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ABSTRACT

DEFORMABLE HAPTIC MODELS FOR SURGICAL SIMULATION

Publication No.

Xiuzhong Wang, Ph.D.

The University of Texas at Arlington, 2005

Supervising Professor: Venkat Devarajan

Surgical simulation is in great need for surgical training, analysis, planning and
rehearsal. One of the core problems in this application is the real time deformation of
the models for human organs. The deformable models must provide both realistic visual
effects (graphics) and high fidelity force feedback (haptics) in real time, without distrac-
tive visual artifacts or misleading tactile clues. In view of the requirement of physical
accuracy, physically based deformable models are desirable for surgical simulation.

Physically based deformable modeling has been a serious research topic for about
twenty years in the computer graphics community. For computer animation, a great
deal of work has been done so that the model can barely provide realistic (physically
plausible) visual effects in real time. Surgical simulation has a much higher requirement
for the deformable model. First, to meet the haptics update rate of 1000 Hz rather than
the graphics update rate of 30 Hz, the cycle time for regenerating the deformable model

decreases by a factor of 33. Second, the physical accuracy needed for high fidelity force



feedback is much more challenging to achieve than realistic visual effects, for it results in
much heavier computation.

Although there have been a lot of claims of successful application of physically
based deformable models for computer animation, those models are far from mature for
the applications supporting haptics, such as surgical simulation and emerging computer
games supporting force feedback. The existing models are neither fast enough for real-
time applications, nor can they provide both realistic deformations for graphics display
and force feedback for haptics rendering. In view of this situation, it is essential to
improve current deformable models or present better ones in terms of speed and physical
accuracy when we aim to build a high fidelity surgical simulator for effective surgical
training.

The scope of this dissertation is threefold. First, a new deformable model is pro-
posed based on the structure and constitutive elements of human organs, which has
potential to be more physically accurate though it can hardly meet the real time require-
ment for the current computer resources. Second, since the mass-spring-damper (MSD)
model is currently the only deformable model able to meet the real time requirement,
the physical accuracy of the 1D, 2D and 3D MSD models for both structured meshes and
unstructured meshes is investigated based on continuum mechanics and the parameter
optimization schemes are proposed and validated. Finally, the inguinal hernia surgery
simulator is introduced and further research to apply the parameter optimization scheme

is suggested.

vi
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CHAPTER 1
INTRODUCTION

1.1 Background
1.1.1 Minimally Invasive Surgery

Minimally invasive surgery [10], which includes endoscopic and laparoscopic surgery
modes, is becoming increasingly popular. Unlike open surgery, it permits access to the
internal organs without use of the customary large incision. Endoscopy of the rectal
speculum was first described by Hippocrates (460-435BC) [11]. Thus, the interest for
physicians to look into the ”internal organs” has existed since the early days of medicine.

The credit for modern endoscopy belongs to Philipp Bozzini (1773-1809) [10]. He
developed a light conductor which he called “lichtleiter” to avoid the problem of inade-
quate illumination. This early endoscope directed light into the internal cavities in the
human abdomen (called larparoscopy) and redirected to the eye of the observer. Ther-
apeutic applications for the endoscope were realized in thoracic surgery as a result of
prevalence of tuberculosis in the early 1900s. But only after the first solid state camera
was introduced in 1982, could laparoscopy be brought into the main stream of general
surgery, called “video-laparoscopy.” Nothing had caused more revolution and had led
to so many other developments during the past twenty years than the first laparoscopy
cholecystectomy (gall bladder removal) on a human in 1987 [10]. Since then, this idea
has developed into dozens of techniques for different general surgical procedures, such as
cardiovascular surgery, colon and rectal surgery, gynecologic surgery, gastroenterologic
surgery, neurosurgery, orthopedic surgery, thoracic surgery, otorhinolaryngology, urology

ete.



2

During laparoscopic surgery, the surgeon uses small cylindrical tubes called trocars
to enter the human body. The trocars allow entry of a video-telescope, called a laparo-
scope, to view the entire area of operation from inside the patient through a monitor.
Accessory small trocars allow the introduction of long instruments necessary to perform
surgery. Figure 1.1 shows the typical instrument arrangement for the cholecystectomy,
which is the most frequently performed minimally invasive operation. The endoscopic
camera is inserted into the abdomen through the navel and the instruments through small
incisions with approximately 5-15 mm diameter. In the upper left corner, the endoscopic

view is displayed by a monitor.

Figure 1.1. Typical instrument arrangement for the laparoscopy cholecystectomy (Cour-
tesy Forschungszentrum Karlsruhe [1]).
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In a typical laparoscopy, several small keyhole incisions are used in place of a
significantly larger and more painful incision. The patient undergoes a similar operation
by laparoscopy as by open incision. The advantages of laparoscopy include less pain,
less scarring, a more rapid recovery, a decreased hospital stay and a quicker return to
normal activities. However, during a laparoscopic procedure, the surgeons do not have
access to the organs directly and have very limited operational space. What’s more, the
long-stemmed instrument is hard to manipulate and the two-dimensional video image
cannot provide complete information about depth. Usually, the surgeons rely on tactile
information or personal experience to a large extent for the hand-eye coordination. For
the surgeons, laparoscopic surgery has a long learning curve and demands advanced skills.
They must therefore receive extensive training before real surgeries to avoid accidents and
reduce the complication and recurrence rate [12]. Traditionally, surgeons are trained on
mannequins, cadavers, animals or by observing an experienced surgeon. While practicing
on cadaver and live animals is very expensive and incurs criticism on ethics, mannequins
are very unrealistic and inflexible. Therefore, it is necessary to build virtual reality (VR)

based surgical simulators to train surgeons for laparoscopy surgeries.

1.1.2 VR-based Surgical Simulation

The primary purpose for a VR surgical simulation is training, especially for min-
imally invasive surgeries. To serve this purpose, the surgical simulator has to provide
real-time interactive deformations (graphics) and force feedback (haptics) under differ-
ent operations such as palpation, twist, drag, cut, suture, stapling, drain and cauteriza-
tion [13]. To provide correct clues for effective training, not only should the deformations
of the surface of the organ at different parts be consistent, but also the deformation
and the force feedback should correspond to each other just as they do when surgeons

operate on the real organs. For the consistency of deformations at different parts on the



4
object, non-physical models [14] [15] are feasible and have been widely used. But for

the consistency between deformations and force feedback, and the consistency of force
feedback for different deformations, physical models make more sense. At present, phys-
ically based deformable models are the first choice for surgical simulation. Deformable
models are the most important part of a surgical simulator. On the one hand, they
must be accurate enough not to cause distractive visual artifacts and misleading tactile
clues, which results in very heavy computation. On the other hand, they must meet the
real-time requirement, which is to update the graphics at a rate of 30 Hz and the haptics
at rate of 1000 Hz [16]. The physical accuracy and speed of the deformable model must
be balanced carefully to achieve these two goals.

One advantage of surgical simulation is that the surgeons can practice a surgery
procedure as many times as needed. Another advantage is that it allows medical per-
sonnel to try different techniques and look at anatomy from perspectives that would be
impossible during surgery. Moreover, simulated positions and forces can be recorded
to compare with established performance metrics for assessment [17]. If an evaluation
system is also built within the surgery simulator, the skill of the surgeons can then be

evaluated objectively. This will drastically change the way of teaching surgeries.

1.1.3 Surgery Analysis, Planning and Rehearsal

Surgical simulation has been used to evaluate new surgery procedures and surgical
tools for a long time. One example is the application of computational fluid dynamics
(CFD) to design better artificial heart valves [18]. Doctors replace poorly functioning
natural heart valves with prosthetic valves. But present-day designs are far from ideal.
They can destroy blood platelets or permit a particle that has broken away from a blood
clot to block a blood vessel. These complications likely come about because the blood

is exposed to excessive stresses from the turbulent flow in the vicinity of the mechanical
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prosthesis. Doctors also think the complex blood flow patterns around the valve may
trigger a cellular response that can lead to the onset of heart diseases. But before the
artificial valves can be redesigned, researchers need an in-depth understanding of the
flow fields that the valves induce. Numerical modeling techniques have been developed
to simulate the blood flow to help researchers better understand blood flow patterns
through artificial mechanical heart valves. Manufacturers of heart valves can use the
CFD technique to optimize their designs to minimize hazards to blood elements.
Surgical simulation can also be used to assess patients’ conditions before operation.
The simulator lets surgeons plan an operation by mapping it specifically to the patient’s
body and predicts possible surgery outcomes. One example is the application of CFD
to plan heart-bypass surgery [19]. Surgeons simulate blood flow through the heart via
CFD then program their findings into CAD software, where they design a patient-specific

arterial bypass.

1.2 Thesis Organization

The thesis chapters are organized as follows. In chapter 2, we review the popular
deformable models in the literatures. The pros and cons for each model are discussed
and comparisons are made among the models.

In chapter 3, we present a new honeycomb model in consideration of a human
organ as a combination of a fabric structure and incompressible fluid. The deformation
of the model is achieved through the deformation of the cubic meshes and the rotation
of them. In section 3.2 and 3.3, the governing equations for deformation and rotation of
each cubic mesh are presented. In section 3.4, force feedback of the model is addressed.
The implementation of this model is presented in section 3.5 and it turns out that this

model is too slow to fit into real-time applications.
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From chapter 4 to chapter 7, we aim to optimize the parameters of 1D, 2D and
3D mass-spring-damper (MSD) models to achieve physical accuracy based on continuum
mechanics theory. This is the main contribution of this thesis. We start from the simplest
case to solve this problem for more and more general cases.

In chapter 4, we first derive the ideal spring characteristics for the 1D structured
MSD model in the parametric form by imposing the same bending stiffness on the MSD
model as on a real beam. Then we use linear spring characteristics to approximate the
nonlinear ideal characteristics. We find that it is essential to use preload on the springs
of the 1D structured MSD model in order that it may have the same bending stiffness
as the real beam. Further in section 4.3, this approach is extended to the 2D structured
MSD model with equilateral triangle meshes.

In chapter 5, instead of deriving the ideal spring characteristics, we derive the
optimal spring characteristics in the space of linear functions for the 1D and 2D structured
MSD models. This approach has the advantage of being able to balance the modeling of
the in-axis or in-plane stiffness and that of the out-of-axis or out-of-plane stiffness, and
applicable to the rectangular meshes.

In chapter 6, the same rationale is applied to the 1D and 2D unstructured MSD
models. Instead of deriving the parameters of the model explicitly, we derive a set of
constraints on the parameters of the model and then solve the over-determined equation
system under constraints to obtain the optimal parameters of the model. This approach
can eliminate the boundary effect with previous approaches in chapter 4 and 5.

In chapter 7, we optimize the parameters of the 3D MSD model with both struc-
tured meshes and unstructured meshes by forcing the MSD model to have the same
tensile stiffness in different directions in the 3D space. For unstructured meshes, we
again obtain a set of equality constraints and one inequality constraint on the parame-

ters of the model. The resulting equality system is usually over-determined. We treat the
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inequality constraint as a hard constraint and apply the constrained least square method
to solve the parameter of the MSD model. For structured meshes, we can obtain the
parameters of the MSD explicitly in terms of the material properties and mesh geometry.
The resulting MSD model is very accurate compared with the real object.

Finally, we introduce the inguinal hernia surgery simulator built in the Virtual
Environment Lab (VEL) and suggest the future research to improve the simulator in

chapter 8 and 9.



CHAPTER 2
DEFORMABLE MODELS IN THE LITERATRUE

2.1 Introduction

The finite element method (FEM) [20] has been successfully used in mechanical
engineering for decades where its application has been strictly non-real-time. Therefore,
it is the first consideration when we try to obtain accurate deformation results for human
organs. But the computation requirement for FEM is very high and it has proven difficult
to apply FEM in real-time applications. Thus, other deformable models are presented
with the main goal to reduce computation to fit into real-time systems. Some people
utilize pre-computation for FEM followed by minimal FEM in real time [21]. However,
in view of the possible topology change during various surgical steps such as cut operation
and suture operation, the applicable pre-computation for FEM is very limited, i.e. most
of the computation has to be done in real time. In fact, for the same reason, pre-
computation can hardly play much role in the other methods.

Over the past twenty years, many physically based deformable models have been
proposed since Terzopoulos et al’s seminal paper on elastically deformable models [22].
The most popular ones are the MSD model [23-30], FEM [20,31,32], the method of finite
spheres (MFS) [33-35], the elasticity theory method [36,37], the tensor-mass model [3],
the quasi-static elastic model [3], the hybrid models [3,38], the long element method

(LEM) [39] etc. We will introduce these models one by one in the following.



2.2 The mass-spring-damper (MSD) Model

The MSD model is a physically based technique that has been used widely and
effectively for modeling deformable objects. In this scheme, an object is modeled as a
collection of point masses connected by springs in a lattice structure (Fig. 2.1). The forces
from the springs are often linear but nonlinear springs can be used to model deformable

objects such as human organs that exhibit nonlinear behavior.

i

Figure 2.1. The MSD system structure [2].

In a dynamic MSD system, Newton’s Second Law governs the motion of each mass

point in the lattice structure:
mi@:_%@‘f‘Zfij-i-fe (2.1)
J

where m; is the mass, p; € R? is its position, ﬁj is the force exerted on mass ¢ by the

spring between masses ¢ and 7, fe is the sum of external forces (e.g. gravity or forces
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applied by the user) acting on mass i, and ; is the damping coefficient for the resistance
from the environment against motion of the mass.

If we use linear springs and introduce linear damping resistance for the relative
motion between mass ¢ and j, we have

Pi —Pj

=g BB 22

fij = kij(||Di — Dj|| — Lsj)

where L;; is the rest length of the spring between mass ¢ and j, k;; is the Hooke’s
constant of the spring, \;; is the damping coefficient for the resistance against relative
motion between mass ¢ and j, which is used to model the internal energy loss during
deformation of the continuum object.
From (2.1) and (2.2), we can have
-, i Aij\ 2 Aij = kij . . ki D; — P e
=+ ST A S S - ) _ZELﬁWfT (2.3
Based on the motion equation of each mass, we can obtain the motion equation

system for the entire system with N masses.

—

P+DP+K(P)P=A (2.4)

—

where D and K(P) are the 3N x 3N damping matrix and stiffness matrix respectively;
P is a column vector of the positions of the N masses; ffe is a column vector of the accel-
eration of the N masses due to external forces. Note that D and K (]3) are symmetric.
The system described by (2.4) is a nonlinear system since K (P) is a function of P.

The second-order equation system above can be converted to a first-order equation

system for the convenience of analysis or integration.

— —

V = —DV_-K(P)P+ A, (2.5)

—

1 (2.6)

oL
I
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During simulation, the acceleration, velocity and position of each mass are only
updated at discrete time points spaced by certain time step and constitute a discrete
time system. We have several integration methods to solve the differential equation
system above numerically among which the Euler’'s method is the simplest. If using the

Euler’s method and a time step of T', we have

—

V(n+1) = (I —TD)V(n)—TK(P(n))P(n)+ TA.(n) (2.7)

—

P(n+1) = Pn)+V(n)T (2.8)

As shown above, the MSD model is a simple model with easily understood dynam-
ics. It has a small computation burden and is the only one among all the aforementioned
models that is suitable for real-time applications for the current available computer re-
sources. Since the MSD model has a simple discrete structure, all kinds of operations
including cut and suture in the surgery can be handled easily. This model has been widely
used in facial animation (both static and dynamic, two dimensional and simplified three
dimensional [23-25]), animating fire, clouds and water [40], animation of artificial ani-
mals [41,42], cloth draping [43,44], garment animation [45-49] and recently in surgical
simulation [29,50]. To improve this model, a great deal of research has been carried out
on various aspects—to refine the model adaptively [51], to update the Hooke’s constants
after refinement [30], to control the isotropy or anisotropy of the material [52], to improve
its speed [28,29,53,54], to eliminate the super elasticity phenomena [55], and to handle
post-buckling instability for stable but responsive simulation [49]. All these research falls
in two categories—for speed or for accuracy.

Despite the vast research performed on the MSD model, two problems with this
model have not been completely solved as yet.

1. The MSD model cannot give exact deformation of real organs. In other words,

proper values for the parameters of the model are not easy to specify.
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2. Numerical instability phenomena often occur [28]. Fast and stable simulation is
not easy to achieve.
A great deal of work has been done on the second problem to increase the speed of
the model without incurring instability [28, 29,49, 56]. Now the first problem is the
main hurdle for the MSD model, which prevents further research work such as adaptive
refinement to improve the model in terms of speed and accuracy.

Human organs are very complicated and the computation resources required for
real-time deformations are too heavy for the current CPU capacity. One approach for
solving this problem is to lay more emphasis on the area of interest, i.e., in the area where
the operation is going on. The area of interest changes as the surgery progresses, so this
idea has to be implemented adaptively. However, for the MSD model, it is difficult to
assign parameters to ensure consistent behavior before and after refinement since we are
not clear about the relationship between the parameters and topology of the model and
the material properties of the organ. Upon solving the parameter assignation problem,
we will be able to assign parameters to the MSD model before and after refinement
(subdivision) independently according to the material properties and topology of the
model. The consistency of the behavior of the MSD system will be automatically realized
within certain tolerance.

Recently, J. Brown et al [29,57] applied the MSD model to suture simulation, in
which they take advantage of the local nature of the deformations to reduce calculations
by using a ”wave-propagation” technique that has automatic computation cutout (stop-
page) when deformations become insignificant. They achieved an update frequency of
30 Hz for the deformations in suturing vessel surgery, which is compatible with real-time
computer animation. But to provide realistic force feedback, it needs to be updated
at a frequency of 1000 Hz. Although some interpolation can be used to make up the

gap between the realized speed of an algorithm and 1000 Hz, a possible effect may be
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that the user feels the simulation to be somewhat dull. According to [16], the human
somatosensory system, which is a set of sensory systems associated with the body, can
perceive vibrotactile stimuli up to 1000 Hz. Although the force control bandwidth for
human is only 20-30 Hz, it is still important for the simulator to provide high frequency

force feedback to make the simulation realistic.

2.3 The Finite Element Method

FEM [20] is the most accurate method for solving the deformation problem under
certain boundary conditions. It decomposes the object of interest into small polygonal or
polyhedral meshes. In each mesh, the field of deformation is expressed by a polynomial
interpolated by the displacements of the vertices of the mesh. The governing equations
of continuum mechanics are applied to each mesh to obtain a set of equations with
displacements and external forces as unknowns. Usually, we only have interest in part
of the unknowns, so we can condense the matrix equation to solve those unknowns to
reduce computation [31].

For FEM, integration over the mesh is calculated using Gauss product rules to
reduce computation. Since the interpolation functions (shape functions) are polynomials,
we can obtain accurate integration by using only a small number of integration points.
Usually the integration is reduced to only a small number of multiplications and additions.

The accuracy of the deformations obtained through FEM depends on the type of
polygon or polyhedron, the size of it and the number of interpolation points used. We
need to notice that the number of interpolation points is not necessarily the number
of vertices. We can increase the number of meshes (h-refinement) and/or the number
of interpolation points of each mesh (p-refinement) to enhance accuracy. Note that the
shape functions are chosen to ensure this property—the deformation results will converge

to the real values as we use h-refinement and/or p-refinement. To get a good trade-off
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between accuracy and computation, we need to choose meshes of proper size which
corresponds to certain number of meshes, and suitable number of interpolation points
which corresponds to certain type of mesh and certain number of interpolation points on
the mesh.

