the
nonlinear Lyapunov equation at the policy evaluation step, while the actor neural network is
trained to approximate an improving policy at the policy improving step. The method of [4] is
also an offline method.

In [91], [92], [93] was developed an online Pl algorithm for continuous-time systems

which converges to the optimal control solution without making explicit use of any knowledge on



the internal dynamics of the system. The algorithm was based on sequential updates of the
critic (policy evaluation) and actor (policy improvement) neural networks. That is, while one NN
is tuned the other one remains constant. In this work we provide algorithms for simultaneous
tuning of the two neural networks.

Most of the Pl and Value lIteration (VI) algorithms require at least some knowledge of
the system dynamics and measurement of the entire internal state vector which describes the
dynamics of the system/environment (e.g. [7], [20], [68], [78], [86], [99]). The so called Q-
learning class of algorithms [17], [97] (called action dependent HDP by Werbos [99], [100]) does
not require exact or explicit description of the system dynamics, but they still use full state
measurement in the feedback control loop. From control systems engineering perspective this
latter requirement may be hard to fulfill as measurements of the entire state vector may not be
available and/or may be difficult and expensive to obtain. Although various control algorithms
(e.g. state-feedback) require full state knowledge, in practical implementations taking
measurements of the entire state vector is not feasible. The state vector is generally estimated
based on limited information about the system available by measuring the system’s outputs.
State estimation techniques have been proposed (e. g. [55], [58], [67]). These generally require
a known model of the system dynamics.

In real life, it is difficult to design and implement optimal estimators because the system
dynamics and the noise statistics are not exactly known. However information about the system
and noise is included in a long enough set of input/output data. It would be desirable to be able
to design an estimator by using input/output data without any system knowledge or noise
identification. Such techniques belong to the field of data-based control techniques, where the
control input depends on input/output data measured directly from the plant. These techniques
are: data-based predictive control [59], unfalsified control [73], Markov data-based LQG control
[82], disturbance-based control [89], simultaneous perturbation stochastic approximation [84],

pulse response-based control [14], iterative feedback tuning [32], and virtual reference feedback



tuning [48]. In [1] data based optimal control was achieved through identification of Markov
parameters.

In this work, novel output feedback ADP algorithms are derived for affine in the control
input linear time-invariant (LTI) deterministic systems. Such systems have as stochastic
equivalent the partially observable Markov decision processes (POMDPs). In this work, data-
based optimal control is implemented on-line using novel Pl and VI ADP algorithms that require
only reduced measured information available at the system outputs. These two classes of
output feedback algorithms do not require any knowledge of the system dynamics (A,B,C) and
as such are similar to Q-learning [17], [97], [99], [100] but they have an added advantage of
requiring only measurements of input/output data and not the full system state. In order to
ensure that the data set is sufficiently rich and linearly independent, there is a need to add (c.f.
[17]) probing noise to the control input. We discuss this issue showing that probing noise leads
to bias. Adding a discount factor in the cost minimizes it to an almost zero effect. This discount
factor is related to adding exponential data weighting in the Kalman Filter to remove the bias
effects of unmodeled dynamics [55].

1.2 Zero-Sum Games

Games provide an ideal environment in which to study computational intelligence,
offering a range of challenging and engaging problems. Game theory [88] captures the behavior
in which a player’s success in selecting strategies depends on the choices of other players. One
goal of game theory techniques is to find (saddle point) equilibria, in which each player has an
outcome that cannot be improved by unilaterally changing his strategy (e.g. Nash equilibrium).

The H_, control problem is a minimax optimization problem, and hence a zero-sum game where

the controller is a minimizing player and the disturbance a maximizing one. Since the work of

George Zames in the early 1980s, H, techniques have been used in control systems, for

sensitivity reduction and disturbance rejection. This work is concerned with 2-player zero-sum

games that are related to the H,, control problem, as formulated by [11], [11], [77].



Game theory and H-infinity solutions rely on solving the Hamilton-Jacobi-Isaacs (HJI)
equations, which in the zero-sum linear quadratic case reduce to the generalized game
algebraic Riccati equation (GARE). In the nonlinear case the HJI equations are difficult or
impossible to solve, and may not have global analytic solutions even in simple cases (e.g.
scalar system, bilinear in input and state). Solution methods are generally offline and generate
fixed control policies that are then implemented in online controllers in real time.

In this work we provide methods for online gaming, that is for solution of 2-player zero-
sum infinite horizon games online, through learning the saddle point strategies in real-time. The
dynamics may be nonlinear in continuous-time and are assumed known. A novel neural
network adaptive control technique is given that is based on reinforcement learning techniques,
whereby the control and disturbance policies are tuned online using data generated in real time
along the system trajectories. Also tuned is a ‘critic’ approximator structure whose function is to
identify the value or outcome of the current control and disturbance policies. Based on this
value estimate, the policies are continuously updated. This is a sort of indirect adaptive control
algorithm, yet, due to the direct form dependence of the policies on the learned value, it is
affected online as direct (‘optimal’) adaptive control.

1.3 Non-Zero-Sum Games

Game theory [88] has been very successful in modeling strategic behavior, where the
outcome for each player depends on the actions of himself and all the other players. Every
player chooses a control to minimize independently from the others his own performance
objective. None has knowledge of the others’ strategy. A lot of applications of optimization
theory require the solution of coupled Hamilton-Jacobi equations [11], [27]. In games with N
players, each player decides for the Nash equilibrium depending on Hamilton-Jacobi equations
coupled through their quadratic terms [27], [28]. Each dynamic game consists of three parts: i)
players; ii) actions available for each player; iii) costs for every player that depend on their

actions.



Multi player non-zero sum games rely on solving the coupled Hamilton-Jacobi (HJ)
equations, which in the linear quadratic case reduce to the coupled algebraic Riccati equations
[2], [27], [28]. Solution methods are generally offline and generate fixed control policies that are
then implemented in online controllers in real time. In the nonlinear case the coupled HJ
equations are difficult or impossible to solve, and may not have global analytic solutions even in
simple cases (e.g. scalar system, bilinear in input and state) [83] (discussion of viscosity
solutions).

For the most part, interest in the control systems community has been in the (non-
cooperative) zero-sum games, which provide the solution of the H-infinity robust control problem
[11], [60]. However, dynamic team games may have some cooperative objectives and some
selfish objectives among the players. This cooperative/non-cooperative balance is captured in
the NZS games, as detailed herein.

In this work we are interested in feedback policies with full state information, and
provide methods for online gaming, that is for solution of N-player infinite horizon NZS games
online, through learning the Nash-equilibrium in real-time. The dynamics are nonlinear in
continuous-time and are assumed known. A novel adaptive control technique is given that is
based on reinforcement learning techniques, whereby each player’s control policies are tuned
online using data generated in real time along the system trajectories. Also tuned by each
player are ‘critic’ approximator structures whose function is to identify the values of the current
control policies for each player. Based on these value estimates, the players’ policies are
continuously updated. This is a sort of indirect adaptive control algorithm, yet, due to the simple
form dependence of the control policies on the learned value, it is affected online as direct

(‘optimal’) adaptive control.



1.4 Motivation

Optimal control is generally an offline design technique that requires full knowledge of
the systems dynamics, e.g. in the linear systems case one must solve the Riccati equation. On
the other hand, adaptive control is a body of online design techniques that use measured data
along system trajectories to learn to compensate for unknown system dynamics, disturbances,
and modeling errors to provide guaranteed performance. Optimal adaptive controllers have
been designed using indirect techniques, whereby the unknown plant is first identified and then
a Riccati equation is solved [36], [87]. Inverse adaptive controllers have been provided that
optimize a performance index, meaningful but not of the designer’s choice [45], [57]. Direct
adaptive controllers that converge to optimal solutions for nonlinear systems given a Pl selected
by the designer have generally not been developed.

Therefore developing online learning algorithms for optimal control and games where
every controller minimizes a different performance index is of great interest in the control
systems society.

1.5 Contribution

The contributions of the thesis are the following:

1. An online adaptive optimal controller to solve the continuous-time infinite horizon optimal
control problem which uses reinforcement learning principles.

2. An online gaming algorithm to solve the zero-sum game problem.

3. An online adaptive control algorithm based on policy iteration to solve the continuous-time
multi player non zero sum game with infinite horizon for linear and nonlinear systems.

4. Reinforcement learning methods which require only output feedback and yet converge to an
optimal controller.

5. Policy iteration algorithm and online adaptive learning solution for graphical games

6. An online adaptive optimal controller to solve the continuous-time infinite horizon optimal

control problem based on integral reinforcement learning that does not need the drift dynamics.



The first result is concerned with developing an online algorithm where the actor/critic
networks are tuned simultaneously. This algorithm converges to the solution of Hamilton-
Jacobi-Bellman equation without solving it and is termed as ‘synchronous’ policy iteration. The
convergence to the optimal controller is proven, and the stability of the system is also
guaranteed.

The second result included in this thesis is an online gaming algorithm to solve the
zero-sum game with infinite horizon for linear and nonlinear systems. The two-player zero sum
problem provides the solution to the bounded L, gain problem and so is important for robust
control. However, its solution depends on solving a design Hamilton-Jacobi-Isaacs (HJI)
equation, which is generally intractable for nonlinear systems. This algorithm converges to the
Hamilton-Jacobi-Isaacs and the Game Algebraic Riccati equation for nonlinear and linear
systems respectively without solving them. The convergence to the optimal saddle point
solution is proven and stability of the system is also guaranteed.

The third result is a new online algorithm to solve non-zero sum dynamic games. This
algorithm converges to the solution of coupled Riccati and coupled Hamilton-Jacobi equations
for linear and nonlinear systems respectively. The optimal-adaptive algorithm is implemented as
a separate actor/critic parametric network approximator structure for every player, and involves
simultaneous continuous-time adaptation of the actor/critic networks. Furthermore this method
finds in real time approximations of the optimal value and the Nash equilibrium while also
guaranteeing closed-loop stability.

The fourth result in this thesis develops policy iteration and value iteration algorithms
that require only input/output data and not measurements of the states. This new output
feedback optimal learning methods have the important advantage that knowledge of the system

dynamics is not needed for their implementation.



The fifth result introduces graphical games where the dynamics and performance
indices for each node depend only on local neighbor information. A policy iteration algorithm
and an online learning algorithm are proposed and proofs of convergence are also provided.

The last result develops an online adaptive controller based on integral reinforcement
learning that tunes the actor and critic NN simultaneously and does not need any knowledge on
the drift dynamics.
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1.7 Outline

Chapter 2 presents an online algorithm based on policy iteration for learning the
continuous time optimal control with infinite horizon for nonlinear systems with known dynamics.
It is implemented as an actor/critic structure which involves simultaneous continuous-time
adaptation of both actor and critic neural networks. A persistence of excitation condition is
shown to guarantee convergence of the critic to the actual value function. Simulation results,
obtained considering a continuous time F16 aircraft plant with quadratic function and an affine in
control input nonlinear system with a quadratic cost.

Chapter 3 presents an online adaptive learning algorithm based on policy iteration to
solve the continuous-time two-player zero-sum game with infinite horizon cost for nonlinear
systems with known dynamics. The algorithm learns online an approximate local solution to the
game HJI equation. The algorithm is implemented as an actor/critic/disturbance structure which
involves simultaneous continuous-time adaptation of critic, actor and disturbance neural
networks. A persistence of excitation condition is shown to guarantee convergence of the critic
to the actual optimal value function. The convergence to the optimal saddle point solution is
proven, and stability of the system is also guaranteed. Simulation examples show the
effectiveness of the new algorithm in solving the HJI equation online for a linear systems and a

complex nonlinear system.
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Chapter 4 presents an adaptive algorithm based on policy iteration reinforcement
learning techniques to solve the continuous-time multi player non-zero sum game with infinite
horizon for linear and nonlinear systems. Non-zero sum games allow for players to have a
cooperative team component and an individual selfish component of strategy. This algorithm
learns online the solution of coupled Riccati and coupled Hamilton-Jacobi equations and finds in
real time approximations of the optimal value and the Nash equilibrium while also guaranteeing
closed-loop stability. A detailed mathematical analysis is done for two player non-zero sum
games. Simulation examples for linear and nonlinear systems show the effectiveness of the
new algorithm.

Chapter 5 develops policy and value iteration algorithms that converge to an optimal
controller that requires only output feedback. It is shown that, similar to Q-learning, the new
methods have the important advantage that knowledge of the system dynamics is not needed
for the implementation of these learning algorithms or for the output feedback control. The
learned output feedback controller is in the form of a polynomial autoregressive moving-average
controller that has equivalent performance with the optimal state variable feedback gain.
Simulation examples show the effectiveness of the proposed algorithms and also compare their
performance to that of Q-learning.

Chapter 6 brings together cooperative control, reinforcement learning and game theory
to solve multi-player differential games on communication graph topologies. The notion of
graphical games is developed for dynamical systems, where the dynamics and performance
indices for each node depend only on local neighbor information. A derivation of coupled Riccati
equations for solution of graphical games is proposed. Furthermore a policy iteration algorithm
is shown to converge to the best response when every agent has fixed policies for his neighbors
and to the Nash equilibrium when all agents update their policies simultaneously. Finally an

online adaptive learning solution is shown to solve online the graphical games.
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Chapter 7 introduces an online algorithm that uses integral reinforcement knowledge for
learning the continuous-time optimal control solution for nonlinear systems with infinite horizon
costs and partial knowledge of the system dynamics. This algorithm is a data based approach
to the solution of the Hamilton-Jacobi-Bellman equation and it does not require explicit

knowledge on the system’s drift dynamics.

Chapter 8 presents conclusions and future work ideas.
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CHAPTER 2
ONLINE ACTOR-CRITIC ALGORITHM TO SOLVE THE CONTINUOUS-TIME INFINITE
HORIZON OPTIMAL CONTROL PROBLEM
2.1 Introduction

This chapter is concerned with developing an online approximate solution, based on PI,
for the infinite horizon optimal control problem for continuous-time nonlinear systems with
known dynamics. We present an online adaptive algorithm which involves simultaneous tuning
of both actor and critic neural networks (i.e. both neural networks are tuned at the same time).
We term this algorithm ‘synchronous’ policy iteration. This approach is an extremal version of
the generalized Policy Iteration introduced in [86].

This approach to policy iteration is motivated by work in adaptive control [36], [87].
Adaptive control is a powerful tool that uses online tuning of parameters to provide effective
controllers for nonlinear or linear systems with modeling uncertainties and disturbances.
Closed-loop stability while learning the parameters is guaranteed, often by using Lyapunov
design techniques. Parameter convergence, however, often requires that the measured signals
carry sufficient information about the unknown parameters (persistence of excitation condition).

There are two main contributions in this chapter. The first involves introduction of a
nonstandard ‘normalized’ critic neural network tuning algorithm, along with guarantees for its
convergence based on a persistence of excitation condition regularly required in adaptive
control. The second involves adding nonstandard extra terms to the actor neural network tuning
algorithm that are required to guarantee close loop stability, along with stability and
convergence proofs.

The chapter is organized as follows. Section 2.2 provides the formulation of the optimal

control problem, followed by the general description of policy iteration and neural network value
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function approximation. Section 2.3 discusses tuning of the critic NN, in effect designing an
observer for the unknown value function. Section 2.4 presents the online synchronous PI
method, and shows how to simultaneously tune the critic and actor NNs to guarantee
convergence and closed-loop stability. Results for convergence and stability are developed
using a Lyapunov technique. Section 2.5 presents simulation examples that show the
effectiveness of the online synchronous CT PI algorithm in learning the optimal value and
control for both linear systems and nonlinear systems.

2.2 The optimal control problem and value function approximation

2.2.1. Optimal control and the continuous-time HJB equation

Consider the nonlinear time-invariant affine in the input dynamical system given by
x(t) = f(x(0) + g(x(1) u(x(®)) ; x(0) = x, (2.1)

with state x(r)eR", f(x(¥))eR", g(x(r))eR"™™ and control input u(r)e R". We assume
that, 1(0)=0, f(x)+g(x)uis Lipschitz continuous on a set Q < R" that contains the origin, and
that the system is stabilizable on Q, i.e. there exists a continuous control function u(z) eU

such that the system is asymptotically stable on Q. The system dynamics f(x), g(x)are

assumed known.

Define the infinite horizon integral cost

©

V(x,) = [r(e(e),u(r)de (2.2)

0

where  r(x,u)=Q(x)+u"Ru with Q(x) positive definite, ie. Vx#0,0(x)>0 and
x=0=Q(x)=0, and R e R™" a symmetric positive definite matrix.

Definition 2.1. [4] (Admissible policy) A control policy x(x) is defined as admissible
with respect to (2.2) on Q, denoted by ueW¥(Q)), if u(x) is continuous on Q, £(0)=0,
u(x) = p(x) stabilizes (2.1) on Q, and V(x,) is finite Vx, € Q.
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For any admissible control policy u < W(Q), if the associated cost function

V¥ (x,) = [ r(e(@). tu(x(e ) (2.3)

0

is C', then an infinitesimal version of (2.3) is the so-called nonlinear Lyapunov equation
T
0= r(x, u(e) +(V) (f(x)+g)u(x), V*(0)=0 (2.4)

where V7 “ denotes the partial derivative of the value function V'* with respect to x. (Note that
the value function does not depend explicitly on time).

We define the gradient here as a column vector, and use at times the alternative
operator notation V =0/dx .

Equation (2.4) is a Lyapunov equation for nonlinear systems which, given a controller
H(x) e Y(Q), can be solved for the value function V“(x) associated with it. Given that u(x) is
an admissible control policy, if V*“(x) satisfies (2.4), with , then V“(x) is a Lyapunov function for
the system (2.1) with control policy u(x).

The optimal control problem can now be formulated: Given the continuous-time system

(2.1), the set ue¥(Q) of admissible control policies and the infinite horizon cost functional

(2.2), find an admissible control policy such that the cost index (2.2) associated with the system
(2.1) is minimized.

Defining the Hamiltonian of the problem
H(x,u,V,) = r(x(6),u() + V" (f (x(1)) + g(x() (1)) , (2.9)
the optimal cost function 7" (x) defined by
Vi(x,) = /giggl)(zr(x(r),u(x(r)))dr) :

with x, = x is known as the value function, and satisfies the HJB equation
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0= min [H(x,11,V))] (2.6)

He¥ (Q)

Assuming that the minimum on the right hand side of (2.6) exists and is unique then the

optimal control function for the given problem is

()= —%R*‘gf(x)V:(x) . (2.7)

Inserting this optimal control policy in the nonlinear Lyapunov equation we obtain the

formulation of the HJB equation in terms of V"

0=0()+V," (x)f(x) —iV:T (NgR'g" (), (x)

V' (0)=0

(2.8)

For the linear system case, considering a quadratic cost functional, the equivalent of

this HJB equation is the well known Riccati equation.

In order to find the optimal control solution for the problem one only needs to solve the
HJB equation (2.8) for the value function and then substitute the solution in (2.7) to obtain the
optimal control. However, due to the nonlinear nature of the HJB equation finding its solution is
generally difficult or impossible.
2.2.2. Policy Iteration

The approach of synchronous policy iteration used in this chapter is motivated by Policy
iteration (PI) [86]. Therefore in this section we describe PI.

Policy iteration (Pl) [86] is an iterative method of reinforcement learning for solving
optimal control problems, and consists of policy evaluation based on (2.4) and policy
improvement based on (2.7). Specifically, the Pl algorithm consists in solving iteratively the

following two equations:
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Policy Iteration Algorithm:

1. given x4 (x), solve for the value V*" (x(¢)) using

0= r(x, 4 (0)) + (V) (f(0)+g(x)u® (x))

" (2.9)
Ve (0)=0
2. update the control policy using
£V = argmin[H (x,u,VV,. )], (2.10)
ue¥(Q)
which explicitly is
Py =—LRg (VI (2.11)

To ensure convergence of the Pl algorithm an initial admissible policy #'” (x(¢)) € ¥(Q)

is required. It is in fact required by the desired completion of the first step in the policy iteration:
i.e. finding a value associated with that initial policy (which needs to be admissible to have a
finite value and for the nonlinear Lyapunov equation to have a solution). The algorithm then

converges to the optimal control policy " € W(Q) with corresponding cost V' (x). Proofs of

convergence of the Pl algorithm have been given in several references. See [4], [8], [13], [30],
[35], [63], [91], [92], [93].

Policy iteration is a Newton method. In the linear time-invariant case, it reduces to the
Kleinman algorithm [44] for solution of the Riccati equation, a familiar algorithm in control
systems. Then, (2.9) become a Lyapunov equation.

2.2.3. Value function approximation (VFA)

The standard Pl Algorithm just discussed proceeds by alternately updating the critic

value and the actor policy by solving respectively the equations (2.9) and (2.11). In this chapter,

the fundamental update equations in Pl namely (2.9) for the value and (2.11) for the policy are
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used to design two neural networks. Then, by contrast to standard PlI, it is shown how to tune
these critic and actor neural networks simultaneously in real time to guarantee convergence to
the control policy as well as stability during the training process.

The policy iteration algorithm, as other reinforcement learning algorithms, can be
implemented on an actor/critic structure which consists of two neural network structures to
approximate the solutions of the two equations (2.9) and (2.10) at each step of the iteration. The

structure is presented in the next figure.

Critic
o ‘|Cost function V' (x)
Actor | .
Controllgr u . System X
—> ,U(x}/ x=f(x)+g(x)u; xg
—

Figure 1. Actor/Critic Structure.

In the actor/critic structure [98], [99], [100] the cost V*" (x(¢)) and the control ™" (x)

are approximated at each step of the PI algorithm by neural networks, called respectively the
critic Neural Network (NN) and the actor NN. Then, the Pl algorithm consists in tuning
alternatively each of the two neural networks. The critic NN is tuned to solve (2.9) (in a least-
squares sense [26]), and the actor NN to solve (2.11). Thus, while one NN is being tuned, the
other is held constant. Note that, at each step in the iteration, the critic neural network is tuned
to evaluate the performance of the current control policy.

The critic NN is based on value function approximation (VFA). In the following, it is
desired to determine a rigorously justifiable form for the critic NN. Since one desires

approximation in Sobolev norm, that is, approximation of the value V(x) as well as its gradient,

some discussion is given that relates normal NN approximation usage to the Weierstrass
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higher-order approximation theorem.

The solutions to the nonlinear Lyapunov equation (2.4), (2.9) may not be smooth for
general nonlinear systems, except in a generalized sense [83]. However, in keeping with other
work in the literature [77] we make the following assumptions.

Assumption 2.1. The solution to (2.4) is smooth, i.e. ¥ (x)e C'(Q).

Assumption 2.2. The solution to (2.4) is positive definite. This is guaranteed for
stabilizable dynamics if the performance functional satisfies zero-state observability [77], which

is guaranteed by the condition that O(x) > 0,x € Q—{0};0(0) = 0 be positive definite.

Assumption 2.1 allows us to bring in informal style of the Weierstrass higher-order
approximation Theorem [4], [26] and the results of [34], which state that then there exists a
complete independent basis set { (x)} such that the solution 7 (x)to (2.4) and its gradient are

uniformly approximated, that is, there exist coefficients c; such that

0

V6 =Y a0 =Yen @+ X co

i=N+1

V(x)=Cl(x)+ Z (%) (2.12)

i=N+1

L) i 00 _$, 200, 5 00 oy
P € o )

=1 i=N+1 29
where ¢ (x) =[¢,(x) @,(x)-- ¢, (x)]" :R" - R" and the last terms in these equations converge
uniformly to zero as N — « . (Specifically, the basis set is dense in the Sobolev norm " [6].)
Standard usage of the Weierstrass high-order approximation Theorem uses polynomial
approximation. However, non-polynomial basis sets have been considered in the literature (e.g.
[34], [76]).
Thus, it is justified to assume there exist weights #, such that the value function V' (x)

is approximated as
V(x)=W"¢(x)+e(x) (2.14)
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Then ¢ (x):R" - R" is called the NN activation function vector, N the number of
neurons in the hidden layer, and &£(x) the NN approximation error. As per the above, the NN
activation functions {¢,(x):i=1,N} are selected so that {p(x):i=1,00} provides a complete

independent basis set such that V'(x) and its derivative

T
WV _[28DY 1 25 gy v (2.15)
Ox Ox Ox

are uniformly approximated. Then, as the number of hidden-layer neurons N —«, the

approximation errors ¢ —0, Ve —» 0 uniformly [26]. In addition, for fixed N, the NN
approximation errors g(x), and Ve are bounded by constants on a compact set [34].
Using the NN value function approximation, considering a fixed control policy u(¢), the

nonlinear Lyapunov equation (2.4) becomes
H(x,u, W) =WV (f +gu)+Q(x)+u' Ru=¢, (2.16)

where the residual error due to the function approximation error is

0

&, =—(Ve) (f +au)=—(C, —WI)TV¢1(f+gu)—>z cVo,(X)(f +gu) (2.17)

i=N+l1

Under the Lipschitz assumption on the dynamics, this residual error is bounded on a compact

set.

Define |v| as the magnitude of a scalar v, |x| as the vector norm of a vector x, and
| |, as the induced matrix 2-norm.
Definition 2.2. (uniform convergence). A sequence of functions {p,} converges

uniformly to p on a set Q if Ve >0,3N(e): sup||p,(x) - p(x)| <&, n>N(e).
xeQ)

The following Lemma has been shown in [4].
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Lemma 2.1. For any admissible policy u(¢), the least-squares solution to (2.16) exists
and is unique for each N. Denote this solution as ¥, and define
V,(x) =W ,(x) (2.18)

Then,as N > o :

|

sup|5,,|—>0
xeQ

b -Gl >0
c. sup|Vl—V|—>O

xeQ

d. sup|VV,-VV|-0
xeQ
|
This result shows that ¥, (x) converges uniformly in Sobolev norm W' [6] to the exact
solution V(x)to (2.4) as N — «, and the weights W, converge to the first N of the weights, C,,

which exactly solve (2.4).

Since the object of interest in this chapter is finding the solution of the HJB using the
above introduced function approximator, it is interesting now to look at the effect of the
approximation error on the HJB equation (2.8)

WING [~ VogR g Vol W +0(x)= e, (2.19)
where the residual error due to the function approximation error is
Eyp=-Ve f+IW'VpgR ' g'Ve+iVe gR " g'Ve (2.20)
It was also shown in [4] that this error converges uniformly to zero as the number of

hidden layer units N increases. Thatis, Ve >0,3N(g): sup|e,,|<e.
xeQ)

2.3 Tuning and Convergence of Critic NN

In this section we address the issue of tuning and convergence of the critic NN weights
when a fixed admissible control policy is prescribed. Therefore, the focus is on the nonlinear
Lyapunov equation (2.4) for a fixed policy u .

In fact, this amounts to the design of an observer for the value function which is known
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as ‘cost function’ in the optimal control literature. Therefore, this algorithm is consistent with
adaptive control approaches which first design an observer for the system state and unknown
dynamics, and then use this observer in the design of a feedback control.

The weights of the critic NN, ; which provide the best approximate solution for (2.16)

are unknown. Therefore, the output of the critic neural network is
V(x) =W ¢, (x) (2.21)

where W, are the current estimated values of the ideal critic NN weights % . Recall that

#(x):R" - R" is the vector of activation functions, with N the number of neurons in the hidden

layer. The approximate nonlinear Lyapunov equation is then
H(x,Wy,u) = WV (f +gu)+ Q(x) +u" Ru = ¢, (2.22)

In view of Lemma 2.1, define the critic weight estimation error
W, =W, —W,.
Then
e, =WV (f+gu)+e,.
Given any admissible control policy u, it is desired to select fol to minimize the

squared residual error

_1,T
El_Zel e]'

Then W,(1)— W, and ¢ —¢,. We select the tuning law for the critic weights as the

normalized gradient descent algorithm

OF, o,

W=ﬂ —=—a
! ! ow, ' (GITO'I +1)°

[0, W, +O(x)+u’ Ru] (2.23)

where o, =V (f+gu). This is a modified gradient descent algorithm where (o, o, +1)* is used
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for normalization instead of (oo, +1). This is required in the proofs, where one needs both
appearances of o, /(1+0/c,) in (2.23) to be bounded [36], [87].

Note that, from (2.16),
O(x)+u"Ru=-W'Vo (f+gu)+e,. (2.24)

Substituting (2.24) in (2.23) and, with the notation
o, =0,/(c]o,+1) , m_=1+0] o, (2.25)

we obtain the dynamics of the critic weight estimation error as

Wo=—-a55 "W +a5 2. (2.26)
m

s

Though it is traditional to use critic tuning algorithms of the form (2.23), it is not
generally understood when convergence of the critic weights can be guaranteed. In this
chapter, we address this issue in a formal manner. This development is motivated by adaptive

control techniques that appear in [36], [87].

To guarantee convergence of Wl to W,, the next Persistence of Excitation (PE)

assumption and associated technical lemmas are required.

Persistence of Excitation (PE) Assumption. Let the signal o, be persistently
exciting over the interval [£,/+7], i.e. there exist constants g >0, £, >0, T>0 such that, for

all £,

t+T

BI<S, = j 5.(1)3," (t)dr < B1. (2.27)

t
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The PE assumption is needed in adaptive control if one desires to perform system identification
using e.g. RLS [36]. It is needed here because one effectively desires to identify the critic

parameters to approximate V' (x) .

Technical Lemma 2.1. Consider the error dynamics system with output defined as

5 I _ ¢

.

W, =—a,0,0, W, +a,0,—-
m

y=a6W,. (2.28)
The PE condition (2.27) is equivalent to the uniform complete observability (UCO) [50] of this

system, that is there exist constants g, >0, 8, >0, T>0 such that, for all ¢,

t+T

BlI<S = I @' (r,1)0,(r)T, (1)P(z,t)dr < B,1. (2.29)

with @(z,,¢,), ¢, <t, the state transition matrix of (2.28).

Proof: System (2.28) and the system defined by Vf/] =a,0,u, y=o_']TVI~/l are equivalent
under the output feedback u=-y+¢, /m_. Note that (2.27) is the observability gramian of this

last system.
|

The importance of UCO is that bounded input and bounded output implies that the state
Vf/](t) is bounded. In Theorem 2.1 we shall see that the critic tuning law (2.23) indeed

guarantees boundedness of the output in (2.28).

Technical Lemma 2.2. Consider the error dynamics system (2.28). Let the signal o,

be persistently exciting. Then:

a) The system (2.28) is exponentially stable. In fact if ¢,=0 then

| W (KT) |I< e " || W (0) || with

o= —%111(1 [—2a.5.). (2.30)
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b) Let|e, [<¢,,,and| y|<y,. then ||I/I71 || converges exponentially to the residual set
~ JB.T
VVl(t) S ﬂz {[ymax +5ﬂ201 (gmax +ymax ):|} " (231)
1

where 0 is a positive constant of the order of 1.
Proof: See Appendix A.
|

The next result shows that the tuning algorithm (2.23) is effective under the PE
condition, in that the weights fol converge to the actual unknown weights #, which solve the
nonlinear Lyapunov equation (2.16) for the given control policy u(z). That is, (2.21) converges

close to the actual value function of the current control policy.

Theorem 2.1. Let u(¢+) be any admissible bounded control policy. Let tuning for the
critic NN be provided by (2.23) and assume that &, is persistently exciting. Let the residual error

in (2.16) be bounded ||z, | <¢,

max °

Then the critic parameter error converges exponentially with

decay factor given by (2.30) to the residual set

W, (1) < \/f?T {14288,/ ] £, } - (2.32)

1

Proof:
Consider the following Lyapunov function candidate

L(t) = %tr{eral_lWl ' (2.33)
The derivative of L is given by

. ~ O, ~
L=t (o)W, ~, )

s

T
0,0, = -, 0 &
! 2] W+t =L 2
m. m, m,

s s s

L= —tr{WlT
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L<—|I—W|| 2 WII

s Y

s

T T
R A AT

,&

}. (2.34)
m

&

Therefore L <0 if

(9] 1

II—W >

S

, (2.35)

max

since |m,|>1.

This provides an effective practical bound for ‘

UTW“ since L(¢) decreases if (2.35) holds.

Consider the estimation error dynamics (2.28) with the output bounded effectively by

|y|<eé,. as just shown. Now Technical Lemma 2.2 shows exponential convergence to the

residual set

W,(t) < J? {[1+2¢,68,] €, }- (2.36)

1

This completes the proof.

Remark 2.1. Note that, as N >, &, >0 uniformly [4]. This means that ¢

decreases as the number of hidden layer neurons in (2.21) increases.

Remark 2.2. This theorem requires the assumption that the control policy u(z) is

bounded, since u(f) appears in ¢,, . In the upcoming Theorem 2.2 this restriction is removed.
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2.4 Action Neural Network and online synchronous policy iteration

We will now present an online adaptive Pl algorithm which involves simultaneous, or
synchronous, tuning of both the actor and critic neural networks. That is, the weights of both
neural networks are tuned at the same time. This approach is a version of Generalized Policy
Iteration (GPI), as introduced in [86]. In standard policy iteration, the critic and actor NN are
tuned sequentially, with the weights of the other NN being held constant. By contrast, we tune
both NN simultaneously in real-time.

It is desired to determine a rigorously justified form for the actor NN. To this end, let us

consider one step of the Policy Iteration algorithm (2.9)-(2.11). Suppose that the solution
V(x) e C'(Q) to the nonlinear Lyapunov equation (2.9) for a given admissible policy u(¢)is given

by (2.12). Then, according to (2.13) and (2.11) one has for the policy update
"= _% R'g" (0> ¢ Vo, (x) (2.37)
i=1

for some unknown coefficients ¢,. Then one has the following result.

Lemma 2.2. Let the least-squares solution to (2.16) be W, and define
1 - 1
u () == R'g" WVV(x) = =R g (V4 (W, (2.38)
with V; defined in (2.18).

Then,as N > :

a. sup”ul —u" -0
xeQ

b. There exists an N, such that u,(x) is admissible for N>N,,.

Proof: See [4].

In light of this result, the ideal control policy update is taken as (2.38), with W, unknown.

Therefore, define the control policy in the form of an action neural network which computes the

control input in the structured form
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u,(x) = —%R’lgT(x)VQTWZ, (2.39)

where W2 denotes the current estimated values of the ideal NN weights W,. Define the actor

NN estimation error as

W, =W, W, (2.40)
The next definition and facts complete the machinery required for our main result.
Definition 2.3. [50] (UUB) The equilibrium point x, =0 of (2.1) is said to be uniformly

ultimately bounded (UUB) if there exists a compact set S — R" so that for all x, € S there exists a

bound B and a time T(B,x,) such that |x(r)-x,|< B forall t>¢,+T.

Facts 2.1.

a. f(), is Lipschitz, and g(.) is bounded by a constant

lreol<a . Jleeal <2,

b. The NN approx error and its gradient are bounded on a compact set containing Q so

that
Jel <,
[vel<s,
c. The NN activation functions and their gradients are bounded so that

|Gl <2,
[Vél<e,

|

Fact 2.1c is satisfied, e.g. by sigmoids, fanh, and other standard NN activation
functions.

We now present the main Theorem, which provides the tuning laws for the actor and

critic neural networks that guarantee convergence of the synchronous online Pl algorithm to the
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optimal controller, while guaranteeing closed-loop stability.
Theorem 2.2. Let the dynamics be given by (2.1), the critic NN be given by (2.21) and

the control input be given by actor NN (2.39). Let tuning for the critic NN be provided by

A

m

alm[UZTVVI +Q(X)+M2TRMZ] (241)

where o, =V (f +gu,), and assume that &, =0, /(o) 0, +1) is persistently exciting. Let the

actor NN be tuned as
A N A 1— N N
W, = =, (W, = Fa W) = Diolom’” ()W) (2.42)

o,

where  D,(x)=Vg(x)g(x)R'g" (x)Vg (x),m= ot
and F, >0 and F, >0 are tuning parameters. Let Assumptions 2.1-2.2 and facts 2.1 hold, and
the tuning parameters be selected as detailed in the proof. Then there exists an N, such that,
for the number of hidden layer units N > N, the closed-loop system state, the critic NN error

W, , and the actor NN error 7, are UUB. Moreover, Theorem 2.1 holds with ¢, defined in the

proof, so that exponential convergence of W1 to the approximate optimal critic value W, is

obtained.
Proof: See appendix A.
|

Remark 2.3. Let ¢£>0 and let N, be the number of hidden layer units above

which sup|e,,;| <& . In the proof it is seen that the theorem holds for N > N,. Additionally,
xeQ

¢ provides an effective bound on the critic weight residual set in Theorem 2.1. That is, ¢, in

(2.32) is effectively replaced by ¢ .

Remark 2.4. The theorem shows that PE is needed for proper identification of the
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value function by the critic NN, and that a nonstandard tuning algorithm is required for the actor
NN to guarantee stability. The second term in (2.42) is a cross-product term that involves both
the critic weights and the actor weights. It is needed to guarantee good behavior of the
Lyapunov function, i.e. that the energy decreases to a bounded compact region.

Remark 2.5. The tuning parameters F; and F, in (2.42) must be selected to make the
matrix M in (A.22) positive definite.

Note that the dynamics is required to implement this algorithm in that o, =V (f + gu,) .
D,(x), and (2.39) depend on f(x), g(x).
2.5 Simulations
2.5.1. Linear System Example

Consider the continuous-time F16 aircraft plant with quadratic cost function used in [85]

—-1.01887 0.90506 —0.00215 0
x=| 0.82225 -1.07741 —0.17555 |x+|0 |u
0 0 -1 1

where O and R in the cost function are identity matrices of appropriate dimensions. In this
linear case the solution of the HJB equation is given by the solution of the algebraic Riccati
equation (ARE). Since the value is quadratic in the LQR case, the critic NN basis set ¢ (x) was

selected as the quadratic vector in the state components. Solving the ARE gives the
parameters of the optimal critic as

W' =[1.4245 1.1682 -0.1352 1.4349 -0.15010.4329]".
which are the components of the Riccati solution matrix P.

The synchronous PI algorithm is implemented as in Theorem 2.2. PE was ensured by

adding a small probing noise to the control input. Figure 2 shows the critic parameters, denoted
by
W=, W, WoW, We WT

converging to the optimal values. In fact after 800s the critic parameters converged to
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Vf’l(t,)z[l.4279 1.1612 -0.1366 1.4462 -0.14800.4317]".

The actor parameters after 800s converge to the values of Vf’z(t/.) = Vf/l(t/).

Then, the actor NN is given by (2.39) as

2x, 0 07
rlx, x 0
R - x, 0 x N
O L LI AP AR
0 x x
10 0 2x |

i.e. approximately the correct optimal control solution u =-R™'B" Px .

The evolution of the system states is presented in Figure 3. One can see that after
750s convergence of the NN weights in both critic and actor has occurred. This shows that the
probing noise effectively guaranteed the PE condition. On convergence, the PE condition of the
control signal is no longer needed, and the probing signal was turned off. After that, the states

remain very close to zero, as required.

FParameters of the critic NN

245 T T T T T T T
e Wc1 |
= Wc:2 i
—— WCS
P Wc:4
WCS
WCS
05r 1
ot 4
_05 1 1 1 1 1 1 1
0 100 200 300 400 a00 GO0 700 Goo

Tirme (s)

Figure 2. Convergence of the critic parameters to the parameters of the optimal critic.
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Figure 3. Evolution of the system states for the duration of the experiment.

2.5.2. Nonlinear System Example
Consider the following affine in control input nonlinear system, with a quadratic cost

derived as in [64], [93]
x=f(x)+g(x)u,xeR’

where

- —X, -i-x2
Jx)= —=0.5x, = 0.5x, (1 - (cos(2x,) +2)*)

0
&)= [cos(Zx1 )+ 2}'

10
One selects Q:{O 1},R:I.

Using the procedure in [64] the optimal value function is
Vi(x)= l)c]2 +x,
2
and the optimal control signal is
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u'(x)= —(cos(2x,) +2)x,.
One selects the critic NN vector activation function as
2 ]T

¢ (x) = xlz XXy Xy

Figure 4 shows the critic parameters, denoted by
W=, W, W.I.
These converge after about 80s to the correct values of
W (t,)=[0.5017 -0.0020 1.0008]".
The actor parameters after 80s converge to the values of
Vfg(r_,)=[0.5017 -0.0020 1.0008]".

So that the actor NN (2.39)

T

0 r|2x 0 0.5017

i,(x)=—+1R"! X, X -0.0020

(%) 2 Los(le)—i-J 02 5 : 10008
X, .

also converged to the optimal control.

The evolution of the system states is presented in Figure 5. One can see that after 80s
convergence of the NN weights in both critic and actor has occurred. This shows that the
probing noise effectively guaranteed the PE condition. On convergence, the PE condition of the
control signal is no longer needed, and the probing signal was turned off. After that, the states
remain very close to zero, as required.

Figure 6 show the optimal value function. The identified value function given by
I}l(x):erqﬁl(x) is virtually indistinguishable. In fact, Figure 7 shows the 3-D plot of the

difference between the approximated value function, by using the online algorithm, and the
optimal one. This error is close to zero. Good approximation of the actual value function is being
evolved. Finally Figure 8 shows the 3-D plot of the difference between the approximated control,

by using the online algorithm, and the optimal one. This error is close to zero.
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Parameters of the critic NN
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Figure 4. Convergence of the critic parameters.
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Figure 5. Evolution of the system states for the duration of the experiment.
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Optimal Walue function

Figure 6. Optimal Value function.

Approximation Error of the Yalue function
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Figure 7. 3D plot of the approximation error for the value function.
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Figure 8. 3D plot of the approximation error for the control.

2.6 Conclusion
In this chapter we have proposed a new adaptive algorithm which solves the
continuous-time optimal control problem for affine in the inputs nonlinear systems. We call this
algorithm synchronous online Pl for CT systems. The algorithm requires complete knowledge

of the system model.
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CHAPTER 3

ONLINE GAMING: REAL TIME SOLUTION OF NONLINEAR TWO-PLAYER ZERO-SUM

GAMES USING SYNCHRONOUS POLICY ITERATION

3.1 Introduction

In this chapter we provide methods for online gaming, that is for solution of 2-player
zero-sum infinite horizon games online, through learning the saddle point strategies in real-time.
The dynamics may be nonlinear in continuous-time and are assumed known. A novel neural
network adaptive control technique is given that is based on reinforcement learning techniques,
whereby the control and disturbance policies are tuned online using data generated in real time
along the system trajectories. Also tuned is a ‘critic’ approximator structure whose function is to
identify the value or outcome of the current control and disturbance policies. Based on this
value estimate, the policies are continuously updated. This is a sort of indirect adaptive control
algorithm, yet, due to the direct form dependence of the policies on the learned value, it is
affected online as direct (‘optimal’) adaptive control.

This chapter presents an optimal adaptive control method that converges online to the

solution to the zero sum 2-player differential game (and hence the solution of the bounded L,

gain problem). Three approximator structures are used. Parameter update laws are given to
tune critic, actor, and disturbance neural networks simultaneously online to converge to the
solution to the HJI equation and the saddle point policies, while also guaranteeing closed-loop
stability. Rigorous proofs of performance and convergence are given.

The chapter is organized as follows. Section 3.2 reviews the formulation of the two-
player zero-sum differential game. A policy iteration algorithm is given to solve the HJI equation
by successive solutions on nonlinear Lyapunov-like equations. This essentially extends
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Kleinman’s algorithm to nonlinear zero-sum differential games. Section 3.3 describes the
neural network value function approximation. First a suitable ‘critic’ approximator structure is
developed for the value function and its tuning method is pinned down. A persistence of
excitation is needed to guarantee proper convergence. Next, suitable ‘actor’ approximator
structures are developed for the control and disturbance policies. Finally in section 3.4 the main
results of the chapter are presented. Theorem 3.2, shows how to tune all three approximators
simultaneously by using measurements along the system trajectories in real time and Theorem
3.3, proves exponential convergence to the critic neural network and convergence to the
approximate Nash solution. Proofs using Lyapunov techniques guarantee convergence and
closed-loop stability. Section 3.5 presents simulation examples that show the effectiveness of
the online synchronous zero-sum game CT PI algorithm in learning the optimal value, control
and disturbance for both linear and nonlinear systems.

3.2 Background: Two Player Differential Game and Policy Iteration

This section presents a background review of 2-player zero-sum differential games.
The objective is to lay a foundation for the structure needed in subsequent sections for online
solution of these problems in real-time. In this regard, the Policy Iteration Algorithm for 2-player
games presented at the end of this section is key.
Consider the nonlinear time-invariant affine in the input dynamical system given by
x=f(x)+ g(x)u(x)+k(x)d(x) (3.1)

where state x(¥)eR", [f(x(?))eR", g(x()eR™ ,control u(x(?))eR", k(x())eR™ and

disturbance d(x(¢))eR?, Assume that f(x) is locally Lipschitz, f(0)=0 so that x=0 is an

equilibrium point of the system.

Define the performance index [53]

J(x(0),u,d) = T(Q(x) +u'Ru—y* ||d||2) dt zTr(x,u,d) dt (3.2)
0 0
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foro(x)>0, R=RT>0, r(x,u,d)=0(x)+u’ Ru—y* ||d||2 and y>5 >0, where »'is the smallest
y for which the system is stabilized [77]. For feedback policies u(x) and disturbance policies

d(x), define the value or cost of the policies as

V(x(t),u,d) = T(Q(x) +u' Ru—y* ||d||2) dt (3.3)

When the value is finite, a differential equivalent to this is the nonlinear Lyapunov-like

equation

0=r(xu,d)+(V V)T (f (%) + g(@)u(x) + k(x)d(x)), V(0)=0 (3.4)

where VIV =0V /oxe R" is the (transposed) gradient and the Hamiltonian is
H(x,VV,u,d)= r(x,u,d)+(V V)T (f(x)+ g(x)u(x) +k(x)d) (3.5)
For feedback policies [1], a solution 7 (x)>0 to (3.4) is the value (3.3) for given

feedback policy u(x) and disturbance policy d(x).

3.2.1. Two-player zero-sum differential games and Nash equilibrium

Define the 2-player zero-sum differential game [11], [1]
V" (x(0)) = min mj.X J(x(0),u,d) = min m;lx I(Q(x) +ul Ru—y* ||d||2) dt (3.6)
u u 0

subject to the dynamical constraints (3.1). Thus, uis the minimizing player and dis the
maximizing one. This 2-player optimal control problem has a unique solution if a game theoretic
saddle point exists, i.e., if the Nash condition holds

min m;x J(x(0),u,d) = mjlx min J(x(0),u,d) (3.7)

A necessary condition for this is Isaacs’ condition

minmax H(x,VV,u,d)=maxmin H(x,VV,u,d) (3.8)
u d d u

or, equivalently
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Hx,VVu' ,d)<Hx,VV,u ,d )< HxVV,u,d") (3.9)
for some saddle point solution (u",d").
To this game is associated the Hamilton-Jacobi-lsaacs (HJI) equation
0=0(x)+VVT(x)f(x) —iv VT (x0)g(x)R g ()VV(x)+ ﬁv VI(k'VYV (x),  7(0)=0
’ (3.10)
Given a solution ¥"(x)>0:R"” >R to the HJI (3.10), denote the associated control and
disturbance as

u =—LRr"g" Vi’ (3.11)

¥

1 T *
d =—=k' (x)VV 3.12
2 (x) (3.12)

and write

0=Hx,VV,u',d)=0x)+VVT(x)f(x) —%v VT (x0)g(x)R g (x)VV(x) +41—2v VT ()kkTV Y (x) (3.13)
4

Lemma 3.1. lIsaacs condition satisfied. Select y >0. Suppose V(x):R" >R is

smooth, V(x)>0, and is a solution to the HJI equation (3.10). Then the Isaacs condition (3.8)

is satisfied for control «"(s) given by (3.11) and d"(r) given by (3.12) in terms of V' (x).
Proof : If V'(x) >0 satisfies the HJI, then complete the squares to obtain
* * 2 * 2 * T * 2 * 2 * T *
H,VV,u,d)y=Hx,V V" d )~y ”d—d H +u—u") Ru—u") ==y ”d—d H +u—u") Ru—u")
(3.14)
with u(r)=u"(¢), d(t) = d" (r) given respectively by (3.11), (3.12). This implies (3.9).
n

The next result shows that this implies (3.7) under certain conditions. System (3.1) is

said to be zero state observable if u(t)=0, y(t)=0 = x(t)=0. The HJI equation (3.13) may

have more than one nonnegative definite solution 7 (x)>0. A minimal non negative definite
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solution V7, (x) >0 is one such that there exists no other non negative definite solution V(x) >0
such that V, (x)>V(x)>0.

Lemma 3.2. Solution of 2-player zero-sum game. [1] Select y >0. Suppose
V., (x):R" > R is smooth, ¥, (x)>0, and is a minimal non negative definite solution to the HJI
equation (3.13). Assume, (3.1) is zero state observable. Then condition (3.7) is satisfied for
control () given by (3.11) and d"(7) given by (3.12) in terms of ¥,(x). Then the system is in
Nash equilibrium, the game has a value given by V,(x(0)), and u",d") is a saddle point
equilibrium solution among strategies in L,[0,o0). Moreover, the closed-loop systems
(f(x)+g(x)u’) and (f(x)+g(x)u" +k(x)d") are locally asymptotically stable.

Proof Outline: One has for any smooth V' (x):R" > R

T T
T O,y = [ (W he) +u” Ru=2 [ ) e = [ (B oo+ Ru=72 ) e
0 0

T
+ J Vdt —V(x(T)+V(x(0))
0
T
= J.H(x,VV,u,d) dt —V(x(T))+V(x(0))
0
Now, suppose V' (x) satisfies the HJI equation (3.13) and use (3.14) to obtain
T * * * 2 * *
Jr(x(0),u,d) = J'((u—u Y RGu—u")— 7> ”d—d H jdt V(T + V" (x(0))
0

Therefore, for finite T, J;(x(0),u,d) has a saddle point induced by that of the
Hamiltonian. The remainder of the proof involves showing that, for the specific HJI solution
selected, the closed-loop system (f(x)+g(x)u’ +k(x)d") is locally asymptotically stable. Then

taking the limit as 7 — o yields the result.

44



The issue in this proof is that existence of a Nash equilibrium on an infinite horizon
requires that the closed-loop system (f(x)+g(x)u" +k(x)d") be locally asymptotically stable. It

is proven in [1] that the minimum non negative definite solution to the HJI is the unique non
negative definite solution for which this is true. Linearize the system (3.1) about the origin to
obtain the Generalized ARE. Of the non negative definite solutions to the GARE, select the one
corresponding to the stable invariant manifold of the Hamiltonian matrix. Then, the minimum
non negative definite solution of the HJI is the one having this stabilizing GARE solution as its
Hessian matrix evaluated at the origin [77].

The next result provides a solution to the bounded L, gain problem.
Lemma 3.3. Solution to the Bounded L, gain problem. [77] Select y >0. Suppose
V(x):R" -> R is smooth, V(x)>0, and is a solution to the HJI equation (3.13). Assume, (3.1)

is zero state observable. Then system (3.1) has L, gain <y. Moreover the control u' (t)
selected as (3.11) in terms of the HJI solution solves the L, gain problem and renders the
equilibrium point locally asymptotically stable (when d(t)=0), e.g. (f(x)+g(x)u’) is locally
asymptotically stable. Finally, u*(t)eLz[O,oo).

|

Note that under the hypotheses of the Lemma, specifically zero state observability, if

V(x) >0 is a solution to the HJI equation (3.13), then one has in fact V(x) >0 [77].

Lemma 3.4. [77] Select y>0. Assume (3.1) is locally detectable from y=A(x), and
there exists a control policy u(x) so that locally the system has L, gain<y and the system is
asymptotically stable. Then there exists a local smooth solution V' (x)>0 to the HJI equation
(3.13). Furthermore, the control given in terms of this solution by (3.11) renders the L, gain

<y for all trajectories originating at the origin locally.
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Note that global solutions to the HJI (3.13) may not exist. Moreover, if they do, they
may not be smooth. For a discussion on viscosity solutions to the HJI, see [9], [10], [1]. The HJI

equation (3.13) may have more than one nonnegative local smooth solution7(x)>0. A minimal
nonnegative solution ¥, ,(x)>0 is one such that there exists no other nonnegative solution
V(x)=0 such that V,(x)>V(x)>0. Linearize the system (3.1) about the origin to obtain the

Generalized ARE (See Section 3.5.1). Of the nonnegative solutions to the GARE, select the
one corresponding to the stable invariant manifold of the Hamiltonian matrix. Then, the
minimum nonnegative solution of the HJI is the one having this stabilizing GARE solution as its

Hessian matrix evaluated at the origin [77].

It is shown in [1] that if ¥"(x)is the minimum non-negative solution to the HJI (3.13) and
(3.1) is locally detectable, then (3.11), (3.12) given in terms of V"(x)are in Nash equilibrium

solution to the zero-sum game and ¥ (x) is its value.

3.2.2. Policy lteration solution of the HJI equation

The HJI equation (3.13) is usually intractable to solve directly. One can solve the HJI
iteratively using one of several algorithms that are built on iterative solutions of the Lyapunov
equation (3.4). Included are [25] which uses an inner loop with iterations on the control, and [3],
[5], [77] which uses an inner loop with iterations on the disturbance. These are in effect
extensions of Kleinman’s algorithm [44] to nonlinear 2-player games. The complementarity of
these algorithms is shown in [91], [92]. Here, we shall use the latter algorithm (e.g.[3], [5], [77]).

The structure given in the algorithm below will be used as the basis for approximate
online solution techniques in the next section.

Policy Iteration (PI) Algorithm for 2-Player Zero-Sum Differential Games

Initialization: Start with a stabilizing feedback control policy

1. For j=0,1,.. given u;

2. For i=0,1,.. set d’ =0, solve for ¥/ (x(r)), d'*' using
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. . 112
0=0()+VViT(¥)(f +gu; +kd')+u, Ru, —72“4’” (3.15)
d"! = argmax[H (x,VV},u;,d)] =2L2kT(x)VV} (3.16)

d 4

On convergence, set V,,,(x) = V}(x)
3. Update the control policy using
uj =argmin[H(x,VV;,)ud]=-1R"¢" (x)VV,, (3.17)
Goto 1.

Nota Benne: In practice, the iterations in iand jare continued until some
convergence criterion is met, e.g. ”Vj’f” —V}“ or, respectively ”VM -V; ” is small enough in some
suitable norm.

Given a feedback policy u(x), write the Hamilton-Jacobi (HJ) equation

0=0(x)+ VI (x)(f(x)+g(x)u(x))+u” (x)Ru(x)+ ﬁv VT (kkTVV(x),  V(0)=0 (3.18)
y

for fixed u(x) . The minimal nonnegative solution V(x)to this equation is the so-called available
storage for the given u(x)[77]. Note that the inner loop of this algorithm finds the available
storage for u;, where it exists.

Assuming that the available storage at each index ;is smooth on a local domain of

validity, the convergence of this algorithm to the minimal nonnegative solution to the HJI
equation is shown in [5], [77]. Under these assumptions, the existence of smooth solutions at

each step to the Lyapunov-like equation (3.15) was further shown in [5]. Also shown was the
asymptotic stability of (f+gu; +kd") at each step. In fact, the inner loop yields
Vit (x)=7{(x), vx while the outer loop yields 7;,,(x)<¥; (x),Vx until convergence to »". Note

that this algorithm relies on successive solutions of nonlinear Lyapunov-like equations (3.15).
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As such, the discussion surrounding (3.4) shows that the algorithm finds the value

V}(x(t)) of successive control policy/disturbance policy pairs.

3.3 Neural Network approximation structure for online policy iteration algorithm

The PI Algorithm is a sequential algorithm that solves the HJI equation (3.13) and finds
the Nash solution (u",d")based on sequential solutions of the nonlinear Lyapunov

equation(3.15). That is, while the disturbance policy is being updated, the feedback policy is
held constant. In this section, we use PI to lay a rigorous foundation for the NN approximator
structure required on-line solution of the 2-player zero-sum differential game in real time. In the
next section, this structure will be used to develop an adaptive control algorithm of novel form
that converges to the zero-sum (ZS) game solution. It is important to define the neural network
structures and the NN estimation errors properly or such an adaptive algorithm cannot be
developed.

The PI algorithm itself is not implemented in this work. Instead, here one implements
both loops, the outer feedback control update loop and the inner disturbance update loop,
simultaneously using neural network learning implemented as differential equations for tuning

the weights, while simultaneously keeping track of and learning the value 7 (x(¢),u,d) (3.3) of

the current control and disturbance by solution of the Lyapunov equation (3.4)/(3.15). We call
this synchronous PI for zero-sum games.
3.3.1. Value function approximation: Critic Neural Network

This work uses nonlinear approximator structures (e.g. neural networks) for Value
Function Approximation (VFA) [15], [98], [99], therefore sacrificing some representational
accuracy in order to make the representation manageable in practice. Sacrificing accuracy in
the representation of the value function is not so critical, since the ultimate goal is to find an
optimal policy and not necessarily an accurate value function. Based on the structure of the PI
algorithm in Section 3.2.2, VFA for online 2-player games requires three approximators, which

are taken as neural networks (NN), one for the value function, one for the feedback control
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policy, and one for the disturbance policy. These are motivated respectively by the need to
solve equations (3.15), (3.17), and (3.16).
To solve equation (3.15), we use VFA, which here requires approximation in Sobolev

norm [6], that is, approximation of the value V'(x) as well as its gradient VI'(x). The following

definition describes uniform convergence that is needed later.

Definition 3.1. (uniform convergence). A sequence of functions {f,} converges

uniformly to 1 if V& >0,3N(e): sup|f,(x)- f(x)|<&,n>N(e).

According to the Weierstrass higher-order approximation Theorem [4], [6], [26], [34],

there exists a complete independent basis set {¢,(x)} such that the solution V(x) to (3.4) and

its gradient are uniformly approximated, that is, there exist coefficients ¢; such that

s N 0
Vi(x)= ZCigoi(x) = ZCi(pi(x) + z c;p;(x)

i=1 i=1 i=N+1

o0

V=l am+ Y cpx) (3.19)

i=N+l1

0

) N
oV (x) _ Zci 0;(x) :Zci 0¢;(x) " Z ¢ 0¢;(x)
o o & g o iy X

(3.20)
where ¢ (x)=[¢(x) ¢2(x)~--goN(x)]T :R" > R" , and the second terms in these equations converge
uniformly to zero as N —»«. Specifically, the linear subspace generated by the basis set is
dense in the Sobolev norm W'~ [6].

Therefore, assume there exist NN weights 7, such that the value function V(x) is
approximated as

V() =T ¢ (x) +(x) (3.21)

with ¢ (x):R" —R" the NN activation function vector, N the number of neurons in the hidden

layer, and ¢(x) the NN approximation error. For approximation in Sobolev space, the NN
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activation functions {g;(x):i=1,N} should be selected so that {¢;(x):i=1,00} provides a complete
independent basis set such that 7(x) and its derivative are uniformly approximated, e.g.,

additionally

7 6¢1<x>jTW] O g v (3:22)
ox ox ox
Then, as the number of hidden-layer neurons N — o, the approximation errors ¢ —0, Ve >0
uniformly [6], [26]. In addition, for fixed N, the NN approximation errors &(x), and Ve¢ are
bounded by constants locally [34].

We refer to the NN with weights 7, that performs VFA as the critic NN.

Standard usage of the Weierstrass high-order approximation Theorem uses polynomial
approximation. However, non-polynomial basis sets have been considered in the literature
(e.g.[34], [76]). The NN approximation literature has considered a variety of activation functions
including sigmoids, tanh, radial basis functions, etc.

Using the NN VFA, considering fixed feedback and disturbance policies u(x(¢)), d(x(?)),
equation (3.4) becomes
H(x,Wu,d) = Q) +u” Ru— 7 |d| + TV A (£ () + gu(x) + k(@)d (x) = & (3.23)

where the residual error is

&y = —(Vg)T (f + gu+kd)=—(C —W])TV;iﬁl(f+gu +kd) - i eV, (x)(f + gu+kd) (3.24)
i=N+1

Under the Lipschitz assumption on the dynamics, this residual error is bounded locally.

The following Proposition has been shown in [3], [6].

Proposition 3.1. For any policies u(x(?)),d(x(¢)) the least-squares solution to (3.23)
exists and is unique for each N. Denote this solution as W, and define
M) =1 (x) (3.25)
Then,as N >
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a. sup|aH| -0

b. |m- C1||2 -0

c. sup|/;-V|—>0
d. sup|VV-VV|->0

n
This result shows that 7;(x) converges uniformly in Sobolev norm w'* [6] to the exact
solution V(x)to (3.4) as N —» o, and the weights 7, converge to the first N of the weights, C,,
which exactly solve (3.4).

The effect of the approximation error on the HJI equation (3.10) is

1 _ 1
O()+ V() () =2V (0g (R g (Vo Wy + leTvmx)kkTv o'W =gy
(3.26)

where the residual error due to the function approximation error is

-1 -1
ey =-Ve f+Im VR g Ve +1vegR gTVg—ziz WITVgolkkTVg—#Vngkrvg (3.27)

It was also shown in [3], [6] that this error converges uniformly to zero as the number of

hidden layer units N increases. Thatis, V& >0,3N(¢): sup|ley| <& N> N(e).