The meshes used most frequently are triangles in two dimensions (2D) and tetra-
hedrons in three dimensions (3D). Usually several thousand meshes are used to obtain
accurate results for an uncomplicated object under a simple boundary condition. The cor-
responding FEM has too heavy a computation burden to achieve accurate deformations
in real-time. Generally, FEM is not suitable for real-time applications for the present
CPU capacity. But if there is no topology change, i.e. cut or suture operation, it is
possible to obtain real-time deformations by using pre-computation [21] [32] [58] because

the stiffness matrix in the FEM scheme does not change.

2.4 The Finite Sphere Method

The method of finite spheres (MFS) [33-35] is a meshless method. It was developed
by S. De and K. J. Bathe to overcome the meshing burden for methods like FEM.
This method uses a set of points instead of meshes to solve the governing equations.
When a surgical tool touches the tissues, a set of points is sprinkled locally around the
tool tip and a sphere with a finite radius is located at each sprinkled point. Just as
in the FEM method, shape functions [20] are used to approximate deformation fields.
The difference is that in the MFS method, we have to use rational functions instead
of polynomials. Although the rational functions are carefully chosen to enhance the
computation efficiency [34], they still lead to more computation in the integration part
because of more interpolation points than in the polynomial case, which is obviously
a disadvantage. Although J. Kim, S. De et al claimed the finite sphere method could

give good local deformation comparable to FEM [35], it is still not convincing that this
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method could give accurate deformation results in real time, because the number of the
points they used in their simulation is too small (34 points) compared to that in the
finite element method (4045 nodes). For MFS to be really applicable for the real-time
application, further work needs to be done to reduce the computation. Besides, the
current MFS is limited to point interactions and needs to be extended to handle general
interactions.

Since this method is developed intending to overcome one of the main shortcomings

of the traditional FEM method, it has potential to be a feasible method.

2.5 The Elasticity Theory Method

This method [36,59] is based on the Hooke’s law, which relates the stress tensor
and the strain tensor, and it uses a discrete approximation of derivative operators on
irregular sample points [37]. It allows space-time adaptation to distribute computation
resources in an efficient way and ensures numerical stability. This method can handle
cut operation and suture operation just like the MSD model.

In this method, we spray sampling points inside the organ of interest, just like in

the finite sphere model. According to elasticity theory, for every sampling point, we have
pd = pV2d+ (A + p)V(divd) (2.9)

where A and p are Lame coefficients characterizing the stiffness of a material, p is the
material density, a@ is the acceleration of the point and d is the displacement.
In this method, a scale-dependent umbrella operator is used to approximate the

Laplacian operator.

—

d; — d;

- 2
Vid = ST Z l (2.10)
Zj neighbors "J j neighbors tj
where [;; = \J; — cﬁ\ is the distance between sample point ¢ and j obtained in the previous

update step.
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To provide a stable pair of operators for simulation, the gradient-of-divergence

operator is approximated in the following way.

. 2 () — di) - ]l
Jj neighbors "2 J neighbors v

where l_;j = ci; — J; is the vector from sample point ¢ to sample point j obtained in the
previous update step.
The implementation of this method is as straight forward as that of the MSD
model. The recursive process is listed as follows:
1. Calculate the Laplacian and gradient-of-divergence operator;
2. Calculate the acceleration of each sample point using 2.9;
3. Integrate the acceleration over a time step dt to update positions and velocities.
This method uses both space and time adaptation to concentrate computation

where and when required. The space refinement criterion is
W2 V2| > €mas (2.12)

The simplification criterion is

h2|V2d| < €min (2.13)

where h represents the shortest distance between the particle and its neighbors. €4z
and &,,4, are refinement threshold and simplification threshold respectively.

The time adaptation is constrained by the following two inequations.

dt < hyf5 ﬁo2u (2.14)
ladt| < Avpas (2.15)

where pg is the rest density of the material and Av,,,, is the threshold for the change of

velocity.
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This method also uses internal damping to add realism just like the MSD model.

In [37], Debunne et al implemented a system and achieved a 30 Hz update rate without
force feedback. Later in [60], force feedback is added to the simulation system. For a
system of a few hundred sampling points, real-time interaction with graphics and haptics
is achieved. One problem with this method is that the operator approximation is very
sensitive to the distribution of the sampling points. The sampling points have to be
chosen very carefully. Another problem with this model is that it is not accurate for

large deformation.

2.6 The Tensor-mass Model

The tensor-mass model [3] meshes the organs with conformal tetrahedrons. Just
like the MSD model, it also discretizes the distribution mass in the object to lumped
mass on the mesh points P; (i = 1,2,---, N). The governing equation for the motion of

the mesh points is also based on the Newtonian Law.

2P, dP, -
—— = ~v— + F, 2.16
Migm =Yg T (2.16)

The difference is that F; is obtained through the energy-based finite element method.
The computation of this linear elastic force can be decomposed into four steps:

1. Define the interpolation equation (shape functions) that gives the displacement
vector at any point inside a tetrahedron T}, as a function of the four displacement
vectors at each vertex;

2. Express the elastic energy of a tetrahedron as a function of these four displacement
vectors;

3. Compute the elastic force produced by tetrahedron T}, and apply it to vertex P;;

4. Add the ﬁiTk produced by all the tetrahedrons connected to vertex P; together to

obtain i’l
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Through the first three steps above, we can obtain the force ﬁTi(j) applied on vertex
i)
3
Fry =Y KGi(Praw — Prgy) (217)
k=0
where KjT,;' are stiffness matrices (tensors). Kf" can be computed using the Lame coeffi-

cients and the normal vectors of the four surfaces of the tetrahedron T;.

where V(7;) is the volume of the tetrahedron, M ,? “and M ]T * are the normal vectors of
the surfaces of the tetrahedron, \; and u; are the Lame coefficients of the material for
tetrahedron T;.

From above, we know that F is computed locally, since it is only related to the
tetrahedrons connected to vertex P;. So this method can handle cut operation and suture
operation with ease, just like the MSD model. Compared with the MSD model, the
tensor-mass model computes force by continuum mechanics and therefore is independent
of the mesh topology (we know the MSD model is sensitive to the mesh topology).
When there is cut operation or suture operation, the tensor-mass model can provide
more realistic interactions. But one drawback of the tensor-mass method is that it is
only accurate for small displacements. The F’s are computed locally, so they won’t be

zero under pure rigid transformation without deformation, which is not correct.

2.7 The Hybrid Elastic Model

The hybrid elastic model [3] combines a quasi-static pre-computed linear elastic
model and several tensor-mass models and takes advantages of the good property of both
types of model. In section 2.1, we have mentioned that pre-computation is only suitable
for the situation without cut (or tear) and suture and by using pre-computation, we can

achieve accurate results in real time with ease. So it is a good idea to use one model that
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makes full use of pre-computation for the part where there is no cut operation or suture
operation, and use another model that can handle cut operation and suture operation to
model each of the parts where cut or suture operation is performed. Although in the real
surgery, we may not know in advance where to cut or suture, in the simulation, we can
arrange beforehand where to cut or suture. So the idea mentioned above is feasible. In
this scenario, where several models coexist, different models share some boundaries. One
model may provide the boundary conditions for another model. Since we use different
models, there may be some artifacts in the areas close to the common boundaries between
different models. But if we choose two models with close theoretical foundations and thus
similar properties, it is possible for us to reduce the artifacts to an acceptable level. The
two constitutional models of the hybrid elastic model follow the same physical law—
the Hooke’s Law, so the combination of these two models should behave like a global
linear elastic model. Here we need to notice that the combination of other models is also
possible for a different hybrid model system [38].

In section 2.6, we have described the tensor-mass model. This model is applied for
the parts where there is a cut or suture operation. We use a quasi-static pre-computed
elastic model for the part in which there is no cut or suture operation. The quasi-static
pre-computed elastic model is also based on elasticity theory—the Hooke’s Law. In this
method, the object is decomposed into tetrahedrons and elasticity energy is computed for
each tetrahedral element. By applying the principle of least action, the state of equilib-
rium of the model is reached when the overall elasticity energy reaches its minimum. So
this method is actually an energy-based finite element method. Just like other variants of
the finite element method, the calculated results are very accurate and pre-computation
can be used to speed up the algorithm to fit into real-time applications [61]. However,
similar to the tensor-mass model, the quasi-static pre-computed linear elastic model is

only suitable for small deformations. The main difference between the quasi-static pre-
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computed elastic model and the tensor-mass model is that the motion of the elements
in the former model is calculated by a continuous finite element method, which uses
pre-computation and is more accurate, while in the latter model, it is obtained through
a discrete lumped mass method, which is less accurate but can handle cut and suture

operations.

Uiser Interaction }

Displacements

/

5

Precomputed Linear Elastic Model

Forces Displacements
Al Connection Nodes At Connection Modes

R

Forces Displacements

User Interaction

Tensor-Mass Model

Figure 2.2. Interaction loop for the hybrid elastic model [3].

The interaction loop for the hybrid elastic model is shown in the Fig. 2.2. The pre-
computed elastic model is updated based on the imposed displacements on its boundary—
both the natural boundary and the common boundaries shared with the tensor-mass

models. The deformations of the pre-computed elastic model arise from both user inter-
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actions and the motion of the nodes shared with the tensor-mass models. At this stage,
the resulting force at the shared nodes are calculated to provide boundary values for the
tensor-mass models. After the pre-computed elastic model is updated, each tensor-mass
model is updated based on the forces applied on the shared nodes and the displacements
imposed by user interactions. At this stage, the tensor-mass models provide boundary
displacements for the pre-computed elastic model at the next loop.

The hybrid elastic model is implemented to simulate a hepatectomy in [3]. The
artifacts close to the common boundaries of the two types of models are very small and
are not perceivable to human eye. So this model is a suitable for surgical simulators. But

this model has the drawback that it is only accurate for small deformations.

2.8 Conclusions

The comparison of all the aforementioned models in terms of computation efficiency,
applicability for large deformations, possibility for precomputation in case of cut and/or

suture operations and theoretical foundation is shown in Table 2.1.

Table 2.1. Comparison between the deformable models

Deformable models Computation Large Precomput- | Theory

efficiency deform- | ation with | foundation
ation cut/suture

MSD model Real time Yes N/A Incomplete

FEM Very slow No No Solid

MFS Slow No No Solid

Elasticity theory method | real time No N/A Solid

Tensor-mass model Barely real time | No Yes Solid

Quasi-static elastic model | Barely real time | No No Solid

Hybrid elastic model Barely real time | No Yes Solid
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Among the models discussed above, the MSD model is a complete discrete model
in which the continuous material is discretized into lumped masses and the distributed
interactions are discretized into springs. Due to the discretization of both aspects, the
MSD model is the simplest and easiest one to implement, and it can handle all kinds of
user interactions. However, a simple model is not necessarily an efficient one. The con-
straints for the continuous system sometimes are not easily transformed into constraints
for the corresponding discrete system, which means the MSD model is not efficient in
handling some constraints [2].

The elasticity theory method is a complete continuous model. The key point of the
elasticity theory method is the approximation of the Laplacian operator and divergence
of the gradient operator by an umbrella operator. If this approximation were accurate
enough without significant number of sampling points, the elasticity theory method would
be an efficient model.

FEM is a continuous model, but is not purely continuous. The discrete component
in this method lies in the meshing step, which causes the deformation field to be only
C° continuous across the mesh boundaries. FEM is accurate only when the discontinuity
of the derivative of the deformation field across the mesh boundaries is not large. With
regard to speed, optimization techniques such as condensation and pre-computation have
been applied to increase the speed of FEM [21]. But they are not compatible with the
topology change entailed by cut or suture operation where the stiffness matrix changes
(62].

MF'S is a method very close to FEM. The main difference is that MF'S is a meshless
method and the shape functions are rational functions instead of polynomials.

The tensor-mass model is a semi-continuous model. The interactions are calculated
on a continuous base (elasticity theory). The material mass is lumped onto the vertices

of the mesh to establish the motion equations. This model can handle cut and suture
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operations in a way as efficient as the MSD model. Under small deformations, it can
replace the MSD model and is more accurate. But it is not suitable for large deformations.
The quasi-static pre-computed elastic method is actually an energy based finite element
method. It is also only suitable for small deformations. Combined with the tensor-
mass model, it forms a hybrid model, which can take advantage of pre-computation and
simultaneously can handle cut and suture operations.

To achieve a real-time surgical simulation, effective modeling of the organs involved
is of paramount importance. However, none of the aforementioned models is satisfactory
in the sense of accuracy or speed as yet. Since human organs themselves are very compli-
cated and the computation resources are insufficient, it is natural to apply the adaptive
refinement technique mentioned in section 2.2 to lay more emphasis on the area of inter-
est. The adaptation refinement concept is not new. However, it is not clear how to keep
consistent properties for some of the models before and after refinement. Particularly,
for the discrete models, it is not clear how to set the parameters for the models before
and after refinement to ensure they deform the same under the same load condition. For
the continuous models, it is not clear how to introduce new meshes or sampling points

for the models to ensure consistency before and after refinement.



CHAPTER 3
HONEYCOMB MODEL

3.1 Introduction

In this chapter, we present a model [63] that takes volume preservation as a basic
principle and views the organ as a combination of honeycomb fabric structure and fluid
filling in the structure, which can handle large deformation and the phenomenon of high
coupling between the stresses of human organs in different directions and is hopeful to be
more realistic. Since speed and implementation issues are somewhat dependent on the
current state of computer hardware technology, we set this aspect aside as we examine
the possibility of a versatile soft tissue model.

This model is hypothesized in consideration of a human organ as a combination of a
fabric structure and incompressible fluid. The whole organ is discretized into small cubic
cells, of which the six sides are the abstraction of the fabric tissue, and incompressible
fluid inside models the fluid contained in the organ. We say two cells are adjacent
if they contact each other on some side. The contacting sides of two adjacent cells
adhere to each other and form one patch of the honeycomb wall shared by the two cells
and all these walls form a honeycomb shaped structure. Adjacent cells can only have
tangential relative motion and interact in three mutually perpendicular directions—the
normal direction of the contacting side and the two tangential directions of that side.
The deformation of each cubic cell is decided by the equilibrium condition of all its six
sides. In section 3.2, we will discuss in detail the deformation of an individual cell.
In addition to the axial deformation, each cell will rotate along its central axes under

the torque produced by the tangential forces acting on its sides. We will discuss this

24
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problem in section 3.3. In section 3.4, we calculate force feedback on the instrument
when the user operates on one cell of the organ with it. For the whole organ, the
deformation of one cell propagates to its adjacent cells through its contacting sides,
which causes the complementary deformation of the adjacent cells, and further of the
whole structure. The interactions between the boundary cells and the external world
constitute the boundary conditions of the global deformation problem. In section 3.5,
we will discuss the implementation of the deformation of the whole organ and show the

simulation result. Finally, in section 3.6, we come to a conclusion for this model.

3.2 The Deformation of an Individual Cell

The deformation analysis of an individual cell is shown in Fig. 3.1 left. We assume
the cell keeps its cubic shape during deformation. In other words, the cubic mesh will
only change its dimensions in three directions. When some sides of the cell are pressed

or dragged, we call these sides “active”. The other sides are called passive sides.
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Figure 3.1. Left: deformation of an individual cell; right: lateral interaction forces that
generate torque along the third axis.
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The amount of displacement of each passive side in its normal direction depends
on the equilibrium condition of the corresponding honeycomb wall. The internal force
imposed on each wall in its normal direction consists of five components. Two components
result from the stretch (or compression) of the four lateral sides of each of the two cells,
which share that wall. The inner pressure of the two cells produces two other components.
The fifth component comes from the four walls which are originally in the same plane
around the wall of interest (we call them co-planar adjacent walls later). Fig. 3.1 right
shows the internal forces acted on the wall corresponding to the side of the cell in the
positive first axis. The first two component forces Ff and Ff , are related to the stiffness
of the two cells in the corresponding direction. For each cell, we can use a 3x4 stiffness
matrix (k;;) to represent its stiffness. Each row of the matrix represents the four elastic
coefficients for the four lateral sides of the cell in the direction of the corresponding axis.
The elastic coefficient for the cell in the direction of the ith axis is the sum of the ith

row of the matrix, i.e.
4

ki = Z ki (3.1)
j=1

We need to note that if some lateral side is an active side and the external tangential
force acted on it is not zero in the normal direction of the side of interest, then the elastic
force is not the only force exerted by the lateral sides. The external tangential force also
contributes part of the force exerted by the lateral sides. This force component is not
shown in Fig. 3.1 right, and we use F} to represent it.

When one wall changes its position in its normal direction, its four coplanar adja-
cent walls hold it back. We assume this tangential resistant force to be proportional to
the amount of the relative displacement. The interaction coefficients between the three
walls and their coplanar adjacent walls can be represented by a 3x4 matrix (t:;) for the

three walls of a cell in the three positive axis directions. Each row of the matrix repre-
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sents the elastic coefficient for the interaction of the walls of the cell in the ith positive
axis direction between its four coplanar adjacent walls. We have the same argument for
the three walls of a cell in the three negative axis directions.

Each cell is associated with a local coordinate system, whose three axes are the
three central axes of the cell. We assume the local coordinate system can be obtained by
the translation of the global coordinate system followed by a rotation of angle o about the
first axis, 8 about the second axis and v about the third axis. Then «, # and 7 together
with the position of the six sides of the cell in the local coordinate system determine the
state of the cell. We also assume that the positive third axis of the global coordinate
system is in the opposite direction to gravity. For a cell surrounded by cells on its six
sides, we can form equilibrium equation for each passive side of the cell based on the
analysis above. Here, we only derive the equilibrium equation for the wall corresponding
to the positive first axis side when it is a passive side. According to Fig. 3.1 right, the

elastic force exerted by the lateral sides of the current cell is
Ff =kl +df +dy — ) (3.2)

where, df, d| are the displacements of the sides of the current cell in the positive and
negative first axis respectively, [y, [y, are the length and rest length of the current cell
along the first axis respectively.
The elastic force exerted by the lateral sides of the cell contacting the current cell
is
FY =k (If —df +di, =) (3.3)
where, k" are the stiffness along the first axis of the cell next to the current cell in the
positive direction of the first axis, df, is the displacement of the positive first axis side

of the adjacent cell in the positive first axis direction, [] is the length along the first axis
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of the cell next to it in the positive direction of the first axis and I} is the corresponding
rest length.

The tangential resistant force from the four coplanar adjacent walls is
Z th(di —df) (3.4)

where dfk (k = 1,2,3,4) are the displacements of the sides in the positive direction of
the first axis of the four adjacent cells on the lateral sides of the current cell.

The force caused by the inner pressure of the current cell is

V V

Ff =
P1 z1+d1++d;+zl++dl++—d1+)

(P+ %pg(ll L df 1 dy)sin ) (3.5)

1
2
where P is the inner pressure of the current cell at its center, V is the volume of the
cell, p is the density of the fluid, g is the gravity constant, (3 is the rotation angles of the
current cell around the second axis.

And the force caused by the pressure of the cell contacting the current cell on the

side of interest is

V n V )
L+df +d7 I +df, —df

(3.6)

1
Fpi, ==(PF - 5pg(z+ +df, —df)sin ) (

N | —

where, P;' is the inner pressure of the cell next to it in the positive first axis direction,
and (3 is the rotation angle around the second axis of the cell adjacent to the current
cell in the positive direction of the first axis.