3.3.2. Tuning and Convergence of the Critic Neural Network

In this section are addressed the tuning and convergence of the critic NN weights when
fixed feedback control and disturbance policies are prescribed. Therefore, the focus is on
solving the nonlinear Lyapunov-like equation (3.4) (e.g. (3.15)) for a fixed feedback policy « and
fixed disturbance policy d .

In fact, this amounts to the design of an observer for the value function. Therefore, this
algorithm is consistent with adaptive control approaches which first design an observer for the

system state and unknown dynamics, and then use this observer in the design of a feedback
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control.

The ideal weights of the critic NN, #, which provide the best approximate solution for
(3.23) are unknown. Therefore, the output of the critic neural network is
V() =W () (3.28)
where W, are the current estimated values of W,. The approximate nonlinear Lyapunov-like
equation is then
HxeWu,d) =WV (f + gu+kd) + Q(x)+ul Ru-2|d|* =¢;  (3.29)
with ¢, a residual equation error. In view of Proposition 3.1, define the critic weight estimation

error
Wy =W - W,
Then,
e =WV (f+gu)+ey.
Given any feedback control policyu , it is desired to select W1 to minimize the squared

residual error

El :%elTel.
Then W, (t)—>W, and ¢ —¢&,. Select the tuning law for the critic weights as the
normalized gradient descent algorithm

- OF; o) T T 2|11
W=—a—F=—a————[og W +0(x)+u Ru—y~|d|"] 3.30
1 lan 1(1+O_1T61)2 1 M +0x) e " " ( )

where o, =V¢(f+gu+kd). This is a nonstandard modified gradient descent algorithm where
(01T01+1)2 is used for normalization instead of (alTal+1). This is required in the theorem

proofs, where one needs both appearances of o /(1+01Tal) in (3.30) to be bounded [36], [87].

Note that, from (3.23),
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Q(x)+uTRu—;/2||d||2=—W1TVg01(f+gu+kd)+gH. (3.31)
Substituting (3.31) in (3.30) and, with the notation
oy =0,/(cioy+1) , m,=1+0{ o (3.32)

we obtain the dynamics of the critic weight estimation error as

W = -a,5,5, W, + a,5, S (3.33)
m

To guarantee convergence of Wl to W, the next Persistence of Excitation (PE)

assumption and associated technical lemmas are required.

Persistence of Excitation (PE) Assumption. Let the signal &, be persistently
exciting over the interval [¢,t+T7], i.e. there exist constants g, >0, £, >0, T>0 such that, for all

t7
t+T
Bl<S,= [ 505 (t)dr < Byl. (3.34)
t
with T the identity matrix of appropriate dimensions.
The PE assumption is needed in adaptive control as described thoroughly in Chapter 2.
The properties of tuning algorithm (3.30) are given in the subsequent results. They are

proven in Chapter 2.

Technical Lemma 3.1. Consider the error dynamics system with output defined as

5 1~ _&
W = -5,y W, + a5, —1L
mS

y=&"W,. (3.35)
The PE condition (3.34) is equivalent to the uniform complete observability (UCO) [50]of
this system, that is there exist constants g; >0, g,>0, T>0 such that, for all ¢,
t+T

Bl<S = [ @' (7,05,(0)5, (D)0(z,1)dT < By1. (3.36)

t
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with @(7,4,).1, <1, the state transition matrix of (3.35) and I the identity matrix of appropriate

dimensions.
| |

Technical Lemma 3.2. Consider the error dynamics system (3.35). Let the signal o,

be persistently exciting. Then:

a) The system (3.35) is exponentially stable. In fact if ¢&5;=0 then

| (kT) |[< e || 7(0) || with

o= —%m(« [—2a ). (3.37)

b) Let|ley 1< emax @aNA || ¥|I€ Yimax - Then |, || converges exponentially to the residual set

Vf/l(t) < \/?27’1—‘ {[ymax + 5ﬂ2a1(8max +ymax ):|} . (338)

1
where § is a positive constant of the order of 1. [ |
The next result shows that the tuning algorithm (3.30) is effective under the PE
condition, in that the weights W1 converge to the actual unknown weights W, which solve the

nonlinear Lyapunov-like equation (3.23) in a least-squares sense for the given feedback and

disturbance policies u(x(¢)), d(x(¢)) That is, (3.28) converges close to the actual value function

of the current policies. The proof is in Chapter 2 in Theorem 2.1.

Theorem 3.1. Let u(x(2)), d(x(¢)) be any bounded policies. Let tuning for the critic NN be
provided by (3.30) and assume that &, is persistently exciting. Let the residual error in (3.23) be
bounded ||e;;| < £, - Then the critic parameter error converges exponentially with decay factor

given by (3.37) to the residual set

W,(t) < —\’Zﬂ{[l + 25620 | |- (3.39)
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Remark 3.1. Note that, as N > o, ¢4 —>0 uniformly [3], [6]. This means that ¢

decreases as the number of hidden layer neurons in (3.28) increases.

Remark 3.2. This theorem requires the assumption that the feedback policy u(x(¢)) and
the disturbance policy d(x(¢)) are bounded, since the policies appear in (3.24). In the upcoming
Theorems 3.2 and 3.3 this restriction is removed.

3.3.3. Action and Disturbance Neural Network

It is important to define the neural network structure and the NN estimation errors
properly for the control and disturbance or an adaptive algorithm cannot be developed. To
determine a rigorously justified form for the actor and the disturbance NN, consider one step of
the Policy lteration algorithm (3.15)-(3.17). Suppose that the solution V(x) to the nonlinear
Lyapunov equation (3.15) for given control and disturbance policies is smooth and given by
(3.19). Then, according to (3.20) and (3.16), (3.17) one has for the policy and the disturbance

updates:

LR )X (3.40)

i=1
d= szT(x)zcngoi(x) (3.41)
2y inl

for some unknown coefficients ¢;. Then one has the following result.

The following proposition is proved in [3] for constrained inputs. Non-constrained inputs
are easier to prove.

Proposition 3.2. Let the least-squares solution to (3.23) be 7, and define
1 1 __
== R VI =-2 R g (Ve (W (3.42)
1 1
dy =—5k" (V) =—5k V4 () (3.43)
2y 2y

with 7, defined in (3.25). Then,as N —>:
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a. sup"ul —u" -0
b. sup"dl - d" -0

¢. There exists a number of NN hidden layer neurons N, such that » and 4, stabilize the
system (3.1) for N>N.
|
In light of this result, the ideal feedback and disturbance policy updates are taken as
(3.42), (3.43) with W, unknown. Therefore, define the feedback policy in the form of an action

neural network which computes the control input in the structured form

i(x)=—1R " (V4T W, (3.44)

where W, denotes the current estimated values of the ideal NN weights #,. Define the actor
NN estimation error as
Wy =W, —W, (3.45)
Likewise, define the disturbance in the form of a disturbance neural network which
computes the disturbance input in the structured form

d(x) ==k Vs, (3.46)

2y

where W, denotes the current estimated values of the ideal NN weights #,. Define the
disturbance NN estimation error as
Wy = W (3.47)

3.4 Online Solution of Two-Player Zero-Sum Games Using Neural Networks

This section presents our main results of Chapter 3. An online adaptive Pl algorithm is
given for online solution of the zero-sum game problem which involves simultaneous, or
synchronous, tuning of critic, actor, and disturbance neural networks. That is, the weights of all

three neural networks are tuned at the same time. This approach is a version of Generalized
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Policy lteration (GPI), as introduced in [86]. In the standard Policy lteration algorithm (3.15)-
(3.17), the critic and actor NNs are tuned sequentially, e.g. one at a time, with the weights of the
other NNs being held constant. By contrast, we tune all NN simultaneously in real-time.
The next Facts complete the machinery required for the main results.
Facts 3.1.
a. For each feedback control and disturbance policy the nonlinear Lyapunov equation

(3.15) has a smooth local solution ¥ (x)>0.

b. f(), is Lipschitz, and g(.), k(.) are bounded by constants:
lrol<tled. lsl<t,, [kco]<n,

c. The NN approximation error and its gradient are bounded locally so that
el <.
[vel <.,

d. The NN activation functions and their gradients are bounded locally so that

ol <2
[Vacol <,

e. The critic NN weights are bounded by known constants

[Pl < Wi

|
The discussion in Section 3.2 justifies Fact 3.1a. Fact 3.1d is satisfied, e.g. by
sigmoids, tanh, and other standard NN activation functions.
The main Theorems are now given, which provide the tuning laws for the actor, critic
and disturbance neural networks that guarantee convergence of the synchronous online zero-
sum game Pl algorithm in real-time to the game saddle point solution, while guaranteeing

closed-loop stability.
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Theorem 3.2. System stability and convergence of NN weights.

Let the dynamics be given by (3.1), the critic NN be given by (3.28), the control input be
given by actor NN (3.44) and the disturbance input be given by disturbance NN (3.46). Let
tuning for the critic NN be provided by

A oy

W = — [0y W +0() - ”é”z vl RA (3.48)

q
(O'ZTO'Z +1)

where o, =V (f +gii+kd) . Let the actor NN be tuned as

: I E .
Wy =-a {(Fsz - Fa, M) —ZDI(X)WzmT(x)Wl} (3.49)

and the disturbance NN be tuned as
A A 7o 1 = P
Ws =—aj {(F4W3 — 0, Wl)+4—2E1 (X)W3m I/Vl} (3.50)
V4

0

where  D(x)=V#©)g®)R g (V! (x), Ei(x) =V (k' VT (x), m=—F"2—,
(07 0y +1)

and F>0,F,>0,F;>0,F,>0are tuning parameters. Let Facts 1 hold and letQ(x)>0.

Suppose that o, :az/(GZTO'Z +1) is persistently exciting. Let the tuning parameters
F, F,, F,, F,in (3.49), and (3.50) be selected to make the matrix D,, in (A.35) positive definite.
Then there exists an N, such that, for the number of hidden layer units ~¥ > N, the closed-loop

system state, the critic NN error 17, the actor NN error #, and the disturbance NN error 7, are

UUB.
Proof: See appendix A.
n

Remark 3.3. See the comments following equation (3.27). Let £>0 and let N, be the

number of hidden layer units above which sup|e;;; | <. In the proof it is seen that the theorem

58



holds for N > N, .

Remark 3.4. The theorem shows that PE is needed for proper identification of the
value function by the critic NN, and that nonstandard tuning algorithms are required for the actor
and the disturbance NN to guarantee stability.

Remark 3.5. The assumption QO(x)> 0 is sufficient but not necessary for this result. If

this condition is replaced by zero state observability, the proof still goes through, however it is
tedious and does not add insight. The method used would be the technique used in the proof of
technical Lemma 2.2 Part a in Chapter 2, or the standard methods of [36], [87].

Theorem 3.3. Exponential Convergence and Nash equilibrium.

Suppose the hypotheses of Theorem 3.2, hold. Then Theorem 3.1 holds so that

exponential convergence of W1 to the approximate optimal critic value #, is obtained. Then:

a. H(x,Vf/I,ﬁl,c;’l) is UUB. That is, W1 converges to the approximate HJI solution, the value

of the ZS game. Where

== R OV (o (351)
g =2L72kT<x>v¢F<x>Wl (3.52)

b. ﬁ(x),a?(x) (see (3.44) and (3.46)) converges to the approximate Nash equilibrium
solution of the ZS game.

Proof. Consider the UUB weights #,, W, and W;as proved in Theorem 3.2. Also
&max IN Theorem 3.1 is practically bounded by the bound in (A.40).

a. The approximate HJIl equation is
~ . | PP [P
H(xIh) = 0()+ 'V oy () f () = T Dy +FW1TE1W. — &y (3.53)

After adding zero we have
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HO ) =I5 00 0= DI~ Dy o T = (3.5
But
W, =W, +W, (3.55)
After taking norms in (3.55) and letting ||| < #,,,, one has
[l =5 < o < o (3.56)
Now (3.54) becomes by taking into account (3.56),
Jerceii] < v acolls ol 5 7 18157 lB W]+ o)

e L i 2 R ) o R

Let Facts 3.1 hold and also sup||¢;;;| < & then (3.57) becomes

e R R e [ (R

e 1 e o S

All the signals on the right hand side of (3.58) are UUB. So “H(x,l/f/l)“ is UUB and

convergence to the approximate HJI solution is obtained.

b. According to Theorem 3.1 and equations (3.42), (3.43) and (3.44), (3.46), [i—u || and ”c?—dl”

are UUB because ”Wz —Wl”and ”W3 —Wl” are UUB

So the pair ﬁ(x),c;’(x) gives the Nash equilibrium solution of the zero-sum game.

This completes the proof.
|
Remark 3.6. The theorems make no mention of finding the minimum nonnegative

solution to the HJI. However they do guarantee convergence to a solution (u(x),d(x)) such that

(f(x)+ g(x)u(x)+k(x)d(x)) is stable. This is only accomplished by the minimal nonnegative HJI
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solution. Practical implementation, in view of the Policy lteration Algorithm, would start with
initial weights of zero in the disturbance NN (3.46). NN usage suggests starting with the initial
control NN weights in (3.44) randomly selected and nonzero.

Note that the dynamics is required to be known to implement this algorithm in that
o, =V(f+gi+kd), Di(x), E(x) and (3.44), (3.46) depend on f(x), g(x), k(x).

3.5 Simulations

Here we present simulations of a linear and a nonlinear system to show that the game
can be solved ONLINE by learning in real time, using the method of this chapter.
3.5.1. Linear System

Consider the continuous-time F16 aircraft plant with quadratic cost function used in [85].
The system state vectoris x=[a ¢ J,], where o denotes the angle of attack, ¢ is the pitch
rate and &, is the elevator deflection angle. The control input is the elevator actuator voltage
and the disturbance is wind gusts on angle of attack. One has the dynamics x= Ax+ Bu+Kd ,

—-1.01887 0.90506 —0.00215 0 1
x=| 0.82225 -1.07741 —0.17555|x+|0 |u+|0|d
0 0 -1 1 0

where O and R in the cost function are identity matrices of appropriate dimensions and y=35.
Also a=a,=a;=1, F=1,F,=10],F;=1,F,=10] where [is an identity matrix of appropriate
dimensions. In this linear case the solution of the HJI equation is given by the solution of the

game algebraic Riccati equation (GARE)

ATP+P4A+Q-PBR'BTP +l2PKKTP =0
Y

Since the value is quadratic in the LQR case, the critic NN basis set ¢, (x) was selected

as the quadratic vector in the state components x®x with ® the Kronecker product.

Redundant terms were removed to leave n(n+1)/2=6 components. Solving the GARE gives

the parameters of the optimal critic as
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W1*=[1.6573 1.3954 -0.1661 1.6573 -0.1804 0.4371]" .

which are the components of the Riccati solution matrix P.
The synchronous zero-sum game PI algorithm is implemented as in Theorem 2. PE
was ensured by adding a small probing noise to the control and the disturbance input. Figure 9

shows the critic parameters, denoted by

W =1,

cl

T
Wer Wes Wey Wes Wl

converging to the optimal values. In fact after 300s the critic parameters converged to

Wi(t;)=[1.7090 13303 -0.1629 1.7354 -0.1730 0.4468]".

The actor parameters after 300s converge to the values of

Wy(t;)=[1.7090 13303 -0.1629 1.7354 -0.17300.4468]".

The disturbance parameters after 300s converge to the values of

W3(tf):[1.7090 13303 -0.1629 1.7354 -0.1730 0.4468]" .

Then, the actor NN is given as

2, 0 0
by 0
o7 | *2 X
i m=—tz0| |2 % i)
2 S I L P 207
0 .x:), x2
0 0 2x
Then, the disturbance NN is given as
2 0 07
by 0
o7 | *2 X
dw=—tlol = |y
x =
70 2 0 3
0 .X3 .X2
0 0 2x

The evolution of the system states is presented in Figure 10. One can see that after

300s convergence of the NN weights in critic, actor and disturbance has occurred.
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Parameters of the critic MM

-1 1 1 1 1 1
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Time (s)

Figure 9. Convergence of the critic parameters to the parameters of the optimal critic.

System States
50 T T T T T

an -

20 . | \ .

-30

1 1 1 1 1
1] 100 200 300 400 500 500
Time (s)

Figure 10. Evolution of the system states for the duration of the experiment.

3.5.2. Single Player Linear System
The purpose of this example is to show that one learns FASTER if one has an

opponent. That is, the online two-player game converges faster than an equivalent online 1-
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player (optimal control) problem. In this example, we use the method for online solution of the
optimal control problem presented in Chapter 2.
Consider the continuous-time F16 aircraft plant described before but with ¢ = 0. Solving

the ARE with QO and R identity matrices of appropriate dimensions, gives the parameters of
the optimal critic as
Wl* =[1.4245 1.1682 -0.1352 1.4361 -0.1516 0.4329]7.

Figure 11 shows the critic parameters, denoted by

: r
Wi=Wa Wey We Wey Wes W]

& & C

converging to the optimal values. In fact after 800s the critic parameters converged to

Wi(t,)=[1.4270 1.1654 -0.1367 1.4387 -0.1496 0.4323]".

The actor parameters after 800s converge to the values of

Wy(t,)=[1.4270 1.1654 0.1367 14387 -0.1496 0.4323]".

The actor NN is given as

(2, 0 0 | [1.4270]
rlx x 0 1.1654
x3 0 x |]-0.1367
0 2x, 0 1.4387
0 x x, | |-0.1496
0 0 2x5||04323

iy (x)=—1R7'|0

The evolution of the system states is presented in Figure 12. One can see that after
800s convergence of the NN weights in critic and actor has occurred. This shows that the

probing noise effectively guaranteed the PE condition.
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Parameters of the critic MM
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Figure 11. Convergence of the critic parameters to the parameters of the optimal critic.

System States
50 T T T T T

1 1 1 1 1
1] 100 200 300 400 500 500
Time (s)

Figure 12. Evolution of the system states.

In comparison with part 3.5.1, it is very clear that the two-player zero-sum game

algorithm has faster convergence skills than the single-player. As a conclusion the critic NN

learns faster when there is an oponent for the control input, named disturbance.
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3.5.3. Nonlinear System
Consider the following affine in control input nonlinear system, with a quadratic cost

constructed as in [64]
x= f(x)+g(xX)u+k(x)d, xeR?
where

—X; + Xy

Jf(x)=

1.
—xp° =X, +0.25%; (c08(2x) +2)° — 0.25x, —-(sin(4x;) + 2)°
Y

0 0
)= Los(2xl) + 2}’ k(x) = |:(sin(4x1) + 2)}'
1 0
One selects 0= {0 } R=1,y=8.

Also a=ay,=ay=1, F=I,F,=10[,F;=1,F,=10l where [is an identity matrix of

appropriate dimensions.

The optimal value function is

* 1 41 »
V (x)=—x"+—x
()41 72

the optimal control signal is
u*(x) = —%(cos(le) +2)x,
and

d"(x)= 2—}1/2(sin(4x1) +2)x,

One selects the critic NN vector activation function as
a@=x" x x'xn']
Figure 13 shows the critic parameters, denoted by
W= W Wa Wl

c c

by using the synchronous zero-sum game algorithm. After convergence at about 50s have
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Wit )=[-0.0006 0.4981 0.2532 0.0000]"
The actor parameters after 80s converge to the values of
Wy (t )=[-0.0006 0.4981 0.2532 0.0000]",
and the disturbance parameters after 50s converge to the values of
Wiy(t ) =[-0.0006 0.4981 0.2532 0.0000]".

So that the actor NN

T

ZXI 0
T 0 102, |
1 =—=R" W, (t
“2()="7 Los(2xl)+2} ax 0 | 20
0 4x;
also converged to the optimal control, and the disturbance NN
le O r
. X 0 o 2x, R
d(x)= Wi (¢
=3, Lin(4xl)+2} 4x; O 3(tp)
0 4x;

also converged to the optimal disturbance.

The evolution of the system states is presented in Figure 14. Figure 15 shows the
optimal value function. The identified value function given by I}l(x)sz/IT;zﬁl(x) is virtually

indistinguishable from the exact solution and so is not plotted. In fact, Figure 16 shows the 3-D
plot of the difference between the approximated value function and the optimal one. This error is
close to zero. Good approximation of the actual value function is being evolved. Figure 17
shows the 3-D plot of the difference between the approximated control, by using the online
algorithm, and the optimal one. This error is close to zero.

Finally Figure 18 shows the 3-D plot of the difference between the approximated

disturbance, by using the online algorithm, and the optimal one. This error is close to zero.
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Figure 13. Convergence of the critic parameters.
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Figure 14. Evolution of the system states.
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Optimal “alue function

Figure 15. Optimal Value function.

Approximation Error of the Walue function

Figure 16. 3D plot of the approximation error for the value function.
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Error between Optimal and Approximated contral

Figure 17. 3D plot of the approximation error for the control.

Error between Optimal and Approximated disturbance

Figure 18. 3D plot of the approximation error for the disturbance.

3.6 Conclusion
In this chapter we have proposed a new optimal adaptive algorithm which solves online

the continuous-time zero-sum game problem for affine in the inputs nonlinear systems. The
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importance of this algorithm relies the simultaneous tuning of the actor, critic and disturbance
neural networks and the convergence to HJl without solving this equation. Proofs using
Lyapunov techniques guarantee convergence and closed-loop stability. Simulation examples

show the effectiveness of the proposed algorithm.
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CHAPTER 4
MULTI-PLAYER GAMES: ONLINE ADAPTIVE LEARNING SOLUTION OF COUPLED

HAMILTON-JACOBI AND COUPLED RICCATI EQUATIONS

4.1 Introduction

For the most part, interest in the control systems community has been in the (non-
cooperative) zero-sum games, which provide the solution of the H-infinity robust control problem
[11], [60]. However, dynamic team games may have some cooperative objectives and some
selfish objectives among the players. This cooperative/non-cooperative balance is captured in
the NZS games, as detailed herein.

In this chapter we are interested in feedback policies with full state information, and
provide methods for online gaming, that is for solution of N-player infinite horizon NZS games
online, through learning the Nash-equilibrium in real-time. The dynamics are nonlinear in
continuous-time and are assumed known. A novel adaptive control technique is given that is
based on reinforcement learning techniques, whereby each player’s control policies are tuned
online using data generated in real time along the system trajectories. Also tuned by each
player are ‘critic’ approximator structures whose function is to identify the values of the current
control policies for each player. Based on these value estimates, the players’ policies are
continuously updated. This is a sort of indirect adaptive control algorithm, yet, due to the simple
form dependence of the control policies on the learned value, it is affected online as direct
(‘optimal’) adaptive control.

This chapter proposes an algorithm for nonlinear continuous-time systems with known
dynamics to solve the N-player non-zero sum (NZS) game problem where each player wants to

optimize his own performance index [11]. The number of parametric approximator structures
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that are used is 2N . Each player maintains a critic approximator neural network (NN) to learn
his optimal value and a control actor NN to learn his optimal control policy. Parameter update
laws are given to tune the N-critic and N-actor neural networks simultaneously online to
converge to the solution to the coupled HJ equations, while also guaranteeing closed-loop
stability. Rigorous proofs of performance and convergence are given. For the sake of clarity,
we restrict ourselves to two player differential games in the actual proof. The proof technique
can be directly extended using further careful bookkeeping to multiple players.

The chapter is organized as follows. It is necessary to develop policy iteration (PI)
techniques for solving multi-player games, for these PI algorithms give the controller structure
needed for the online adaptive learning techniques presented in this work. Therefore, Section
4.2 presents the formulation of multi-player NZS differential games for nonlinear systems [11]
and presents a policy iteration algorithm to solve the required coupled nonlinear HJ equations
by successive solutions of nonlinear Lyapunov-like equations. Based on this structure, Section
4.4 develops an adaptive control method for on-line learning of the solution to the two-player
NZS game problem. The method generalizes to the multi-player games, and particularizes to
the special case of zero-sum (ZS) games. Based on the PI algorithm in Section 4.3, suitable
approximator structures (based on neural networks) are developed for the value function and
the control inputs of the two players. A rigorous mathematical analysis is carried out. It is found
that the actor and critic neural networks require novel nonstandard tuning algorithms to
guarantee stability and convergence to the Nash equilibrium. A persistence of excitation
condition [36], [87] is needed to guarantee proper convergence to the optimal value functions.
A Lyapunov analysis technique is used. Section 4.5 presents simulation examples that show the
effectiveness of the synchronous online game algorithm in learning the optimal values for both

linear and nonlinear systems.
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4.2 N-Player differential game for nonlinear systems

In this section is presented the formulation of N-player games for nonlinear systems. A
Policy Iteration solution algorithm is given. The objective is to lay a foundation for the control

structure needed in Section 4.4 for online solution of the game problems in real-time.

4.2.1 Multi-Player Non Zero Sum Games
Consider the N-player nonlinear time-invariant differential game on an infinite time

horizon

N
= £+ Y g, (4.1)

j=1
where state x(¢r) e R", players or controls uj(t)e]R’”f . Assume that f(0)=0 and f(x), g;(x) are

locally Lipschitz.

The cost functionals associated with each player are

0 N )
JA(x(0),ty 1ty thy) = I(Qi(x) + 3 Ul Ry di = j};(x(z‘),ul,uz,...uN) dt, ieN (4.2)
0 J=1 0

where function 0,(x) >0 is generally nonlinear, and R; >0,R; >0 are symmetric matrices.

We seek optimal controls among the set of feedback control policies with complete
state information.

Definition 4.1. (Admissible policies) Feedback control policies u; = 4, (x) are defined as
admissible with respect to (4.2) on a set Q< R", denoted by g e ¥(Q) if u(x)is continuous on
Q, 1,(00=0, g(x)stabilizes (4.1)on Q, and (4.2) is finite Vx, Q.

Given admissible feedback policies/strategies u,(¢) = y;(x), the value is

0

® N
Vi(x(0), ty, - ) = J.(Qi(x) + Zﬂf»&,ﬂ,) dr= jn(x(t),ﬂl,uz,---ﬂN) dr; ieN (4.3)
t Jj=1

t

Define the N-player game
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© N
V0. i) = min [ Q0+ 3 Ry s i N (4.4)
T J=1

By assuming that all the players have the same hierarchical level, we focus on the so-

called Nash equilibrium that is given by the following definition.

Definition 4.2. [11] (Nash equilibrium strategies) An N-tuple of strategies

{y,*y;y;} with x4 €Q,,ie N is said to constitute a Nash equilibrium solution for an N-player
finite game in extensive form, if the following N inequalities are satisfied for all 1, €Q,,ie N :
J7 BT s 11y e ) ST (1 431l e i), T € N (4.5)
The N-tuple of quantities {J]*J;‘J;I} is known as a Nash equilibrium outcome of the
N-player game.

Differential equivalents to each value function are given by the following nonlinear
Lyapunov equations (different form from those given in [11])
N
0=r(x,t,.oty) + (VI ) (F(0)+ D g;(0u)), Vi(0)=0, ieN (4.6)
j=1
where VV;=0V;/oxeR" is the gradient vector (e.g. transposed gradient). Then, suitable

nonnegative definite solutions to (4.6) are the values evaluated using the infinite integral (4.4)
along the system trajectories. Define the Hamiltonian functions
N
Hl(x>VVI >ul>'--’uN):r(x’ul’~~-auN)+(VV; )T(f(x)+zg](x)u])a ieN (47)
Jj=l
According to the stationarity conditions, associated feedback control policies are given

by
02 ) =-4R;1gl VT, ieN (48)
i

Substituting (4.8) into (4.6) one obtains the N coupled Hamilton-Jacobi (HJ) equations
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0=y )" f(x)——ZgJ(x)R]_Jlg]T(x)VV +0,(x)+1 ZVV Tg (R RyR;' gt (x)VV,,V;(0)=0 (4.9)
J=1 j=1

These coupled HJ equations are in ‘closed-loop’ form. The equivalent ‘open-loop’ form

0=VV, " f(x)+0,(x)-1VV, Zg (OR;'gT VY, +—ZVV, g;(OR; RyR; gL (VY. 1:(0)=0
Jj=1 Jj=1

(4.10)

N
In linear systems of the form x = Ax+ZBjuj , (4.9) becomes the N coupled generalized

Jj=1

algebraic Riccati equations

N
0=PA+ AR+ O+ 5 ) PBR, RyRy'BI Py, i N “.11)

J=1

where 4, = A—%ZB RZ'BIP . It is shown in [11] that if there exist solutions to (4.11) and further

i
i=1

satisfying the conditions that for each ie N the pair A—%ZB R 1BTP B; |is stabilizable and

]
JeN
J#I

the pair A—%ZB R;'B] P, Q,»+%ZPB R,/ R,R;'BI P, |is detectable, then the N-tuple of the

J /]
JjeN JEN
J#I J#I
stationary feedback policies ; (x)=-Kx=-1R;'BPx, ieN provides a Nash equilibrium

solution for the linear quadratic N-player differential game among feedback policies with full
state information. Furthermore the resulting system dynamics, described by

x=A4.x, x(0)=x,are asymptotically stable.
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4.2.2 Cooperation vs. Non-Cooperation in Multi-Player Games

One may write the costs as

N

N
1 z 1 z 7.3 :
Ji:szl‘]j+Wj:1(Ji_Ji)EJ+Ji’ ieN (4.12)

where J is an overall cooperative ‘team’ cost and Jl. a ‘conflict’ cost for player i. If /=0 one
has a zero-sum game. The most studied case is the 2-player zero-sum game when J,=-J,.

Such games are known as convex-concave games, result in saddle-point Nash equilibria, and

have been extensively studied in control systems due to their relation to the H_ control problem

[11], [1], [60]. However, general dynamic team games may have some cooperative objectives
and some selfish objectives among the players. This interplay between cooperative and non-
cooperative objectives is captured in NZS games, as detailed in (4.12). Therefore, this work is
interested in general N-player games which may or may not be zero-sum.

Though NZS games may contain non-cooperative components, note that the solution to
each player’s coupled HJI equations (4.9) requires knowledge of all the other players’ strategies
(4.8). This is in the spirit of rational opponents [11] whereby the players share information, yet

from the definition of Nash equilibrium each decides to remain at the equilibrium policy.

4.2.3 Policy Iteration Solution for Non-Zero Sum Games

Equations (4.9) are difficult or impossible to solve. An iterative offline solution
technique is given by the following policy iteration algorithm. It solves the coupled HJ equations
by iterative solution of uncoupled nonlinear Lyapunov equations.