Another possible force is the external force exerted on the lateral sides of the two

cells in the normal direction of the side of interest.

4

Fi= 23wt FOF (3.7

k=1
where, fix, fi, are the tangential forces acting on the lateral sides of the two cell in the

normal direction of the side of interest respectively.
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Now we can get the equilibrium equation of this wall.

v N 1%
L+df +dy I +di, —df

(P - %pg(l +dy, —df)sin ) ( ) +

N | —

ki (l + didy — ) +Zt+ (df — dfk)zkf(lf—dfdﬂ—lﬂngflk*
k=1

1% N 1% )
IF+df, —df

1
(P + =pg(li + df +dy)sin 3 (3.8)

2 )(l1+di’_—|—d1_

N | —

Assume d;, dy < [; and df,df <[], then we can get

17

1 V V 1.V Vv
(kv + k7 +tD)df + kl——pgsmﬁ( + ) )di —=(—+5)P =
4 [ 2 L[
4
1 1 Vv Vv
52 flk+§P1+(l_+l+)+k+(l++d — 1) =k (b = ly) +

1
Zpg[ll sin 3 + (If 4+ d{,) sin B1](—

)+ Zﬁ dh, (3.9)

where tf = Y00, th

Although the equation above is developed for the cells surrounded by cells on all
its sides, it is also valid for those cells on the boundary. For the cell that has some sides
on the boundary, we impose the boundary condition on the equilibrium equation.

Since the volume will be preserved for each cell, we have

3 3

[[G+dr+d)=1]t=v (3.10)

i=1 i=1

When d,d; < I;, it can be approximated as

10

df +dy df +d, df +d;
1 + 1 + 2 + 2 + 3 + 3 — 0 (311)
l ly l3

For a cell having m active sides, it has 6 —m passive sides. The unknowns are the
displacements of the passive sides and the inner pressure of the cell. We can obtain 6—m

equilibrium equations for the passive sides. Plus the volume preservation equation, we

have 7—m equations for 7—m unknowns. So we can get a unique solution.
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3.3 Rotation of the Cubic Cell

The cell of the deformable object not only deforms in its axial directions, but can
also rotate around its three axes as a whole driven by nonzero active torque produced by
the tangential interactions between cells. These rotations will change the transformation
angles «, (3, v between the local coordinate system and the global coordinate system.

To calculate the rotation angle around the third axis, we need to first calculate the
active torque. Fig. 3.2 shows the interaction forces between the cell of interest and its

adjacent cells that produce active torque in the direction of the first axis.

Figure 3.2. Lateral interaction forces that generate torque along the third axis.

According to Fig. 3.2, we can obtain the active torque in the positive direction of

the first axis.

l L _ e _

Tl = Eg[tgl(d;_ - dg—l) o t21 (d2 - d21) - t;S(d;_ - d;_?)) + t23(d2 - d23)] +
l L _ e _
SIS — diy) — tay(dy — diy) — (A — dy) + 1 (dy — )] (3.12)
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In general, this torque is not zero and it will cause the cell to rotate around the
first axis. When the cell rotates around the first axis relative to its adjacent cells, it will

encounter resistance from them (Fig. 3.3).

B :
b Bjﬁ G
|

1y

Figure 3.3. Left: resistance from lateral adjacent cells; right: resistance from the front
and back cells.

In Fig. 3.3, we analyze the resistant torque due to the relative rotation around the
first axis between cell A and C. One component of the torque comes from the uneven
elongation of the joint part between cell A and C. We use the average of the elastic
constants of the two adjacent cells along the direction of the third axis to approximate

the elastic constant of the joint part, i.e.
1 +
ky= §(k3 +k3) (3.13)
Then the resistant torque is
1 1
Tac1 =~ 5(04 — o )kl = é(a — o ) (ks + k)13 (3.14)

where a3 is the rotation angle around the first axis of the cell next to the current cell in

the positive direction of the third axis.
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Another component results from the relative displacements between the negative
third axis sides of cell C and the positive third axis sides of cell A. The corresponding

torque is
2

l _
Tacoa =~ S(t% +ty) (o — 0‘;) (3.15)

Thus the total resistant torque from cell C due to the relative rotation around the first
axis is

1 12
Tac ~ (o —ag)(ks + k)5 + 2 (15 + ta) (@ — aF) (3.16)

Similarly we can obtain T'4g, Tap and Tag.

In Fig. 3.3 right, through similar analysis as above, we have

Tap = —(a— af)[(tiz + t2_2)l§ + (t:—fl + tgl)l%] (3.17)

Tag = —(a—ay)[(t3y + 5013 + (t5 + t3)15] (3.18)

D =D =

Now we can obtain the resistance torque around the first axis.

Ty, = Tap+Tac+Tap +Tap+Tar+Tac

1 1
= 6(@ — o ) (ks + k)15 + 6(04 —aj) (ks + k35 +
1 1
6(oé —af ) (ke + kD)5 + 6(04 — oy ) (ko + k35 +
1 ~ B 1 ~ _
Gl + )l + (1) + t3)b] + S5, + to)I5 + (55 + 133)13] +
3

5[(@2 + 1) (o — ay) + (tél +tg)(a—ay)] +

12 _ _ _

53[(@1 +t51) (a0 — O‘:—’D + (63 + t53) (a0 — ag))] (3.19)
The equilibrium condition about torque in the direction of the first axis requires

Ty = Ti,, from which we can obtain the rotation angle o around the first axis. In the

same way, we can update values for 5 and ~.
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3.4 Force Feedback

The interaction between the instrument and the deformable object consists of a
set of collisions between the instrument and the cubic cells of the deformable object.
The force feedback on the instrument for each of those collisions has three components.
One is in the normal direction of the surface and the other two are in the two tangential
directions. These three components are in alignment with the three axes of the local coor-
dinate system respectively. Here we illustrate the situation when the instrument operates
on the side of the cell in the positive direction of the first axis direction. The normal
reaction force can be calculated through the equilibrium condition of the interacting side

of the cell as follows.

1 % !
N = (P = 5pglisin ﬂ)g + il — b)) + Y thdf, — tfdf (3.20)
k=1

Assume the contact point of the instrument does not slide on the side of the cell,
and then the two tangential reaction forces result from the static friction between the
contact point of the instrument and that of the cell. Suppose the static friction force
is proportional to the relative displacement d, of the contact point of the instrument
and the corresponding central axis of the cell. Here, we illustrate how to calculate the
tangential force along the second axis. We need to first calculate the relative displacement
ds,-. Suppose the displacements of the two sides that are vertical to the second axis are
dy and dy, and the displacement of the contact tip of the instrument along the second

axis is dyy. Then,

df —d;
dyr = dopy — 22 5 : (3.21)
The friction force along the second axis is
o S -
= _§(t22 + tyy)day (3.22)

where ¢ is determined by the value of the contact area of the collision.
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3.5 Implementation and Results

The deformation of the cells spreads out in a wave-propagation pattern. We can
make use of this pattern [29] to reduce computation by processing the cells in an order
that starts at the interacting cells and expands towards the cells farthest away. When
the deformation at a distance from the interacting cells is below some threshold, we stop
calculating the deformation of farther cells.

For the first shot, we implement our model for a cubic deformable object, which is
decomposed into 3D cubic meshes of the same size for its initial state. Through simple
collision detection, we obtain the sides that are being operated on, which we call “control
side”. The control side set is actually a set of active sides. Let At be the time step. At
each time step ¢t = kAt (kK = 1,2,---), the algorithm goes through the following three
steps.

1) Going through the control side, set “active” flag for those sides and obtain a set
of cells that have at least one active side. We call this set of cells active cell set.

2) For each cell in the set of active cells, solve the axial deformation problem
for different input situations to obtain the displacements of the passive sides and then
calculate the rotation angles around the three axes of the local coordinate system. Next,
set “inactive” flag for the active sides of this cell and set “active” flag for the inactive
sides of this cell. We obtain a new set of active sides. Going through the new set of
active sides, obtain a new set of active cells that have at least one active side and are not
in the last active cell set. Repeat 2) until the active side set is empty.

3) Go to 2). When the changes of the displacements are below some threshold,
update the position and dimensions for the cells.

This model is implemented on a Pentium IV 2GHz CPU workstation. For a
10x10x10 cubic structure with 1000 meshes of cube, the update rate is about 100 Hz.

To meet the 1000 Hz update rate requirement of the Phantom interaction device, we
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have to interpolate force feedback values between the calculated values. Future hardware
advancements will help with the speed, as would more optimal programming techniques.
Fig. 3.4 shows the deformation of the cube when we use an instrument to push and
drag the top surface of the cube. The simulation shows that the deformation is pretty

localized. This is a good feature for the simulation of local deformation.

- Untitled - ¥5 (5]

Ele Edit view Rotation Degrab Help
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Figure 3.4. Deformation of the cube when it is (a) pushed and (b) dragged from top.

3.6 Conclusion

The advantage of this model is that the deformation is localized and the displace-
ments in different directions are deeply coupled, which is consistent with the observation
for real organs. Also the fluid in the human organ is modeled in this method, which

makes it possible for us to obtain the correct stress coupling effect. We know the other
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models don’t have a mechanism to ensure volume preservation and model stress coupling
effect except the long element method.

One shortcoming of this quasi-static model is the stability problem. During sim-
ulation, we can see part of the surface of the cube jerk, especially when there is large
deformation. More research needs to be done to eliminate this phenomenon.

In this model, we discretize the organ into small cubes. For meshes of this shape,
it is easy for us to define the rules for the deformation of an individual mesh and the
interaction between meshes. But it is not convenient for graphics display since we have to
form the corresponding triangle surface mesh according to the outer cubic mesh. Further

work needs to be done on the tetrahedron mesh situation.



CHAPTER 4

IDEAL SPRING CHARACTERISTICS
FOR 1D AND 2D STRUCTURED MSD MODELS

4.1 Introduction

The MSD model has been widely used to model deformable objects. Generally,
there are two kinds of application: graphics animation and real-time interaction with the
virtual environment involving both graphics and haptics. In animation, only the graphics
effect is important, and computation does not need to be real time. In the latter situation,
both graphics and haptics are essential and have to be rendered in real-time. Virtual
surgery simulation and computer games with force feedback are typical applications of
this type.

In spite of the many reported applications of the MSD model, there is little mention
in the literature about how to assign values to the parameters of the springs [64-67].
It is well known that due to spatial discretization, the MSD model can only be an
approximation in some aspects to the continuum object. In case of cloth simulation for
example, Gelder compared the MSD model and the finite element method and concluded
that an exact simulation using the MSD model is impossible [65]. This may explain why
there is little research done to optimize parameters of the MSD model.

Although the MSD model cannot give an exact simulation, some good parameter
sets do give better simulation results than others. The criterion for better simulation
appears ambiguous and hard to define. Current implementation of the MSD model for a
lot of applications usually chooses the parameter values on a trial and error basis. That

is a very tedious and time-consuming procedure. Without guidance, we cannot expect

37
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to obtain a good parameter set for the MSD model to fully exploit its potential. So it is

essential to develop some algorithms to optimize parameters for the MSD model.

One natural approach is to estimate the parameter set from outer appearances
of the MSD model. For cloth animation, Jojic and Huang proposed to estimate cloth-
draping parameters from range data [64]. They compared the drape of the model with the
range data and searched for the best fit. Bhat et al proposed to estimate the parameters
from video [66] based on matching between folds. Their method works fine for soft
cloth if the experiment is done carefully. But for linen cloth, which is more rigid, the
estimated parameter values turn out to be sensitive to the size of the cloth, which is an
undesired property. This phenomenon does not necessarily mean that anything is wrong
with their optimization method. In section 4.2.2, we will show that the problem lies in
the model itself and we can extend their method to include the rest lengths of the springs
as optimization variables to solve that problem.

Besides the effort above to obtain parameter values based on simulated images,
there are also some methods presented to calculate parameters for the MSD model based
on the material properties of the real object. Gelder derived an approximate formula
to calculate the spring constants based on the constant strain assumption in the trian-
gular/tetrahedral mesh [65]. The accuracy depends on how far the strain field is from
uniform distribution for each mesh. Maciel et al [67] calculated the spring constants
based on the Hooke’s law. The drawback with this method is that the MSD system
obtained can pass the tensile force test in a certain direction, but cannot pass it in other
directions and cannot pass other tests, like the shear test.

Most research on the MSD model up to now focuses on the application of the 2D
model to cloth simulation. In this chapter, we also restrict to investigate the param-
eter optimization problem for 1D and 2D structured MSD models. Before continuing

to address this problem, let us review some related work that aimed to improve cloth
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simulation. To overcome the super-elasticity phenomenon, Provot proposed to apply an
ad hoc dynamic procedure to the ”"super-elongated” springs so as to reduce their elonga-
tion [55]. When deformation rate is greater than a critical deformation rate, the dynamic
inverse procedure is applied to the two ends of the spring so that its deformation is
exactly equal to the critical rate. Vassilev et al developed further Provot’s method by
applying a velocity directional modification approach to eliminate the super-elasticity
phenomenon [48].

To model the folds and wrinkles in clothing simulation, Bridson et al proposed to
calculate the bending resistance according to the bending mode motion instead of using
bending springs. This method can be used to model pre-wrinkles when the rest angle
is not zero [68]. To model curved undeformed configurations such as hats, leaves and
aluminum cans, Grinspun et al proposed to model the bending energy as the function
of the difference of the dihedral angle between adjacent triangle meshes before and after
deformation [69]. These two methods for bending resistance modeling are very close. The
resistant force calculation is complicated and the computation burden is much heavier
than the pure MSD model.

In this chapter, we limit our work to the pure MSD model for high speed. While
admitting the fact that perfect parameter assignation does not exist, we will optimize
parameters for some important behaviors so that the model will behave accurately in
those situations. In other words, we use these behaviors as criteria for realism. For
the MSD model of rigid cloth, besides the super-elasticity phenomenon, another main
defect observed is its weak resistance to lateral displacement. Although we can increase
the resistance by increasing the spring constants, the relationship between the resistance
and the lateral displacement is not correct. To overcome this problem, we choose to
optimize the static parameters based on the bending behavior of a plate [70], since out-

of-plane motion always involves dynamic local bending. From another point of view, local
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bending behavior is important in itself because wrinkles and folds are very important in
cloth simulation. In section 4.2.2, we find that as long as we want to get approximate
results in some sense, it is essential to use nonzero pre-displacement (or preload) for
the springs, which is against the common assumption and therefore is one of the main

contributions of this dissertation.

4.2 The 1D Structured MSD Model
4.2.1 Ideal Spring Characteristics for a Pure Bending Beam

We know that for a symmetric beam under the action of pure bending (see Fig. 4.1),
the curvature is the same everywhere on the neutral plane of the beam. The relationship

between the radius R of the curvature p and applied bending moment M is stated by

1 FEI
R:—:—

= (4.1)

where F is the modulus of elasticity of the beam material and [ is the moment of inertia

/A

="}

Figure 4.1. A pure bending beam.

of the beam about its neutral plane.

The bending energy absorbed in an interval of length U in the beam is

1 1
Ey = 5MpU = 5EJUp2 (4.2)

where the subscript b indicates the beam.
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For a MSD system modeling the beam, we consider the simplest situation when the
beam is modeled by uniformly distributed masses connected by springs between neighbor
masses and every other masses (Fig. 4.2). We refer to the first type of spring which
connects adjacent masses as the structural spring and the second type which connects
every other mass as the flerion spring. Assume the energy functions of the structural
spring and the flexion spring to be Wi(u) and Wy (v) respectively, where w and v are the

elongations of two types of springs.

Figure 4.2. Top: a beam modeled by the MSD system; bottom: the state of the springs
after bending the MSD model of the beam.

When the MSD system above is under pure bending action, it will deform in a
similar way as a beam (Fig. 4.2). For a realistic MSD model for a beam, it should bend
approximately in the same way as the beam does under pure bending action.

On one hand, the MSD system should have the same stiffness against bending, i.
e. it should absorb the same amount of energy for the same shape of bending as the real

beam. We have

Wl(U) + WQ(U) - W1 (Uo) - WQ(U()) = Eb (43)
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where ug and vy are the elongations of the structural spring and flexion spring respectively
when the model is in its natural rest state. Here we don’t restrict ug and vy to be zero to
give more freedom to parameter optimization. Nonzero ug and v, values for the springs
on the edge pose a problem for the balance of the boundary masses. But for the springs
not on the boundary, it is possible to make them have nonzero uy or vy. In this sense,
we optimize the parameters for the inner springs in this section.

Let the rest lengths of the structural spring and the flexion spring be L; and Lo

respectively. In Fig. 4.2, we can get
u = 2Rsinf — L, (4.4)

v = 2Rsin20— Ly (4.5)

Let the length of the structural spring and the flexion spring be U and 2U respec-

tively when the model is in its natural rest state. We have

U=2R0 (4.6)
Then
2
u = —sin Yr _ Ly (4.7)
p 2
2
v:;smUp—Lg (4.8)
2
du U Up 2 . Up (4.9)
dp p 2 0> 2
dv 22U 2
— = —cosUp— —=sinUp 4.10
dp p p? (10

On the other hand, for the same shape of bending, the masses of the MSD model
that are not close to the two ends should reach an equilibrium state without external
force, i.e. the resultant force imposed by springs on those masses should be zero. We

have

Wi sinf = —W, sin 20 (4.11)
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So

Wi(u) = —2Wy(v) cos§ = —2W,(v) cos % (4.12)

From (4.2), (4.3), (4.9) and (4.10), we have

U Up 2 Up (U 2
Zcos L ZgnZ? = _Z — EI 4.1
Wl(u)<pcos > sin = >+W2(v)( p cosUp e smUp) Up (4.13)

From (4.12) and (4.13), we have

2 2 2
—2W;(v) COS% (% COS% 2 sin %) +Wy(v) <7U cosUp— e sin Up> =EIUp (4.14)

Then we can obtain

EIp?

Wi = (4.15)
2E1p?

Wi(u) = —pcos@ (4.16)

1 —cosUp 2
We cannot obtain a closed and explicit form for Wi(u) vs. w and Wji(v) vs. w.

However, we can obtain the numerical relationships of them in Fig. 4.3 and Fig. 4.4.

4.2.2 Linear Spring Approximation

If we use linear springs to approximate the structural spring and the flexion spring,
we can assume that the reaction force functions for the two types of spring are Fy(z) = a1z
and Fy(x) = byx respectively. To ensure the equilibrium condition at the operation point,
which corresponds to the natural rest state of the model, Fi(z) = a;z must pass through

(uo, Wi(ug)). According to (4.7) and (4.16), we have

!
0 — Tim V1)
p—0 U
' 2E1p*cos?
= lim SRR
=0 (1 = cosUp) (% sin 5 — Ly)
AET
- ——  (0<L <U) (4.17)

U2(U — Ly)
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Figure 4.3. Ideal characteristics for the structural spring (solid), its linear operation point
approximation (dotted) and linear approximation through origin (dashed).

Similarly, we can have
2ET

by — — 7~
T UL, - 20)

(L > 2U) (4.18)

Now there are still two unknowns L; and Ls. We can use these two parameters to
achieve better approximations of the characteristics of the two types of spring. From (4.7)
and (4.16), we know that function W7 (u) will not change its shape but shift horizontally
when L; changes. In Fig. 4.3, it is clear that for some particular value of Ly, Fi(u) = aju

will be closest to W] (u). We choose the approximation criterion to be

Gl(Ll):/uo (Wi (u(p)) — ar(Lr)u(p))?du

(po)
0/ 2E1p? Up AEI 2 . Up )2(] Up 2 . Up
=| |————cos— —————=(—sin——L)| (— cos— — — sin—-)dp(4.19
/po<1—cosUp 2 UQ(U—Ll)(p 2 ! (p 2 p? 2 ) )
Then we minimize G1(L1) to obtain the optimal value of L;. Here we choose py = \/75,

which means 90 degrees bending for adjacent structural springs, to obtain the numerical
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Figure 4.4. Ideal characteristics for the flexion spring (solid), its linear operation point
approximation (dotted) and linear approximation through origin (dashed).

relationship between G(L;) and L; as shown in Fig. 4.5(a). We can see that G(L1)
increases monotonically as L; increases from 0 to U. Based on this, we should choose L,
close to zero.

To optimize L, to obtain an optimal approximation between Fy(v) = bjv and

Wi(v), we choose the criterion to be

Galta) - | " (Wi(0) — bu(La)o(p)

(po)
“(_ELp 2B 2 2 017 )
- - = sinUp—Ly)| (= cos Up—— sinUp)dp(4.20
/po <008Up—1 7Ly —20) o UP 2)) (= cosUp= 5 sinUp)dp(4.20)
We also choose py = ‘/75 to obtain the numerical relationship between G5(Ly) and

Ly as shown in Fig. 4.5(b). We can see that Ga(Ls) decreases monotonically as Lo
increases from 2U to 6U, and increases monotonically as Ls increases from 6U to infinity.

In this point of view, we should choose L, around 6U.
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Figure 4.5. Relationship between the linear approximation error and the rest length of

(a) the structural spring and (b) the flexion spring.

From the discussion above we can see clearly how important it is that the two types

of spring are not at rest for the natural rest state of the beam.

4.2.3 Linear Spring Operation Point Approximation
Since the springs work around their operation points which correspond to the nat-
ural rest state of the model, we can use the operation point approximation to achieve

better approximation than above. Let

Fl(u) = Fl(U()) + a'l(u — UO) (421)
FQ(’U) = FQ(UO) + bll(U — U[)) (422)

We have
w = U-—1L (4.23)

Vg = 2U—L2 (424)
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According to (4.15), we have

2E1p? AEI
JE— 3 / —
Fi(uo) = lim Wy(u(p)) = lim -—— = 0, Up= 1z (4.25)
Similarly, we can get
. 2ET
Fy(vo) = lim Wi(v(p)) = — - (4.26)
p—0 U

According to (4.16) and (4.9), we have

EIp? (4cos Upsm 4cosUpcosUp—|—UpcosUpsm 2UpsmUpcos )

W//
)= (1 —cosUp)2(Upcos 22 — 2sin 22)
(4.27)
Then
AET
ay = lim Wi (ulp)) = 45 (4.28)
According to (4.15) and (4.10), we have
ET i 2 -2
WY () = p(Ups;ngjp—l— cosUQp ' ) (4.29)
(cosUp —1)*(=; cosUp — 5 sinUp)
Then
El
/ " _ =4
b, = T W2 (0(p) = o (4.30

We can see that Fy(u) = Fy(ug) + a}(u — up) and Wi(u) are both independent of Ly, so
there is no way to use L; to optimize the approximation between them. Similar argument
is also true for the approximation between Fy(v) = Fy(vg) + b} (v — vp) and Wi(v).

From another point of view, there is no reason for not letting the force-displacement
relationship pass though the origin. According to equation (4.25), (4.26), (4.28) and
(4.30), we can obtain Ly = 0 and Ly = 6U. In this case, the operation point linear
approximation is the best linear approximation through origin.

We calculate the numerical results so that we can compare the extent of approx-
imation by using the same criterion that is used in subsection 4.2.2. We obtained

G1(L1) ~ 0.08 and Gy(L3) =~ 0.58. The two values are both very small compared to
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the magnitudes of the reaction forces of the two types of spring, which means high accu-

racy of the approximation.

4.3 The 2D Structured MSD Model
4.3.1 Model Structure

In cloth simulation, a rectangular mesh is often used (Fig. 4.6 left). In this model
structure, there are three types of springs: structural springs, shear springs and flexion
springs [55]. The structural springs are used to model the interaction between adjacent
parts of the cloth. The flexion springs are used to model the resistance of the cloth
against bending. The shearing springs are used to model the shearing resistance. These
three types of springs of the 2D MSD model are necessary to achieve basic realism for the
cloth simulation. In this structure, a common mass has 12 springs connected to it. The
rectangular structure is easy to implement, but one defect with the rectangular mesh is
that it has a small resistance against bending, especially the diagonal bending. We can
add diagonal flexion spring to solve this problem. Then we notice that we only need one
shearing spring in one of the two diagonal directions to reduce the number of springs for
each mass. After eliminating the shear springs in one diagonal direction, we can obtain a
rectangular triangle mesh. In view of the symmetry, we instead use an equilateral triangle
mesh (Fig. 4.6 right). In this model structure, since the triangular mesh itself can resist
shearing action, there are only two types of springs: structural springs and flexion springs.
For each mass, there are also 12 springs connected to it. So this structure has the same
computation as the rectangular structure. And it has advantage over rectangular mesh
since it has more even resistance against bending, shearing and stretching.

In this chapter we only optimize the static parameters of the MSD model while

leaving the dynamic parameters (damping coefficients) out. Generally for the masses
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Figure 4.6. Structured meshes: (left) the rectangular meshes; (right) the equilateral
triangle meshes.

of the MSD model, we assign their values proportional to their influence area, which
is one third of the area of all the incident triangles or one fourth of the area of all the
incident rectangles. Here we assign the same values for all the masses since the masses are
evenly distributed. Generally, the MSD model has different resistance against bending
in different directions. In this chapter we optimize parameters based on axisymmetric
actions to make the average resistance against bending along different directions correct.

According to the elasticity theory of plate, when an isotropic circular plate is bent
by a moment uniformly distributed along the edge, it will change its shape into a parabolic
surface (Fig. 4.7). Assume the thickness and radius of the plate is h and a respectively
(h < a). For a rotation angle of a on the edge of the plate, the displacement of the
middle plane of the circular plate [71,72] in the polar coordinate system in the direction

of the z-axis is

w(r) = % [ . (2)?} . (4.31)

The moment applied per unit length is

M, (o) = (H%, (4.32)
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where v is the Poisson constant and D = Eh®/(12(1 — v?)) is the flexural stiffness of the

elastic plate.

Figure 4.7. Left: the original flat circular plate; right: the circular plate under pure
bending—parabolic middle surface (dashed line) and its spherical cap approximation

(solid line).

So the strain energy of the plate when it is bent up to an angle of a at the edge is
Elp) = / 2raM,(¢)d¢ = 7(1 + v)Da*p?, (4.33)
0

where the subscript p is used to indicate the plate and p = a/a.
From (4.31), we can obtain the curvature of the generating curve of the revolution-
ary parabolic surface.

K(r) = L — P (4.34)

(\/1+(dw/dr)2)3 ( 1+a;;“2)3

When o < 1, we have K & p = «a/a. In this situation, the curvature is approxi-

mately the same everywhere, and hence the parabolic surface can be approximated by a
spherical cap with a radius of R = 1/p (Fig. 4.7).
For the corresponding MSD model with equilateral triangle meshes, the energy

stored in the same circular area should satisfy

NiWy (1) + NoWa(v) — NiWi(ug) — NoWa(vg) = 7n(1 + v)Da*p? (4.35)
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where v and v are the displacements of the structural spring and the flexion spring
respectively when the MSD system is bent into a spherical cap; uy and vy are the pre-
displacements when the MSD system is in its natural rest state; N; and N; are the
numbers of the two types of spring respectively.

In (4.35), Ny and N, are the numbers of structural springs and flexion springs

\/ga2

7l Since each

respectively. We know the area of the equilateral triangle mesh is

triangle has three vertices, and each vertex is shared between six triangles, each vertex

2 . . .
corresponds to an area of ‘/§T‘1 For an circular area of radius a, when a is very large, the

number of vertices it contains is approximately

N~ ma? _2\/§7ra2
v Az T 302
2

(4.36)

Since each vertex connects to six structural (flexion) springs, and each structural

(flexion) spring connects two vertices, the numbers of the two types of springs are

From (4.35) and (4.37), when a > U, we have
V3(1+4v)DU?p?
Wi (1) + Walv) — Wi (1) — Walvo) = ( 6) P (4.38)

Next we derive the relationship between the elongations of the springs and the
curvature of the surface. Let the rest length of the structural spring and the flexion
spring be Ly and Ls respectively. Similar to what we have done in subsection 4.2.1, we

can get

2
u= Esin % - Iy (4.40)

2
v=—sinUp— Ly (4.41)
p
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d_p = ; COSs 7 — IO2 sin 7 (442)
d 2U 2
—v:—cosUp——281nUp (4.43)
dp p p

In another aspect, for the same shape of bending, the masses of the MSD model
that are not close to the edge should reach an equilibrium state without external force,

i.e. the resultant force imposed by the springs on masses should be zero. We have
Wi (u)sin @ = —Wy(v) sin 26 (4.44)
So
! ! ! Up
Wi(u) = —=2Wy(v) cos§ = —2W3(v) cos 5 (4.45)

According to (4.38), (4.42), (4.43) and (4.45), we can obtain

V3(1 + v)DUp?

Wi) = T — 1) (4.46)
. 2V3(1+v)DUp*  Up
Wi(u) = 301 — cos Up) co8 —- (4.47)

Similar to the 1D, we can obtain the numerical relationship of W7 (u) vs. u and Wj(v)
vs. v as shown in Fig. 4.8(a) and Fig. 4.8(b).
We know

vo = 2U — Ly (4.49)

According to (4.46) and (4.47), we get
2v/3(1+v)DUp*>  Up 4/3(1+v)D

/ T / 1 I N T

Wiluo) = limWilulp)) = lim =2 =y~ <08 5 i (4.50)
, 2v/3(1+v)D

Wit) = T Win(p)) = ~ 220D (451)

Fig. 4.8(a) and 4.8(b), (4.50) and (4.51) shows that the two types of spring are

far from their rest state. So it is very important that we have uy and vy as optimization
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Figure 4.8. (a) Ideal characteristics for the structural spring (solid line), its operation
point linear approximation (dotted line) and linear approximation through origin (dashed
line); (b) Ideal characteristics for the flexion spring (solid line), its operation point linear
approximation (dotted line) and linear approximation through origin (dashed line) .

parameters. In the next subsection, we will show the relationship between the accuracy

of the linear approximation and the values of uy and vy.

4.3.2 Linear Spring Approximation

If we use linear springs to approximate structural springs and flexion springs, we
can assume that the reaction force functions for the two types of spring are Fj(x) = ajx
and Fy(x) = byx respectively, where z is the elongation of the spring.

To ensure the equilibrium condition at the operation point that corresponds to the
natural rest state of the model, Fi(z) = a;x must pass through (ug, W7 (ug)). According

to (4.50) and (4.48), we have

~ Wi(uw)  4V3(1+v)D
N T 30U - L)

(4.52)

Similarly, we can obtain
~ Wi(we)  2v/3(1+v)D
N Vo N 3U(L2 — QU)

by (4.53)
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Now there are still two unknowns L; and L, undetermined. We can optimize these two
parameters to achieve a good approximation. From (4.40) and (4.47), we know that
function Wi (u) will not change its shape but shift horizontally when L; changes. From
Fig. 4.8(a), it is clear that for some particular value of L;, Fi(u) = aju will be closest to
W/ (u) in some sense. We take the square error as the approximation criterion.

C(Ly)= / " Wi u(0) — ar (L )u(p))du

(po)
02V3(14+v)DUp*>  Up 4/3(1+v)D 2 . Up 2 Up 2 Up
- o Zsin—— L)) (= cos— — = sin—-)dp (4.54
/po( 3(1—cosUp) €57 3U(U—Ly) (psm 5 19 (,0 cos 7 sin— )dp(4.54)

2

V2

7677 » Which means 90 degrees bending for every the tenth structural

Here we choose pg =
spring, to obtain the numerical relationship between G7(L;) and L; as shown in Fig.
4.9(a). We can see that G1(L) increases monotonically as L; increases from 0 to U.
Based on this, we should L; choose around zero.

To optimize L, to obtain an optimal approximation between Fy(v) = bjv and
Wi(v), we also use the square error as the criterion

Go(Lo)= / (W) — bi(La)olp))Pdo

(po)

:/0<\/§(1+V)DUP2 23(14+v)D 2 | )22(]

2
= sinUp—Ly)) (= cos Up—— sinlp)dp(4.
3(cosUp — 1) 3U(L2_2U)(psmUp 2) (p cosUp > sinU p)dp (4.55)

We also choose py = % to obtain the numerical relationship between Gy(Ly) and Lo as
shown in Fig. 4.9(b). We can see that Go(Ls) decreases monotonically as Ly increases
from 2U to 6U, and Gs(Ls) increases monotonically as Lo increases from 6U to infinity.
Based on this, we should choose Ly around 6U.

From above we can again see clearly that it is necessary to have the two types of

spring far from their rest states to obtain good bending behavior!
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Figure 4.9. The relationship between the error of the linear approximation through origin
and the rest length of (a) the structural spring and (b) the flexion spring.
4.3.3 Linear Spring Operation Point Approximation

Since the springs work around their operation points that correspond to the natural
rest state of the system, we can use the operation point approximation to achieve better

result than general linear approximation through origin. Let

Fi(u) = Fi(ug) + aj(u— ug) (4.56)
Fy(v) = Fy(vg) + bl (v — ) (4.57)
where Fy(ug) = W{(ug) and Fy(vy) = Wi(vp).

According to equations (4.42) and (4.47), we have
2v/3(1 4 v)DUp?[(2 cos Up Ye sin Y2 )(1 cosUp)—UpsinUp cos %}

WY (u) = 2 4.58
1) 3(1—CosUp) (Upcos——?smUp) (4.58)
Then
4/3(1+v)D
— - avel vy 4
o = i WY () = V2 (4.59)
According to (4.43) and (4.46), we have
1 DU p? i 2 -2
Wé’(v)z\/g< +v)DUp*(UpsinUp 4+ 2cosUp — 2) (4.60)

6(1 —cosUp)2(UpcosUp —sinUp)
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Then

1= tim W (o) = YLD (4.61)

The force-displacement relationship should pass though the origin. According to
equation (4.50), (4.51), (4.59) and (4.61), we can obtain L; = 0 and Ly = 6U. In
this case, operation point linear approximation is the best linear approximation through
origin.

Here we calculate the square error so that we can compare the extent of approxi-
mation between the general linear approximation and the operation point linear approx-
imation. We obtain G1(L;) ~ 4 x 107'? and G5(Ls) ~ 3 x 107, The two values are
both very small compared to the magnitudes of the reaction forces of the two types of

spring, which means high accuracy of the approximation.

4.3.4 Boundary Effect

One problem with allowing nonzero preload in the MSD model is that the boundary
masses are not in equilibrium. When the simulation starts, the finite boundary of the
MSD system will contract to balance the internal force on the boundary masses, thus
will change the pre-displacements. Fortunately, this contraction is only significant nearby
the boundary. We experimented with structures of different sizes and found that the
boundary effect decreases with the increase of the size of the structure. Fig. 4.10 shows
the percentage of the change of the distance between adjacent masses at different positions
for a 21x21 model structure. At positions more than 2 structural springs away from the
boundary, the deviations fall below 1%. So using nonzero preload is feasible for the main

part of the 2D MSD system.
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Percentage of deviation at different positions due to the boundary effect

Percentage of deviation

Figure 4.10. Percentage of deviation at different positions in the MSD system with
equilateral triangle meshes due to the boundary effect.

4.3.5 Lateral Resistance against Displacement

Lateral resistance against displacement for a general plate of any shape and its
MSD model are both very complicated. Therefore, in this subsection we only compare
the lateral resistance for a circular plate and its MSD system.

According to the theory of plates [73], when a clamped circular plate of radius a is
under central point load F', the central load is proportional to the displacement d when

d is very small, particularly
_ 167Dd

a?

F

(4.62)

where D is the flexural stiffness of the plate.

For the 2D MSD system corresponding to the clamped circular plate above, we
cannot obtain an analytical result about the lateral resistance against displacement for
the general situation when ¢ = nU (n is an integer). However, we can obtain the

analytical result for the simplest situation when n = 1. In this situation, the MSD
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system has a mass corresponding to the central point of the plate and all the other
masses are fixed. Assume the central mass has a small lateral displacement d. According
to (4.56) and (4.57), the sum of spring energy involved with the mass is
Wi(d) = 6(Fi(u) — ajuo)(VU2+d? — Ly) + 3a) (VU2 4+ d? — Ly)* +
6(Fy(vo) — bjvo)(VAU2 + d? — Lo) + 3, (VAU? +d? — Ly)*  (4.63)

Then the lateral resistance for such a displacement is

/ / d / / d ’
7% (d) = 6(F1(U0) — alU)\/W:—i—cp + 6a1d + 6(F2('UO) — 2b1U)m + 6b1d
| d ., 3, 3 d
= 6(F1(U0) + §F2("UO))E + (3&1 + Zlbl — 3F1(u0) — §F2(U0))ﬁ + O(d?’)
1 Dd
_ S DL o) (4.64)

U2

According to (4.62) and (4.64), it is clear that the lateral resistance against dis-
placement for the MSD system is smaller than its continuum counterpart when a = U.
However, this result is still much better than that without preload, in which the lateral
resistance indicated by (4.64) is a higher order infinitesimal of the displacement d.

For the general situation when a = nU, we did a series of experiments to obtain the
numerical result about the relationship between lateral resistance and displacement at the
center of the MSD system for different discretization sizes n. We modeled a plate with a
radius of 10 and thickness of 0.01 and optimized the spring constants for n = 1,2,4,8,16
respectively and obtained the relationships between lateral resistance and displacement
at the central point as shown in Fig. 4.11(a). The solid line is the relationship indicated
by (4.64) for the continuum plate. We can see that for large n values, which mean high
resolution of discretization, the relationship between lateral resistance and displacement

is very close to that of its continuum counterpart when the displacement is small (d < U).



29

The relationship between lateral resistance and displacement at the center of the

Sontim\zed massspring system for a circular plate with different discretization size n The relationship hetween lateral farce and displacement at the center of the zero

preload mass-spring system for a circular plate with different discretization size n
el 400 . . . . ,
® =2 % n=1
+ n=d * n=2
©ores 3/0H + =4 H
2001 e rElE « n=@
. — ldeal — Ideal
e g 1
&
o .
E 150 F _{;3 A o 2501 N 4
z 4" E
2 ) &
= o g 200 1
: ﬁb * =
w 100 Ln & F q = .
) ot 5 1e0} n E
*
*
*
+ +* 100 g
a0 5 +F .
*
+ * o e
# 50t . 4 e
+ % . "
+ raf ¥ X 4F
+ % mu ¥ P . +* #H
+ rHaRF K v xow oo R # o
S R g 8 ‘ ‘ , PR A PPRTE T
i 0s 1 15 2 25 il 1 2 3 4 5 5
Lateral displacement Lateral displacement
(a) (b)

Figure 4.11. (a) Lateral resistance vs. displacement of the optimized MSD system with
preload for different discretization sizes; (b) lateral resistance vs. displacement of the
MSD model without preload for different discretization sizes.