Algorithm 1. Policy Iteration for N-player games
a)  Start with stabilizing initial policies #°(x)....,1° y(x).
b)  Given the N-tuple of policies u (x),....u"y(x), solve for the N-tuple of costs

VE @)V 55 (x(0)..V ¥ y (x(0)) using
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N
0=V(xa/lklwwﬂkzv)+(VVik)T[f(x)Jngj(x)#j} V50)=0 ieN (4.13)

j=1

c) Update the N-tuple of control policies using:

N = argmin[H,(x,VV, ,uy,....uy)]  i€N (4.14)
u; ¥ (Q)
which explicitly is
u ) =—LR g Vi ieN (4.15)
| |

A linear 2-player version of Algorithm 1 is given in [28] and can be considered as an
extension of Kleiman’s Algorithm [44] to 2-player games.

In the next section we use Pl Algorithm 1 to motivate the control structure for an online
adaptive N-player game solution algorithm. Then it is proven that ‘optimal adaptive’ control
algorithm converges online to the solution of coupled HJs (4.10), while guaranteeing closed-
loop stability.

4.3 Value function approximation for solution of nonlinear Lyapunov equations

This work uses nonlinear approximator structures for Value Function Approximation
(VFA) [15], [98], [99] to solve (4.13). We show how to solve the 2-player non-zero sum game
presented in Section 2, the approach can easily be extended to more than 2 players.

Consider the nonlinear time-invariant affine in the input dynamical system given by

x=f(x)+g(x)u(x)+k(x)d(x) (4.16)

where state x(t)eR", first control inputu(x)e R”, and second control inputd(x)eR?. Assume
that f(0)=0 and f(x), g(x), k(x) are locally Lipschitz, |/ (x)|<b |-

Assumption 1. For admissible feedback control policies the nonlinear Lyapunov

equations (4.13) have locally smooth solutions 7] (x)>0, 7,/ (x)>0, VxeQ.
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According to the Weierstrass higher-order approximation Theorem [4], [26], [34], there
exist complete independent basis sets such that the solution 7} (x(¢)), ¥, (x(¢)) to (4.6) and their
gradients are uniformly approximated. Specifically, the basis sets are dense in the Sobolev
norm w* [6].

Therefore, assume there exist constant neural network (NN) weights #; and W, such
that the value functions 7;'(x)and ¥, (x) are approximated on a compact set Q as
W () =W () + () (4.17)
V) (x) =)y (x) + 5(x) (4.18)
with ¢ (x):R" >R¥and ¢,(x):R” - R¥ the NN activation function basis set vectors, K the

number of neurons in the hidden layer, and ¢,(x) and &,(x) the NN approximation errors. From

the approximation literature, the basis functions can be selected as sigmoids, tanh, polynomials,

etc.
The value function derivatives are also uniformly approximated, e.g., additionally,
VxeQ,
vl (g . oe
Gi |y B vy 4 Ve, =12 (4.19)
Ox Ox ox

Then, as the number of hidden-layer neurons K —«, the approximation errors

& —0, Vg; >0, i=1,2 uniformly [4], [26]. In addition, for fixed K, the NN approximation errors
&(x), &,(x)and Vg, Ve, are bounded on a setQ by constants if Q is compact [34]. We refer to
the NN with weights 7, and , that perform VFA as the critic NNs for each player.

Using the NN VFA (4.17), (4.18) considering fixed feedback policies v and d the

Hamiltonians (4.7) become:

Hy (e, Wy u,d) = Oy (x)+u Ry +d” Ripd + WV (f (%) + g(x)u + k(x)d) =&y, (4.20)

79



Hy(x, Wy u,d) = 05 (x) + 1t Ryju+d" Ropd + W3V (f (x) + g(x)u + k(x)d) = &, (4.21)
The residual errors for the two players are
ey, =—(Ve) (f+gu+kd), i=12 (4.22)
Substituting w,,w, into the HJ equations (4.10), one obtains

0,(x) =1 TV 4 (x)g()R'g" V4" (I + W TV (x) f (x)
+17, TV g, (0)k(x)Ryy RiyRipk” (x)V " (x)W,

— 1 IV A RRE (V" (W =&y, Vi(0)=0  (4.23)
Oy (x) =41, TV (k) Ry k" ()Y s (o)W, + W, TV iy (x) £ ()
+ I IV AR T Ry Ry e (VAT (M
—W, IV (DgR g IV W =y, V2(0)=0  (4.24)

where the residual errors due to function approximation error for the first player is

ey =WV R g (Ve +1Ve "g(R g (Ve —LVe, k()R RypRyk! (x)V e,
— 1w, Ve, k()R Ry Rk (x)V e, = Vel f(x)+ 1V k(x)Rp k" (x)V e,

+1Ve Tk()RpK" (x)V ey + L1, Vg, k(x) Rk (x)V &y
and ¢, for the second player is similarly defined.

The following proposition follows as in [4], [5].

Proposition 4.2. For any admissible feedback policies u(x(¢)), d(x(¢)) the least-squares
pair solution to (4.20) and (4.21) exists and is unique for each K. Denote these solutions as
W, and W, and define

K(x) =" ¢ (x) (4.25)
Vy(x) =Wy gy (x) (4.26)
Then,as K —»>w:

a) sup|gHi| -0, i=12
xeQ)
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b) sup|8HJi|—>0, i=12

xeQ

c) supVi—Vi"—>0, i=1,2
xeQ)

d  sup vrfi—vr/i"‘ao, i=1,2

xeQ

This result shows that 7;(x),7,(x) converge uniformly in Sobolev norm w* [6] to the

exact solution 7'(x),7,'(x) to (4.6). Therefore, V& >03K(g): sup"gHJ] ||<a,K>K(§1)and
xeQ)
VE, >03K(5): Sup||6HJ2 || <5,K>K@E).
xeQ

Assuming current NN weight estimates #, and #, , the outputs of the two critic NN are
given by
V() =W ¢y (x) (4.27)
Vy(x) = ¢y (x) (4.28)
The approximate Lyapunov-like equations are then
H, (X’WI ydy) = Oy (x) + 1" Ryyuy +dy" Rypdy + W1TV¢| (f () +g(xX)uy +k(x)dy) = ¢ (4.29)

Hy(x, Wy yuy,dy) = Qo (x) + | Ry +dy Rpely + W'V iy (f () + g(x)uy + k(x)dp) = e (4.30)

It is desired to select W, and #, to minimize the square residual error

1,7 1,7
El —Eel € +E€2 €

Then W,(t) > W, , Wy(t) > W, and e — &y e, —> &y, -

Select the tuning laws for the critic weights as the normalized gradient descent

algorithm
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5 O, o T T T
W =-ay—=—-aj————1[oy, W +O,(x)+u" Ry +d," R,d,] (4.31)
f lan 1(l+alTal)2 1 M+ | Ry +dy" Rypd,
A _ GEI _ 0'2 T+5 T T 4 32
Wy=-ay—-=- [0y Wy +Os(x)+uy Ryuy +dy" Rypds] (4.32)

a

where o, =V, (f(x)+g(x)u +k(x)d,), i=1,2. Note that these are modified gradient descent

algorithms with the normalizing terms in the denominators raised to the power 2.

Persistence of Excitation (PE) Assumption. Let the signals &,,5, be persistently
exciting over the interval [7,r+T], i.e. there exist constants g, >0, 8,>0,5>0, £,>0 T>0

such that, for all ¢,

t+T

BI<S, = J .05 (0)dr < Bl (4.33)
t
t+T
Bl<sS, = j 5,(0)5, ()7 < i1 (4.34)
t
where ¢; =0; /(O',»TO',» +1), i=1,2 ,and Ithe identity matrix of appropriate dimensions.

The PE assumption is needed in adaptive control if one desires to perform system
identification using e.g. RLS [36], [87]. It is needed in the upcoming Theorem 4.1 because one

effectively desires to identify the critic parameters to approximate solutions 7;(x)and 7,(x) to

the nonlinear Lyapunov equations (4.6).

The properties of tuning algorithms (4.31) and (4.32) and their exponential
convergence to residual sets are given in the following theorem that was proven for a single

player in Chapter 2.

Theorem 4.1. Let u(x(¢)),d(x(t)) be any admissible bounded feedback policies. Let

tuning for the critic NNs be provided by (4.31), (4.32) and assume that &,and &, are
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persistently exciting. Let the residual errors in (4.22) be bounded by||ng||<smaxland

< gmax

||z;h,2 " Then the critic parameter errors converge exponentially to the residual sets

I/f/l(l() < %{[1 + 25152‘11 :'gmaxl }
1

(4.35)
~ A BaT
Wy (1) s%{[nz@ﬁ'm]gm} (4.36)
3
where §;, 8, are positive constants of the order of 1.
Proof: Follows as Chapter 2 (Theorem 2.1).
u

4.4 Online Solution for 2-player games

In this section we develop an optimal adaptive control algorithm that solves the 2-player
game problem online using data measured along the system trajectories. A special case is the
zero-sum 2-player game that was derived in Chapter 3. The technique given here generalizes
directly to the N-player game. A Lyapunov technique is used to derive novel parameter tuning
algorithms for the values and control policies that guarantee closed-loop stability as well as
convergence to the approximate game solution of (4.10).

A suitable ‘actor-critic’ control structure is developed based on the Pl Algorithm in the
previous section. The adaptive control structure relies on each player maintaining two
approximator structures, one for its current value estimate (c.f. (4.13)) and one for its current
policy (c.f. (4.14), (4.15)). This structure is based on reinforcement learning precepts.

Define

w(x)=-1Ri " V() =-L1R " VA (W,
(4.37)

dy(x) ==L Rk (x)VV,(x) ==L Rk (x)V 8, (1), (4.38)

with 7;and V, defined in terms of the least squares solutions to (4.20), (4.21) e.g. (3.25) and
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(4.26) respectively. According to Proposition 4.2, as K —»x(3.42) and (3.43) converge

uniformly to (4.8). The next result follows as in [4], [5].
Proposition 4.3. There exists a number of hidden layer units K, such that «,(x)and
d,(x) are admissible for K>K.
n

In light of this result, the ideal control policy updates are taken as (4.37) and (4.38) with

w,and W, unknown. Therefore, define the control policies in the form of action neural networks

which compute the control inputs in the structured form

u3(x) =—%R1171gT(x)V¢1TW3 (4.39)
dy(x) ==L Ry K (Vg W, (4.40)

where W,and W, denote the current estimated values of the ideal NN weights #; and
W, respectively. Define the critic and the actor NN estimation errors respectively as
lel’Vl—Wla W2:W2—Wza W3:W1—W3 W4:W2—W4- (4.41)
Facts 4.1. For a given compact set QcR":

a. g(),k(.)are bounded by constants:
@l < g, e < e
b. The NN approx errors and their gradients are bounded so that
el <ters Vel <, Jeal <bsas Vel <8,
c. The NN activation functions and their gradients are bounded so that
[l <y IV A O < By, o 0 < B [V (0] < By,
d. The critic NN weights are bounded by known constants

"VVl" < I/Vlmax ’ ||W2|| < W2max
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The main Theorems of Chapter 4 are now given, which provide the tuning laws for the
actor and critic neural networks that guarantee convergence of the 2-player nonzero-sum game
algorithm in real-time to the Nash equilibrium solution, while also guaranteeing closed-loop
stability.

Theorem 4.2. Stability and bounded Neural Network weight errors. Let the
dynamics be given by (4.16), and consider the 2-player game formulation in Section 4.2. Let the
critic NNs be given by (4.27) and (4.28), the control inputs be given (4.39) and (4.40). Let
tuning for the critic NNs be provided by

A fox ~
W =—ay———— [o3' W, + O (x) +u3" Ryyuy +d, Rypdy) (4.42)
(o305+1)

A o ~n
Wy=-a,——— [0,/ W + 0y (x) + 13" Ry + d," Rypd, ] (4.43)
(0404 +1)

where o3 =V (f +gus +kd,)and o, =V (f +guy +kdy) . Let the first actor NN (first player) be

tuned as

s 5 =Ty L -T 1T R O Y 4.44
W3 =—a;{(F,W; — Fos W) 4(V¢,g(x)R” Ry Ry g (X)Vgy Wymy' Wy + Dy (x)Wymy” W)} (4.44)
and the second actor (second player) NN be tuned as

. . a1 ~ ~ . A— . .
Wy = —ay{(F¥, — F4 W) ~7 (V)R T RiyRoy K" ()Y " Wymy "W + Dy ()W ymy"W)y  (4.45)

where
= _ = — [ox
Di(x)=VA@EOR g VA (). Dy(x) =V (0)kRyy k' V' (x), my zm :
3 Y3
my = I4 and F>0,F,>0,F>0,F,>0are tuning parameters. Let Assumption 4.1

(0'4T0'4+1)2
hold, and also assume Q(x)>0and Q,(x)>0. Suppose that 53:03/(0503“) and

4= 0—4/(0—104 +1) are persistently exciting. Let the tuning parameters be selected as detailed

in the proof. Then there exists a K, such that, for the number of hidden layer units K > K, the
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closed-loop system state, the critic NN errors %, and W,, the first actor NN error 7, and the

second actor NN error , are UUB.

Proof: See appendix A.

n

Remark 4.1. The tuning parameters F, F,, F;, F, in (4.44), and (4.45) must be selected
to make the matrix M in (A.50) positive definite (more discussion is presented in the appendix).

Remark 4.2. NN usage suggests starting with the initial control NN weights in (4.39)
and (4.40) randomly selected and nonzero.

Remark 4.3. The assumption 0,(x) >0 and Q,(x) > 0is sufficient but not necessary.

Remark 4.4. Standard neuroadaptive controllers for single players require only 1 NN,
namely the control action NN [50]. However, optimal neuroadaptive controllers based on RL
(e.g. through PI Algorithm) require also a critic NN that identifies the value function for each
player. In the optimal control (single-player) case this requires 2 NN, as described in Chapter 2.
That is, the price paid for an adaptive controller that converges to an optimal control solution is
a doubling in the number of NN, which approximately doubles the computational complexity.

Theorem 4.3. Nash solution of the game. Suppose the hypotheses of Theorem 4.2

hold. Then:

a. H(xW, i,dy)and H,(x,W, i,.d,) are UUB, where

1 :_%Rn_lgr(x)vﬂr(x)ﬁ/l (4.46)

dy ==L Ry, 'K ()Y T (W, (4.47)
That is, Wl and Vf/2 converge to the approximate coupled HJ solution.
b.  uz(x),ds(x) (see (4.39) and (4.40)) converge to the approximate Nash solution of the

game.

Proof: Consider the weights W, , W,, W;and W,to be UUB as proved in Theorem 4.2.
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a. The approximate coupled HJ equations are

Hy(x W, iy, dy) = Hy (e ) = 00 =30, TV g (0 g ()R g 0V T (0
1 TV 4 () £ () =1, TV 4 k() RET OV gy oWy + 11, TV o (0 () R3) Ry RgkT (x)V " () — £,

and
Hy(x,Wy iy, dy) = Hy(x 0y, Wy ) = 05 (x) =21, 'V g, (x)g (0 R g (0)V T (1),
+ L1 TV ()2OR T Ry Ry T OV O — gy, =1 TV (kR ()Y T (W + T, TV gy (x) £ ()
After adding zero we have
Hy(e, 0, W) =W T () f () + 190 D7 =L "D = 110, 7V 6y (0)k (x) Ry RipRopk” (x)V " ()W
+ L1,V ) (k(X)Ry Ry Rgk” (0)V g, (x)Wy + L1, TV gy () (x)Ryp kT (x)V " (x)W
— L IV AR K (V" (W — 2 (4.48)

and

Hy(x, W, W,) =W, 'V 6y (x) f (x) + 110, TV y () g ()R T (V" ()
—1m, 'V, (0gR g )V (W,
1170 T -T -1.T T - 1 T -T -1.T T
WM T VAX)EX)R T Ry Ry g (VT (W +5 W VA(X)EX)R RyRyy g (V' ()W

+ 11,1V gy () () Rk (x)V " (W, =21, TV gy () k(x) Rk (x)V " (X)W =5y, (4.49)
But
W, = -W, +W,and W, =W, +W, (4.50)

After taking norms in (4.50) and letting [#;]| < 7]y @nd [ < Wy a0 ONE has
it = 1 < @s1)
and
|12 = |7 + s | < [ Il < )+ (4.52)

Now (4.48) becomes, by taking into account (4.51), (4.52), Facts 4.1 and Sup"é‘HJl || <3
xeQ
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[ i<y b Wl |44 B (7] P ) |7 k0BT R RRT V" o)

Wy [V COK RS R R (00V " ()

VA@KORK (VT 0+ 1 ]| D)

WZ || + WZmax )

3P+ i )
L P [V R CORIKT (V" (0] + 7 (4.53)

and same for (4.49) with Sup"SHJZ ||< z,
xeQ)

Vh(g(R e (V4 ()

Vﬁl"-‘rVVlmaX)

e 1720 Pl (] 7

V02ROV @ + L[|+ i ) [V AR T ReiR e 9

1
+ 2 W2 maXVVI max

max

VKR (V" ()

~ 12
F 5 [V COR, T RyR T (VA (0] + 2|7 ||

4 [T [V 8 R RKT 0V T ()| + 2, (4.54)
All the signals on the right hand side of (4.53) and (4.54) are UUB. So
H,(x,W, ,i,,dy) and H,(x,W, .i,d,) are UUB and convergence to the approximate coupled HJ

solution is obtained.

b.  According to Theorem 4.1, 4.2 and equations (3.42), (3.43) and (4.39), (4.40) |u; —u|
and |d, —d,| are UUB because ”W3 —Wl“ and ”l/f/4 —Wz” are UUB.

So the pair u;(x),d,(x) gives the approximate Nash equilibrium solution of the game.
This completes the proof.
n
Remark 4.5. The theorems show that PE is needed for proper identification of the
value functions by the critic NNs, and that nonstandard tuning algorithms are required for the
actor NNs to guarantee stability.
Remark 4.6. Theorems 4.2 and 4.3 show UUB of key quantities. According to the

definition of vector D in (A.49) and to (4.53), (4.54), the error bounds depend on the NN
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approximation errors, nonlinear Lyapunov equation and HJ equation residuals, and the bounds

Wimax> Wamax ON the unknown NN weights. By the Weierstrass Approximation Theorem and

Proposition 4.2, all of these go to zero uniformly as the number of NN hidden layers increases

except for W ,...."max - 1he question of obtaining improved errors bounds in neuroadaptive

control has a long and studied literature. Methods have been developed for removing

Wimax> Wamax  from the UUB error bounds. See for instance the work of Ge et al (e.g. [29]).

Those results could be used to extend the tuning algorithms provided here, but do not constitute
a part of the novel results presented herein.

The bounds in the theorems are in fact conservative. The simulation results show that
the values and Nash solutions are very closely identified.

4.5 Simulation Results

Here we present simulations of nonlinear and linear systems to show that the game can
be solved ONLINE by learning in real time, using the method of this chapter. PE is needed to
guarantee convergence to the Nash solution. In these simulations, exponentially decreasing
probing noise is added to the control inputs to ensure PE until convergence is obtained.

4.5.1 Nonlinear system
Consider the following affine in control input nonlinear system, with a quadratic cost

constructed as in [64]
x= f(x)+g(x)u+k(x)d, x e R?

where

X2
I= {—xz - %xl + %xz (cos(2x)) +2)* + %xz (sin(4x%) + 2)2}

0
= k(x)= .
&) Los(le) + 2}’ 2 Lin(4x12) + Z:I

Select Q, =20,, R;=2Ryand R,=2R,,, where Q,,R,, and R, are identity matrices.
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Select a)=a,=ay;=a,=1and F,=F, =F, =F =100/ for the constants on the tuning laws,
where [ is an identity matrix of appropriate dimensions.
The optimal value function for the first critic (player 1) is
v I I
1 (D) =7x"+x
2
and for the second critic (player 2) is

Vs (x) :ixﬁ +%x22 .
The optimal control signal for the first player is
U’ (x) ==2(cos(2x,) + 2)x,
and the optimal control signal for the second player is
d”(x) = ~(sin(4x,2) + 2)x, .
One selects the NN vector activation function for the critics as

o (x)=0,(x)=[x? xx, x3] and uses the control algorithm presented in Theorem 4.2. Each

player maintains two NN, a critic NN to estimate its current value and an action NN to estimate
its current control policy.

Figure 19 shows the critic parameters for the first player, denoted by

Vf/l =[w,, W, Was]" by using the proposed game algorithm. After convergence at about 150s
one has l/f/l(tf) =[0.5015 0.0007 1.0001]" . Figure 20 shows the critic parameters for the second
player W, =[W,., W,., W] . After convergence at about 150s one has

Wy(t;)=[02514 0.0006 0.5001]" .
The actor parameters for the first player after 150s converge to the values of

Vf/3(t/-)=[0.5015 0.0007 1.0001]", and the actor parameters for the second player converge to

the values of

Wy(t;)=[02514 0.0006 0.50011".
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Therefore the actor NN for the first player
T
0 r[2x 0 105015
i(x)=—1R, ! 0.0007
Ut =5 Ry cos(2x,) +2 A
0 2x 1.0001

also converged to the optimal control, and similarly for the second player

0 r[2x, 0 02514
(j(x)z—%Rzz{ ) } X, x| |0.0006].
sin(4x;7) +2
! 0 2x,| [0.5001

The evolution of the system states is presented in Figure 21. After the probing noise is
turned off, the states converge to zero. Figure 22 shows the 3-D plot of the difference between
the approximated value function for player 1 and the optimal one (similarly for the second
player). These errors are close to zero. Good approximations of the actual value functions are
being evolved. Figure 23 shows the 3-D plot of the difference between the approximated control
for the first player, by using the online algorithm, and the optimal one. This error is close to zero.
Similarly for the second player.

Parameters m‘critic1 MM
25 T T T T T

_D 5 1 1 1 1 1
0 a0 100 140 200 250 300

Time (s)

Figure 19. Convergence of the critic parameters for first player.
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Parameters of critic2 [

it T T T T T
W2C21
2L WZCQ i
AR WZCS
151 B
1F 4
0sF
e s
_05 1 1 1 1 1
0 a0 100 150 200 250 300

Time (s)

Figure 20. Convergence of the critic parameters for second player.

System States

1 1 1 1
1] a0 100 150 200 250 300
Tirne (s)

Figure 21. Evolution of the system states.
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Approximation Errar of %/,

0.01

0oog

Figure 22. 3D plot of the approximation error for the value function of player 1.

Error between Optimal and Approxirmated control for first player

E]
# 10

Figure 23. 3D plot of the approximation error for the control of player 1.
4.5.2 Linear system
The aim of this example is to illustrate the online algorithm with a simple example that
was simulated in previous work in [39], [60] to solve coupled Riccatis.
Suppose
%(1) = 2x(t) +uy (£) + 3uy (1)
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with

Jy = I(—9x2 +0.64uf —u?) dt
0
and

J :J.(9xz+u]2)dt.
0

Selecta, =a, =ay;=a,=1,F, =F, =F, =F =5for the constants on the tuning laws.
According to [60] the solution of the coupled Riccati is given by B =-1.4145and B, =1.5718. By

using the algorithm proposed in Theorem 4.2 the solution of the coupled Riccati is found online

to be B = -1.4250and P, =1.5754. Figure 24 shows the evolution of the system state. Figures 25

and 26 show the convergence of the critic Neural Networks for each player.

System State
155 T T T T T T T T T

0s5nH B

05+ B

_1 1 1 1 1 1 1 1 1 1
0 20 40 B0 a0 mo 1200 1400 160 180 200

Time (s)

Figure 24. Evolution of the system state.
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Parameters of the critic I\JN1

e

1 1 1 1 1
o0 1200 1400 1600 180 200
Time (s)

Figure 25. Convergence of the critic NN for the first player.

Fararmeters of the critic NN2
(BT T T T T T T T T T

1 1 1 1 1 1 1 1 1 1
0 20 40 B0 a0 mo 1200 1400 160 180 200

Time (s)

Figure 26. Convergence of the critic NN for the second player.

4.5.3 Zero-Sum Game with unstable linear system

Consider the following unstable linear system,

:ﬁ 0'55}{(1)}{(1)}1
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with
ool ;
J1=I(x o 1/t u-25d"dydtand J,=-J,.
0

One can see that this is a zero-sum game because 0, =-0,, R, =-R,;, Ry =—R.
Select a, =a, =ay=a, =1, F, =F, =F, =F =5I for the constants on the tuning laws,

where [ is an identity matrix of appropriate dimensions. In this linear case the solution is given

by the solution of the game algebraic Riccati equation (GARE) with

1 0
Y =Ry =5, RlelzlandQsQ]:{o ]:|.

1
A"P+PA+Q-PBR'B"P+—PKK"P=0
Y

Solving the GARE gives the parameters of the optimal critic as
W =[1.9439 13137 1.9656]"

which are the components of the Riccati solution matrix P.

Since the value is quadratic in the LQR case, the critic NNs basis sets ¢ (x) =¢,(x) were

selected as the quadratic vector in the state components x® x with ® the Kronecker product.

Redundant terms were removed to leave n(n+1)/2=3 components.

The two-player game algorithm is implemented as in Theorem 4.2. PE was ensured by

adding a small exponenttial decreasing probing noise to the control inputs. Figure 27 shows the

critic parameters for the first player, denoted by W, =[w,, W., W] and Figure 28 the critic

c

parameters for the second player, Vf/2 =W,y Wyo Wyl , converging to the optimal values. It
is clear that W, =¥, . In fact after 400s the critic parameters for the first player converged to
Wi(t,)=[1.9417 13138 1.95911"
and the second to
Wy(t)=[-1.9417 -1.3138 -1.9591]" .
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Finally Figure 29 shows the evolution of the states.

Fararmeters of the critic NN1

D 1 1 1 1 1 1 1 1 1
1] a0 100 150 200 250 300 350 400 450 500
Time (s)

Figure 27. Convergence of the critic NN for the first player.

Parameters of the critic I\JN2

155 T T T T T T T T T
W2C21
! - WZCQ |
05+ R WQCS H

_3 1 1 1 1 1 1 1 1 1
1] a0 100 150 200 250 300 350 400 450 500

Tirne (s)

Figure 28. Convergence of the critic NN for the second player.
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System States

15

_1D 1 1 1 1 1 1 1 1 1
1] a0 100 150 200 250 300 350 400 450 500

Time (s)

Figure 29. Evolution of the system states.

98



CHAPTER 5

REINFORCEMENT LEARNING FOR PARTIALLY OBSERVABLE DYNAMIC PROCESSES:

ADAPTIVE DYNAMIC PROGRAMMING USING MEASURED OUTPUT DATA

5.1 Introduction

In this work, novel output feedback ADP algorithms are derived for affine in the control
input linear time-invariant (LTI) deterministic systems. Such systems have as stochastic
equivalent the partially observable Markov decision processes (POMDPSs). In this chapter, data-
based optimal control is implemented on-line using novel Pl and VI ADP algorithms that require
only reduced measured information available at the system outputs. These two classes of
output feedback algorithms do not require any knowledge of the system dynamics (A,B,C) and
as such are similar to Q-learning [17], [97], [99], [100] but they have an added advantage of
requiring only measurements of input/output data and not the full system state. In order to
ensure that the data set is sufficiently rich and linearly independent, there is a need to add (c.f.
[17]) probing noise to the control input. We discuss this issue showing that probing noise leads
to bias. Adding a discount factor in the cost minimizes it to an almost zero effect. This discount
factor is related to adding exponential data weighting in the Kalman Filter to remove the bias

effects of unmodeled dynamics [55].

The chapter is organized as follows. Section 5.2 provides the background of the optimal
control problem, dynamic programming and reinforcement learning methods for the linear
quadratic regulation problem. Section 5.3 introduces the new class of Pl and VI algorithms by
formulating the temporal difference error with respect to observed data and redefining the
control sequence as the output of a dynamic polynomial controller. Section 5.4 discusses the

implementation aspects of the output feedback ADP algorithms. For convergence the new
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algorithms require persistently exciting probing noise whose bias effect is canceled by using a
discounted cost function. Section 5.5 presents simulation results obtained using the new data

based ADP algorithms and is followed by concluding remarks.

5.2 Background

In this Section we give a review of optimal control, dynamic programming, and
reinforcement learning methods (i.e. policy iteration (PI) and value iteration (V1)) for the linear
quadratic regulator (LQR). It is pointed out that both these methods employ contraction maps to
solve the Bellman equation, which is a fixed-point equation [62]. Both Pl and VI methods require
full measurements of the entire state vector. In the next section we show how to implement PI
and VI using only reduced information available at the system outputs.
5.2.1 Dynamic Programming and LQR

Consider the linear time-invariant discrete-time (DT) system

X +1 :Axk +Buk (5 1)
Vi = Cxg

with x, e R” the state, u, e R™ the control input, and y, € R? the measured output. Assume
throughout that (A, B) is controllable and (A, C) is observable [53].
Given a stabilizing control policy u, = u(x; ), associate to the system the performance

index

V) = f(nyy,» +ul Ru; ) = > (5.2)

i=k i=k
with weighting matrices Q=07 >0,R=R’ >0 and (4,C\/Q) observable. Note that

u, = u(x; ) is the fixed policy. The utility is

1 = i Oy +uj Ruy (5.3)
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The optimal control problem [53] is to find the policy u; = u(x;) that minimizes the cost

(5.2) along the trajectories of the system (5.1). Due to the special structure of the dynamics and

the cost this is known as the linear quadratic regulator (LQR) problem.

A difference equation equivalent to (5.2) is given by the Bellman equation
VH(x) = v Qv+ Ry + V' (x1) (5.4)

The optimal cost, or value, is given by

V' (x;) =min Z(y,-TQy[ +u,-TRu[) . (5.5)
M=k

According to Bellman’s optimality principle the value may be determined using the

Hamilton-Jacobi-Bellman (HJB) equation
V*(xk) =n;in(yZka ‘H‘IZR“k + V*(xkﬂ)) (5.6)
k
and the optimal control is given by

#' (o) = argmin v Oy +uf Ry + V" (xp.1)) (5.7)

Uy
For the LQR case, any value is quadratic in the state so that the cost associated to any
policy u; = u(x;) (not necessary optimal) is
VH(x,) = xi Px; (5.8)
for some nxn matrix P. Substituting this into (5.4) one obtains the LQR Bellman equation
X Py = yi Qv+t Rty + 3,1 P (5.9)
If the policy is a linear state variable feedback so that
up = p(xy) = —Kx;, (5.10)
then the closed loop system is
X =(A-BK)x; = 4.x; (5.11)
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Inserting these equations into (5.9) and averaging over all state trajectories yields the

Lyapunov equation
0=(A4-BK) P(4-BK)-P+CTOC+KTRK (5.12)

If the feedback K is stabilizing, and (A, C) is observable, there exists a positive definite

solution to this equation. Then, the Lyapunov solution gives the value of using the state

feedback K, i.e. solution of this equation gives the kernel P such that V'#(x,) = x} Px; .
To find the optimal control, insert (5.1) into (5.9) to obtain
Tp. _ T T T

To determine the minimizing control, set the derivative with respect to u, equal to zero

to obtain
u, =—(R+B"PB)"' BT Pax, (5.14)
whence substitution into (5.13) yields the Riccati equation
0=da"P4-P+CTOC—- 4" PB(R+B"PB)' BT P4 (5.15)

This is the LQR equivalent to the HJB equation (5.6).