For comparison, we also tested the MSD system without preload and obtained the
relationships between lateral resistance and displacement at the central point as shown in
Fig. 4.11(b). The solid line is still the relationship indicated by (4.64) for the continuum
plate. The relationships for different discretization sizes n are all nonlinear and the lateral
resistance of the MSD system is much smaller than that of the continuum plate when

the displacement d is small.

4.4 Simulation Result

We implemented our parameter optimization result by modifying Jeff Lander’s
implementation of cloth simulation [74]. First we will show that the new cloth has much
more resistance against bending. In Fig. 4.12; we illustrate this point by showing the new
cloth and the old cloth hung from two points along the diagonal direction under gravity
for comparison. For the old cloth, the structural and the flexion spring coefficients are 4.0

and the shear spring coefficient is 2.4. For the new cloth, we use optimized parameters
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with the coefficients of the structural spring and the flexion spring being 4.0 and 0.5

respectively. With the spring coefficients of close magnitude, the new cloth shows much

more resistance against bending or lateral displacement. As shown in section 4.3.5, this

property is mainly due to the nonzero preloads of the springs.

Figure 4.12. (a) Cloth with preload hung from two points under gravity; (b) cloth without
preload but with the same Hooke’s constants hung from the same two points.

Besides the improvement on the static behavior of the cloth, the dynamic behavior
of the new cloth also shows much more stiffness than the old cloth. In the sense of
appearance, if the old cloth was silky, our new cloth is more like a piece of paper. To
illustrate this, in Fig. 4.13 we compared the unrolling process of the new cloth and the
old cloth which were rolled into cylinders beforehand. Both the pieces of cloth started
to unroll at the same time. We can see that the old cloth barely unrolled when the new

cloth finished unrolling, i.e. the new cloth unrolled much faster than the old cloth.
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Figure 4.13. Comparison between the unrolling process of the new cloth (left) and the
old cloth (right) (15x15 nodes) .

4.5 Conclusion

This chapter shows the necessity and feasibility of using nonzero preload for 1D
and 2D structured MSD models, and thus provides extra degrees of freedom to improve
the MSD model without increasing computation. As we have seen in section 4.4, the
visual effect of the simulation is greatly improved. In fact, according to section 4.3.5, the
2D MSD model with preload can provide correct resistance against lateral displacement.
Thus in an application requiring both graphics and haptics, both the two aspects will be

much more realistic.



CHAPTER 5

PARAMETER OPTIMIZATION
FOR THE 1D AND 2D STRUCTURED MSD MODELS

5.1 Introduction

The parameter optimization scheme proposed in chapter 4 for 1D and 2D structured
MSD models has two major defects. First, the optimized MSD model usually provides too
weak a resistance against stretching, although it can provide accurate bending resistance.
Second, the optimization scheme is not applicable to the commonly used rectangular mesh
structure because it results in negative Hooke’s constants and further causes instability to
the model. To overcome the first problem, in this chapter, we optimize the preloads and
Hooke’s constants by matching both the bending behavior and the stretching behavior of
the MSD model and its continuum counterpart—a real beam or plate [75]. To overcome
the second problem, instead of deriving the optimal spring characteristics and using
linear approximation to obtain the preloads and Hooke’s constants, we derive the optimal
spring characteristics in the space of linear functions and obtain the preloads and Hooke’s

constants directly.

5.2 Parameter Optimization for the 1D Structured MSD Model
5.2.1 Optimizing the Spring Constants based on Pure Bending

In this section, we seek constraints on the parameters of the 1D MSD model for
its best approximation to its continuum counterpart—the beam, under pure bending for
the accurate modeling of the bending stiffness of the model. There are two conditions
applicable to the MSD model. On the one hand, the model should have the same resis-

tance against bending, i. e. it should consume the same amount of energy for the same

62
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shape of bending as the real beam. On the other hand, the model should allow bending

into the same shape under certain boundary condition as the real beam does under pure
bending action, i.e. for that shape of bending, the masses that are not close to the two
ends of the model should reach an equilibrium state without external forces. From (4.2),
(4.3) and the first condition, we can obtain the energy constraint for pure bending of the
model.

W (1) 4+ Wa(0) — Wi (t1g) — Wa(vy) = E2(p) = %EIUpQ (5.1)

Let the rest lengths of the structural spring and the flexion spring be L; and Lo
respectively. The lengths of the structural spring and the flexion spring are U and 2U
respectively when the MSD system is in its natural rest state. Thus uy = U — L; and
vg = 2U — L. Let the force-displacement relationship functions of the structural spring

and the flexion spring be Fj(u) and Fy(v) respectively, i.e.

Fy(u) = Wi(u), (5.2)
Fy(v) = Ws(v). (5.3)
Assume the springs to be linear.
Fi(u) = Py + ki (u — ) (5.4)
FQ(U) == P2 + /{32(’0 - Uo) (55)

where P, = Fi(ug) and P, = F»(vp) are called the preloads of the two types of spring, k;
and ko are the Hooke’s constants.

From Fig. 4.2 bottom, we can see that the lengths of the structural spring and
the flexion spring are 2R sin # and 2R sin 26 respectively, where 6 is half the angle that
the structural spring makes at the center of the curvature. So v = 2Rsinf — L, and

v=2Rsin20 — Ls.
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Since the neutral plane of the beam is not stretched or compressed during pure
bending, the length of the arc between adjacent masses of the MSD model should always

be U. Thus, we have

U Up
=— = — 5.6
0 2R 2 (56)
Then
2 . Up
= —sin— — L 5.7
U psm 5 1 (5.7)
2 .
v=—sinUp— Ly (5.8)
)
du Up 2 Up Usp  USp3 5
_— = — — —sin— = ———— O 5.9
dp ~ p P T 2 1 T o) (59)
dv 2U 2 . 2U3p  U°p? 5
d—pzjcosUp—;smUp:— 3 + Is + O(p’) (5.10)
2 .U U3p?
u—u():;&n?p—U:— 25 + O(p") (5.11)
2 US 2
U—UozzsinUp—QU:— 3/) +O(p*) (5.12)

Taking derivative with respect to p on both sides of (5.1) and substituting (5.2)
and (5.3) into it, we obtain

d d
o) it Fg(u)d—z = EIUp (5.13)

According to (5.4), (5.5), (5.9), (5.10), (5.11), (5.12) and (5.13), we have

P, +8P P+ 32P .k + G4k
By = D8Py (L“Us) | Fu o+ 64k,

Ut p’+0(p° 5.14
12 480 283 ) PO (5.14)
For the first order approximation of (5.14), we have

—12E171

By considering the equilibrium constraint (the second condition mentioned above)

of a general mass in the radial direction (Fig. 4.2), we have

Fy(u)sinf + Fy(v)sin20 =0 (5.16)
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Note that since the pure bending of the beam does not consider the influence of gravity, for
the corresponding MSD model, we do not consider the factor of gravity either. According

to (5.4-5.6), (5.11), (5.12) and (5.16), we can obtain

ky + 16k P,
Mt O ys —2U2) P+ 0(ph) =0 (5.17)

P, + 2P, —
1+2(24 4

For the zeroth order approximation of (5.17), we have
Pr+2P, =0 (5.18)

According to (5.15) and (5.18), we have

AET
2F1

Considering the third order approximation of (5.14) and the second order approx-

imation of (5.17), we obtain

A1

ET
= _—— 22
b2 = ors (5:22)

The Hooke’s constants specified by (5.21) and (5.22) are often too small to model the
in-axis stretch or compression resistance of the beam. So it is necessary to optimize the
Hooke’s constants of the springs based on axial stretch or compression of the beam at
the expense of the accuracy of the pure bending behavior.

Note that the two sides of (5.14) are bending resistance of the beam and the MSD
model respectively. Obviously, if we do not use preloads, the linear part of the bending
resistance of the model related to the bending curvature will be zero and fail to match

that of the beam.
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5.2.2 Optimizing the Hooke’s Constants based on Stretching

In this subsection, we seek constraints on the parameters of the 1D MSD model for
its best approximation to its continuum counterpart—the beam, under in-axis stretching
for the accurate modeling of the in-axis stiffness of the model. For a beam of length
U under axial compression or stretch with strain €, we can obtain the strain energy by

using volume integral

g2 EAU
/—dV— AU = 5 g (5.23)

where the superscript s is used to indicate stretch or compression and A is the area of
the cross section of the beam.
For the MSD model under the same strain, the energy consumed by each interval

of U is
Es () = (P +2P)Ue+ = (lﬁ + 4ky)U?e? (5.24)

The MSD model and the beam should have the same tensile resistance. Thus

EAU
= (P, +2P)Ue + = (k;1 + 4k ) U2 (5.25)
2
Here we can obtain (5.18) and
EA

Since there are two parameters and one equation, we have one extra degree of
freedom to choose the Hooke’s constants, which can be utilized to minimize the boundary

effect, as will be shown in subsection 5.2.4.

5.2.3 Lateral Resistance against Displacement
In this subsection, we check the accuracy of the lateral resistance against displace-
ment that the MSD model with optimized parameters provides compared with the con-

tinuum beam, since it is a very important aspect of the physical accuracy of the model.
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According to continuum mechanics [76], for a built-in beam of length L with central load

F', we have
_ 192E1

F 73

d (5.27)

where d is the lateral displacement.
Consider the MSD model of the beam with adjacent masses spaced by U = L/2n
(Fig. 4.2). Node V_; and Vj are fixed nodes. Central load F' is exerted on node V,,. We

can obtain (see appendix A.1 for details of the derivation)

F 192FE1
lim — = 2 (5.28)

-1 0 1 2 n-1 n n-l 2 1 0 -1

Figure 5.1. The 1D MSD model of a built-in beam under central load..

As n increases for the 1D MSD model of the beam, its central resistance force
against displacement asymptotically approaches that of the continuum beam. Thus the
MSD model of a beam with the optimized parameters can provide correct lateral resis-

tance against displacement asymptotically as the discretization gets finer.

5.2.4 Boundary Effect

The side effect with allowing nonzero preloads in the MSD model is that the bound-
ary masses are not in equilibrium. When the simulation starts, the boundary of the model
will contract to balance the internal forces on the boundary masses and thus will change
the pre-displacements. However, this contraction is only relatively larger near the bound-

ary. Note that we have one extra degree of freedom to choose the Hooke’s constants of
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the two types of spring, which can be utilized to restrict the boundary effect to only the

springs close to the boundary. Assume the ratio of the Hooke’s constant of the structural
spring to that of the flexion spring to be c. We modeled a beam of length 32cm and a
square cross section of depth 0.1 cm by a MSD model with 30 masses and experimented
with different values of the ratio ¢, and found that the influence range of the boundary
effect decreases with the increase of this ratio. Fig. 5.2 shows the ratio of the contraction
of the structural springs (due to the boundary effect) to the desired length of the springs
when the model is in its natural rest state for different values of ¢. When ¢ > 1, at posi-
tions more than two structural springs away from the boundary, the ratio of contraction
is negligible (see Fig. 5.2). So using nonzero preloads is feasible for the main part of the

1D MSD system.

Ratio of contraction at different positions due to the boundary effect
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Figure 5.2. Ratio of contraction at different positions in the 1D MSD model.
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Further, as shown in appendix B.1, we can restrict the boundary effect exactly to

only the boundary springs by letting ko = 0 (i.e. ¢ = 00). From (5.26), we have

EA

In this situation, according to appendix B.1, if the beam has a square cross section, the
contractions of the boundary springs will be proportional to the square of the depth h

and in inverse proportion to the space U between adjacent masses.

5.3 Parameter Optimization for the 2D Structured MSD Models

In this section, we investigate the 2D MSD model for two different structures,
namely, rectangular meshes [55] and equilateral triangle meshes [70]. The former is the
most frequently used structure and is easy to implement. The latter structure which has
been used in chapter 4, is physically more accurate, as will be shown in section 5.3.4.
We will optimize the static parameters of the MSD model by matching the axisymmetric
bending and axisymmetric stretching of the MSD model and its continuum counterpart,
minimizing the variations of both the bending resistance and stretching resistance in
different directions (for isotropic materials), and restricting the boundary effect to only

the boundary springs.

5.3.1 The 2D MSD Model with Rectangular Meshes

The MSD model with rectangular meshes is shown in Fig. 5.3, in which each of the
mxn grids spaced by U corresponds to a lumped mass. The mass is designated by its
position (7, j), in which 4 is the row number and j is the column number. Each mass is
linked to its neighbors by massless springs. The springs linking masses (4, j) and (i+1, ),

and masses (i,7) and (¢,7 + 1) are called structural springs. The shearing springs are
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used to connect the diagonal neighboring masses. The springs connecting masses (i, j)

and (i + 2, 7), and masses (7,7) and (i, 7 + 2) are called flezion springs.

M

i
o

N

Figure 5.3. The 2D MSD model with rectangular meshes.

5.3.1.1 Optimizing the Spring Constants based on Axisymmetric Bending
of a Circular Plate

Similar to the 1D situation, we aim to achieve correct bending resistance for the
2D MSD model by optimizing the parameters based on axisymmetric bending behavior.
For the MSD model, the energy stored in the same circular area should satisfy

N1W1(U) + NQWQ(U) + NgWg(lU) — N1W1(UO)

—NoWa(vo) — N3Ws(wo) = EX(p) = w(1 + v)Da’p? (5.30)
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where u, v and w are the displacements of the structural spring, the flexion spring and
the shearing spring respectively when the MSD system is bent into a spherical cap; uy,
vy and wy are the pre-displacements when the model is in its natural rest state; Ny, No
and N3 are the numbers of the three types of spring respectively.

According to Gauss’s Circle Theorem [77], the number of masses within the circle

of radius a in the lattice structure is

=T L o, (5.31)

N -
( U2 U

a
U
Since every mass has four structural springs, flexion springs and shearing springs

connected to it and each of these springs connects two masses, we get

2ra’?

N =

+0( (i=1,2,3) (5.32)

a
)
When a > U, from (5.30-5.32), we have

(1+v)DU?p?

Wi (u) + Wo(v) + Wa(w) — Wi(ug) — Walvg) — Wa(wp) = 5

(5.33)

Let the rest lengths of the three types of spring be L;, Ly and L3 respectively. The
lengths of the springs are U, 2U and /2U respectively when the model is in its rest
state. Then ug = U — Ly, vg = 2U — Ly and wy = V2U — Ls. Let the force-displacement

relationship functions be Fj(u), Fo(v) and F3(w) respectively. Then

Fi(u) = W{(u) (5.34)
Bv) = W) (5.35)
Fy(w) = W(w) (5.36)

Note that (5.34) and (5.35) are the same as (5.2) and (5.3). We rewrite them for the

convenience of reference.
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Again,we assume the springs to be linear.

Fi(u) = P+ ki(u—up) (5.37)
FQ(U) = Pg + k‘z(’U — U()) (538)
F3(w) = P34+ ks(w — wy) (5.39)

where P, = Fi(ug), P» = F5(vg) and Py = F3(wp) are called the preloads of the three
types of spring, kq, ky and k3 are the Hooke’s constants.

Referring to Fig. 5.3, when the model is bent into the shape of a spherical cap,
each spring is on the plane of certain great circle. Referring to Fig. 4.2, we define 6 to be
half the angle that the structural spring makes at the center of the curvature. Since the
neutral plane of the plate is not stretched during the axisymmetric bending, the distance

between masses of the model on the great circle should not change either. We have

u Up
= = 5.40
2R 2 ( )
We can obtain v = 2Rsinf — Ly, v = 2Rsin20 — Ly and w = 2R sin /20 — L. Then
2 U U3p?
u—uoz—sin—p—U:— P + O(p") (5.41)
p 2 24
2 3.2
v—v():;sinUp—ZU:—U?)p +O(p*) (5.42)
2 2U 203 p?
w — wy = —sin\/_Q P —\/§U——\/_1 > P o(p" (5.43)
du U Up 2 . Up Usp USp3 5
du U Up 2 . Up_ Up 0 5.44
dp  p 2 T 2 o o TOW) (5.44)
dv  2U 2 20%p  U°p’ 5
d—p:7cosUp—?s1nUp:— 3 + 15 +O(p°) (5.45)
do V22U  N2Up 2 . \2Up V2U3p  V2Up? s
b — Zgin~—f — _ 4
i p cos — 7 sin — 5 + 120 +O0(p°) (5.46)

Taking derivative with respect to p on both sides of (5.33) and substituting (5.34-5.36)

into it, we obtain

Fi(u)— + Fy(v)— + F3(w)— = (1 +v)DU?p (5.47)
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According to (5.37-5.39) and (5.41-5.47), we have

P + 8P, +2V2P; s, D32+ 4v/2P;

12 p 480
ky + 64ky + Sks

288

UPp® +

USp® +0(p°) = (1 +v)DU?p (5.48)

For the first order approximation of (5.48), we have

—12(1 D
Py + 8P, + 2v/2P; = % (5.49)
Similar to the 1D case, the equilibrium constraint is
Fy(u) sin 6 + Fy(v) sin 26 + Fs(w) sin v/26 = 0 (5.50)

According to (5.37-5.40) and (5.50), we have

P+ 2P+ /2P, g, P8P+ 2V2P; U9 ky + 16ky + 4k

4.3 5
= .1
i p 12 13 U*p’+0(p°)=0(5.51)

For the first order approximation of (5.51), we have
P+ 2P, +V2P; =0 (5.52)

From (5.52), it is clear that Nonzero preloads are crucial for the modeling of the bending
resistance of the MSD model. For the preloads of the three types of spring, we have only
two linear constraints (5.49) and (5.52). So we have one extra freedom to choose the
values of the three preloads. We can utilize this extra degree of freedom to minimize the
variation of bending resistance of the MSD model in different directions (for isotropic
materials). To minimize or at least limit the variations of the bending resistance to
be small is very important. Otherwise, the model will tend to bend in the direction
in which it has small bending resistance. In the worst case, if the model has negative

bending resistance in a certain direction, its natural rest state will not be planar.
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5.3.1.2 Minimizing the Variations of the Bending Resistance in Different
Directions

Referring to Fig. 5.3, assume the 2D rectangle meshed MSD model to be bent
cylindrically in the direction of the y-axis, which makes an angle of ¢ with the y/-axis.
The MSD system will stretch or contract by strain x in the longitudinal direction (the z-
axis) to minimize the potential energy. This strain should be a function of the curvature

of the cylinder. Let

= fr(p) = mrp + n2ep” + 0(p?) (5.53)

where the subscript r is used to indicate the rectangle meshed MSD system.
Consider the shaded b x b rectangular part of the MSD model in Fig. 5.3. We can
obtain the energy required to bend it into a cylinder of curvature p.

2

B (6,p, 1) = %(Wl(ul)—i—WI(uQ) + Wa(v1) + Wa(va) + Wa(w1) + Ws(wa) —Wi(ui)

- (Uz,o) - W2<v1,0) - WZ(UZ,O) - Ws(wl,o) - W2(w2,0)) (5-54)

where u; and u, are the displacements of the structural springs aligned with the /-
axis and the 2’-axis respectively; v; and vy are the displacements of the flexion springs
aligned with the y’-axis and the a’-axis respectively; w; and w, are the displacements of
the shearing springs in the directions that make an angle of 7/4 and 37 /4 respectively
with the a'-axis; wuig, w20, V10, V20, w1 and wy are the pre-displacements of the
corresponding springs when the MSD model is in its natural rest state.

According to Fig. 5.3, by projecting the springs on the z-axis and the y-axis, we

can obtain

20 U 2
u — Uy = \/(; sin %W) F U1+ p)2sin ¢ — U (5.55)

Uy — Ugg = \/<% sin UCOS(W? — gb)p)? + U2(1 + p)2sin®*(1/2 — ¢) = U (5.56)



V1 — V10 =

Vg —U20 =
Wy — W10 =

Wy — W20 =

From (5.34-5.39)

OEL (¢, p, 1)
o

where
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>
sl cos ¢p) +AU2(1 + p)?sin? ¢ — 2U (5.57)

ZsmUcos /2 — )p)2 + 4U2(1 + p)? sin®(7/2 — ¢) —2U  (5.58)

Sin

\/_U COS(% —9)p ) +20U2(1 + p)? sin (Z o) — \/iU (5.59)

sin

&QQQ

2
P
2
P

V2U cos( % + cb)p)? +2U2(1 4 p)? sin2(% +¢) —V2U (5.60)

G
(
(
(

and (5.54-5.60), we obtain

b2 ou ou U9 8111
= U2 (Fl(ul)alu +F1(U2)W +F2(’U1) alu
ov 0 0
+F2(v2)a—: + Fy(wy) 51: + Fy(w) 53)
b2

= = {UP1 +2U Py + V2U Py + [3/4U%(ky + 4ky + 2k3) +

1/4U% cos 4p(ky + 4ky — 2ks) + 1/4U(Py 4 2P, + V/2Ps)

1
—1/4U cos4¢( Py + 2Py — V2P3) | pu + [——= (k1 + 16k, + 4k3)U*

192
(o 16k — 4ks) U cos 4+ —— (Py + 8Py + 22 P
192 1 2 = 3 COS 199 1 5 3
3
_1?2(131 + 8P, — 2V2P)U° cos 49 + [ (ka + by + 2k, U2

3
—E(kl + 4ky — 2k3)U? cos 4¢ — 1—6(131 + 2P, +V2P;)U +

(P2~ VERU costali +os?) + o) + o) |

b2
= 7B+ Cp* + Gu® +o(p) + o(41®) + o(pp)] (5.61)
302 U2
4 (k’l + 4k‘2 + 2]{73) —+ Z COS 4¢(k51 + 4]€2 — 2:1{33)
U U
7 (P 2P + V2P;) — — cosdp(Py + 2P, - V2P;) (5.62)
U Ut
—@(lﬁ + 16ky + 4k3) + @(/{1 + 16ky — 4k3) cos4o +
Us U3
T3P 8P+ 2v/2P;) — Tog(P 8P = 2v/2Ps) cos 4¢ (5.63)
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302 3U2
G = F(k’l + 4/{72 + 2]{‘3) — 1—6(/{51 -+ 4]{32 — 2]’6’3) COS 4¢
3U 3U
_1_6(P1+2P2+\/§P3)+E<P1+2P2_\/§P3>COS4¢ (564)

Here and later, we use the Maple system to do the symbolic calculations such as taking
derivatives and Taylor expansions.

Since the strain p will minimize the potential energy of the model, we can obtain
it as a function of p by letting AE® (4, p, 1) /O = 0. According to (5.53) and (5.61), we

have
Biiep + Bngep? + Cp? + Gt p?* + o(p®) = 0 (5.65)

We have 1, = 0, no, = —%. Clearly, p is negligible when p is small. According to (5.53),

we have

C
p=—5p"+o(p) (5.66)

Taking derivative with respect to p on both sides of (5.54), according to (5.34-5.39),

(5.52), (5.55-5.60) and (5.66), we can obtain the cylindrical bending resistance.

dEL (&, p, 1) b? duy dusy dvq
d—p = m(Fl(ul)d—p + Fl(UQ)d—p + FQ(Ul)d—p +

Ouy  Ouy du Ouy  Oug du
- —_|F it Wi Sl IO T2 T2 TR
U2[ 1(u1)< dp * o d,o) * 1(u2)< dp * ou dp)

Ovy vy du Ovy  Ouy dys
+F2(U1) (_ + —> FQ(U2)<8—p + %d—p>

ap 8_u dp
8w2 6w2 d_,u

Fs(w) (88—21; + %%) Fy(w,) (a_p + O dpﬂ

V> 1 P,+8P,+2V2P. P, +8P,—2v/2P;) cos 4¢
= m[ ! 216 3U3p—( ! 2 18 ) U3p+0(p)}(5.67)

To minimize the difference of bending resistance in different directions up to the first

order of the bending curvature p, we have

Py + 8P, — 2v2P; = 0 (5.68)
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According to (5.49), (5.52) and (5.68), we have

_ 6(l+v)D BRI

A = U 20-v)U (5:69)
_ 3(1+v)D  ER

e i T 8(1—w)U (5:70)
_ 3W2(1+v)D  V2ER®

A TR 1 (5.71)

From (5.67-5.71) we have

dE (¢, p, 1) D[ 3P4+24P+6v/2P;s

- dp Ul 18
_3(1+v)DV*  ER?
= 1 "T 160 —v

U°p+0(p?)

>p (5.72)

For the continuum plate of size b x b and depth h being bent into a cylinder with a

curvature of p in the direction of the y-axis, the strain and stress [72] are

Eyy = P2 (5.73)
E Epz
Uyy = 1— Vgsyy = 1 — V2 (574)
Then we can obtain the strain energy
h
5 Eb2h3p2
b _ 2 —
Ep(p) = /0 O'nyyyb dz = m (575)
Thus
dE} Eb*h?
o) _ P (5.76)

dp  12(1 —v?)
So the relative error of the cylindrical bending resistance that the 2D MSD model can

provide compared with that of the continuum plate is

12(1 —v?) 3v—1
b — 2 1= :
erry, 601 1) 1 (5.77)

When v = 0.3, which is the Poisson constant of most metals [76], the percentage of error

is about —2.5%. So by optimizing the axisymmetric bending behavior and minimizing
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the bending resistance variations in different directions, we can obtain a MSD system
that provides a little weaker resistance for cylindrical bending than desired. In fact, we
can also optimize the preloads of the three types of spring according to the cylindrical
bending, which has a similar procedure and will cause a slight stronger resistance against
axisymmetric bending.

Note that from (5.67), if we do not use preload, the MSD model will not be able
to provide linear resistance against cylindrical bending when the bending curvature p is
small. It is also worth noting that error for bending resistance is approximately zero when

v = 1/3, which is exactly the Poisson constant that the 2D MSD model can achieve.

5.3.1.3 Optimizing the Hooke’s Constants based on the Axisymmetric
Stretching

Similar to 1D case, in this subsection, we use the axisymmetric stretch or compres-
sion as the criterion behavior to optimize the Hooke’s constants. Let the circular plate
in Fig. 4.7 be under the action of axisymmetric circular stretch. Then the state of plane
stress exists. Assume the radial strain to be e. Then we can obtain the strain energy of
the plate (see appendix C.1 for details).

wEha?e?

1—v

E3(e) = (5.78)

The corresponding MSD model should consume the same amount of energy under

the same action.

N1W1(U) + NQWQ(U) + N3W3(w> — N1W1(U0) —
T Eha’c?

1—v

NQWQ(’U()) — NgWg(@Uo) = E;(S) = (579)
Clearly,

u—ug="Ue (5.80)
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v—1vy =2Ue (5.81)

w — wy = V2Ue (5.82)

When a > U, from (5.32) and (5.79), we have

EhU?c?

Wau) + Wale) + Wa(w) = Wauo) = Walvo) = Waluwn) = 53—

(5.83)

Taking derivative with respect to € on both sides of (5.83) and substituting (5.34-5.36)

into it, we obtain

du dv dw  EhU?¢
F — + F(v)— + F — = .84
() de + B () de + Fy(w) de 1—v (5.84)

According to (5.37-5.39), (5.80-5.82) and (5.84), we have

EhU?
(Py+2Py+V2Py)U + (ky +4ky +2k) U2 = 1_; (5.85)

We can obtain (5.52) and

Eh
b+ dby o+ 2k = T (5.86)

5.3.1.4 Minimizing the Variations of the Resistance against Stretching in
Different Directions

The 2D MSD model displays different resistance against stretch or compression
in different directions. It is important to minimize or at least limit the variations to
be small. We will give more details on this point later in this subsection. Similar to
subsection 5.3.1.2, we consider the 2D MSD model being stretched or compressed by
strain € in the direction of the y-axis, which makes angle ¢ with the y-axis (Fig. 5.3).

Obviously, the MSD model of the rectangular plate will stretch or contract in the
direction of the z-axis to minimize the potential energy. Assume this longitudinal strain

is p. It should be a function of the strain € in the direction of the y-axis. Let

= gr(€) = Mg +o(e) (5.87)
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For the shaded b x b rectangular part of the model in Fig. 5.3, we have

2

52 (W) W ) W)+ W)+ W) + W)

—Wi(u1,0) —Wi(usgp) — Walvi,0) —Wa(van) — Ws(wig) —Ws (w2,0)> (5.88)

E; (¢.e,n) =

where u; and u, are the displacements of the structural springs aligned with the 7/-
axis and the 2’-axis respectively; v; and vy are the displacements of the flexion springs
aligned with the y'-axis and the x’-axis respectively; w; and wy are the displacements of
the shearing springs in the directions that make an angle of 7/4 and 37 /4 respectively
with the a'-axis; wy0, u20, V10, V20, wip and wy are the pre-displacements of the
corresponding springs when the model is in its natural rest state.

According to Fig. 5.3, by projecting the springs on the z-axis and the y-axis, we

have
Uy — Uy = U\/(l +e)2cos? ¢+ (14 p)?sin ¢ — U (5.89)
wp—uze = UyJ(L+e)cos?(m/2— 6) + (1 + p)?sin’(n/2 — ¢) — U (5.90)
V1 — V1o = 2(71,1 — U’LO) (591)
Vg — V20 = 2(11,2 - Ugﬁo) (592)

w - wie = Uy2(1+e)? cost(m/d— ¢) + 21 + p)?sin’(n/d — ¢) — VU (5.93)

wy —wae = U\J2(L+e)? cos?(m/d+¢) +2(1 + p)?sin’(m/4 + 6) — VAU (5.94)

From (5.34-5.39), (5.52) and (5.88-5.94), we can obtain

OF: (¢,e,pu) b Ouy Oug oy
o - (Fl(ul) 5 Filw) 5+ Bl g

) dw )
+F1(v2)a—U:+F3(w1) o L 1 Fy(ws) ;;)

b2 1
= [ APU+2PU +V2PU + [ (k + ks + 2k3)U°

1
——(k1+4k’2—2]{?3) COS4¢——(P1+2P2—|—\/_P3)
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1 3
~(Py + 2P, — V2P3)U cos 4¢|e + [Z(kl + 4ky + 2ks) U +

4
1 1
5 (o + 4k — 2ks)U? cos 4¢ + 1 (P2 + V2P;)U

_l(pl + 2P, — V2P3)U cos 4o i+ o(p) + o(p) }

b2
= m(HsnLI,u—l—O(s) +o(p)) (5.95)
where
1 , 1 )
H = Z(kl -+ 4k2 + 2k3)U — Z(kl -+ 4k'2 — ng)U COS4¢ +
1
S (Pr+2P - V2P5)U cos 4¢ (5.96)
1
J = Z(/ﬁ + 4ky + 2k3)U? + Z(k;l + 4ky — 2k3)U? cos 4¢
1
—7(P 428 - V2P3)U cos 4¢ (5.97)
Let OE% (¢, e, 1) /Opu = 0, we have
H

From (5.34-5.39), (5.52), (5.87-5.94) and (5.98), we can obtain the resistance

against stretch or compression below.

dES (¢,e.p) B duy dus dv;
de N (Fl(ul) de * Fi(us) de (o) de
d d d
‘I’FQ(UQ)% + F3(w1)% + F3(w2)%>
b? Ou;  Ouy du Ouy  Ouy dp
- 2 |F Ih T g e
U2[ l(ul)(85+0u de>+ I(UQ)(Os + ou de)

Ovy  Ovydp Ovy  Ouy dpu
+F2(U1)<§ + Ed—g) + F5(v9) (g + Wd_s) +
owy; Owy du Owy  Owy du
Fifwn)( 9 Ton da) + Fy(wn) 9= o da)}
2 2
U + ks + 2ky)U >U25 + o(e)} (5.99)

b
= = [2(1{:1 + dky + 2ks) (1 . -
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To minimize the variations of stretch or compression resistance in different direc-

tions up to the first order of the strain e, we have

P+2P,—\2P;  ER

Ako—2ks = = 1
oy + Ak — 25 - A7) (5.100)
According to (5.86) and (5.100), we have
Eh(2U? — h?)
o = 7 7 101
’ 8(1—v)U? (5.101)
Eh(2U? + h?)
k dky = ————=— 5.102
LT SR 8(1 — v)U? ( )

The necessity to use the shearing springs is shown in (5.101). According to (5.99),
if we do not use shear springs and preloads, when ¢ = m/4, the linear part of the
resistance against stretch or compression will be zero. In simulation, the MSD system
will roll together in the diagonal direction. From another point of view, according to
the affine transformation relationship between the shear strain (stress) and the tensile
strain (stress), proper modeling of stretch and compression leads to proper modeling
of of shearing, and vice versa. Minimizing or limiting the variations of the resistance
against stretch or compression in different directions leads to very even shear resistance
in different directions.

From (5.96-5.98) and (5.100), we can get A, = —1/3. So the Poisson constant the
2D MSD model can achieve is 1/3. From (5.97), (5.99) and (5.100) we have

dEs 202
W = (b + 4ky + 2k3)e + of) (5.103)

According to (5.86) and (5.103), we have

dE: (¢, €, 1) 20 Eh 2Ehb?
—n L x — = 104
de 311 3(1—y)€ (5.104)
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For the continuum rectangular plate of size bxb and depth A under in-plane stretch or
compression perpendicular to its two opposite sides, in the direction of the y-axis for

example, there exists the state of plane stress. The strain energy is

s 1 2 2 1 2 2
Then
dE?
——égfl = Eb’he (5.106)

Thus, the relative error of the stretch or compression resistance that the 2D MSD model

can provide compared with that of the continuum plate is

2 3 -1
R — 1= — 1
TTm =300 3(1— 1) (5.107)

When v = 0.3, the percentage of error is —4.76%. The error is approximately zero when

v=1/3.

5.3.2 The 2D MSD Model with Equilateral Triangle Meshes

In this subsection, we are going to optimize the parameters of the 2D MSD model
with equilateral triangle meshes (Fig. 5.4), which can be viewed as the direct 2D extension
of the 1D structured MSD model. In this model, since the triangle mesh itself can resist
shear deformation, we use only two types of spring, namely, structural springs for the
edges of the triangles and flexion springs between every other masses along the directions
of the edges of the triangle meshes. The dashed line segments parallel to the 3/-axis are
used to even the boundary of the structure for graphics display (springs are not used for

these edges of the boundary triangles).
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Figure 5.4. 2D equilateral triangle meshed MSD model.
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5.3.2.1 Optimizing the Spring Constants based on Axisymmetric Bending

In the MSD model for the circular plate with a radius of a, assume the length of
the edge of the equilateral triangle mesh to be U when the system is in its natural rest
state. For the MSD system to have the same stiffness against axisymmetric bending, the
energy increment in the system when bent into the same shape should be the same as

its continuum counterpart. Thus
N1W1('LL) -+ NQWQ(U) — lel(lb(]) — NQWQ(’U()) = 7T(1 -+ V)Da2p2 (5108)

where u and v are the displacements of the structural springs and flexion springs and
satisfy (5.7) and (5.8) respectively; Ny and Ny are the number of structural springs and
flexion springs respectively. The area of the equilateral triangle mesh is v/3U?/4. Since

each triangle has three vertices and each vertex is shared between six triangles, each
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vertex corresponds to an area of V3U? /2. For an circular area of radius a, when a is

very large, the number of vertices it contains is approximately

N~ ma? _2\/§7ra2
v vez T 302
2

(5.109)

Since each vertex connects to six structural (flexion) springs, and each structural (flexion)

spring connects two vertices, the numbers of the two types of springs are

2v/3ra?
2

N; ~ 3N, ~ (i=1,2) (5.110)

From (5.108) and (5.110), when a > U, we have

V3(1 + v)DU?p?
Wl(u) + WQ(U) — Wl(uo) — WQ(UQ) = ( 6) p (5111)
Similar to the 1D situation, we can obtain
P +8Py o P +32P, 5 5 ki +64ky 4 4 5. V3(1+v)DU?%
—————U —U ——U O = 5.112
o Ut g Ut g U 00 3 (5.112)
For the first order approximation of (5.112), we have
4v/3(1 D
P+ 8P, = —w (5.113)

Similar to the 1D case, the equilibrium constraint is still (5.16). Further we can

obtain (5.17) and (5.18). According to (5.18) and (5.113), we can obtain

1V3(1+v)D  3Eh?

A= 3U 91 —-»)U (5.114)
2301+ v)D  VBER
P = =37 T 18(1—w)U (5.115)

For the third order approximation of (5.17) and (5.112), we can obtain

4v/3(1+v)D 3ER?

o= WB0EnD V3 (5.116)

302 9(1 — v)U?
V3(1+v)D  3ER

602 - 72(1 - v)U?

ky = (5.117)
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The Hooke’s constants specified by (5.116) and (5.117) can also be obtained by the

operation point linear approximation method in chapter 4. Their values tend to be too
small to model the in-plane stretch or compression resistance of the plate, which is the
reason to optimize the Hooke’s constants of the springs based on stretch or compression

of the plate at the expense of the accuracy of the axisymmetric bending behavior.

5.3.2.2 Optimizing the Hooke’s Constants based on the Axisymmetric
Stretching

Similar to subsection 5.3.1.3, we can obtain the energy constraint for stretch or

compression below.

wEha’e?
Nl(Wl(u) - Wl(U())) + NQ(WQ(U) - WQ(UO)) = ﬁ (5118)
Equations (5.80) and (5.81) are still valid in this case.
When a > U, from (5.110) and (5.118), we have
V3EhU?e?
Wl(U) + WQ(U) - Wl(UO) - WQ(U()) = m (5119)

Taking derivative with respect to € on both sides of (5.119), from (5.2-5.5), (5.80) and

(5.81), we can obtain

3EhU?
(Py + 2P)U + (ki + 4ko)Ue = V3B (5.120)
3(1—v)
Then we can obtain (5.18) and
V3Eh
kv + 4ky = —— 121
1 + 2 3(1 _ V) (5 )

We have one extra degree of freedom to decide k; and ko, which can be used to minimize

the boundary effect.
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5.3.2.3 Analysis of the Bending Resistance of the Equilateral Triangle Meshed
MSD Model in Different Directions

In this subsection, we check the accuracy of the cylindrical bending resistance in
different directions that the equilateral triangle meshed MSD model can achieve. Similar
to the case of rectangular meshes, the energy required to bend the model into a cylinder

of curvature p in the direction of the y-axis is

E)(¢.p.p) = 23%(Wl(ul)+W1(u2)+W1(U3>+W2(Ul) + Wa(va) + Wa(vs)

— Wi (ur,0) —Wi(uz0) —Wilugg) —Wa(v1,0) —Walveo) —Wa (03,0)) (5.122)

where u; and vy are the displacements of the structural spring and the flexion spring
aligned with the x’-axis respectively; uy and vy are the displacements of the structural
spring and the flexion spring which make an angle of 7/3 with the z’-axis; usg and vz are
the displacements of the structural spring and the flexion spring which make an angle of
27 /3 with the x’-axis.