5.2.2 Temporal difference, policy iteration, value iteration
It is well known that the optimal value and control can be determined online in real time
using temporal difference reinforcement learning methods ([20], [68], [78], [86], [99]), which rely

on solving online for the value that makes small the so-called Bellman temporal difference error
e ==V* () + g Qv +ug Rug +V* () (5.16)

The temporal difference error is defined based on the Bellman equation (5.4). For use in any
practical real-time algorithm, the value should be approximated by a parametric structure [15],

[98], [99].
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For the LQR case, the value is quadratic in the state and the Bellman temporal
difference error is
e = =g Pxy + v Qv+ Rug + X Py (5.17)
Given a control policy, solution of this equation is equivalent to solving Lyapunov
equation (5.12) and gives the kernel P such that V*(x;) = kaka .
Write (5.6) equivalently as

0= min(—V* (x¢) +y,{ka +u,{Ruk +V° (xk+1)) (5.18)

Uy

This is a fixed point equation. As such, it can be solved by the method of successive
approximation using a contraction map. The successive approximation method resulting from
this fixed point equation is known as Policy Iteration (PI), an iterative method of determining the
optimal value and policy. For the LQR, Pl is performed by the following two steps, based on the

temporal difference error (5.17) and a policy update step based on (5.7).

Algorithm 5.1- Pl

Select a stabilizing initial control policy u{ =x"(x,). Then, for j=0,1,.. perform until

convergence:

1. Policy Evaluation. Using the policy u,{ :yj(xk) in (5.1), solve for P/*! such that

T pj+l T iNT j T i+1
0=—x; P/ + 33 Ovg + (@] Rujl + xp 7" xp (5.19)

2. Policy Improvement.

ul™ = ' (x,) = arg min()’/?Q)’k +uj Ruy + x,ZHPj”ka) (5.20)

Uy
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The solution in the policy evaluation step is generally carried out in a least-squares sense. The

initial policy is required to be stable since only then does (5.19) have a meaningful solution.

This algorithm is equivalent to the following, which uses the Lyapunov equation (5.12),

instead of the Bellman equation, and (5.14).

Algorithm 5.2- Pl Lyapunov lteration Equivalent
Select a stabilizing initial control policy K. Then, for j =0,1,... perform until convergence:
1. Policy Evaluation.

0=(4-BK) P\ (4-BK/)- P/ + CTOC+(K/) RK (5.21)
2. Policy Improvement.

K/t = (R+BTPj+1B)_1BTPj+1A (5.22)

It was shown in [15] that under general conditions, the policy ﬂj+l obtained by (5.20) is

improved over the ,uj in the sense that V"M (x) < yu (x;). It was shown by Hewer [20] that
k k

Algorithm 5.2 converges under the controllability/observability assumptions if the initial feedback
gain is stabilizing.

Note that in PI Algorithm 5.2, the system dynamics (A, B) are required for the policy
evaluation step, while in Pl Algorithm 5.1 they are not. Algorithm 5.2 is performed off-line

knowing the state dynamics.

On the other hand, Algorithm 5.1 is performed on-line in real-time as the data (x,,7,,x,,,) are

measured at each time step, with 7, :yZka +u,ZRuk the utility. Note that (5.19) is a scalar
equation, whereas the value kernel P is a symmetric nxn matrix with n(n+1)/2 independent
elements. Therefore, n(n+1)/2 data sets are required before (5.19) can be solved. This is a

standard problem in least-squares estimation. The policy evaluation step may be performed
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using batch least-squares, as enough data are collected along the system trajectory, or using
recursive least-squares (RLS). The dynamics (A, B) are not required for this, since the state
X4 is measured at each step, which contains implicit information about the dynamics (A, B).
This procedure amounts to a stochastic approximation method that evaluates the performance
of a given policy along one sample path, e.g. the system trajectory. Pl Algorithm 5.1 effectively
provides a method for solving the Riccati equation (5.15) online using data measured along the

system trajectories. Full state measurements of x, are required.

A second class of algorithms for on-line iterative solution of the optimal control based
on the Bellman temporal difference error (5.17) is given by Value lteration (VI) or heuristic
dynamic programming (HDP) [99]. Instead of the fixed point equation in the form (5.18), which

leads to policy iteration, consider (5.6),
* . T T *
V() = min( y vy +uf Ry + V" (x1.1) (5.23)
Uy

which is also a fixed point equation. As such, it can be solved using a contraction map by

successive approximation using the Value lteration (VI) algorithm.

Algorithm 5.3- VI
Select an initial control policy K°. Then, for j =0,1,... perform until convergence:
1. Value Update.
xi PPy = v v + @) Rl + 5P (5.24)
2. Policy Improvement.

ul™ = 1! () = argmin v Oy +uf Ruy + {1 P (5.25)

Uy,

Since (5.23) is not an equation but a recursion, its implementation does not require a stabilizing

policy. Therefore, the VI algorithm does not require an initial stabilizing gain. It is equivalent to
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a matrix recursion knowing the system dynamics (A, B), which has been shown to converge in
[46].

Note that the policy update steps in PI Algorithm 5.1 and in VI Algorithm 5.3 rely on the
hypothesis of the value function approximation (VFA) parameterization (5.8). Both algorithms
require knowledge of the dynamics (A, B) for the policy improvement step. In [7] it is shown that
if a second approximator structure is assumed for the policy, then only the B matrix is needed
for the policy improvement in Algorithm 5.1 or 5.3.

An approach which provides on-line real-time algorithms for solution of the optimal
control problem without knowing any system dynamics is Q learning. This has been applied to

both Pl [17] and VI, where it is known as action dependent HDP [99].

All these methods require measurement of the full state x;, e R".

5.3 Temporal Difference, Pl, and VI based on output feedback

This section presents the new results of this chapter. The Bellman error (5.17) for LQR

is quadratic in the state. This can be used in a Pl or VI algorithm for online learning of optimal
controls as long as full measurements of state x;, € R" are available. In this section we show

how to write the Bellman temporal difference error in terms only of the observed data, namely

the input sequence uy and the output sequence .

The main result of the following equations is (5.45), (5.46) which give a temporal

difference error in terms only of observed output data.
To reformulate policy iteration and value iteration in terms only of the observed data, we
show how to write V#(x;)= xZka as a quadratic form in terms of the input and output

sequences. A surprising benefit is that there result two algorithms for reinforcement learning
that do not require any knowledge of the system dynamics (A, B, C). That is, these algorithms

have the same advantage as Q-learning in not requiring knowledge of the system dynamics, yet
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they have the added benefit of requiring only measurements of the available input/output data,
not the full system state as required by Q learning.
5.3.1 Writing the value function in terms of available measured data

Consider the deterministic linear time invariant system

Xyl = Axk +Buk

(5.26)
Ve =Cx;

with x, eR", u, eR™, and y, eR”. Assume that (A, B) is controllable and (A, C) is

observable [53]. Controllability is the property of matrices (A, B) and means that any initial state
can be driven to any desired final state. Observability is a property of (A, C) and means that

observations of the output y, over a long enough time horizon can be used to reconstruct the
full state x, . Given the current time k, the dynamics can be written on a time horizon [k-N, k] as

the expanded state equation

U
_ 4N 2 N-1 U
x=AVx y+|B 4B A*B - AVB| K (5.27)
Up_N
v 0 CB CaB - CAV 7B
u
Yi-1 CA. 0 0 CB - cyN-3p k=1
Yi-2 : . . . . Up_
.= Xyt DU : . (5.28)
: ca |V ' :
, . CB .
k-N 0 0 0 0 0 k-N

or by appropriate definition of variables as
% = AV 5y + Uity (5.29)

Vit j-N =VNXp-n + Tnt_1j—n (5.30)

with
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Uy =[B AB - AN_IBJ
the controllability matrix and

CAN*I

Vy = (5.31)

the observability matrix, where V), € RPNV Ty is the Toeplitz matrix of Markov parameters.

Vectors
V-1 Up—
— V-2 PN = Ug—2 mN
Vige-n=| . |ERTT, Uprj-n =| .7 |ER
Yi-N Up-N

are the input and output sequences over the time interval [k-N, k-1]. They represent the

available measured data.

Since (A, C) is observable, there exists a K, the observability index, such that

rank(Vy) <n for N <K, rank(Vy)=n for N> K. Note that K satisfies Kp>n. Let N>K. Then
Vy has full column rank n, and there exists a matrix M € R”"" such that
AN =My, . (5.32)

This was used in [1] to find the optimal control through identification of the Markov

parameters.

Since V) has full column rank, its left inverse is given as

Ve =iy vy (5.33)

so that
M= ANV 4 Z(I -V Vi) =My + M, (5.34)
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for any matrix Z, with M, denoting the minimum norm operator and P(RL(VN ) =1-VyVy the

projection onto range perpendicular of V), .

The following Lemma shows how to write the system state in terms of input/output data.

Lemma 5.1. Let the system (5.26) be observable. Then the system state is given

uniquely in terms of the measured input/output sequences by

Xp = Moy n +(Uy =MoTy )ity gy =M Viypon + Myl gy (5-35)
or
U 1 k-N
5 =M, M| (5.36)
[ ! y]|:J’kl,kN:|

where M, =Myand M, =Uy —M,Ty
with M, =4"vy, Vi =wivy) 'Vl the left inverse of the observability matrix (5.31), and
N > K, where K is the observability index.
Proof: Note that 4" x, ,, = MV, x,_, so that according to (5.30)
AVx oy =MVyxi_y =My 4y —MTyi 4y (5.37)
(Mo +M)Wyxi_y =My +M) Y-y — (Mo + M)yt -y (5.38)
Note however that MV, =0 so that
MVyxy_y =MoVyxp_y s

and apply M, to (5.30) to see that

0=M ¥y sy — M Tyitp_y4_y, VM st.MVy =0 (5.39)

Therefore,
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AV =MV =MoTy gy —MoTyil 4y (5.40)
independently of M;. Then, from (5.29)

X = MoV oy +(Uy =MoTy )ty jon =My Vi oy + Myt oy (5.41)

This result expresses x, in terms of the system inputs and outputs from time k-N
through time k-1. Now we will express the value function in terms of the inputs and outputs.

It is important to note that the system dynamics information (e.g. A, B, C) must be
known to use (5.36). In fact, M, =M, is given in (5.34) where Vy depends on A and C. Also,
M, depends on M,,Uy,Ty. Uyis given in (5.27), (5.29) in terms of A and B. Ty in (5.28),
(5.30) depends on A, Band C.

In the next step, it is shown how to use the structural dependence in (5.35) yet avoid

knowledge of A, B and C.

Define the vector of observed data at time k as

_ Up_ g
Bkl {yﬁ 1’; f; } (5.42)

Now one has

T
VH(x,)=x! Px, =27 M p[M M ]z (5.43)
k k* 2k k-L,k—N MT u v |“k-1k—N .
y

T T
MIPM, M]PM,

_T _ - - _
VA = Zpoipen Zk—1h-N = Zk—1h-NP Zk_1p-n (5.44)

T T
MIPM, MIPM,
Note that w,_,;_y € R™, 3,y e RN, 2,y e RPNV - p e RUHPINXmpIN,

Equation (5.44) expresses the value function at time k as a quadratic form in terms of

past inputs and outputs.
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Note, that the inner kernel matrix P in (5.44) depends on the system dynamics A, B and

C. In the next section it is shown how to use reinforcement learning methods to learn the kernel

matrix P without knowing A, B and C.

5.3.2 Writing the TD error in terms of available measured data

We may now write Bellman’s equation (5.9) in terms of the observed data as
-T P _ T Tp = Pz 5.45
Zi 1 h-NPZr 1 p-n = Vi Oy +up Rug + 24 4y Pzy j o - (5.45)
Based on this equation, write the temporal difference error (5.17) in terms of inputs and outputs
as
=z NP T {Ruy +20 4y PZ 5.46
€ =~ Zj k-NPZo1p-n + Vi OV +uj Rug +Zp o NP2y oy (5.46)

Using this TD error, the policy evaluation step of any form of reinforcement learning based on
the Bellman temporal difference error (5.17) can be equivalently performed using only the
measured data, not the state.

Matrix P depends on A, B and C through M,and M, . However, reinforcement

learning methods allow one to learn P online without A, B, C, as shown next.

5.3.3 Writing the Policy Update in terms of Available Measured Data

Using Q learning, one can perform Pl and VI without any knowledge of the system
dynamics. Likewise, it is now shown that, using the above constructions, one can derive a form
for the policy improvement step (5.20)/(5.25) that does not depend on the state or the dynamics,

but only on the measured input/output data.

The policy improvement step may be written in terms of the observed data as

4(x; ) = argmin (J’kTQJ’k +ug Ruy, + x/?+1ka+1) (5.47)

Uy
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4(x; ) = argmin (yI{ka +uf Ruy + EkT,k—NHFEk,k—NH ) (5.48)

Uy

. T e
Partition z; ;.1 Pz 4-n+1 @S

T
uk pO pu py uk
_T = _ T _
Zk kN1 P2k vt = | Uprhn+1 | | Pu P B3 || Wkoik—ne1 (5.49)
Vkk-N+1 pyT Py Py || Vkk-ns

One has p, e R™", p, e R™"ND) ) e R™PV  Then, differentiating with respect to u, to
perform the minimization in (5.48) yields

0 = Ruy + pouty + Pyl k-N+1+ Py Vi k-N+1 (5.50)
or

e ==(R+py)”! (puak—l,k—NH + Dy Vi k-N+1 ) (5.51)

This is a dynamic polynomial auto regression moving average (ARMA) controller that
generates the current control input uy in terms of previous inputs and the current and previous

outputs.

Exactly as in Q learning (called by Werbos action-dependent learning [99]), the control

input appears in the quadratic form (5.49), so that the minimization in (5.48) can be carried out

in terms of the learned kernel matrix P without resort to the system dynamics. However, since
(5.49) contains present and past values of the input and the output, the result is a dynamical

controller in polynomial ARMA form.
We have developed the following reinforcement learning algorithms which only use the

measured input/output data, and do not require measurements of the full state vector x, .
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Algorithm 5.4- Pl Algorithm Using Output Feedback
Select a stabilizing initial control policy u,? = ﬂo_ Then, for j=0,1,... perform until convergence:
1. Policy Evaluation. Solve for P/ such that

0=—2 4 NP5 N VO + D) Rul + 2y PP E v (5.52)

2. Policy Improvement. Partition P as in (5.49). Then define the updated policy by

”{r] = u(x)=—(R+ P({” ) '(Pz{+l"_‘k—l,k—N+l + P§+lyk,k—N+l) (5.93)
|
Algorithm 5.5- VI Algorithm Using Output Feedback
Select any initial control policy u,? =", Then, for j=0,1,... perform until convergence:
1. Policy Evaluation. Solve for P/ such that
s NP Ty = 2RO+ WD Rul + T P T v (5.54)
2. Policy Improvement. Partition P as in (5.49). Then define the updated policy by
wl" = M () =—(R+ p*)™! '(pz{HL_‘k—l,k—NH + ) Vegona ) (5.55)
|

Remark 5.1. These algorithms do not require measurements of the internal state

vector Xx, . They only require measurements at each time step k of the utility

1, = yi Oy, +uj Ru, , the inputs from time k-N through time k, and the outputs from time k-N

through time k. The policy evaluation step may be implemented using standard methods such

as batch least-squares or Recursive Least Squares (RLS) (see next section).
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Remark 5.2. The control policy given by these algorithms in the form of (5.51), (5.53),
(5.55) is a dynamic ARMA regulator in terms of past inputs and current and past outputs. As
such, it optimizes a polynomial square-of-sums cost function that is equivalent to the LQR sum-
of-squares cost function (5.2). This polynomial cost function could be determined using the

techniques in [53].

Remark 5.3. The PI Algorithm 5.4 requires an initial stabilizing control policy, while the

VI Algorithm 5.5 does not. As such, VI is suitable for control of open-loop unstable systems.

Remark 5.4. The Pl algorithm requires an initial stabilizing control policy u = 4° that is
required to be a function only of the observable data. Suppose one can find an initial stabilizing
state feedback gain u,? = yo(xk) = —Koxk . Then the equivalent stabilizing output feedback

ARMA controller is easy to find and is given by

0 0 0 0 Ek—l,k—N
U =H (xk)z_K xkz_K I:Mu My:||:;k AN

The next result shows that the controller (5.51) is unique.

Lemma 5.2. Define M, M, according to (5.34). Then the control sequence generated

by (5.51) is independent of A/, and depends only on M. Moreover, (5.51) is equivalent to

Tpmy-l(, = =
u, =—(R+B" PB) (pu“k—l,k—NJrl TPy Vi k-N+1 ) (5.96)
where p,, p, depend only on M.

Proof: Write (5.50) as

— — Ek,k—N+1
0= Rty + poty + Pty -y + PyTi-nn = R+ po 1 |2y || =
Yk -N+1

According to (5.44) and (5.49)

|:p0 pu:lz[[m OJMZPMu, pyZI:Im OJMZ'PMy
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therefore
0= Ruy + ity + Pyt j—n+1 + PyVis-n+1 = Rty +[ 1, OJMMTP(MML_%,k—NH +My)7k,k—N+1)
According to Lemma 5.1 this is unique independently of M; (see (5.38)) and equal to
0= Ruy +[ 1, OJMuTP((UN ~MoTy )ty gy + Mofk,k—ml)

Now

However
Im Im
My| =(Uy —(My+M)Ty) o |78
where one has used the structure of U, T, . Consequently

_ _ T _ _
0= Ruy + pouty + pyltp_1 j—N+1 + Py j-N+1 = Rup + B P((UN —M Ty ity j-ns1 + Mo Vi -y )

which is independent of M, .

1
Now note that p, =[1,, OJMMTPM,{ (’)”} = B"PB as per the above. Hence (5.56) follows

from (5.51).

Remark 5.5. Note that the controller cannot be implemented in the form (5.56), since it

requires that matrix P be known.

5.4 Implementation, probing noise, bias and discount factors

In this section we discuss the need for probing noise to implement the above
algorithms, show that this noise leads to deleterious effects such as bias, and argue how adding

a discount factor in the cost (5.2) can reduce this bias to a negligible effect.
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The equations in Policy lteration and Value Iteration are solved online by standard
techniques using methods such as batch least-squares or recursive least-squares. See [17]

where RLS was used in Q-learning. In PI, one solves (5.52) by writing it in the form
5[ = - - - _.T INT poJ
stk(P )|:Zk—1,k—N ®Zp 1 k-N ~Zk f-N+1 ® Zk,k—N+l:| = Vi Oy + i )" Ruy (5.57)

with ® the Kronecker product and stk(.) the column stacking operator [18]. Redundant

quadratic terms in the Kronecker product are combined. In VI one solves (5.54) in the form
Stk(l_)j+l)|:3k—l,k—N ®Ek—l,k—N:| = Vi Oy + )" Rul +Z 4 yaP sy (5.58)

Both of these equations only require that the input/output data be measured. They are
scalar equations, yet one must solve for the kernel matrix P eR"PNxntpN “\yhich is
symmetric and has [(m+ p)N]|[(m+ p)N+1]/2 independent terms. Therefore, one requires

data samples for at least [(m+ p)N|[(m+ p)N +1]/2 time steps for solution using batch LS.

To solve the Pl update equation (5.57), it is required that the quadratic vector
[Ek_l,k_N ®Zj_1k-N ~ Zk k-N+1 ®Ek,k_N+1J be linearly independent over time, a property known
as persistence of excitation (PE). To solve the VI update equation (5.58), one requires PE of
the quadratic vector [Ek_ljk_N ®Ek_1,k_NJ . Itis standard practice (see [17] for instance) to inject

probing noise into the control action to obtain PE, so that one puts into the system dynamics the

input 4, =u, +d; , with u, the control computed by the Pl or VI current policy and d, a probing
noise or dither, e.g. white noise.

It is well known that dither can caused biased results and mismatch in system
identification. In [102] this issue is discussed and several alternative methods are presented for
injecting dither into system identification schemes to obtain improved results. Unfortunately, in

control applications, one has little choice about where to inject the probing noise.
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To see the deleterious effects of probing noise, consider the Bellman equation (5.9)

with input 4, =u, +d, , where d, is a probing noise. One writes

T3 T T~ AT As
X Pxp = yi Qv +uy Ruy + Xp 1 PXy

xI Px, = yF Oy, +(uy +d,)T R(uy +d,)+ (Ax, + Buy + Bd, )T P(Ax, + Bu; +Bd,)

x,{i’xk = y]{ka + l/lkTRl/Ik +dkTde +Z/lkTde + dkTRZ/lk + (Axk +Buk )Tﬁ(Axk +Buk)

+(Ax; +Buy )T PBd, +(Bd, )" P(Ax, +Bu,)+(Bd, )" PBd,

Now, use ftrace{AB}=trace{BA} for commensurate matrices A and B, take expected
values to evaluate correlation matrices and assume the dither at time k is white noise
independent of u,,x, so that E{Ru,d,”}=0, E{PBd,(Ax, +Bu,)" }=0 and the cross terms drop
out. Then, averaged over repeated control runs with different probing noise sequence d,, this
equation is effectively

xI Px, = yF Oy, +u,T Ruy + (Ax, + Buy )T P(Ax, + Buy ) +d,” (BT PB+ R)d,

which is the undithered Bellman equation plus a term depending on the dither covariance. As
such, the solution computed by PI or VI will not correspond to the actual value corresponding to

the Bellman equation.

It is now argued that discounting the cost can significantly reduce the deleterious effects

of probing noise. Adding a discount factor y <1 to the cost (5.2) results in

Vi) =27k (y,-TQy,» +u,-TRu[) =Xy (5.59)
i=k i=k

with associated Bellman equation
X Px = yi Ove +ug Rug + 7350, P (5.60)
This has an HJB (Riccati) equation equivalent of

0= —P+y(ATPA—ATPB(%+BTPB)‘1BTPA)+CTQC (5.61)
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and an optimal policy of
w =—(% +B" PB)"' B PAx, (5.62)
The benefits of discounting are most clearly seen by examining value iteration. The
Value Iteration Algorithm 5.3, which with discount has (5.24) modified as
x}szka = y,{ka + (u,{ )T Ru,{ + }/x,zﬂ ijk+1 (5.63)
corresponds to the underlying Riccati difference equation

T T T -1 pT T
Py =y(4"Pa-4"PB(Y+ B PBY B PjA)+C oC (5.64)

where each iteration is decayed by the factor y <1. The effects of this can best be understood

by considering the Lyapunov difference equation
P =yA"PA+CTQOC, B (5.65)

which has solution
. . R i S
P =y (A"Y R A) +Y ¥ (4"Y 04 (5.66)
i=0
The effect of the discount factor is thus to decay the effects of the initial conditions.

In similar vein, the discount factor decays the effects of previous probing noises and
improper initial conditions in the Pl and VI algorithms. In fact, adding a discount factor is closely
related to adding exponential data weighting in the Kalman Filter to remove the bias effects of
unmodeled dynamics [55].

5.5 Simulations Results

5.5.1 Stable linear system and policy iteration

Consider the stable linear system with quadratic cost function
1.1 0.3 N 1
X = X u
k+1 1 0 k 0 k
yk = [1 —O.S]Xk
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where O and R in the cost function are identity matrices of appropriate dimensions. The
open-loop poles are z; =0.5, and z, =0.6. In order to verify the correctness of the proposed

algorithm, the optimal value kernel matrix P is found by solving (5.15) to be

1.0150 -0.8150
-0.8150 0.6552 |

_ [M,PM, M[]PM,
Now by using P = and (5.35) one has
M[PM, M[PM,

1.0150 -0.8440 1.1455 -0.3165
-0.8440 0.7918 -1.0341 0.2969
1.1455 -1.0341 13667 -0.3878|
-0.3165 0.2969 -0.3878 0.1113

ﬁ:

Since the system is stable, we use the output feedback PI Algorithm 5.4 implemented
as in equations (5.52) and (5.53). PE was ensured by adding dithering noise to the control input,

and a discount (forgetting) factor y =0.2was added to diminish the dither bias effects. The

observerindexis K =2 and N is selected equal to 2.

By applying dynamic output feedback control (5.53) the system remained stable and the
parameters of the P converged to the optimal ones, in fact

1.1340 -0.8643 1.1571 -0.3161
-0.8643 0.7942 -1.0348 0.2966
1.1571 -1.0348 1.3609 -0.3850 |
-0.3161 0.2966 -0.3850 0.1102

ﬁ:

In the example, Batch Least Squares was used to solve (5.52) at each step.
Figure 30 shows the convergence of p,eR, p, R, p, eR™? of P to the correct

values. Figure 31 shows the evolution of the system states and their convergence to zero.
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Figure 31. Evolution of the system states for the duration of the experiment.

5.5.2 Q-learning and output feedback ADP
The purpose of this example is to compare the performance of Q learning [17], [97] and

Output Feedback ADP. Consider the stable linear system described before, and apply Q
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learning.
The Q function for this particular system is given by:

xlo+a"pa  ATPB |[x,
O (X g ) = r r
we| | B'PA  R+BTPB| Uk

T 749768 -0.8615 2.8716
Xk Xk Xk Xk
= H = -0.8615 1.2534 -0.8447
Uk U U U
2.8716 -0.8447 3.8158
By comparing these two methods it is obvious that Q learning has a faster performance

than the Output Feedback ADP since fewer parameters are being identified.

Figure 32 shows the convergence of the three parameters H,,, H,, H;; of H matrix

shown before to the correct values. Figure 33 shows the evolution of the system states.

Parameters of H
] T T T
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Foliy Nurmber

Figure 32. Convergence of H,,, H,, H}; .
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Figure 33. Evolution of the system states for the duration of the experiment.

5.5.3 Unstable linear system and Value lteration

Consider the unstable linear system with quadratic cost function

1.8 —-0.7700 1
N Bl o |MkF|o|H

yi =[1 —0.5]x,

where QO and R in the cost function are identity matrices of appropriate dimensions.

open-loop poles are z =0.7, and z, =1.1s0 the system is unstable. In order to verify the

correctness of the proposed algorithm, the optimal value kernel matrix P is found by solving

(5.15) to be

1.3442  -0.7078
-0.7078 0.3756 |

_ | MIpm, M!PMm
Now by using P =

” |and (5.35)one has
M[PM, M[PM,
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1.3442 -0.7465 2.4582 -1.1496
-0.7465 0.4271 -1.3717 0.6578
24582 -1.3717 4.4990 -2.1124|
-1.1496 0.6578 -2.1124 1.0130

I_)z

Since the system is open-loop unstable, one must use value iteration, not policy
iteration. The output feedback VI Algorithm 5.5 is implemented as in equations (5.54) and
(5.55). PE was ensured by adding dithering noise to the control input, and a discount

(forgetting) factor y =0.2was used to diminish the dither bias effects. The observer index is
K =2 and N is selected equal to 2.

By applying dynamic output feedback control (5.55), the system is stabilized and the
parameters of the P converged to the optimal ones, in fact

1.3431 -0.7504 2.4568 -1.1493
-0.7504 0.4301 -1.3730 0.6591
2.4568 -1.3730 4.4979 -2.1120
-1.1493  0.6591 -2.1120 1.0134

~b
I

In the example, Batch Least Squares was used to solve (5.54) at each step.
Figure 34 shows the convergence of p, eR, p, eR, p, € R™? of P . Figure 35 shows

the evolution of the system states, their boundedness despite the fact that the plant is initially

unstable, and their convergence to zero.
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Figure 35. Evolution of the system states for the duration of the experiment.
5.6 Conclusion
In this chapter we have proposed the implementation of ADP using only measured
input/output data from a dynamical system. This is known in control system theory as ‘output

feedback’ as opposed to full state feedback, and corresponds to reinforcement learning for a
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class of partially observable Markov decision processes (POMDPs). Both policy iteration and
value iteration algorithms are developed that require only output feedback. An added and
surprising benefit is that, similar to Q learning, the system dynamics are not needed to
implement these output feedback algorithms, so that they converge to the optimal controller for
completely unknown systems. The system order must be known, and an upper bound on its
‘observability index’. The learned output feedback controller is given in the form of a polynomial
ARMA controller that is equivalent to the optimal state variable feedback gain. This controller
needs the addition of probing noise in order to be sufficiently rich. This probing noise adds some

bias, and in order to avoid it, a discount factor is added in the cost.
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CHAPTER 6
MULTI AGENT DIFFERENTIAL GRAPHICAL GAMES: POLICY ITERATION AND ONLINE

ADAPTIVE LEARNING SOLUTION

6.1 Introduction

Distributed networks have received much attention in the last year because of their
flexibility and computational performance. The ability to coordinate agents is important in many
real-world tasks where it is necessary for agents to exchange information with each other.
Synchronization behavior among agents is found in flocking of birds, schooling of fish, and other
natural systems. Work has been done to develop cooperative control methods for consensus
and synchronization ([24], [37], [66], [70], [72], [73], [74], [90]). See [65], [71] for surveys.
Leaderless consensus results in all nodes converging to common value that cannot generally
be controlled. We call this the cooperative regulator problem. On the other hand the problem of
cooperative tracking requires that all nodes synchronize to a leader or control node [33], [56],
[74], [96]. This has been called pinning control or control with a virtual leader. Consensus has
been studied for systems on communication graphs with fixed or varying topologies and
communication delays. This chapter brings together cooperative control, reinforcement
learning, and game theory to solve multi-player differential games on communication graph
topologies. There are four main contributions in this chapter. The first involves the formulation of
a graphical game for dynamical systems networked by a communication graph. The dynamics
and value function of each node depend only on the actions of that node and its neighbors. This
graphical game allows for synchronization as well as Nash equilibrium solutions among
neighbors. The second contribution is the derivation of coupled Riccati equations for solution of

graphical games. The third contribution is a Policy lteration algorithm for solution of graphical
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games that relies only on local information from neighbor nodes. It is shown that this algorithm
converges to the best response policy of a node if its neighbors have fixed policies, and to the
Nash solution if all nodes update their policies. The last contribution is the development of an
online adaptive learning algorithm for computing the Nash equilibrium solutions of graphical
games.