According to Fig. 5.4, by projecting the springs on the z-axis and the y-axis, we

can obtain
i — Uy = \/(% sin U%wpf +U2(1+ p)2costd— U (5.123)
Up — Uny = \/(% sin USin(”é?’ - ¢)p>2 U1+ p)?cos? ()3 — ¢) — U (5.124)
us — uzp = \/(% sin USin(QWQ/?’ - ‘b)p)Q Y U1+ p)2eos?(2n/3 — ¢) — U (5.125)
v — vy = \/(% sin(U sin (bp)>2 +AU2(1 + p)2 cos? ¢ — 2U (5.126)
Vs — Voo = \/(% sin (U sin(r/3 — ¢)p))2 FAU(1 + p)2cos(n/3 — ¢) — 20U (5.127)
vy — U3y = \/(% sin (U sin(2r /3 — ¢>)p))2 FAU2(1 4 )2 cos2(2n /3 — ¢) — 2U (5.128)
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From (5.2-5.5), (5.18) and (5.122-5.128), we have

OEL (¢,p, 1)  2V/3 Ouy Ous Jus
<F1(u1>8_,u + F1(U2)% + F1(U3)E +
81)2

ol 302
ovy Ovs

FQ(Ul)% + FQ(U2)8_/L + F2(U3)E>

2v/3b% 3 3 3 9 9
= Sz RUPH2R) QU+ UP+ Uk + SUka)p

9 9
+(6%UP1 cos 6¢ + ﬁU‘% cos 6¢ — QUQIQ cos 6¢
9

9 9 9 9 o 9 o 2
_16U ko cos 6 32UP1 16UP2+32U k1+8U ko)p” +
(

1 1 1

EUBPI cos 6¢ + 3—2U3P2 cos 6¢ — %U‘lk‘l cos 6¢
1 1 1 1

—— U 60+ —UP, + —U>Py — — Uk
16U R20osb60+ ooUn Pt 16U = 52Ut

‘éU%)p? +0(p?) + o(p?) + o(pp)]

2/3h?

= Sz Bet C' % + G + o(p?) + o) + o(ip)) (5.129)

where

3 3 9 9 9 9
B = SUP+ UP+ gU2k:1 + U = §U2k:1 + 53Uk (5.130)
1 1 1 1
C = %U?’Pl cos 6¢) + §U3P2 cos 6¢ — %U[l/ﬁ cos 69 — 1—6U4k2 cos 6¢ +
1 1

1 3 3 4 1 4
— — — Utk — = 131
U P+ g USPy = 15Utk = SUky (5.131)

9 9 9 9
G = 6—4UP1 cos 6¢ + 3—2UP2 cos6¢p — aUle cos6¢p — EUQkQ cos 6¢

9 9 9 9
——UP, — —UPy + —U?k, + =U?k 5.132
32U1 16U2+32 1+ gUke ( )

Since the strain p will minimize the potential energy of the MSD system, we can obtain

it as a function of p by letting OEL (¢, p, ) /O = 0. Assume

= fi(p) = mep + naep” + 0(p?) (5.133)

where the subscript ¢ is used to indicate the triangle meshed MSD model.
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We have

B'nup + B'nup® + C'p* + G'iyp® + 0(p*) = 0 (5.134)

Then we have 1, = 0, 9oy = —C’/B’. Obviously, p is negligible when p is very small. We

have

Cl
po= —gp +olp’) (5.135)

Taking derivative with respect to p on both sides of (5.122), from (5.2-5.5), (5.18),

(5.123-5.128) and (5.135), we can obtain the cylindrical bending resistance of the model

with equilateral triangle meshes below.

dE® (6, p, 1) 21/3b? duy dus dus dvy
T = (A G R G ) T B
dv dv
FQ(UQ)d—pQ + Fg(Ug)d—3>
2
_ 2v/3b [ % ouy du) Ry (u (8u2 4 v Ous du)
3U? ap (9u dp ou dp
Ous @u;z, dpJ Ovy  Ovydu
Fl(u3)< &u dp ( T on ou dp) +
82}2 0vs dpu av3 Ovs dp
R (G, + md—f) B 3>< 5 B dp)]
2V/3b% / 3P, + 24P, )
= =5 (— U +0(p )) (5.136)

We can see that the bending resistance does not change in different directions when p is

small. We can further obtain

p (5.137)

dEy (6, p. 1) 2V/30° (_3P1 + 24P, ng) _3(+nDB | ERY
dp 302 32 1 16(1 - v)

It is interesting that the optimized MSD model with equilateral triangle meshes provides

the same resistance against cylindrical bending as the one with rectangular meshes.
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5.3.2.4 Analysis of the Resistance against Stretching of the Equilateral
Triangle Meshed MSD Model in Different Directions

In this subsection, we check the resistance against stretch or compression in different
directions that the MSD model with equilateral triangle meshes can provide. We again
consider the 2D MSD model being stretched or compressed by strain € in the direction of
the y-axis, which makes an angle ¢ withe the y'-axis. The longitudinal strain associated

with this strain to minimize the potential energy of the system is p. Assume
= gi(e) = Aiee + o(e) (5.138)

For the shaded b x b rectangular part of the model in Fig. 5.4, we have

Efn((b,g, u) = %(Wl(ul)+W1(UQ)+W1(U3)+W2(U1) + WQ(UQ) + WQ('Ug)

- (U1,0) - (Uz,o) - (U3,o) —Ws (U1,0) —Ws (Uz,o) —Ws (03,0)) (5.139)

According to Fig. 5.4, by projecting the springs on the z-axis and the y-axis, we

have

U — Uiy = U\/(1 +¢e)2sin® ¢ + (1 + p)2cos? ¢ — U (5.140)

wp—uzg = UyJ(L+2)sin(n/3— )+ (14 p)2cos?(n/3 — ¢) ~ U (5.141)

uz —ugg = U\/(l +)2sin?(27/3 — @) + (1 + p)2 cos?(2m/3 — ¢) — U (5.142)

V1 —V1p = 2(’LL1 - ULO) (5143)
Vg — V20 = 2<U2 — Ug}o) (5144)
V3 — V30 = 2<U3 - U370) (5145)

From (5.2-5.5), (5.18), (5.139-5.145), we have

OE: (¢, e, 1) 21/3b? Ouq Ouy Ous o,
“ = F — + F — + F! — + F —-—
ou 3U? ( 1{w) o + Filuz) o + Filus) ou * Q(Ul)ﬁ,u *
8112 81}3
E: — + F —_—
5(v2) o + Fy(v3) 8M>
2/3b?
— V3 (H'e + J'u+ o(e) + o(p)) (5.146)

3U2
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where
1 1 1
H = §U2/~1;1 — —U%ky cos4¢ + —U%k, sin(E + 4¢) + -U%ky cos(z + 4¢)
8 8 8 6 8 3
3 1 1 1
20Uy — ~U%ky cosdg + ~Ukysin(= + 4¢) + =U%ky cos(= + 4¢)
2 2 2 6 2 3
- g(ﬂ(/{;l + 4ky) (5.147)
J = U? <1 +cos’ ¢ — 20082(% +¢) + COS4(% +¢) + cos4(g + gb)) (k1 + 4ko)

- %(ﬂ(/ﬁ + 4ky) (5.148)

Let OE: (¢,e,1)/0p = 0, from (5.138) and (5.146-5.148) we have Ay = —1/3.
Again we see that the MSD model with equilateral triangle meshes achieves the same
Poisson constant as the one with rectangular meshes.

Then from (5.2-5.5), (5.18), (5.138-5.145) we can obtain the resistance of the model

against stretching.

dE%(jf’“) _ 25/532 (mm% + Fl(uQ)d; + Fl(u3)% +
£y (W% +F2<u2)% —|—F2(1)3)C;U€3)
_ 25/552 {Fl(ul)(aaul + %‘;1 fl“) + FI(UQ)(%“2 + %7;2 fl’;)
PG+ Gy )+ R )
+F1(v2)(8; + g—fj—“) + Fl(vg)(% + aatj 2‘;)]
- 2;552 U2 (ky + 4ks)e + o(<)] (5.149)

When ¢ is small, we have

[U? (k1 + 4ko)e| = ;ffb;g (5.150)

A (6en) 23V
de 302

This shows the MSD model with equilateral triangle meshes provides the same resistance

against stretching as the one with rectangular meshes when the deformation is small.
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As mentioned in subsection 5.3.1.4, the equilateral triangle meshed MSD model will also

provide the same shear resistance in different directions as that with rectangular meshes.

5.3.3 Boundary Effect for 2D MSD Models of Two Different Mesh
Structures

Similar to the 1D situation, the 2D MSD models with preload also have the side
effect of contraction due to the imbalance of the boundary masses. As mentioned in
subsection 5.3.1.3 and subsection 5.3.2.2, we have one extra degree of freedom to choose
the Hooke’s constants of the springs, which can be utilized to restrict the boundary effect
within small ranges close to the boundary.

For the rectangle meshed MSD model, according to appendix D, we can restrict
the boundary effect to the boundary springs by letting ko = 0. From (5.102), we have

2 2
by = % (5.151)
In this situation, we modeled a plate of depth 0.1 cm and size 32 cmx 24 cm with a 16x12
rectangular mesh structure. The ratio of the contraction of the structural springs (due to
the boundary effect) to the desired length of the springs when the model is in its natural
rest state is shown in Fig. 5.5(a). Although the boundary springs have relatively larger
contractions, they are negligible in absolute terms.

For the MSD model with equilateral triangle meshes, its boundary effect is more
difficult to analyze. But when ky = 0, the boundary effect is also very small. According
to (5.121), we have
V3Eh

ky = 300 (5.152)

We modeled a plate of the same depth and same size with an equilateral triangle meshed
MSD model and the boundary effect is shown in Fig. 5.5(b). We can see the boundary
effect of the equilateral triangle meshed MSD model is smaller than that of the rectangle
meshed MSD model.
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Ratio of contraction at different positions due to the boundary effect (k2=0) Ratio of contraction at different positions due to the boundary effect (k2=0)

0.5

Ratio of contraction
Ratio of contraction

-20

Figure 5.5. (a) Ratio of contraction at different positions in the 2D MSD model with
rectangular meshes; (b) ratio of contraction at different positions in the 2D MSD model
with equilateral triangle meshes.

Similar to the 1D situation (see appendix B.1), when ky = 0, the boundary effects
for the MSD model with two different structures above are proportional to the square of

the depth h of the plate and in inverse proportion to U.

5.3.4 Lateral Resistance against Displacement for 2D MSD Models

Similar to subsection 4.3.5, in this subsection, we performed a series of experiments
to obtain the numerical relationship between lateral resistance and displacement at the
center of the MSD model for a circular plate of radius a for different discretization sizes
n (a = nU). We modeled a plate with a radius of 10cm and depth of 0.01 cm and
optimized the spring constants for n = 1, 2, 4, 8 and 16 respectively and obtained the
characteristics for two model structures as shown in Fig. 5.6(a) and 5.6(b). The solid
line is the relationship indicated by (4.62) for the continuum plate. We can see that

the rectangle meshed MSD model with optimized parameters does not provide correct
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resistance against lateral displacement, instead, it provides much higher nonlinear lateral

resistance. This is a disadvantage of the rectangle meshed model.

The relationship between lateral resistance and displacement at the center of the optimized The relationship between lateral resistance and displacement at the center of the optimized
2D rectangle meshed mass-spring system for a circular plate with different discretization size n 2D triangle meshed mass—spring system for a circular plate with different discretization size n
12 T T T T 0.4 T T T T
¥ n=1 * n=l
« n=2 % n=2
+ n=4 + n=4
% nes 0.35F x n=8 H
100 | T no16 *  G4xe . n=16
— Ideal * 0 WX — ldeal
* 0 wAxe 0.3+ 4
% fxdxe - /% + = *
8 * o gxe 4 xx ++ o “ . *
o P L 025F M N * % i
% * A . 2 x + B *
b * Ltx g x o+ “ *
g of * A 4 8 02 XX ++ N “ N * 4
= =
[ * wx g x o+ 5 *
g *mxbx g x4+ P *
* e 015 x o+ B * 4
4r * T q x + % *
& obe X+ w *
x + = *
* o 01r x + % * 7
* B X + b *
2F * B B x+ % *
* 005 :O = . * i
* X 5 %
H T *
. 0 I I I I
0.05 0.1 0.15 0.2 0.25 0.5 1 15 2 25
Lateral displacement Lateral displacemnt
(a) (b)

Figure 5.6. (a) Lateral resistance against displacement of the rectangle meshed MSD
system with preload for different discretization sizes; (b) Lateral resistance against dis-
placement of the equilateral triangle meshed MSD system with preload for different
discretization sizes.

However, for the MSD model with equilateral triangle meshes, as n increases (which
means higher resolution of discretization) the relationship between lateral resistance and
displacement approaches that of the continuum counterpart when the displacement is
small (d < U). Note that the 2D MSD model with equilateral triangle meshes optimized
in this chapter has the same preload as that optimized in chapter 4 but larger Hooke’s
constants.

In conclusion as shown in Table 5.1, the equilateral triangle mesh is superior.
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Table 5.1. Comparison between the two model structures

Rectangular mesh vs. equilateral triangle mesh
Axisymmetric bending | No difference
Cylindrical bending No difference
Axisymmetric stretch | No difference

Stretch or shear No difference

Lateral resistance The equilateral triangle mesh is more accurate.
Boundary effect The equilateral triangle mesh is smaller.
Implementation The rectangular mesh is easier.

5.4 Conclusion

This chapter describes accurate modeling of bending (or out-of-axis or out-of-plane
motion) resistance and stretching and shearing (or in-plane or in-axis motion) resistance
of the MSD models for both visual effect and physical accuracy. For 1D and 2D MSD
models, we demonstrate analytically and experimentally the necessity, feasibility and
efficacy of using preloads for modeling bending resistance.

We demonstrate that by optimizing the bending behaviors and the stretching be-
haviors, we can obtain a set of parameters for the 1D and 2D MSD models to closely
approximate their continuum counterparts. And for the 2D MSD models, the equilateral
triangle mesh structure is shown to be more accurate than the commonly used rectangular

mesh structure.



CHAPTER 6

PARAMETER OPTIMIZATION
FOR THE 1D AND 2D UNSTRUCTURED MSD MODELS

6.1 Introduction

The two approaches proposed in chapter 4 and 5 for optimizing the parameters
of the 1D and 2D MSD models are only suitable for structured models, while the 2D
structured model is difficult to fit into an irregular shape: an ellipse and a rectangle with
a hole for example. In this chapter, we extend the parameter optimization scheme to un-
structured 1D and 2D MSD models by matching the influence area (range) of each node
of the model and its continuum part [78]. Instead of deriving the optimal spring charac-
teristics, we derive a set of constraints on the preloads and Hooke’s constants and obtain
the optimal preloads and Hooke’s constants by solving two least square optimization
problems under constraints. By doing so, we are also able to eliminate the undesirable

boundary effect with the previous methods.

6.2 Optimizing the 1D MSD Model based on the Theory of Beam
6.2.1 Matching the Pure Bending

In this subsection, we seek constraints on the parameters of the 1D unstructured
MSD model for its best approximation to its continuum counterpart—the beam, under
pure bending. The beam is modeled by masses on its neutral plane linked by springs
between neighboring masses and every second mass. For the MSD model to be realistic,
it should be able to bend in a similar way as the beam does under certain boundary

conditions (Fig. 4.2 bottom). Each spring is shared by two masses. Thus, for mass m

96
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of the system, the energy increment in its influence range under pure bending on its N,
connecting spring is

1 Jm

Wrs(p) = 5 D (Wi (ttnt) = Wi (vi)) (6.1)

i=1
where the subscript m is used to indicate mass m, the subscript s is used to indicate the
MSD model, W,,;(+) is the energy function of the ith spring connected to mass m, t,,;
is the displacement of that spring, v,,; is the pre-displacement when the system is in its
natural rest state. The key point is, here we don’t restrict v,,; to be zero to give more
freedom to parameter optimization. Note that for a boundary mass m, N, = 2; for the
mass connecting to the boundary mass, N,, = 3; for other masses, N,, = 4.

Let the force-displacement relationship function of the ith spring connected to node

m be Fpi(tm;). Then

Fopi(tmi) = Wi (thmi) (6.2)

Assume the springs to be linear.

where P,; = Fii(vmi). We call P,,; preload of the spring.
According to (4.2), the continuum bending elastic energy in the influence range of
node m is

EIp?

(Vm—l + Vm) = BmP2 (64)

mb —

1
o =-EIUp* =
2 p

where the subscript b indicates the beam, U,,; is the length of ith spring connected to
mass m when the system is in its natural rest state, V,, is the distance between the

(m—1)th mass and the mth mass, and

(6.5)
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Then we have
NTYE

1
> > (Wailttme) = Wi (o)) = Bonf? (6.6)
i=1
Next, we derive the relationship between the displacement of the spring and the
bending curvature. Let 6,,; be the angle that the ¢th spring connecting to mass m faces

to the center of the curvature. Let the rest length of the spring be L,,;. We can get

Umi
i = 2 P (6.7)
Umi Umz U3‘ 3
sin 6,,; = sin 5 P 5 P Zép +O(p°) (6.8)
Umi U2 p?
08 0,,; = cos Po1- %p +O(p") (6.9)
Uy = —sin 2P _p, (6.10)
)
2 . U U3 2
dumi Umi Umzp 2 Umzp U3 14 U5 'p3 5
_ 2 _ Yt Uwil” g 6.12
dp ~ p BTy T Ty o T uso TOW) (612)

Taking the derivative with respect to p on both sides of (6.6) and substitute (6.2)

into it, we have
Nm

1 AUy
- E :F‘. N _ 9B 1

From (6.3), (6.11), (6.12) and (6.13), we have

% PoiUpip , (Prilmi | bmiU
12 480 288

)/f” +O0(p°) = 4Bp (6.14)

i=1

For the first order approximation of (6.14), we have
Npm,
> PiUS, = —48B,, (6.15)
i=1

We can see that as long as we want to model the bending energy approximately, the

preloads (or pre-displacements) of the springs cannot be all zero.
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For the approximation of (6.14) up to the third order, we have

Nm
> 3PuU, + SkmilUS, = 0 (6.16)
=1

Another point based on realism is that the masses that are not close to the boundary
should be in equilibrium during axisymmetric bending without external force, i.e. the

resultant force imposed by springs on the masses should be zero. Therefore,

N
= Umz
> Fuisin =2 ) (6.17)
i—1
and
N,
Z E,i€mi COS 5 P _y (6.18)

i=1
where e,,; denotes the direction of the ith spring connected to node m. When the spring

is on the left side of the node, e,,; = 1; otherwise, e,,; = —1.