The chapter is organized as follows. Section 6.2 reviews synchronization in graphs and
derives an error dynamics for each node that is influenced by its own actions and those of its
neighbors. Section 6.3 introduces differential graphical games cooperative Nash equilibrium.
Coupled Riccati equations are developed and stability and solution for Nash equilibrium are
proven. Section 6.4 proposes a policy iteration algorithm for the solution of graphical games and
gives proofs of convergence. Section 6.5 presents an online adaptive learning solution based
on the structure of the policy iteration algorithm of Section 6.4. Finally Section 6.6 presents a
simulation example that shows the effectiveness of the proposed algorithms in learning in real-
time the solutions of graphical games.

6.2 Synchronization and node error dynamics

6.2.1 Graphs
Consider a graph G =(V,E) with a nonempty finite set of N nodes V ={v,,---,vy} and a
set of edges or arcs EcVxV . We assume the graph is simple, e.g. no repeated edges and

(vi»v;) & E,Vi no self loops. Denote the connectivity matrix as £ =[e;] with ¢; >0if (v;,v;) €E
and ¢; =0 otherwise. Note ¢; =0. The set of neighbors of a node v; is N, ={v;:(v;,v;)€E},
i.e. the set of nodes with arcs incoming to v;,. Define the in-degree matrix as a diagonal matrix

D =[d;] with d,; = 2 e; the weighted in-degree of node i (i.e. i -th row sum of E). Define the
JeN;

graph Laplacian matrix as L =D - E , which has all row sums equal to zero.

A directed path is a sequence of nodes v,V -,V such  that

(v;,v;) € E,i€{0,1,---,r—1}. A directed graph is strongly connected if there is a directed path
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from v, to v, for all distinct nodes v;,v; eV . A (directed) tree is a connected digraph where

every node except one, called the root, has in-degree equal to one. A graph is said to have a
spanning tree if a subset of the edges forms a directed tree. A strongly connected digraph
contains a spanning tree.

General directed graphs with fixed topology are considered in this chapter.

6.2.2 Synchronization and node error dynamics
Consider the N systems or agents distributed on communication graph Gr with node
dynamics

xX; = Ax; + Bu, (6.1)
where x,;(¢) e R" is the state of node i, u;(#) e R™ its control input. Cooperative team objectives

may be prescribed in terms of the Jocal neighborhood tracking error 5, e R" [43]) as

b = Z ;i (x;—x;) +g;(x;—x) (6.2)

JjeN;

The pinning gain g, >0 is nonzero for a small number of nodes i that are coupled
directly to the leader or control node x,, and g, >0 for at least one i [56] We refer to the
nodes i for which g, #0 as the pinned or controlled nodes. Note that &, represents the
information available to node i for state feedback purposes as dictated by the graph structure.

The state of the control or target node is x,(¢) € R" which satisfies the dynamics

%o =A% (6.3)
Note that this is in fact a command generator [49] and we seek to design a cooperative control
command generator tracker. Note that the trajectory generator A may not be stable.

The Synchronization control design problem is to design local control protocols for

all the nodes in G to synchronize to the state of the control node, i.e. one requires

x;(t) > x,(1), Vi .
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From (6.2), the overall error vector for network Gr is given by
5=((L+G)®1,)(x-x)=((L+G)®1,)¢ (6.4)
T
where 5=[§1T 5 5,{,} eR™ and x,=Ix, e R™, with I=1®1, € R"" and 1 the N-
vector of ones. The Kronecker product is ®. Ge R is a diagonal matrix with diagonal
entries equal to the pinning gains g;. The (global) consensus or synchronization error (e.g. the
disagreement vector in [66]) is
é’:(x—ico)eR”N (6.5)
The communication digraph is assumed to be strongly connected. Then, if g, # 0 for at

least one i, (L+G) is nonsingular with all eigenvalues having positive real parts [43]. The next

result therefore follows from (6.4) and the Cauchy Schwartz inequality and the properties of the
Kronecker product [18].
Lemma 6.1. Let the graph be strongly connected and G=0. Then the
synchronization error is bounded by
I¢ll< 8]/ ez +G) (6.6)

with o(L +G) the minimum singular value of (L+G), and 6(¢1)=0 if and only if the nodes

synchronize, that is

x(t) = Ixo (1) (6.7)
[
Our objective now shall be to make small the local neighborhood tracking errors ;(¢) ,

which in view of Lemma 6.1 will guarantee synchronization.

To find the dynamics of the local neighborhood tracking error, write

5} = Z € (% —x;) +g;(% =)

JeN;
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8= Y e (Ax; + B, —(Ax, + Bju))) + g, (Ax; + B, = Axy)
JeN;

5‘,- = Zeij(Axi—ij)+Ag,-(xi—x0)+ Zeij(B,-u,-—Bjuj) + g;Bu;

JeN; JeN;

y=J7

JeN; (6.8)

8 = A6, +(d; +g)Bu; — ) ¢;Bu,

with &; e R",u; e R™, Vi .

This is a dynamical system with multiple control inputs, from node i and all of its

neighbors.

6.3 Cooperative multi-player games on graphs

We wish to achieve synchronization while simultaneously optimizing some performance
specifications on the agents. To capture this, we intend to use the machinery of multi-player
games [11].

6.3.1 Cooperative performance index

Define the local performance indices

0

J(5.(0),u;,u_;) = %J'((S,.TQ,.,.@. +ul R, + z ul Ryu;)dr =1 J' Li(8,(0),u;(t),u_ () dt  (6.9)
0

A}
0 JeN;

where u_;(¢) is the vector of the control inputs {u;: je N;} of the neighbors of node i, and u_,

1

denotes {u_;():0<¢}. Al weighting matrices are constant and symmetric with

0; >0,R; >0,R; 20. Note that the i-th performance index includes only information about the

inputs of node i and its neighbors.

For dynamics (6.8) with performance objectives (6.9), introduce the associated

Hamiltonians

H (6, p;,u;,u_;) = PiT A6, + (d; + g;)Bu; — Z e;Bu; +%5iTQii5i +%uz‘TRiiui +% Z ”jTRij”j =0

JEN; JEN;
(6.10)
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where p;is the co-state variable.

Necessary conditions [53] for a minimum of (6.9) are (6.1) and

H .
o, _ATPi +0;0;

—D; =a_é‘i:

(6.11)

OH.
0= a—l = u, =—(d; +g)R;'B p;

U;

(6.12)
6.3.2 Graphical games and cooperative Nash equilibrium

Interpreting the control inputs u,;,u; as state dependent policies or strategies, the value

function for node i corresponding to those policies is
Vi.(6;(1) = %j(giTQtié} +“tTRit“t + Z “,TR,]‘“]) dt
! JeN; (6.13)
Definition 6.1. Control policies u;, Vi are defined as admissible if u; are continuous,
u;(0)=0, u; stabilize system (6.8) locally, and values (6.13) are finite.

When 7V, is finite, using Leibniz’ formula, a differential equivalent to this is given in

l

terms of the Hamiltonian function by the Bellman equation

ov, v’
H(6;,—*,u;,u_;j)=—= | A6; + (d; + g;)Bu; — e;B.u,
Oy tot) = 54 (d; +g) JZ;‘ B,
1 sT 1,,T 1 2: T _
+75l Qiié‘i +7ui Riiui +E‘ MJRIJMJ =0
JeN; (6.14)

with boundary condition ,(0)=0. (The gradient is disabused here as a column vector.) That

is, solution of equation (6.14) serves as an alternative to evaluating the infinite integral (6.13) for
finding the value associated to the current feedback policies. It is shown in the Proof of
Theorem 6.1 that (6.14) is a Lyapunov equation. According to (6.13) and (6.10) one equates

p; =0V, /95,

The control objective of agent i is to determine
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V(60 = min [ (8 06 +uf Ry + 3 uf Ry )
Y jeN, (6.15)

which corresponds to Nash equilibrium.
Definition 6.2. [11] (Global Nash equilibrium) An N-tuple of policies {u{‘ uzuN} is
said to constitute a global Nash equilibrium solution for an N player game if forall ie N

Ji* 2 J; (uf,u;,...,uf,...,u;) <J; (uf,u;,...,ui,...,u;) (6.16)
The N-tuple of game values {JIJZJN} is known as a Nash equilibrium outcome of

the N-player game.
The distributed multiplayer game with local dynamics (6.8) and local performance
indices (6.9) should be contrasted with standard multiplayer games [2], [11] which have

centralized dynamics

N
i=dz+) By, (6.17)
i=1

where zeR" is the state, u,(r)eR™ is the control input for every player, and where the

performance index of each player depends on the control inputs of all other players. In the
graphical games, by contrast, each node dynamics and performance index only depends on its
own state, its control, and the controls of its immediate neighbors.
We want to study the distributed game on a graph defined by (6.15) with distributed
dynamics (6.8). It is not clear in this scenario how global Nash equilibrium is to be achieved.
Graphical games have been studied in the computational intelligence community [40],

[41], [80]. A (nondynamic) graphical game has been defined there as a tuple (G,U,v) with

G =(V,E) agraph with N nodes, action set U =U, x---xU, with U, the set of actions available
to node J, and v:[vl vNJT a payoff vector, with v,(U;,{U; : j € N;}) € R the payoff function

of node i. It is important to note that the payoff of node i only depends on its own action and
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those of its immediate neighbors. The work on graphical games has focused on developing
algorithms to find standard Nash equilibria for payoffs generally given in terms of matrices. Such
algorithms are simplified in that they only have complexity on the order of the maximum node
degree in the graph, not on the order of the number of players N. Undirected graphs are
studied, and it is assumed that the graph is connected.

Our intention in this chapter is to provide online real-time adaptive methods for solving
differential graphical games that are distributed in nature. That is, the control protocols and
adaptive algorithms of each node are allowed to depend only information about itself and its
neighbors. Moreover, as the game solution is being learned, all node dynamics are required to
be stable, until finally all the nodes synchronize to the state of the control node.

The following notions are needed in the study of differential graphical games. Define

u_; ={u;:jeN,} as the set of policies of the neighbors of node /.

—i

Definition 6.3. [80] Agent /’s best response to fixed policies u_,

1

of his neighbors is the
policy u, such that

J, () < J; (u,u (6.18)

for all policies u; of agent i.

For centralized multi-agent games, where the dynamics is given by (6.17) and the
performance index of each agent depends on the actions of all other agents, an alternative
definition of Nash equilibrium is that each agent is in best response to all other agents.
However, in Definition 6.3 each node i is only in best response to all his neighbors. If the graph
is strongly connected and each node is in best response to all his neighbors then all nodes in
the graph are in global Nash equilibrium
6.3.3 Stability and solution of graphical games

According to the results just established, the following assumptions are made.
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Assumptions 6.1.
a. The graph is strongly connected and at least one pinning gain g; is nonzero. Then
(L+G) is nonsingular.

The game is well-formed in the sense that:

b. Bj¢0¢eijeE.

C. Rl-j;tO;‘eijeE.

Employing the stationarity condition (6.12) [53] one obtains the control policies

w, =u,(V,)=—(d, +g)R;'B" Zg =—h(p,) (6.19)

1

Substituting into (6.14) yields the coupled cooperative game Hamilton-Jacobi (HJ)

equations
T
v A +1670,6,+1(d + g, 2 N BZ.RI.;IBZ.T%
09; 00; 09;
r v,
J 1 IpT
+1> +g]) 5 BiRGRR'BT —L=0.ieN (6.20)
JjeN; J J
where the closed-loop matrix is
: ov.
Af=A5,~—(di+gi)zB,»R;'B,»Tal+ Ze,.j(dj+gj)BjRj‘le ﬁ,ieN (6.21)
i JEN; J

For a given V;, define u =u,(V;) as (6.19) given in terms of V.. Then HJ equations

1

(6.20) can be written as

Hi(é‘iaa_Va U ,u_;
00,

l

=0 (6.22)

There is one coupled HJ equation corresponding to each node, so solution of this N-
player game problem is blocked by requiring a solution to N coupled partial differential

equations. In the next section we show how to solve this N-player cooperative game online in a
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distributed fashion at each node, requiring only measurements from neighbor nodes, by using
techniques from reinforcement learning.
For the global state ¢ given in (6.4) we can write the dynamics as

5=y ®A)S+(L+G)®I diag(B;)u (6.23)

where u is the control given by
u=—diag(R;”"'B)((D+G)®1,p) (6.24)

where diag(.) denotes diagonal matrix of appropriate dimensions. Furthermore the global co-
state dynamics are

p= Z—’;’ —(Iy ® A" p+diag(0;)5 (6.25)

This is a set of coupled dynamic equations reminiscent of standard multi-player games [11] or
single agent optimal control [53]. Therefore the solution can be written without any loss of
generality as
p=PS (6.26)
for some matrix P >0 e R""V
Lemma 6.2. HJ equations (6.20) are equivalent to the coupled Riccati equations
5"P"45-5"P"BP5+15705+16"PTRPS =0 (6.27)
or equivalently

(PT4,+A4,"P+Q +P"RP)=0 (6.28)
where P is defined by (6.26), and
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= i }, diag((d, + g)BR;'B") A, = A —B,P

R, = diag((d; + g,)B,R;") v diag((d; + g )R;'B;")

i Ryy |
where | ]” denotes the position of the element in the block matrix.

Proof:

Take (6.14) and write it with respect to the global state and co-state as

o T o
a5, | [0 a5, | |0 0 O g
. 0 . M 0 . .
H;= i o+ ii i
: [4] : [(di+e) ] [-ayla ] B,
oWy 0] || 0 0 By
| 00y | | OOy |
0 u | [Ra uy
0 . R.. .
+1s” s+ v “ =0 (6.29)
[0:]" 2\ ui Rjj Ui
0 uy Ry |LuN
By definition of the co-state one has
Cov ]
06,
p= =Ps (6.30)
oVy
| 00y |

136



From the control policies (6.19), (6.29) becomes (6.27), which can be written in closed-
loop form as (6.28).

Theorem 6.1. Stability and Solution for Cooperative Nash Equilibrium.

LetV, >0eC',ie N be smooth solutions to HJ equations (6.20) and control policies u; ,

ie N be given by (6.19) in terms of these solutions V;. Then

a. Systems (6.8) are asymptotically stable.

b. ui*,ufi* are in cooperative Nash equilibrium and the corresponding game values are

J7(6,(0) =V, ,ieN (6.31)

Proof:

a. If ¥, > 0 satisfies (6.20) then it also satisfies (6.14). Take the time derivative to obtain

oV _an' 1 g7 r r
V":a_@. 5’:6_@ A5 +(di+gi)Biui_j§_eyBjujJ:_7 6; 0;0; +u; Rﬁui+1§.uijuj (6.32)

which is negative definite since O, > 0. Therefore V; is a Lyapunov function for ¢, and systems

(6.8) are asymptotically stable.

b. According to part a, 6;(r) > 0 for the selected control policies. For any smooth functions

V.(5;),ie N, such that V;(0) =0, setting V;(0;()) =0 one can write (6.9) as

T8O ) =3 [ (57 0,6, +ul Ry, + D ul Ry, de+V,(5,0) + [ Vo
0 0

JEN;

or

oGOt =4 [ (67 0y, +ul Ry + ) ] Ryu,) di+V,(5,(0)
0 JEN;
ooaV T
+I§ (A5, + (d; + ) B, ~ Y. ¢ Bju;)dt
[ JjeN,;
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Now let ¥, satisfy (6.20) and «,",u_, be the optimal controls given by (6.19). By

completing the squares one has

J:(8,0) s u_) =V, (5,(0))+J'(% S Gy Ry, ) Sy Ry )

0 JeN;
aV; r * * *
Yy e;B;(u; —u; )+ZujTRij(uj—uj))dt
i jeNn, JEN;

At the equilibrium point u; =u, and u; =u," so

J (@O0 u; u_ )=V, (5,(0))

Define
Tyl )=V, 6,00+ % =) Ry =)o

andJ =V, (5;(0)). Then clearly J and J(u,,u -) satisfy (6.16).

6.4 Policy iteration solution for cooperative multi-player games

6.4.1 Best response
Theorem 6.1 reveals that the systems are in cooperative Nash equilibrium if, for all
i e N node j selects his best response policy to his neighbors policies and the graph is strongly

connected. Define the best response HJ equation as the Bellman equation (6.14) with control

u, = ul given by (6.19) and arbitrary policies u_; ={u; : j € N;}

ov; . o’ r ,ov Tt A
0=H,(6;,—,u;,u))=—= A +56; 0;6,+3(d; +g,)" — BR; B,  Rju 6.33
(G st =58 06, +5( g>65 ZN (6.33)
where the closed-loop matrix is
=45, -(d,+g,)*BR;'BT —L Zel/B/u] (6.34)

i JeN;
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Theorem 6.2. Solution for Best Response Policy

Given fixed neighbor policies u_; ={u;:je N;}, assume there is an admissible policy

1

u; . Let ¥, >0e C' be a smooth solution to the best response HJ equation (6.33) and let control

policy u[* be given by (6.19) in terms of this solution V;. Then
a. System (6.8) is asymptotically stable.

b. u, is the best response to the fixed policies u_, of its neighbors.

1 1

Proof:

a. ¥V, >0 satisfies (6.33). Proof follows Theorem 6.1, part a.
b. According to part a, 5;(t) > 0 for the selected control policies. For any smooth functions

V.(8;),i€ N, such that V;(0)=0, setting V;(5;()) =0 one can write (6.9) as

T6O)0) =3 [ (6 Qi+l Ry + 3 ] Ry ) i
0 JEN;
) aV T
6O+ [ (A0 (i g By = Y e By
0 i JeN;

Now let V. satisfy (6.33), u,.* be the optimal controls given by (6.19) and u_,

1 1

be arbitrary

policies. By completing the squares one has

TG Ottte) =V, (GO0 + [+, =) Ry ;=
0

The agents are in best response to fixed policies u_;when u; =u,” so
Ji(8;0),u; u_y) =V (5,(0))

Then clearly J,(5,(0),u;,u_;)and J,(5,(0),u;

i

u_;) satisfy (6.18).

i°
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6.4.2 Policy lteration for solution of graphical games

The following algorithm for the N-player distributed games is motivated by the structure
of policy iteration algorithms in reinforcement learning [15], [86], which rely on repeated policy
evaluation (e.g. solution of (6.14)) and policy improvement (solution of (6.19)). These two steps
are repeated until the policy improvement step no longer changes the present policy. If the
algorithm converges for every i, then it converges to the solution to HJ equations (6.20), and
hence provides the distributed Nash equilibrium. One must note that the costs can be evaluated
only in the case of admissible control policies, admissibility being a condition for the control
policy which initializes the algorithm.

Algorithm 6.1. Policy Iteration (Pl) Solution for N-player distributed games.
Step 0: Start with admissible initial policies u_, Vi.
Step 1: (Policy Evaluation) Solve for Vik using (6.14)

Haﬁ%k Lufy=0,vi=1..,N
i( i’aéi 9uj au—i )_ ’ 1= LEERE) (635)

1

Step 2: (Policy Improvement) Update the N-tuple of control policies using

k+1 : aVik k .
u :argmmH,-(@,g suu_g ),vi=1,...,N

i
u; i

which explicitly is
k+1 -1 TaVik .
u;" =—(d; +g,)R; B, —+ ,Vi=L..,N. (6.36)
05;
Go to step 1.
On convergence End
|

The following two theorems prove convergence of the policy iteration algorithm for

distributed games for two different cases. The two cases considered are the following, i) only

agent i updates its policy and ii) all the agents update their policies.
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Theorem 6.3. Convergence of Policy Iteration algorithm when only i agent

updates its policy and all players u_,in the neighborhood do not change. Given fixed

neighbors policies u_;, assume there exists an admissible policy ;. Assume that agent i

performs Algorithm 6.1 and its neighbors do not update their control policies. Then the algorithm

converges to the best response u; to policies u_, of the neighbors and to the solution V; to the

best response HJ equation (6.33).
Proof:

It is clear that

ovk 6V" .
H(5,,——,u*)=min H.(5,,—— H. 5,— Ak, 6.37
1( 1 651 u—z) u; 1( 1 651 ) ( 1 65 u—z) ( )
o,k
Let H,(5;, 651 U U ) 0 from (6.35) then according to (6.37) it is clear that
H? (5, ot ut <0 (6.38)
i 9> 25’ —i) = .

i

k

"1 and the current policies u*,

Using the next control policy u; one has the orbital

derivative [47]

ovk
vk =0, R uf M uk ) = LS uf k)

l

From (6.37) and (6.38) one has

k

P = O, 2 k)= LG8l ) < L, (8l ) (6.39)

06;

l’l

Because only agent i update its control it is true that «*/! = u*, and

6Vk+1
Hi(é‘jal—s lk ) 71
00;

1

ut)=0.

But since V"' =—L,(8,,ul*",u*"), from (6.39) one has

l’l
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v, "

Vi =16t
0,

,u]fl-) —Li(5l-,uik+l,ulfl-) <-L (5I~,ul-kJrl ,ulfi) = Vik+1 (6.40)

So that V% <¥/*! and by integration it follows that

Vik+1 SVik (641)

Since ;" <V, the algorithm converges, to /", to the best response HJ equation (6.33).

The next result concerns the case where all nodes update their policies at each step of

the algorithm. Define the relative control weighting as p; =E(RJ;1RU), where E(R;Rij) is the

maximum singular value of R;leii'
Theorem 6.4. Convergence of Policy Iteration algorithm when all agents update
their policies. Assume all nodes i update their policies at each iteration of PI. Then for small

enough edge weights ¢; and p;, u; converges to the global Nash equilibrium and for all i,

and the values converge to the optimal game values V,." - Vl.* .

Proof:

It is clear that

ov. k+1 ov. k+1
Hi(5i7_l 7uik+17 —ik+1) EHlp(é‘i7_l ’u/ji)
85, 05,
k+1T
2 2w ) Ry —uy) Up Syl mHp)T S ety U,
JjeN; JEeN; L JEeN;

and so

Fk+ K+l K+ K+l k K+l kAT kel ok
VIS =—Li(Su; ut ) ==L (8 u; " ,u_l-)+%Z(uj T R —uh)

jeN,
k+1T
ov;
i k k+1 kT K+l k
+65» Zei/'Bj(uj —u; )+Zuj Ry(u;" —u;")
i jeN, jeN,
Therefore,
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k+1T

) . v,
Vik < ik+1 _% Z (ujk+1 _ujk)T R, (ujzm _ujk)+£ 2 ¢, (ujk+1 _ujk)_ Z ujkTRl_j (ujk+1 _ujk)

JEN; t JEN; JEN;

A sufficient condition for V¥ <7 is

1 T k+1\T kT
EAuj R,.jAuj—(pi ) eiijAuj+uj R,.jAuj>0

or

k f— _
LAu " Riau; —e;(pf*"Y Bau; —(d; +g)(ps B, Ry R;Au; >0,

1

1 k+1
Yo aw| > |

8]+ @) + 20y [P )]

k+1

where Au; =(u; —ujk) , p; the co-state and o(R;;)is the minimum singular value of R;.

This holds if ¢; =0, p; =0. By continuity, it holds for small values of ¢;, p;; .

|
This proof indicates that for the Pl algorithm to converge, the neighbors’ controls should
not unduly influence the i-th node dynamics (6.8), and the j-th node should weight its own

control u; in its performance index J; relatively more than node i weights u; in J;. These

requirements are consistent with selecting the weighting matrices to obtain proper performance

in the simulation examples.

An alternative condition for convergence in Theorem 6.4 is that the norm "Bj" should

be small. This is similar to the case of weakly coupled dynamics in multi-player games in [11].

6.5 Online solution of multi-agent cooperative games using neural networks

In this section an online algorithm for solving cooperative Hamilton-Jacobi equations
(6.20) based on Chapter 5 is presented. This algorithm uses the structure in the Pl Algorithm
6.1 to develop an actor/critic architecture for approximate online solution of (6.20). The
algorithm uses two approximator structures at each node, which are taken here as neural
networks (NN) [4], [15], [86]. One critic NN is used at each node for value function

approximation, and one actor NN at each node to approximate the control policy (6.36). The
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critic NN seeks to solve Bellman equation (6.35). We give tuning laws for the actor NN and the
critic NN such that equations (6.35) and (6.36) are solved simultaneously online for each node.
Then, the solutions to the coupled HJ equations (6.20) are determined. Though these coupled
HJ equations are difficult to solve, and may not even have analytic solutions, we show how to
tune the NN so that the approximate solutions are learned online. The next assumption is
made.

Assumption 6.2. For each admissible control policy the nonlinear Bellman equations

(6.14), (6.35) have smooth solutions V; >0.
To solve the Bellman equations (6.35), approximation is required of both the value

functions V; and their gradients oy /55, . This requires approximation in Sobolev space [4].

6.5.1 Critic neural network
According to the Weierstrass higher-order approximation theorem [4] there are NN
weights 7, such that the smooth value functions 7, are approximated using a critic NN as
Vi(G) =W+ (6.42)
with ¢ :R” — R" the critic NN activation function vectors and h the number of neurons in the
critic NN hidden layer. The NN approximation error &, converges to zero uniformly as 7 — 0.
Assuming current weight estimates Vf/, , the outputs of the critic NN are given by
V.=W¢, (6.43)
Then, the Bellman equation (6.35) can be approximated at each step k as

Hi(é‘i’pf/i Ui U_) = 5iTQii5i +uiTRiiui + Z uj Ryu,

JYT
JEN;
o0 (6.44)
T Y% -
+W, E(Aﬁi +(d; + &) B, —J; e;Bu)=ep
It is desired to select #, to minimize the square residual error
1 .T
E =5eyey (6.45)

144



Then W, — W, which solves (6.44) in a least-squares sense and ey becomes small.

Theorem 6.5 gives a tuning law for the critic weights that achieves this.

6.5.2 Actor neural network and online solution
Define the control policy in the form of an action neural network which computes the

control input (6.36) in the structured form

. o 0p " -
oy =54+ )Ry BT 25 0y (6.46)

where W, , denote the current estimated values of the ideal NN weights #;. Define the actor
NN estimation errors as W, =W, —W,and W,,, =W, -W,, .

The next results show how to tune the critic NN and actor NN in real time at each node
so that equations (6.35) and (6.36) are simultaneously solved, while closed-loop system stability

is also guaranteed. Simultaneous solution of (6.35) and (6.36) guarantees that the coupled HJ

equations (6.20) are solved for each node i. System (6.8) is said to be uniformly ultimately

bounded (UUB) if there exists a compact set S c R" so that for all x, € S there exists a bound B
and a time T(B,x,) such that |x(+)|< B forall >t +T.

Select the tuning law for the " critic NN as

2 OF : N
Wy=—a, b= a4, [0 W, + 6 0,0, +

L=—q W' DW,;
i IBWI l(1+0l-T(7i)2 i+N i+N

1
4 i

. (6.47)
. 0p; op,
2 T J -T -1 T J
D) Wy e B;R; R;R; B, % Wiin]
JjeN; J J

b0. . .
where o,y = %(Aé +(d; +g)Bu,y — Z e;Biitj.n)
i JEN;

and the tuning law for the i actor NN as
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A A _ A 1 — ~ o r,
Wi = =iy AFa Wiy =BG W) = DIy —L2 W,
(6.48)

— T T
L. 7 25 Tun 09 Tp plpT 0P
——W d.+e. YW . =N "V ppTpr RIB. ;
4 i+N /EZ:N,( J g»,) J m,, P 5]_ U/ P 5j }

J#

%BiRn_l
00;

1

BT %T

where D,(x)= " s

ymy = (0i,y Oy +1), @,>0,...a,,y >0 and F;>0,...F,, >0

are tuning parameters.

Theorem 6.5. Online Cooperative Games.

Let the error dynamics be given by (6.8), and consider the cooperative game
formulation in (6.15). Let the critic NN at each node be given by (6.43) and the control input be
given for each node by actor NN (6.46). Let the tuning law for the i critic NN be provided by

th

(6.47) and the tuning law for the /° actor NN be provided by (6.48) and assume

Oy =0y /(O'HNTUHN +1)is persistently exciting and Q, >0. Then the closed-loop system
state, the critic NN errors 17;, and the actor NN errors #, , are uniformly ultimately bounded.

Proof: The proof is similar to the previous chapter.
|
Remark 6.1. Theorem 6.5 provides algorithms for tuning the actor/critic networks of the

N agents at the same time to guarantee stability and make the system errors ¢,(#) small and

the NN approximation errors bounded. Small errors guarantee synchronization of all the node
trajectories.

Remark 6.2. Persistence of excitation is needed for proper identification of the value
functions by the critic NNs, and nonstandard tuning algorithms are required for the actor NNs to
guarantee stability. It is important to notice that the actor tuning law of every agent needs
information of the critic weights of all his neighbors.

Remark 6.3. NN usage suggests starting with random, nonzero control NN weights in
(6.46) in order to converge to the coupled Riccatis solution. However, it should be noted that

convergence is more sensitive to the persistence of excitation in the control inputs than to the

146



NN weight initialization. If the proper persistence of excitation is not selected, the control
weights may not converge to the correct values.

Remark 6.4. The issue of which inputs to use for the critic and actor NNs needs to be
addressed. According to the dynamics (6.8), the value functions (6.13), and the control inputs
(6.19), the NN inputs at node i should consist of its own state, the states of its neighbors, and
the co-states of its neighbors. However, in view of (6.26) the co-states are functions of the
states. In view of the approximation capabilities of NN, it is found in simulations that it is
suitable to use as the NN inputs at node i its own state and the states of its neighbors.

The next result shows that the tuning laws given in Theorem 6.5 guarantee approximate
solution to the coupled HJ equations (6.20) and convergence to the Nash equilibrium.

Theorem 6.6. Convergence to Cooperative Nash Equilibrium.

Suppose the hypotheses of Theorem 6.5 hold. Then:

A

a. H,(5,W, i), Yie N are uniformly ultimately bounded, where

27—l

T
o0y
26,

l

i; =-1(d; +g)R;'B,

That is, VK converge to the approximate cooperative coupled HJ-solution.

b. u,, yconverge to the approximate cooperative Nash equilibrium (Definition 6.2) for
every i.
Proof: The proof is similar to the one in chapter 5 but is done only with respect to the

neighbors (local information) of each agent and not with respect to all agents.

Consider the weights W;,I,, , to be UUB as proved in Theorem 6.5.

a. The approximate coupled HJ equations are H,.(5,.,Vf/i JU,u_), VieN.

Hi(é‘i’pf/;‘ Uy Uy) EHi(5i7Vf/i W—i) = 5iTQii5i +VIA/I‘TZ%A5I'

1

1 2,57 09 -1 Ta%T‘
—5(d;+g)W, a_é.iBiRii B, 2. W,

1
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J
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where g, , Viare the residual errors due to approximation.

After adding zero we have

T
H.(5, 07, ) =T P 45— (di+gi)2VI7iT%B[R;'B[T% W,
26, 26, 05,

i i i

o, _ op, " o, ~ op. " -
+ g + o VW ZZ B RIBT AL i l(d + o V2 W LB RIABT ZEL
2( 1 gl) 1 aé\ 1~ 1 65 1 2( 1 gl) 1 aé\l 1 11 1 aé\l 1

l 1

o 6(/) op; 6(/)
T j 1 IpT ] 1 2 T J -1 IpT /
5D, d;+8)’W, 25, 5 BiR; RyR;; B, W+g D (d;+8)' W, 5o, iR RyRy B; w;

/) /)
JeN; 65 JjeN; J 65/
op; 6¢) A A 0@ op; T
r Y% 1 1p7%%) T 9% 1p7%%)
+13 @, +g)W, 5 BiRG R R B L W 6—ZeUBJRﬂB W=,
JeN; J J i jeN; J
6;0 60 6go (0 !
T¥% In T 7] 13 1 X% IpT ")
W z €;B;R; B; ‘ W; =2 W z e;BiR; B; W
i JeN; .I l JeN; J
r 09 IpT ¢’
ZW, D e,BR;'B L W, (6.49)
i JeN;
But
W, =W, +W, Vi. (6.50)

After taking norms in (6.50) and letting ||| < W, ,,, one has

|9 =1+ i < 9 = 10 7

Now (6.49) with Sup"é‘HJl_ || < becomes
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5 (6.51)

All the signals on the right hand side of (6.51) are UUB and convergence to the

approximate coupled HJ solution is obtained for every agent.

b. According to Theorem 6.5,

Win W“ viare UUB. Then it is obvious that #,, , Vi give the

approximate cooperative Nash equilibrium (Definition 6.2).
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6.6 Simulations

This section will show the effectiveness of the online approach described in Theorem

6.5 for two different cases.

Consider the three-node strongly connected digraph structure shown in Figure 36 with a
leader node connected to node 3. The edge weights and the pinning gains are taken equal to 1.

Every node is a second order system.

1

Figure 36. Communication Graph.

Select the weight matrices in (6.9) as

1 0
O =0 =053 ={0 1i|’R11 =4 R, =LR3=-L Ry =—4,Rpy=9R3=LR;3=9R;, =R, =1a

nd d,=d,=1,d,=2.
Since the value is quadratic in the Linear Quadratic Regulator (LQR) case, the critic
NNs basis sets were selected as the quadratic vector in the agent’s components and the

neighbors’ components. The systems below are of second order then we can write for every

agent
51:[511 512]52:[521 522]53 :[531 532]

Thus the NN activation functions are
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@(51,0,53)=[5121 511512 5122 0 00 5321 531532 5322]
¢1(51,52,0)=[5121 511512 5122 5221 521522 5221 00 0}

¢3 (51 ’ 52 ’ 53 ) = |:5121 51 1512 5122 é‘221 52 1 é‘22 5222 632 1 631532 é‘322 :I

6.6.1 Velocity and Position regulated to zero

For the graph structure shown above consider the following node dynamics

The graphical game is implemented as in Theorem 6.5. Persistence of excitation was
ensured by adding a small exponential decreasing probing noise to the control inputs. Figure 37
shows the critic parameters for every agent. Figure 38 shows the evolution of the states for the

duration of the experiment.

Critic 1

7]
=

1
0 2 4 B g 10 12 14 16 18 20

Time(s)
Critic 2

2 -ﬁ T T T T T T T

e
_2 1 1 1 1 1 1 1 1 1
1] 2 4 5 a 10 12 14 16 18 20

Tirne(s)
Critic 3

Figure 37. Critic parameters.
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Figure 38. Evolution of the system states.

6.6.2 All nodes synchronize to the leader node

For the graph structure shown above consider the following node dynamics
. 0 1 2
X = X + Uy
. 0 1 2
Xy = 10 Xy + 3 Uy
. 0 1 2
X3 = 10 X3 + 2 Uy

The graphical game is implemented as in Theorem 6.5. Persistence of excitation was
ensured by adding a small exponential decreasing probing noise to the control inputs. Figure 39
shows the critic parameters for every agent and figure 40 shows the synchronization of all the

agents to the leader behavior.
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Figure 39. Critic parameters.

Synchronization
1 T T T T

Figure 40. Synchronization of all the agents to the leader.
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CHAPTER 7
ONLINE ADAPTIVE LEARNING OF OPTIMAL CONTROL SOLUTIONS USING INTEGRAL
REINFORCEMENT LEARNING
7.1 Introduction

In this chapter we use Reinforcement Learning (RL) methods, specifically a new
Integral Reinforcement Learning (IRL) approach, to provide an online learning solution to
optimal control problem that does not require knowledge of the system drift dynamics. Integral
reinforcement learning (IRL) was first introduced in [91], [92] to provide a practical means of
applying reinforcement learning to continuous-time systems. The algorithm that we introduce
herein is conceptually based on the Policy Iteration (PI1) technique of chapter 2.

This chapter is concerned with developing approximate online solutions, based on PI,
for the infinite horizon optimal control problem for continuous-time (CT) nonlinear systems. We
present an online integral reinforcement algorithm that combines the advantages of the
algorithm in chapter 2 and [92]. These include simultaneous tuning of both actor and critic
neural networks (i.e. both neural networks are tuned at the same time) and no need for the drift
term in the dynamics [92]. Simultaneous tuning idea was first introduced by [98], [99] and has
been the idea of recent chapters in the area, however in most of these chapters the authors
either designed model-based controllers [21] or used dynamic neural networks to identify the
nonlinear plant [16]. Our algorithm avoids partial knowledge of the plant and uses only two
neural networks by designing a hybrid controller as in [92].

The contributions in this chapter are i) provide a new online continuous time algorithm
that converge to the solution of HJB and Bellman equation without solving them, ii) partial need

of dynamics, and iii) update actor and critic neural networks simultaneously in real time.
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The chapter is organized as follows. Section 7.2 provides the formulation of the optimal
control problem followed by the general description of neural network value function
approximation (VFA). Section 7.3 introduces the online synchronous integral reinforcement
learning algorithm for the actor and critic networks based on Pl. Results for convergence and
stability are given. Section 7.4 presents simulation examples that show the effectiveness of the
online integral reinforcement learning algorithm.

7.2 Optimal control problem and the policy iteration algorithm

7.2.1 Optimal control and the continuous time HJB equation

Let the system dynamics be described by the differential equation

x(1) = f (x(1)) + g(x(1) u(x(1)) ; x(0) = x, (7.1)

with state x(r) e R", f(x(z))eR”, g(x(z)) e R™™ and control input u(r)eU cR™. We assume

that £(0)=0, g(0)=0, f(x)+g(x)u is Lipschitz continuous on a set Q cR" that contains the

origin. We assume that the dynamical system is stabilizable on Q , i.e. there exists a continuous

control function u(r)eU such that the system is asymptotically stable on Q, and that
f(x)+ g(x)u is Lipschitz continuous on Q.

Define the infinite horizon integral cost
V(%) = [ (@) u(e)dz (7.2)
0

where  r(x,u)=Q(x)+u’Ru with Q(x) positive definite, ie. Vx=0,0(x)>0 and
x=0=Q(x)=0, and R e R™" a positive definite matrix.

Definition 7.1. [4] (Admissible policy) A control policy u(x) is defined as admissible
with respect to (7.2) on Q, denoted by ue ¥ (Q), if u(x) is continuous on Q, u(0)=0, u(x)

stabilizes (7.1) on Q and ¥V (x,) is finite Vx, € Q.
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For any admissible control policy 1 € ¥(Q) , if the associated cost function
V) = [ ra(e), (@) (7.3)
0

is C', then an infinitesimal version of (7.3)is
0= r(x, () + VI (f () + g(0)u(x)), V¥ (0)=0 (7.4)

where V. “ denotes the partial derivative of the value function ¥* with respect to x. (Note that

the value function does not depend explicitly on time). Equation (7.4) is a Lyapunov equation for

nonlinear systems which, given a controller u(x)e ¥(Q), can be solved for the value function
V#(x) associated with it. Given that u«(x) is an admissible control policy, if V#(x) satisfies (7.4)
, with r(x, #(x)) >0, then V#(x) is a Lyapunov function for the system (7.1) with control policy

u(x) -
The optimal control problem can now be formulated: Given the continuous-time system

(7.1), the set ue¥(Q) of admissible control policies and the infinite horizon cost functional

(7.2), find an admissible control policy such that the cost index (7.2) associated with the system
(7.1) is minimized.

Define the Hamiltonian of the problem
H(x,u,VV,) = r(x(0),u@) + VI, (f (x@) + gxO(r))  (7.5)
the optimal cost function 7" (x) satisfies the HJB equation

0= min [H(x,u,VV,)] (7.6)
ue¥(Q)

where VI, Eaa—V is disabused here as a column vector.
X
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Assuming that the minimum on the right hand side of (7.6) exists and is unique then the

optimal control function for the given problem is
u' (x)=-R"'g" (v’ (7.7)

Inserting this optimal control policy in the Hamiltonian we obtain the formulation of the

HJB equation in terms of V"
_ * 1 * T * * _
0=00)+ vV, T f() -9V, Te(OR g VI,V (0) =0 (7.8)

This is a necessary and sufficient condition for the optimal value function [53]. For the linear
system case, considering a quadratic cost functional, the equivalent of this HJB equation is the
well known Riccati equation.

In order to find the optimal control solution for the problem one only needs to solve the
HJB equation (7.8)for the value function and then substitute the solution in (7.7) to obtain the
optimal control. However, solving the HJB equation is generally difficult as it is a nonlinear
differential equation, quadratic in the cost function, which also requires complete knowledge of

the system dynamics (i.e. the system dynamics described by the functions f(x),g(x) need to be

known). The next section provides the policy iteration algorithm and the value function

approximation of the critic network.

7.2.2 Policy iteration

Policy iteration is an iterative method of reinforcement learning [16] for solving (7.8),
and consists of policy improvement based on (7.7) and policy evaluation based on (7.4).

In the actor/critic structure the Critic and the Actor functions are approximated by neural
networks, and the PI algorithm consists in tuning alternatively each of the two neural networks.

The critic neural network is tuned to evaluate the performance of the current control

policy.
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Policy Iteration Algorithm:

Step 1. Given policies 1) (x), solve for the value V”m(x(t)) using

0= r(e, 1@ () + (VAN (f () + g0 (x))

o (7.9)
V4 (0)=0
Step 2. Update the control policy using
1Y = argmin[ H (x, u, VVXU) )] (7.10)
ue¥(Q)
which explicitly is
i _ (O
w0y =-1R"g" v, (7.11)

To ensure convergence of the Pl algorithm an initial admissible policy #? (x(¢)) e ¥(Q)

is required. It is in fact required by the desired completion of the first step in the policy iteration:
i.e. finding a value associated with that initial policy (which needs to be admissible to have a

finite value and for the nonlinear Lyapunov equation to have a solution). The algorithm then
converges to the optimal control policy u" e W(Q) with corresponding cost ¥"(x). Proofs of

convergence of the PI algorithm have been given in several references. See [4], [13], [15], [30],
[35], [63], [92].

Policy iteration is a Newton method. In the linear time-invariant case, it reduces to the
Kleinman algorithm [44] for solution of the Riccati equation, a familiar algorithm in control
systems. Then, (7.9) become a Lyapunov equation.

A major problem with this formulation of Pl for CT systems is that the full system
dynamics must be known as both f(x) and g(x) appear in the Bellman equation (7.9).

7.2.3 Value function approximation (VFA)
A practical method for implementing Pl for CT systems is presented in this section.

This involves two aspects: value function approximation (VFA) and integral reinforcement
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learning (IRL). The critic NN is based on value function approximation (VFA). Thus, assume

there exist weights ] such that the value V' (x) is approximated by a neural network as
V(x) =W g(x)+&(x) (7.12)

where ¢(x):R"” - R" is the activation functions vector, N the number of neurons in the hidden
layer, and ¢(x) the NN approximation error. It is known that £(x) is bounded by a constant on a
compact set. Select the activation functions to provide a complete basis set such that /'(x) and

its derivative

a_V:v¢TW1 +6_€
Ox

~ (7.13)

are uniformly approximated. According to the Weierstrass higher-order approximation theorem

[4], such a basis exists if V'(x) is sufficiently smooth. This means that, as the number of hidden-

layer neurons N — oo, the approximation error £ — 0 uniformly.

7.2.4 Integral reinforcement learning
The PI algorithm given above requires full system dynamics, since both f(x) and g(x)

appear in the Bellman equation (7.9). In order to find an equivalent formulation of the Bellman
equation that does not involve the dynamics, we note that for any time 7, and time interval T

the value function (7.3) satisfies

L
Vi(x, )= J r(x(z), p(x(T))dT +VH (x, 1) (7.14)
1,-T
In [92] it is shown that (7.14) and (7.9) are equivalent, i.e., they both have the same
solution. Therefore, (7.14) can be seen as a Bellman equation for CT systems. Note that this

form does not involve the system dynamics. We call this the integral reinforcement learning

(IRL) form of the Bellman equation.
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Therefore, by using a critic NN for VFA, the Bellman error based on (7.14) becomes

[92]

[ (0 + 4" Rus) de -+ gix(e) =W g(x(t =) = & (7.15)
-T

t

We define the integral reinforcement as

t
p= j (0 + 4" Ry} dz (7.16)
t-T
Now (7.15) can be written as

g5 —p =W AJ(x(0) (7.17)

where Ag(x(1)) = ¢(x(1)) - p(x(t - T)) .
Under the Lipschitz assumption on the dynamics, this residual error is bounded on a
compact set. Moreover, in [4] it has been shown that, under certain assumptions, as the

number of hidden layer neurons N — o, one has ¢; > 0.

7.3 Online integral reinforcement learning algorithm with synchronous tuning of actor and critic
neural networks

Standard PI algorithms for CT systems are offline methods that require complete
knowledge on the system dynamics to obtain the solution (i.e. the functions f(x),g(x) in (7.1)
need to be known). In order to change the offline character of Pl for CT systems, and thus make
it consistent with online learning mechanisms in the mammal brain, we present an adaptive
learning algorithm that uses simultaneous continuous-time tuning for the actor and critic neural

networks and does not need the drift term f(x) in the dynamics. We term this online integral

reinforcement learning algorithm.
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7.3.1 Critic NN and Bellman equation solution

The weights of the critic NN, 7, which solve (7.15) are unknown. Then the output of the

critic neural network is
V(x) =1 g(x) (7.18)

where W] are the current known values of the critic NN weights. Recall that ¢(x):R"” - R" is

the activation functions vector, with N the number of neurons in the hidden layer. The

approximate Bellman error is then

[ (0 +u” Ru) dz+ Wi g(x(e) - B g(xte~T)) = ¢ (7.19)
-T

t

which according to (7.16) can be written as
W AG(x(1) = ¢~ p (7.20)
It is desired to select W, to minimize the squared residual error

E =1lee (7.21)

ThenW,(t) > W,. We select the tuning law for the critic weights as the normalized

gradient descent algorithm

. T !
W, = —a, AF(x() 1 [ (0 +uT Ru) dr+ Ag(x(0) ;] (7.22)
(14 A¢GO) Agx@)) 171

Note that the data required in this tuning algorithm at each time are (A¢(t),p(t)).
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Define the critic weight estimation error Wl =W —fol and substitute (7.15) in (7.22) and, with the
notation A¢(t)= Ag(t)/ (Ad(t)" Ag(t)+1) and m, =1+A¢(t)" Ag(t), we obtain the dynamics of the
critic weight estimation error as

W, = —a Ag() Ag() "W, Ok (7.23)

Though it is traditional to use critic tuning algorithms of the form (7.22), it is not
generally understood when convergence of the critic weights can be guaranteed. In this
chapter, we address this issue in a formal manner. To guarantee convergence of W1 to W, the

next Persistence of Excitation (PE) assumption is required.

Note that:

Ap(0) = [ Vo(x)sdz =
-T

t

j Vo(f + gu) dr (7.24)
-T

t

It is obvious to see from (7.20) that the regression vector Ag(r) must be persistently
exciting to solve for W, in a least squares sense.
Persistence of Excitation (PE) Assumption. Let the signal A¢(r) be persistently

exciting over the interval [¢-T,¢], i.e. there exist constants g, >0, £, >0, T>0 such that, for

all t,

t

LIS, = j A(D)AST (2)dr < ol (7.25)

t-T

Remark 7.1. Note that, as N —» o, g5 — 0 uniformly [4].
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7.3.2 Action NN and online adaptive optimal control

The policy improvement step in Pl is given by substituting (7.13)into (7.7)as
u(x)=-1R7'g" (V' W, (7.26)
with critic weights #, unknown. Therefore, define the control policy in the form of an action

neural network which computes the control input in the structured form
u,(x) = LR 'g" (V' W, (7.27)

where 17, denotes the current known values of the actor NN weights.

Based on (7.8) and (7.15), define the approximate HJB equation

| [—Q(x) — I DI, + 214 (x)jdr =1 Ag(x(1) (7.28)
T

=

with the notation D, (x)=Ve¢(x)g(x)R'g" (x)V4' (x), where W, denotes the ideal unknown

weights of the critic and actor neural networks which solve the HJB.

We now present the main Theorems, which provide the tuning laws for the actor and
critic neural networks that guarantee convergence to the optimal controller along with closed-
loop stability. The next notion of practical stability is needed.

Definition 7.2. [50] (UUB) A time signal {(¢) is said to be uniformly ultimately bounded
(UUB) if there exists a compact set S « R”so that for all £(0) € S there exists a bound B and a

time T(B,£(0)) such that |[{(1)|<B forall t>1,+T.

Theorem 7.1. Let tuning for the critic NN be provided by

t

T —
Ag(x(1)) 2[A¢(x(t))TVf/1+ j (Q(x)_,’_%WZTDlVf/zjdf] (7.29)

Vf/l = q
(1+Ag(x(0) Ag(x(1)))

t-T
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t
where A¢@(x(t)) = J’V¢(‘f+gu2)dz' and assume that Z¢(t) is persistently exciting (which
t-T

means u, is persistently exciting). Let the actor NN be tuned as

X r .
Ag(x(1)) W, (7.30)
(1+ Agx0) Ag(x())

Wy =—a, ( Ful, = RAG(x(0) W; )~ ay Di (ol

Then the closed-loop system state is UUB, the critic parameter error 17, =W, —Vf/l and

the actor parameter error W, =, —Vf/2 are UUB.

Proof:

The convergence proof is based on Lyapunov analysis. We consider the Lyapunov

function
. | R T T (S
L(t)—V(x)+Etr(W1 a Wl)+5tr(W2 a, Wy) (7.31)

With the chosen tuning laws one can then show that the errors %, and W, are UUB and

convergence is obtained. The chapter has the same form with the one in chapter 2.

Theorem 7.2. Optimal solution. Suppose the hypotheses of Theorem 7.1 hold. Then:

t
a. H(i,W,x)= j (OG0)+i" Rit = 21455 ) d7 + W $lx(0)) = $(x(t~T)
t-T
is UUB, where i = -1 R™'g" (x)V4" (x), . Thatis, I, converge to the approximate HJB solution.
b. i, (x) converges to the optimal solution, where i, ==L R™'g" (x)V¢" (x), .

Proof:

a. Consider the weights 1, W, to be UUB as proved in Theorem 7.1.
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H (@, W, x) = j (0G)+i" Rii = 24y ) d7 + W $lx(0) =1 $(x(e~T)
t-T

After adding zero we have
t
HG@Whx)= [ (ST Dol =47 DW=y ) dz =W p(x()+ 17 9(x(¢=T)
t-T

By taking norms in both sides and taking into account that sup|e,,;|<Z and letting
xeQ)

1721 < W, -

|#ra i 0)= | [&HV%HZ 151 o+ 4772 | | P10+ 5) dr -+ | (o ceen)|+ |ptee =) (7.32)

t-T
All the signals on the right hand side of are UUB. So H(ﬁ,Wl,x) is UUB and

convergence to the approximate HJB solution is obtained.
b. According to Theorem 7.1 and equations (7.26)and, (7.27), |ju, —u| is UUB because
“Wz —m“ is UUB.

So u,(x) gives the optimal solution.

This completes the proof.

Remark 7.2. The positive tuning parameters F,, F, are selected appropriately to ensure

stability.

7.4 Simulation results

To support the new synchronous online integral reinforcement learning algorithm for CT
systems, we offer two simulation examples, one linear and one nonlinear. In both cases we

observe convergence to the actual optimal value function and control. In these simulations,
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exponentially decreasing noise is added to the control inputs to ensure PE until convergence is
obtained.
7.4.1 Linear system example

Consider the continuous-time F16 aircraft plant with quadratic cost function used in [85]

—-1.01887 0.90506 —0.00215 0
x=|0.82225 -1.07741 —0.17555|x+|0 |u
0 0 -1 1

where O and R in the cost function are identity matrices of appropriate dimensions and

T=0.01. In this linear case the solution of the HJB equation is given by the solution of the
algebraic Riccati equation (ARE). Since the value is quadratic in the LQR case, the critic NN

basis set ¢(x) was selected as the quadratic vector in the state components. Solving the ARE

gives the parameters of the optimal critic as w; =[1.4245 1.1682 -0.1352 1.4349 -0.15010.4329] .

The integral reinforcement algorithm is implemented as in Theorem 7.1. PE was
ensured by adding a small probing noise to the control input. Figure 41 shows the critic

parameters, denoted by

W=,

cl

W,

2 W Wey Wes Wl
converging to the optimal values. In fact after 250s the critic parameters converged to
Wi(t;)=[1.4279 10193 -0.1473 1.4462 -0.1376 0.4330]"
The actor parameters after 300s converge to the values of

Wy(t;)=[1.4279 1.0193 -0.1473 1.4462 -0.1376 0.43301".

The actor NN is given by

X3 0 Xi

Wi (t
0 2x, 0 20ty)

N |—

122 (x)=-

— o O
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The evolution of the system states is presented in Figure 42. One can see that after
250s convergence of the NN weights in both critic and actor has occurred. This shows that the

probing noise effectively guaranteed the PE condition.

FParameters of the critic M

25 T T T T T
Wc:1 -
— W,
WCS <0 v
T = Wc4 7
WCS
WCB B
05t ) ) § b
ok J
_05 1 1 1 1 1
1] 50 100 150 200 250 300

Time (s)
Figure 41. Convergence of the critic parameters to the parameters of the optimal critic.

System States
30 T

25 A

20 -

1 1 1
150 200 250
Tirne (s)

Figure 42. Evolution of the system states for the duration of the experiment.
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7.4.2 Nonlinear system example
Consider the following affine in control input nonlinear system, with a quadratic cost

constructed as in [64]
= f(x)+g(x)u, xeR?

where

=X + Xy

0
fx)= ; . g= :
—x13 ) A 0.25x, (cos(2x; + x13) +2)? cos(2x + x13) +2

X2

1 0
One selects Qz{o 1},R=1and T=001.

The optimal value function is

V*(x) = %xﬁ +%x22
the optimal control signal is
u' (x)= —%(cos(bc1 +x7) +2)x,
One selects the critic NN vector activation function as
b =[x’ 2 x'x']
Figure 43 shows the critic parameters, denoted by
W=Wy W Wa Wl
After the simulation by using the integral reinforcement learning algorithm we have
Wi(t,)=[0.0033 0.4967 0.2405 0.0153]"
The actor parameters after 80s converge to the values of

Wy(t;)=[0.0033 0.4967 0.2405 0.0153]" .

The actor NN is given by
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o 0 Moy, 0 43 o],
uz(x)__i{cos(2x1+x13)+2} { 0 2x, 0 4x§]W2(tf)

The evolution of the system states is presented in Figure 44. One can see that after
80s convergence of the NN weights in both critic and actor has occurred. This shows that the
probing noise effectively guaranteed the PE condition.

Figure 45 shows the 3-D plot of the difference between the approximated value
function, by using the online algorithm, and the optimal one. This error is close to zero. Good
approximation of the actual value function is being evolved. Figure 46 shows the 3-D plot of the

difference between the approximated control, by using the online integral reinforcement learning

algorithm, and the optimal one. This error is close to zero.

Parameters of the critic M

cl
0gat 1
WC22
08 | —— W
07 H m—

a0 a0 100

Tirne (s)

Figure 43. Convergence of the critic parameters to the parameters of the optimal critic.
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System States

1] 10 20 30 40 50 50 70 80 20 100
Time (s)

Figure 44. Evolution of the system states for the duration of the experiment.

Approximation Error of the Walue function

Figure 45. Error between the optimal and approximated value function.
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Error between Optimal and Approximated contral

Figure 46. Error between the optimal and the approximated control input.

7.5 Conclusion
In this chapter we have proposed a new adaptive algorithm which solves the
continuous-time optimal control problem for affine in the inputs nonlinear systems. The
importance of this algorithm relies on the partial need of dynamics, only g(x)is needed, the
simultaneous tuning of the actor and critic neural networks and the convergence to HJB and

Bellman equation solution without solving these equations.
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CHAPTER 8
CONCLUSIONS AND FUTURE WORK

In this thesis have been developed online learning algorithms which use reinforcement
learning ideas to solve games and optimal control problems by tuning simultaneously all the
critic and actor neural networks and by measuring the states or input/output data.

This thesis considers three classes of dynamical systems. The first one is the linear
continuous-time system, the second one is the affine in control nonlinear continuous-time
system and the third one is the linear discrete-time system.

The new results presented herein are:

1. An online adaptive optimal controller to solve the continuous-time infinite horizon
optimal control problem by tuning the critic and actor neural networks simultaneously. The
algorithm converges to the solution of Hamilton-Jacobi-Bellman equation without solving it.

2. An online gaming algorithm to solve the zero-sum game problem, by tuning the critic,
actor and disturbance neural networks simultaneously. The algorithm converges to the solution
of Hamilton-Jacobi-Isaacs equation without solving it.

3. An online adaptive control algorithm based on policy iteration to solve the
continuous-time multi player non zero sum game with infinite horizon for linear and nonlinear
systems. Every player has his own actor/critic structure and the algorithm tunes all N actor/critic
neural networks at the same time. The algorithm converges to the solution of coupled Hamilton-
Jacobi equations and coupled Riccati equations for nonlinear and linear systems respectively
without solving them.

4. Reinforcement learning methods which require only output feedback and yet
converge to an optimal controller.

5. Policy iteration and online learning solution is developed for graphical games.
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6. Online adaptive learning algorithm (synchronous policy iteration) that uses integral
reinforcement learning and does not need any knowledge on the drift dynamics.

Convergence and stability proofs are provided for all the aforementioned algorithms.

The following are some of the directions for continuation of this work

1. Extend the idea of online adaptive learning algorithm with integral reinforcement
learning to zero and non-zero sum games.

2. Adaptive optimal controllers for nonlinear systems that use only output feedback.
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APPENDIX A

PROOFS
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Proofs for Chapter 2

Proof for Technical Lemma 2.2 Part a:
This is a more complete version of results in [36], [87].

Set ¢, =0in (2.26). Take the Lyapunov function

L= EeralilVf/l

The derivative is
L = _Vf/]Tgl&lTVf/l
Integrating both sides

t+T

Lt+T)- L) =- [ W o,()o, (0 )W,dz

t+T

L(t+T) = L) =W (¢) [ @7 (r.0)0,(2)0, (1) (7, 0)dT W, (1)

= L(t) =W (S ,(1) < (1-2a, ,) L(1)
So

L(t+T) < (1-2a,B,)L(1)

Define y =(1-24,4,) . By using norms we write (A.2) in terms of Vf/l as

%“W(t + T)”2 < J1-2a3,) i“l/f/(t)“z
“W(t + T)” < JU=2a,5,) “W(t)“
| <yl

Therefore

| W (KT) |I< 7* | W (0) |
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i.e. W(r)decays exponentially. To determine the decay time constant in continuous time,
note that
I (kT) i< e (|7 (0) | (A.4)

—akl _  k

where e .

Therefore the decay constant is

a =—%ln(7)<:> a =—%1n(‘/1—2a],83 ). (A.5)

This completes the proof.

Proof for Technical Lemma 2.2 Part b:

Consider the system

{)'c(t) = B(Tt)u(t) (A6)
() =C" ()x(1)
The state and the output are
x(t+T) =x(t)+ j B(t)u(r)dr A7)
Yt +T)=C"(t+T)x(t+T)
Let C(¢) be PE, so that
BI<S. = TC(&)CT (A< BI . (A.8)

t

Then,
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t+T

yE+T)=C (t+T)x(t)+ j C"(t+T)B(r)u(r)dr

t+T

j C(/l)[ (1) - j C’ (l)B(z’)u(z’)dtsz’t =

j C(A)CT (A)x(t)d A

t+T

j C(/i)( () - j c’ (ﬂ)B(r)u(r)erd/i = S.x(1)

t+T

x(t)=S,." { j C(/’L)[y(/l)—ICT(/l)B(r)u(r)dr]d/l}
Taking the norms in both sides yields

X0 <15 [ Cpada)+s,” { | cw( [ cTwB(r)u(r)erdz} n

t t

1
t+T P t+T P

120 [ (BD ([ CACT (D) ([ yAY H(A)d)

+[lse7 {T"cu)cr (ﬂ)”d/itf” B()u(z) || dr}

/ T t+T
I x(@) [I< f; ymax+5§2 IIIB(T)II-HM(T)HdT (A.9)

where 9§ is a positive constant of the order of 1. Now consider

W(t) = a5 u. (A.10)
Note that setting u =—y+g—” with output given y = E]TI/IN/l turns (A.10) into (2.26). Set
mS
B=a,G,, C=a,x(t) =W, so that (A.6) yields (A.10). Then,

el < I+ |22 < o + 2 (A11)

ax

Eu |
mS

since |m]>1. Then,

t+T t+T

N= IIIB(T)II-IIM(T)IIdT= [llag @ llu@)| d
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t+T

<@V + ) [ 15,(0) |1 d7
t

t+T 172 t+T 2
<a,(y,, +«9,mx){ [lII&@P dr} { | ldr}

t

By using (A.8),

N < al (ymax +gmax)\/ IBZT (A12)

Finally (A.9) and (A.12) yield,

W) < W;TT ([ + 9B (S + ¥ |} (A.13)

This completes the proof.

Proof of Theorem 2.2.
The convergence proof is based on Lyapunov analysis. We consider the Lyapunov
function

L) =V (x) +%tr(VI~flraf]VI~/l) +%tr(n7ja;‘n72). (A.14)

With the chosen tuning laws one can then show that the errors #, and ¥, are UUB

and convergence is obtained.

Hence the derivative of the Lyapunov function is given by
L(x) =V () + W oW+ W, o5 W, = L, (x) + L, () + Ly (x) (A.15)

First term is,

V) =W (wzf(x) —%Bl (x)szWeT(x)(f(x) —%g(x)R“gT(x)Wsz-

Then

Vx)=m' (W%f(x) —%Bl (W, j +&(x)
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WV L)+ 3 W Do) (=)= I D+ 1)

1 o= = 1 .=
VKTV(/Zf(x)JrEWlT Di(x)i, _EWIT Di(x)W, +&,(x)
=Wo, +%W1751 (X)W, +&,(x)

where

£,(x) = £(x) = W(x)(f(x) SR ' (VA W, J
From the HJB equation
0, ==00x) = W DGO, + 1 ().
Then
L (3) == 000) = W By O, + 3D, W + 815 () + 430 = Ly ()4 1 By (oW 4.5,

(A.16)
Second term is,
Ll :W;TCZ;IMZ
5T 0, 17 1 ~7— 5
=W o oy———=| 0, W+ 0(x) +—W,” DiW,
(02T02 +1> 4

~ o - 1 ~7= - 1 =
=w' (0, W+ 0() + L D, ()W, = O(x) = 0" W, =— W Dy (X)W, + &5 (x))
(O'ZTO'Z +1 4 4

~ o - 1l ~p= 1 =
=W ———— (0, (W, =0 (W, +ZWZTD1 (W, —ZWITDI (O, + €145 (X))
(0'2 o, + 1)

T 0-2

(O'ZTGZ +1)2

=

T (Vo) f(x)—%Wfﬁl (W, + =W, D,(x)W, +%VVJ51 (X)W,

1

2
1 ;=

_ZVVI Dl (X)VVI +8HJB(X))

~ o ~ 1 A= ~ 1~ = ~
=w' = (=S () VG (W, + =W, DWW, + =W, Di (W, + &5 (%) -
(O'ZTGZ +1) 2 4
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~ o ~ 1 ~.— ~
L=w' (=0, W+ — W, Dy (X)W, + £ (x))
(02T02 +1) 4
=L+ — i D (o, (A17)
4 (O‘ZTO'Z +1
where
—_ ~ O' ~
L= VKT = 2 (_0-2 W, +811J3(x))

Finally by adding the terms (A.16) and (A.17)

£G0) = ~0(0) = I D, (W, 4+ W B (O, + 6 ()45 (1)

~ ~ 1 ~— ~ ~ 2
s (0 W D (e, + 1 () + 7
(02 o, +1)
N T e 1 == G, = 1o, '
L(x) =Ly + Ly +&(x) =Wy o5 Wy + W, DWW, +— Wy Dy (W, ——=W, = —W," D ()W, ——W,
2 4 m, 4 m,
l ~p=, =0, l 2r=. o » O, &
I, D, (X)W, =W, +— " D, (x) W, =W, (A.18)
4 m, 4 m,
= 0, T
where o, =————and m =0, o, +1.

o, 0,+1

In order to select the update law for the action neural network, write (A.18) as

. KN KN ~ A — ~ o0 . 1 ~.,. —
L(x)=L, + L +&(x)-W," {a;‘Wz —LDi(x)W, (Z WI}+EW2TD1 X)W,
1 = o, = 1 .= c, 1 -, = o, -
+ZVVz Dy (x)W, - VVI_ZVVZ Dy (x)m; - WHFZWz DI(X)VV];VVZ

s s N

and we define the actor tuning law as

W, = —a, {(FW -F&, Wl)—iﬁl (x)WzmTW]}. (A.19)
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that

This adds to L the terms

W) EW, -W] EG, W,
= W] E,(W, - W,)~ W F,&l (W, ~W,)

=W, EW, W, EW, =W, &, W, + W, E G, W, .

Overall

L(x) = _Q(x)_inTﬁl OV, + & (x) + W1T52 [_EzTVf/l +M]+gl (x)

s
—T
2

0.
m

1 ~,= o, ~
S DLW, 2, (A.20)

— T
O-Z

1~ = - S R
WDy (W, +- I D, (00, 17, =W D, (o)W, W+

ENGI e

s

+ W, F,W, =W, F,W, =W, F,&, W, + W, ;.G W,

s s

Now it is desired to introduce norm bounds. It is easy to show that under the Facts

)

Also, since Q(x) >0 there exists g such that x"gx < Q(x)for xe Q. It is shown in [4]

w,

e Ol <., I 35, 38, o (R

&,; converges to zero uniformly as N increases.

Select &£ >0 and N,(¢) such that sup|e,,| <. Then, assuming N > N, and writing in
xeQ

X
terms of Z =|,"W, | (A.20) becomes
,
. 1 2l =
L Dol + e + 51 116,b, b, 0 (R)
gl 0 0
T
-Z" 0 I [—%F] —LE]WIJ Z
&m,
1 = _ _
0 —LF]—{S—DIWJ F,=(DW,m" +mW]D,)
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+Z7 = (A.21)

(%51 +F, _E52T _%BIVVlmT)VVI +%b€‘b§b% O in (R)

ql 0 0
1 T
Define M =| 0 I (—gﬂ ——EIWIJ (A.22)
8m,

0 —%Fl—(—linJ F,—+(Dwm" +mW!D,)

§|¢q -

min

(%51 +F2 _Egzr —%EIVV]mr)VV] +%ngb;b¢xo- (R)

=L B e 18,18, , b0 (B

2 & P8
Let the parameters be chosen such that M > 0. Now (A.21) becomes

L<~|Z[ o, 1) +]d[|Z] + ¢+

Completing the squares, the Lyapunov derivative is negative if

ol [ & ere _p )
2o-min(M) 4O-iin (M) O hin (M)

It is now straightforward to demonstrate that if L exceeds a certain bound, then, L is
negative. Therefore, according to the standard Lyapunov extension theorem [42], [50] the
analysis above demonstrates that the state and the weights are UUB.

This completes the proof.

182



Proofs for Chapter 3

Proof for Theorem 3.2: The convergence proof is based on Lyapunov analysis.

We consider the Lyapunov function
L(t) =V (x) +%tr(VI~/'1Ta1_1Vf/1) +%tr(W2Ta2_1W2) +%tr(Vl~/3Ta3_lVI~/3). (A.24)

The derivative of the Lyapunov function is given by
L(x) =V )+ W oy W+ 5T a5 Wy + T a5 W (A.25)

First term is,

V)= (V@f(x)—%ﬁl W, +217151 (x)V%JWaT (X)[f(X) —%g(x)R_lgT(x)VﬂTWz +217kkTV¢1TW3J

Then

. 1 — A 1 — A
V) =mw" (Wﬁlf(x)—EDl (W +—5 (x)%]m (x)
V4

1 — N 1 — 1 — S 1 =
=V £ )+ SR D1 )W =Wy ) =~ T DLW =— T Ev(o) (W =3 )+ — T L oW +2,(x)

2 2 2y? 27°

1 r= = 17— 1 - =1 =
=WV S @)+ DI, =R D) —2—2W1TE1<x>W3 +2—2W1TE1(x>W1 +&(x)
e e

1 — ~ 1 — -
=l +5WlT D1 (x)W, —2—2WlTE1 (X)W +&(x)
V4
where g (x) = £(x) = V&' (x)(f(x) —%g(x)R‘lgTu)wa% +2%kkrv 4 73).
/4

From the HJI equation 17, o, = —hTh—iVVlTﬁl ()W, +4L2W1TE] (X)W, + £ (%) .
4

Then

. 1_r= 1 — 1 7= = 1 = =
Ly (x)==h"h =2 Dy (oW, +?W1TD1 W+ I B (W7 —FWFEI s + &7 () + & (x)
= 1 — ~ 1 — ~
= Ly (x)+ W' Dy (W, —Z—ZWKEI (W5 + & (x). (A.26)

/4

where L, (x) =~ =L T By O +— T Dy W + 65 () + 1)
4y
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Second term is,

I o . l ogr—=~ 1 ~p= »
Ly =W e W = e ey =2 (02" W + 00 + Wy DIy =15 Bl
0'2T02+1) 4y

. - o =l o= = 1 = -
L =W —2——(-0,"W, +ZW2TD1 (X)W, —4—2W3TE1W3 + &7 (x))
V4

(02T02+1)
S Ll % i B ()i, —— (A.27)
Ry , 221()‘)2—2313 :
(02 (op)) +1) Ve
where L =17 = 2(_UZTVI71+8HJI(X))leTEZ[_UzTW]JrgHZ(x)].
(0'2T02+1) s

By adding the terms of (A.26) and (A.27) we have

. 1 7= 1 — 1l 7= - 1 = o=
L) ==0(0) =" Dy ()M +4—2W1TE1 (O + =W Dy (0 —2—2W1TE1 (s + 117 (%) + & (x)
Ve e

(op)) <

I T (R ir 15 aq
2 (o'W, +ZW2TD1 (X)W, —FWsTEle + &g (0) + 5" 0y W + W W

+w"
T
(0'2 P +1)

. - - 1 ~ — =T 1 ~ — =T ~

L(x) = I + Ly () + &, (x) == W, T Dy (o)W 2=, +— W, Dy () 22— W,
4 my 4 my

l ~r= = &) l 7= o~ &y~ 1 = 5, -
=T Dy (0)Wy T2 W +— 1T Dy (o)W 2Ty ——— T Ey (o) T

4 my 4 my 4y my

1 7= = &, 1 o= =&y o 1 7= 1 7=
—— W By ()W =2 W, —— 5T By ()W =2 W, +— W, Dy ()W —— W3 B1 (),
4y m 4 2 2y

S s

1 ~7= o ~ 1A ~ 1A
B T 1y e W~ a3 (A.28)
e

s

— O
where &, = 2 __and m, =0, 0, +1.

0, 0y +1

In order to select the update law for the action neural networks, write (A.28) as
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. —T
. _ _ ~ 1A —y ~ O A
L) =Ly +Li+a (-1 alez—%Dmx)WszWl} s {aJWg 1(x>W3m—W1

S s

1 7= 1 - 7= P o' 1 - 7= & -
+5W2TD1(x>W1+ZW2TDl(x>W1¢W1—ZWzTDloc)Wlin+ZW2TD1(x>W1—2W2
S S S

1 1 1 1
——WaTEl(X)Wl —_W3 El(x)VVl_VVl +_W3 El(x)VVl_VVl ——W3 El(x)VVl 217
2y 4y° 4y° 4y

S S S

Now define the actor tuning law as
= i — E ST ) = Dy oy m A2
Wy =~y \( By = RG3 W )~ Dy (0)om W, (A.29)
and the disturbance tuning law as
X . —Ts 1 = " poa
Wy = -y {(F4W3 - K5l W1)+4—2E1<x)W3m Wl} (A.30)
v

This adds to L the terms
I’f/zTI':le - WzTFsz _WzrﬂazTVI/l + WZTFIEZTW/l + VI~/3TF4W1 _WsTF4W3 - WzTFzngWl + VI73T17352TVI71

Overall

. 1 — 1 — B
L(x)==0(0) = ' DI (x)W; +4—2W1TE1 O, + &1 () + I 5, {—aJWl +‘9”;+(")J+sl (x)
Y s
Q- Q- 5 o 1 = o,
+ WA DI+ Dy =2y =y Dy (oM —2= W,

s mS

1 1 1
1T Dy () 220, _—Ws "E (0 ——W3 E, (x)W; 227,
4 mg 27 47/ my

1 -~ 7= Oy = 1 ~7= o
—— W3 B (W =W, +— W5 E, (o), ==,

s V4 s
Iy By W, =Wy By =Wy Gy W + W) [yG3 Wy + W5y, =W Fyy =W B3y Wy + W3 sy
(A.31)

Now it is desired to introduce norm bounds. It is easy to show that under the Facts 3.1

e Ol <, s+, 528, i RO 2 5, 820

7))

Also since Q(x) > 0there exists q such that qux < Q(x) locally. It is shown in [3], [5] that

ey converges to zero uniformly as N increases.
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Select >0 and Ny(¢) such that sup|e; | <. Then assuming N > N, and writing in

X
& W,
~ H

W,

w;

terms of Z = (A.31) becomes

P = 1 _
LI I ol e I [E ol S0 160, b i (B) 557 1 11 bty

ql 0 0 0
1 ! 1
0 I (%E ——BIWIJ TR+ ——EW
8"’!5 8]/ my
7T 1 _ _ _ 7
o fam] ) o
I = T =
0 %F3+{ - EIWIJ 0 F4+842(E,W1m +mW, E,)
8y m, 4
b by
&
+Z7 s (A.32)
n =T n T 2
(3 Dy + Fy = F,&y =4 DIWym" YW, +%b, byby 0 in (R)
ol =T ol T 2
(_#El +F4 —F30-2 +#E1VV]m )VV] +2_}1/2b€xbkb¢x
Define
(g1 0 0 0 i
T
1 I = 1 I =
0 1 LR -— D LR+ ——EW,
8ms 8}/ my
M= 1 _ e (A.33)
0 lR-|—Dm| £ —E(DlWlm +mW; Dl) 0
! I = L (T S
0 L+ EW, 0 F4+—(E1W|m +mW, El)
2 2 8°
8y m, 4
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b, by

£<

£
d _ mS
(301 +Fy = FiG; — DIim" YW +3b, beby Oin (R)

(-3 By 4 Fy = B3 4L B W +51b, b,
1 = 1 E
= I 1Bl S P (B o+ 31818, i, b R0+ 535 1 15 it

Let the parameters F, F,, F;and F,be chosen such that A >0. To justify this, the

matrix M is written in compact form as

qg O 0
M=0 I My (A.34)
0 My M

where in order to be positive definite the following properties must hold
a g>0
b) I>0
c¢) Shur complement for Iis
Dy =1 ~MyMi3 My, >0 (A.35)
D,, can be made positive definite by selecting F, > F, F,> F;, since W, is bounded above
DY Wi -
Now (A.32) becomes

L <2 o) +|d]|2] e+ e

Completing the squares, the Lyapunov derivative is negative if

2
o s e, a3
2Gmin (M) 4o'§ﬁn (M) Omin (M)

187



It is now straightforward to demonstrate that if L exceeds a certain bound, then, L is
negative. Therefore, according to the standard Lyapunov extension theorem [50] the analysis
above demonstrates that the state and the weights are UUB.

To show this from (A.24), one has,

oI 4 5 5Pl + 5l < 2 S s D 5 N 4 5[
(A.35)
_O-min (P) | _Umax (P) 1
_ _
77 2% [ a F<r1<7" 2l7[ a 7 (A37)
%az %az
)2 )2
i 2a; | 2a; |
M $

Equation (A.37) is equivalent to

7" 6in(S)Z S L< 2" 0,00 (S5)Z

Then
~112 2
Omin |2 <L <o ()]2] -
2 —_ f—
Therefore, L > opuy(Sy)| A | M crd+5 (A.38)
200min (M) \ 4o, (M) Ouin (M)
implies (A.36).

Note that condition (A.36) holds if the norm of any component of Z exceeds the bound,
i.e. specifically x> B, or &, W, > B, or W, > B, or W, > B, [42].
Now consider the error dynamics and the output as in Technical Lemmas 3.1, 3.2 and

assume o, is persistently exciting
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A . ~ _ & a ~ —_ ~ a

W, = —a15,5, Wy + a5y 2L 4 1 WTD(x)W - 1
1 10207 W) +a410, 72 Dy 2 7 2
m 4m 4y“m

S s s

AN A

y=0a, W,. (A.39)
Then Theorem 3.1 is true with

1

max ~ ZHWZ “2 1

Ham—zTW1 >e % —ﬁ”ﬁg” G (A.40)

2| E1
mg

This provides an effective practical bound for HEZTW]”.

This completes the proof.

Proofs for Chapter 4

Proof for Theorem 4.2: The convergence proof is based on Lyapunov analysis.

We consider the Lyapunov function
L(t) = Vy(x) + V5 (x) +%W1T a’'W, +%W2Taglvff2 +%W3T a;'Wy +%W4T ag'w,. (A.41)
where 7;(x)and V,(x) are the approximate solutions to (4.10) and are given by (4.25) and (4.26)

respectively.

The time derivative of the Lyapunov function is given by
L) = i) + V() + W, a W3 4 T s W + T a0 + 7, a0 (A42)

Next we will evaluate each one of the terms of L(x). First term is, differentiating (4.25),

and adding and subtracting %Wfﬁz(x)W2 and %WlTﬁl ()W,

. 1 = A 1= ~ 1 _ A 1 _ A
Vi(x)=m" (wlﬂx) — 5 Do < (x)%j - VslT(x)[f(x) - S8Ry " (VW kR ‘kTV¢JW4j
=TV )+ DR =)+ KT By 0% —7) = KT Dy W, =T Byl 4,0

1l o=, = 1 = =
=Wy + SR Dy + I Ey (W + &4(0)
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where

Ey(x) =V H ()R, k'Y T (x) , 0y = VH(x)(f + guy + kdy) , D(x) =V (x)g(0)R;'g" (x)V e (x) and
&(x)=Ve' (x) (f(x) —%g(x)lelgT(xW@% —%kRzz‘lkTV@%j (A.43)

From (4.23) we have
W "oy =-0i(x0) - 1W Vo g RN " (Vo W, =L,V k()R] Ry Rk (x)V 0, Wi + 2y

Similarly for the second term

. T 1 T_ =~ 1 T - =~ .

Vy(x)=W," o, +EW2 E\(x)Wy +5W2 Dy (x)Wy + £5(x)
where E,(x) =V (x)g(0)R ' g(0) V4 (x), 0y =V (0)(f + guy + kdy) Dy(x) =V (x)kRy, k' V4, (x)
and

. 1 _ A 1 _ A

£ (x)=Ve, (x) (f(x) ~5 &R eTve W, KRy ‘kT%ij (A.44)

From (4.24)
Wy "0y ==0,(x) = 2W Vo g ORY Ry Ry " )V o W, =L,V k() Ry kT (x)V 0, W + £y,
Then we add ¥;(x) and ¥, (x)
L, =Vi(x) + V5 (x) ==, (x) =1V g )R " )V o'W,
_ _ 1 — ~ ] - ~ .

— P2V k (R R Ragk” (Vs Wy + 21y + IR DI + W Ep (oW +1(3)

~0,(0) =V g R Ry R " ()V "W =11,V 0y k() Ry kT (x)V 0, Wy + £y,

+ I E O + 3 Doy + 630

L,=L,(x) +%W1T Dy (x)W, +%WIT Ey (X)W, + %WZT E (x)W, +%W2T52(x)l/f/4 + &%)+ & (%) (A.45)

where
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L, =—0,(x) =WV g R g )V o W =L,V 0, k()R] Ry Rogk (0)V 0, W + 6
—0,(0) =WV g )R Ry Ry g (Vo W =1,V s k() Rk ()Y 0, W + 5,

Using the tuning law (4.42) for the first critic and the definitions for the parameter errors

(4.41), the third term becomes

. ~ 6 ~ —_ ~ ~ —_— ~ ~ _ _ ~
L= W]Tﬁ (o3 W +%VVITE2 (W, +%W3TD| (X)W +%W4TV¢2]‘(X)R22 "Ry Ry, K ()Y ",
303

~ W2 Vk(x)Ryy " RiyRoy™ kT (1)V " Wy + 1, ()
Finally by rearranging and grouping the terms

. - 1 ~ o ~ = ~ ~ _ _ ~
Li=1 +1me[WJDl(x>W3 + W,V gk () Ry, Ry Ry, K (x)V ' W
33

+ 2017 By (e)ly =,V ok (x)Ryy ™" RipRoy ™'k (x)V 8, 17)] (A.46)
- =T — P gHJI (x) — O3 T
where L, =W' o5 (-3 W; + ), 03 =—7——— and my =o303+1.
my oy o3 +1 !

Similarly by using the tuning law (4.43) for the second critic and the definitions for the

parameter errors (4.41), the fourth term becomes

. - 1 ~ o ~ —_ ~ ~ _ _ ~
L,=L, +_W2T T 4 3 [W4TD2(X)W4 + W3TV¢1g(x)R11 TR21R11 1gT()C)V¢1TW3
4 (o404+1)
+ 201" Ey - W'V hg()R " Ry Ry gt (V) (A47)
= e e Em, (0 _ T4 T
where L, =W," 6, (-o,W, + ), O4=—75———and m, =o,0,+1.
s, o4 04+1

Finally we need to add the terms of (A.45), (A.46) and (A.47), but in order to select the
update laws for the action NNs, we group together the terms of W, and W, that are multiplied

with the estimated values (two last terms)
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L) =L,@)+ L+ Ly + (1) + £(0) +1W2T52(x>W4 + IR Dy s 4 B +§W2TE(x)W3

1 1 ~ _ _ ~
3 m' Ez(x)W4_W1 3 WzTE1W3 Wz _EWzTV(ﬁzk(x)Rzz T RioRyy KT )V 1, 2 o, Wl
Sl Sz 51

1 - - -G, o 1 5y
STV OR, T Ry (Vs Tty T By O B 5T Dy

S2 S1 S1

| 1. _ _ ol
+ZWSTD|(X)Wsin —ZW4TV¢2]‘(X)R22 TR12R22 ]kT(x)V¢2TW2in

S1 S

1 _ _
+4W4 V¢2k(x)R22 TR12R22 g (x)V¢2 Wz m Wl
Sq
l -7 T 1,T - 5y Gy Gy
+4W4 V ok Ryy T RiyRyy KT (x)V g, W, 2 Wl+4 W, Dz(x)Wz—Wz—ZW4 Dz(x)Wz—Wz

s, sz 52

1 ~r= = &, 1.~ Gl
+Z W," D,(x)W, %Wz +ZW3TV¢1g(x)R117TR21R1171gT(x)V¢1TW1 %Wz

B) B

1 - _ _ o, 1 - _ _ - &7
_ZW3TV¢|g(x)R11 TR21R11 ]gT(x)VﬂTVVlmLWz+ZW3TV¢1g(x)R11 TRlen lgr(x)VﬂT%LWz

S) S)
e ~ . 1 — o
—W3T[a31 ——Vé’jlg(x)Rn "RyRy'g" ()" Wz W2—2D1(X)W3_W1]
Sz 51
T p—
W [a3'W, ——%k(x)RzﬂRuRzz*‘kT<x>V¢ UAES — _ZDZ(X)W4 Wz]
5 52

In order for the last two terms to be zero we define the actor tuning law for the first

player as

z A e 1= a5l . _ _ N
Wy = —as (P = RE3 W) =L DWW =2 Vg (R RuRiy g (V' W3 —=W)

S S

and the second player’s actor tuning law is defined as

A . PSR [ AP | _ _ N X
Wy =—a,{(FV, — 5G4 Wy) —ZDz(x)W4mLW2 —Zv%k(x)Rzz "RiyRy, lkT(x)V¢2TW4mLW1}

So S

But this adds to L the following terms

W3 FyVy =W Fl =W Foas Wy + W R.G3 W + W F i, =W F, =W By Wy + W Fa i 17,
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Overall

L(x)=-0/(x)~ 1M Vo g()R g )V W = 10,7V s k() Ry Ry Rogk” (0)V " Wi + £y
~0,(x) =WV g(OR Ry R " (V4 W~ 1,7V s k() Rogk” (x)V " W + 415,

&gy, (X) &py, (X)

+ W Gy (—o3 W + )+é(x)+ W, Gy (- Wy +

D $2

)+ & (x)
T L [
+EVVI Dy (x)W; +EVVI E,(x)W, +EW2 El(x)VVSJ‘_EWZ Dy ()W,
Lor=, 20y = 1= 2G5 - 1 -r 1,7 T Oy =
M Ez(x)W4m—W1 W EWs— =Wy == Vk(x)Ryy ™ RiaRyy k™ (X)V iy Wy——W
$1 Sy Sy
1 r -T 1T 15 04 5 1 5y = 1ar= 5y
— M VAEX)R T Ry Ry g (VG Wa——=W) +—W3" Di(x)W}—=W, ——W5 Dy(x)} ——W
2 my, 4 my. 4 mg,

l ~p=  ~ 1 -~ -
4 T D T2+ 4TV ok () Roa ™ RiaRoy 'k (V1,22
S S

1= - - A - - - Gy
= VR RipRey™ KT (¥ 6 Wy 22 4 TV ok () Ry Rip o™ KT (09 632
S1 S1
1 - 7= A - &,
= W, Dy (YW Ty = T Dy (x)Wy A,
4 mg, 4 sy

1 ~7r= ~ O | _ _ o4
+ZW4TD2(X)W4LW2+_W3Tv¢lg(x)R11 "Ry R g (VW =W,
my, 4 my,
1 T -T -1.T T 54T 1 T -T -1.T T 117 54T
_ZW3 VAg()R  RyRyy g (X)Vay Wlm_WzJFZWs Vag()Ry  RyRy g (X)Vey W3——W,
S S
+ W F =W By =W RS Wy + Wy R Wy + W B, =W B, ~ W] FGy W, + W Fa W, (A48)
Now it is desired to introduce norm bounds. It is easy to show that under the Facts 4.1

equations (A.43) and (A.44) become

&0 < by Il + s, 235, i R (Il P75 ) 442, 5281, i R (2] 15

1x

[é2COll< b, byl 1, 5205, Gmin R+ 5] + 32, 2, i (Re) (721 + 4]

Also since Q,(x)>0and Q,(x)>0there exists g,and g¢,such that x’¢x<Q(x)and

quzx <Q,(x)for xeQ.

193



Select ¢ >0,2,>0 and Ky(g), K,(g,) such that sup"gHJ1 ||<El and sup||gHJ2||<§2. Then
xeQ) xeQ)

assuming K > K, and writing in terms of Z=|5,"W, |and known bounds (under Facts 4.1),

(A.48) becomes

i@ =2 [V s @R g OV AT |+ Ll [Vook R RoRAKT (VT |+
w2 v o R Rk g VT [+ LI [V ok R oV T |+,

+ 305, Dby, Tin R+ b, 5Dy, Tin Ro)Wa]| + 305, bzby, Tmin R+ 35, by, Tunin (R W

my myp o myz My s d,

R My Myy  Mpz My Mys o d,
~Z" myy myy my3 myy mys |Z +Z| dy (A.49)

Mgy Myy  My3 Mgy Mys dy

Msy  Msy Ms3  Msy Mss ds

Where the components of the matrix M are given by

my=q1t4q;
myy =my3 =1

1 = = = -
myy = F _g(D]VV]m]T +mi Dy +Vhg(OR Ry Ry g (Vg Wom,"

+mWy ' Vhg()R, Ry R g (V)

1 _ _
mss = Fy —g(V¢2k(x)R22 "Ry Ry, K (x)V " Wy, "

+mV gk (X)Ryy T Ry Ry, kT (x)V BT+ myWs" Dy (x) + Dy (x)Wam, ")

1

1 5 T
Myy = _EFi 73 Dy =myy

51

= T
E\W, = mys

_ _ 1
Vok(x)Ryy ™ RiyRoy 'k (x)V "W — 1

Msy) =—
8 S 59

Vag(OR, " Ry Ry g (VA W = ma,"

. ) ) |
May == Vag)R, " Ry Ry g (VW - 8

B) S2
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1 —_
Ms3 = _EF3 - Dy (x)Wy = ms3"

S2
Myy =My| = M3y = M3 = M3y =My = My =My =Ms) =Mys =Msy =Mys =0

and the components of vector D are given

dy = (ngl + b‘ng )b/

€HI
— 1
d2 —_
msl
€HJ
d3 = —2
mA

_ 1 = 1= 1 =
T 2 T
dy=FW - FosW +5D1VV1 +EE1W2 +%bcxl bgby O min(Ry1) _ZDIVVlml m

1 _ _
_Zvﬂg(x)Rn TR21R11 lgT(x)V(ﬁlTWlmerz

_ 1= 1=
ds = FyW, — FGi W, += Dy + S E,

1 = 1 _ _
+ %ngl b; bs, Omin(Ryz)— 1 Dy (x)Wymy W, — ZV¢2k )Ry " RiyRyy 'k (x)V " Wym

Define

=4 [V grile" Ve |+ LA |V ok R RipRKT (v 0|
L) ”V 0 2R Ry R} gT(x)Vgolr“ + L ”V P k() RIKT (X)V 0, “
+ %bgn bgzbﬂx O min (Rl 1 )"VVI " + %bé‘x] blgbglﬁh O min (R22)||W2|| + %ngzbébgﬁlx O min (Rl 1 )"VVI " + %bslzb/?bgﬁh Omin (R22)||W2||

According to Facts 4.1 ¢ is bounded by c,,, and Dis bounded by D, which can be
expressed in terms of the bounds given there.

Let the parameters be chosen such that M >0 . To justify this, the matrix M is written in

compact form as

(A.50)

where in order to be positive definite the following properties (Lewis, Syrmos, 1995) must hold

a q+¢,>0
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b) I1,>0

¢) Shur complement for I,is D,, =1, - M,M353M;, >0 which hold after proper selection of
F, F, Fyand F,.

d) Schur complement for M;;is Dy; = My3 —M;,15'M,; >0 which hold after proper selection
of i, F,, Fand F,.
Now (A.49) becomes

. ~12
L < 7] i (M) + Dy

Z||+Cmax +&+&

Completing the squares, the Lyapunov derivative is negative if

2 — p—
||Z||> Dmax + lz)max +cmax+€l +& EBZ' (A51)
2Gmin (M) 4O-min (M) O'min (M)

It is now straightforward to demonstrate that if L exceeds a certain bound, then, L is
negative. Therefore, according to the standard Lyapunov extension theorem the analysis above
demonstrates that the state and the weights are UUB [42], [52].

Note that condition (A.51) holds if the norm of any component of Z exceeds the bound,
i.e. specifically x> B, or&,"W,>B, or 5,'W,>B, or Wy>B, or W,>B,.

Now consider the error dynamics and the output as in Chapter 2 and assume &;and
o, are persistently exciting. Substituting (4.23), (4.24) in (4.31) and (4.32) respectively we
obtain the error dynamics

i ~ & ~ p— ~
— —T —_ H_]l al T
W =-a10303 W) +a,03 + W3 Dy ()W + 1

) s s

a

=T T T T
Wy VhRyy " RpRyy k" (X)Vy Wy

9
1S2

. B B 3 e
+ T Ey ()W, =I5V o Roy ™ RiyRyy™ kKT (VW) 31 =03 W

and
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+

L ~ & ~ ~
Wy = ~,5,5, Wy + 4,5, —2 3 W'V ()R Ry Ry g (x)V

S5

a 7= - a
Wy Dz(x)W4+4 :

Sy Sy

a ~ —_— ~ _ _ — ~
+ 5 = O Ery =WV g (R Ry Ry ' (VAT 3, =4,
m

Sy

Then Theorem 4.1 is true with

T . ~ -1
L T o T et e TR
_%"W2"HV¢2/€(X)R22TR}ZIIQBk (x)V, ""Vfﬁ"
and

r ~ ~
e L e

= ([PoEeR T RR e v ||||W "

|| .

This provides effectival bounds for “53TVI71” and ”EJV@” :

This completes the proof.
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