From (6.2), (6.8), (6.11) and (6.17), we have

Nm,

szUmzp szUS 103 km2U4 pS
- e — M +0(p°) =0 6.19
; (=5 13 ) (6.19)
For the first order approximation of (6.19), we have
Nm
> Prillni =0 (6.20)
i=1

For the approximation of (6.19) up to the third order, we have

Nm

> (PrilUpi + ki) = 0 (6.21)

i=1
From (6.2), (6.9), (6.11) and (6.18), we have

Nm

P ,U2‘p2 k‘ 'U3~p2
P, ——mi T mil 1 O(pt)) e = 0 6.22
;( 2 S t0(h)e (6.22)

For the zeroth order approximation of (6.22), we have

Nm
> Priemi =0 (6.23)
=1
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Note that (6.23) is actually the equilibrium condition for each node when the system is

at its natural rest state. For the approximation of (6.22) up to the second order, we have

Nm,
> (BPuiU2; + kiU )emi = 0 (6.24)

i=1

We use constraint (6.15), (6.20) and (6.23) to decide the preloads of the springs.
Although we can combine them with (6.16), (6.21) and (6.24) to determine Hooke’s
constants, we don’t do that. The first reason is that higher order approximation is
much less important than the low order approximation since higher order approximation
is meaningful only when the low order approximation is accurate. The second reason
is that Hooke’s constant is more crucial for the modeling of stretching or compressive
behavior. So we will derive the constraints on Hooke’s constants of the springs of the

MSD model based on axial stretching in the next subsection.

6.2.2 Matching the Axial Stretching
For a beam of length U under axial stretching with strain £, we can obtain the

strain energy by using volume integral

g2 EAU
/—dV— AU = 5 —¢? (6.25)

where the superscript s is used to indicate stretch or compression and A is the area of
the cross section of the beam.
For the MSD model under the same strain, the energy consumed by the influence

range of mass m is
1 o

Wiis =5 2 Wi (ttt) = Wi (vni)) (6.26)

i=1

where
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Then we have

1 E Ag?
5Z(W,m-(u,m->—vvm(U,m)) (Vo1 Vi) =Cine? (6.28)
=1
where
EA(Vy,_
C, = AV 41+Vm) (6.29)

Taking the derivative with respective to € on both sides of (6.28), we can get

liij () 2 9, (6.30)
2 Z:1 mae mae dg - m .

From (6.2), (6.11), (6.12) and (6.30), we have
> " PrilUmi + kmilUpe = 4Ce (6.31)
According to (6.31), (6.20) must be valid and

Z b U2, = (6.32)

Since the MSD model should be stretched uniformly, we can obtain the equilibrium

equation for node m.
Nm

> (Prni + kmilUmi€)emi = 0 (6.33)

i=1

According to (6.33), (6.23) must be valid and

NTYI/

> kmiUnmi€mi = 0 (6.34)

i=1
Besides the constraints above, we note that the spring constants must be positive for the
stability of the MSD system. And for real-time application, the spring constants must
be less than some positive value M for certain time step and mass value so that the

numerical integration is stable [62]. So we have

0<kp <M (6.35)
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6.2.3 Solving the Spring Constants

Obviously, (6.15) is related to the accuracy of modeling the bending resistance.
(6.20) and (6.23) are related to the shape of bending. i.e. if the MSD model can be bent
into the circular shape by exerting proper boundary conditions. Similarly, (6.32) is related
to the accuracy of modeling the stretch or compression resistance. (6.34) together with
(6.23) is important for even resistance for stretch or compression at different positions.
For the n-node MSD model described in subsection 6.2.1, there are 2n—3 springs. So there
are 4n—6 unknowns ( 2n — 3 preloads and 2n — 3 Hooke’s constants) to be determined.
At each node, (6.15) generates one instance of the linear constraint for the preloads. So
(6.15) corresponds to m linear constraint for the preloads, and they are all independent.
So does (6.23). However, (6.20) generates n linear constraints for the preloads among
which n—1 are independent.

To optimize the preloads of the springs, we treat the 2n—1 independent equations
corresponding to (6.20) and (6.23) as constraints, and the n equations corresponding
to (6.15) as multiple objectives. Generally it is impossible meet all those objectives
simultaneously since we have 3n—1 linear equations with 2n —3 unknowns. In other
words, we can not obtain the bending resistance around all nodes exactly.

For the optimization of the preloads, we treat (6.23) as constraints and the weighted
sum of (6.15) and (6.20) as the objective function. By adjusting the weights, we obtained
satisfactory results. For the optimization of the Hooke’s constants, we treat (6.35) as the

bounding constraint and the weighted sum of (6.32) and (6.34) as the objective function.

6.3 Optimizing the 2D MSD model based on the Theory of Plates

Figure 6.1 shows a 2D triangular mesh of a rectangular plate of constant depth with

a hole and that of an elliptical plate, created by a Delaunay mesh generation software
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called GMSH [79]. In the corresponding MSD model, we use ”structural” springs for

the edges of the triangles and assign masses for the vertices (nodes). To model bending
resistance between adjacent triangles [68,69], we add ”flexion” springs between the oppo-
site vertices of adjacent triangles. We do not need “shearing” springs for the triangular
meshes since this mesh structure itself can resist shear deformation. Note that structural
springs and flexion springs are not defined according to specific meshes. Both types of

springs interact to provide correct bending, stretching and shearing resistance.

2

B nnanta

N
v

Figure 6.1. (a) A 2D unstructured triangular mesh of a rectangular plate with a hole;
(b) a 2D unstructured mesh of an ellipse.

We define the influence area of a vertex (node) according to the barycentric coor-
dinate of the point in each triangle incident to this vertex. The influence area of each
vertex is thus one third of the area of all the incident triangles (the shaded area in Fig.
6.1 for vertex T for example). If the plate has a constant mass density, each mass would
be proportional to its influence area.

The deformation of the 2D MSD model is achieved through the in-plane motion
and out-of-plane motion of the masses. Given a MSD model under certain external

interactions, it is very hard to even tell whether the motion of an individual node is
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realistic, let alone ensure such realism. However, we can tell the realism of the motion
of a cluster of linked masses by analyzing whether they form a particular shape under
certain load conditions. The primary load conditions we choose are cylindrical bending
and directional stretching because those two loading conditions are representative of the
in-plane motion and the out-of-plane motion respectively and the deformation of the
plate for both cases has a simple analytic expression.

Everything that we say in this dissertation for stretch is true for compression as
well. For visual realism, the MSD model should allow stretching and bending evenly
without significant artifacts. Further, for physical accuracy, the model should match
the physical plate in that it should have the same cylindrical bending resistance and

directional stretching resistance as the physical plate.

6.3.1 Matching the Bending in Different Directions

According to continuum mechanics [72], when an isotropic plate is bent into a
cylinder with a curvature of p under certain boundary conditions, there exists the state
of plane strain. Let the x-y-z coordinate system be associated with the neutral plane of
the plate with the z-axis aligned in the direction of depth and the y-axis in the direction

of bending. The strain and the stress in the direction of the y-axis are

Eyy = P2 (6.36)

E Epz
Oyy = 1_V25yy:1_yg

(6.37)

where F is the modulus of elasticity of the plate material and v is the Poisson constant.
Assume the area of the plate to be A and depth to be h. We can obtain the strain

energy of the plate.

EAR3p?
b _ _
Wp (p) = /0 O'yy€yyAdZ = m (638)
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where the superscript b denotes the cylindrical bending and the subscript p indicates the

plate.
Referring to Fig. 6.2, let the angle that the ith spring incident to node m makes

with the x-axis be (3,,;. Let the length of the ith spring incident to node m be U,,;
when the model is in its natural rest (planar) state. Let the projection of the spring on

the 2'-axis be w, and that on the y'-axis be w,. We have w, = U,; cos(f; — ¢) and

Wy = Umz Sil’l(ﬁmi — Cb)

L]

Figure 6.2. The ith spring incident to node m before and after cylindrical bending.

Assume that the 2D MSD model of the plate is bent into the shape of a cylinder
of curvature p in the direction of the y'-axis (Fig. 6.1). The MSD model may stretch (or
contract) in the longitudinal direction to minimize the potential energy of the system.

Assume the associated longitudinal strain is . This passive strain should be small when

the curvature p is small. We can assume
(6.39)

= f(p) =mp+mp* +o(p?)
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The two projection components of the spring turn into line mp/ and arc @

respectively (Fig. 6.2 right). Since the longitudinal strain is u, we have

mpl, = (1 + p)w, = (1 + p)Upi co8(Bmi — @) (6.40)

Since the neutral plane of the plate is not stretched in the latitudinal direction during
the cylindrical bending, arc 77/1]7; will not change its length either, i.e. 77/117; = wy. Let
the angle that this arc faces in the center C' of the corresponding generating circle be ¢.

Then we have

0= ,077/1}7; = pwy = pU,; sin(Bmi — @) (6.41)

Thus

, 2 . ) 2 . pUmi Sin(ﬁmi - QS)
mp), = —sin — = —sin
Yop 2 p 2

(6.42)

Let the rest length of the ith spring incident to node m be L,,;, the displacement be
Umi, and the pre-displacement be v,,; when the MSD system is in its natural rest state.
Obviously, vy = Ui — L. Here we do not restrict v,,; to zero to give more freedom to
the parameter optimization, of which the importance will be shown later.

From (6.40) and (6.42), we can obtain

s =\ (mp,)? 4 (mp} 2 = Ly

;sm 5 )24+ (1 + p)2U2, cos?(Bmi — ¢) — Lim;  (6.43)

Let the energy function of the ith spring incident to node m be W, (uy;), the

force-displacement relationship function of the spring be F,;(tm;). Then
We use linear springs. Thus

Erni(tmi) = Prni + K (Umi — Vi) (6.45)
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where k,,; is the Hooke’s constant of the spring and P,,; = F,,;(vm;). We call P,,; preload

of the spring.

According to (6.43), we have

Ui — Vi = \/(% sin Umip Sin(zﬁmi — ¢))2 + (1 + p)2U2, cos?(Bmi — &) — Ui (6.46)

Each spring of the MSD system is shared by two nodes. Thus, for node m of
the system, the energy increment of the springs associated with its influence area under
cylindrical bending is assumed to be half the energy increment of all its /V,, incident
springs.

Wha(000:1) = 5 3 Woaltts) — W) (6.47)

i=1
where the subscript s denotes the MSD model.
From (6.44), (6.45), (6.46) and (6.47), we obtain

N,

OWno(0,1) 1" .
T A N T
o 3 2 Filtm) 50
= Gi+ Gop+ Gyp® + Gap® + o(p®) + 0(p?) + o(up)  (6.48)
where
N,
— szUmz
Gr=) 7 (14 08 2B — ) (6.49)
=1
Ne porr e
_ miYmi . 2 o miUmi 4 L
G2—izl T 2(Bmi ¢)+—2 cos* (Bmi — ¢) (6.50)
3 (i Ui — Pons)
G3:Z = nZ Ui 08" (Bmi — ¢) sin®(Bpni — ) (6.51)
=1
N p U
G4:Z = 4877“ mlUSu COS2(ﬁmi - Qb) Sin4<5mi - ¢) (652)

=1
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Since the strain g will minimize the potential energy of the MSD system, we can

OWh < (B,0:11)
o

obtain it as a function of the curvature p by imposing = 0. According to

(6.39) and (6.48), we have
G+ Gamp+Gampp*+Gsp*+Ganip®+o(p?) =0 (6.53)

From (6.49) and (6.53), we get
Nm

Z%(l—{—ms 2(Bmi — ¢)) =0 (6.54)
=1

Note that (6.54) is very important for the prevention of the irregular Poisson effect of
the MSD model under cylindrical bending. If the summation on the left side is large, u
will not be small when p is small and the model will show undesired drastic transverse
deformations under slight bending. Even worse, the model will not be able to maintain
its planar shape when it is its natural rest state.

Since ¢ is an arbitrary angle, from (6.54), we have

N,
> Prillmi =0 (6.55)
=1
N,
> PrilUpisin 2B, = 0 (6.56)
=1
Nim
> PriilUmi €08 23, = 0 (6.57)

i=1
Under the condition of (6.54), from (6.53), we can obtain ; = 0 and 7, = —g—;.

Thus p is negligible when p is small, which is consistent with the plate theory. From

(6.39), we have

e
p=—gr’ +olp’) (6.58)
2
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Taking the derivative with respect to p on both sides of (6.47), from (6.44), (6.45),

(6.46), (6.56), (6.57) and (6.58), we can obtain

b 1 d
M Z le umz auml aumz ,u)

dp 2 c‘m dp
Nm szUmz : 1
— Z 5 Mo (1 + 08 23mi S 2¢ + sin 23,,; sin 2¢) +
=1
PoU3 . .
W(—3 + 4sin 203,,; sin 2¢ + 4 cos 23,,; cos 2¢

— sin 48, sindg — cos 43,,; cos 4) | p + o(p)

= Z W(—B + 4sin 203,,; sin 2¢ + 4 cos 23,,; cos 2¢
i=1

—sin 48, sindg — cos 46, cos4d)p +o(p)  (6.59)

From (6.59), to have the same bending resistance in different directions, we can

obtain
> Pl sin28,; =0 (6.60)
> P}, o828, =0 (6.61)
> PuUj,sindf, =0 (6.62)
Nm,
> PUj, cos 4B, =0 (6.63)

From (6.59), under the condition of (6.60-6.63), we obtain the cylindrical bending

resistance corresponding to the influence area of node m.

AW (¢, ps 1

i = 642 P,iU2 .0+ 0(p) (6.64)
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According to (6.38), the strain energy of the plate corresponding to the influence

area of node m is

[Ny

EA,,h3p?
b m
me(p) = /O O'yye’fyyAdZ = m (665)

where A,, is the influence area of node m.
To achieve physical accuracy, the MSD model in the influence area of an arbitrary
node m should have the same cylindrical bending stiffness as the continuum plate. From

(6.64) and (6.65), we can obtain

16EA,,h3
ZPW’L’LU3 = m (6.66)

From (6.66), we can clearly see the necessity to use preload on the springs for the
correct modeling of the bending resistance. When we use preload on the springs, any

node m should be in equilibrium when the MSD is in its natural rest state. Thus

Nm
i=1
N,
Z Py, c08 By = 0 (6.68)

i=1

6.3.2 Matching the Stretching in Different Directions

Assume the MSD model to be evenly stretched by strain ¢ in the direction of the
y'-axis, which makes angle ¢ with the y-axis (Fig. 6.1). The model will contract in the
direction of the z’-axis to minimize the potential energy. Assume this longitudinal strain

is p. It should be a function of the strain €. To have a regular Poisson effect, let
p=g(e) = e + Ae® + o(e?) (6.69)

The energy increment associated with node m of the model is

N, m

=1
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where the superscript s indicates the stretching.
According to Fig. 6.1, by projecting the springs on the z’-axis and the y/-axis, we

can obtain

Ui — Ui = Umi\/(l +€)2sin?(Bmi — @) + (1 + )2 cos?(Bpmi — @) — Upi (6.71)

According to (6.44), (6.45) and (6.69-6.71), under the condition of (6.55), (6.56)
and (6.57), we obtain

aWsls((bv s, /jl) - 1 Al 8uml
T - 9 ; mi umz ,U/
1
= 5 (2G1 + Hip + Hoe + o(u) + 0(5)) (6.72)
where
Nm,
1 102 2 4
Hy = Y 2 Prilli Si0°2(Bni — 6) il 08" (B — ¢) (6.73)
i=1
Jm

i=1
Note that (6.54) (or (6.55), (6.56) and (6.57)) is also crucial for the prevention of the
irregular Poisson effect of the model under directional stretching.

By letting M = 0, from (6.69) and (6.72) we can obtain Hi\; + Hy = 0.

Under the condition of (6.55), we get

N, Np,
B A1) kU2 + 4N kiniUz, sin 28, sin 26 +

m Nm
4\ Z EpmiU?2; c08 2Bmi cos 26 + (1 — \p) Z(PmiUmi — kyiU2;) Sin 43, sin 4¢ +
' i=1
Nm,
(I—X) Z(PmiUmi — kyiU2;) €08 43, cos 4 = 0

i=1
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Since —\; corresponds to the Poisson constant, it is desired not to change with

angle ¢. Thus \; = —% and

N’IYL
> kiU sin 28, = 0 (6.75)
=1
Nm
Z EmiU?2 . cos 2B = 0 (6.76)
=1
N'm
> (PrilUmi—kmiUpy) sin 4, = 0 (6.77)
=1
Nm
> (Pl = kimiU2,;) €08 4Bpm; = 0 (6.78)

i=1

Taking the derivative with respect to € on both sides of (6.70), from (6.44), (6.45),
(6.55), (6.56), (6.57), (6.75), (6.76), (6.77) and (6.78), we can obtain the tensile resistance

of the MSD model corresponding to the influence area of node m.

Nm

dWs (p,e,u) 1 N Oy Oy dp 1 kiU
ms i E . ) (Z=m Y= E —m .
de 2 mi (tms ) Oe + ou ds) 2 4 3 etole) (6.79)

=1 =

For a plate of area A,, and depth h under stretching in a certain direction, there
exists the state of plane stress. The strain energy of the plate corresponding to the

influence area of node m 1is
s 1 2 ]' 2
Woo(€) = §E5 - Aph = §EAmh5 (6.80)

To achieve physical accuracy for the MSD model, the model should have the same
stretching stiffness in the influence are of node m as the plate. From (6.79) and (6.80),

we can obtain
N,
> kil = 6EAyh (6.81)
i=1

Besides the constraints above, the Hooke’s constants must be nonnegative for the
stability of the MSD system.

ki > 0 (6.82)
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6.3.3 Analysis of the Axisymmetric Bending Stiffness

In this section, we are going to check the axisymmetric bending stiffness of the
MSD model under the constraints we have derived, to partially validate our optimization
method. According to the elasticity theory of plate [71,72], when an isotropic circular
plate of constant depth is bent by moments uniformly distributed along its edge, it will
deform into a parabolic surface. Assume the depth and radius of the plate to be h and a
respectively (h < a). Let the rotation angle on the edge of the plate be a. When o < 1,
the curvature is approximately the same everywhere, and hence the parabolic surface can
be approximated by a spherical cap with a radius of R = 1/p (Fig. 4.7). Then the elastic
energy distribution is approximately uniform. Thus, from (4.33), for any region of area

A on the plate, the bending elastic energy is

W% (p) = (1 +v)DAp? (6.83)

p

Assume that the 2D MSD model of the circular plate is bent into a spherical cap
of curvature p. Since the middle plane of the plate is assumed to be unstrained in the
continuum theory of plates, we assume the geodesic between adjacent masses of the MSD
system for the plate does not change either. Let the length of the ith spring incident to
node m be U,,; when the model is in its natural rest (planar) state and the angle it faces
to the center of the great circle be 26,,; when the model is bent into a spherical cap (Fig.
6.3).

According to Fig. 6.3, we can get

2 . O 2 . Un U3 . p?
Ui — Ui = ;sin 5 Upi = ;Sin 5 P_ Upi = —g—f +0(p*) (6.85)
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Figure 6.3. The ith spring incident to node m before (dashed line) and after (solid line)
the axisymmetric bending.

The energy increment of the springs associated with the influence area of node m
under axisymmetric bending is half the energy increment of all its N,, incident springs,

i.e.
1 Jm

Wis(p) = 2 Z(sz(umz) — Wii(vmi)) (6.86)

i=1
where the superscript a is used to indicate axisymmetric bending.

According to (6.44), (6.45), (6.85) and (6.86), we can obtain the bending resistance

of the MSD model in the influence area of node m.

W (p) A Pl  2EALN
op - ; Y +o(p) = mp + o(p) (6.87)

So if all the constraints are satisfied, the relative error of the axisymmetric bending
resistance that the 2D MSD model can provide compared with that of the continuum

plate is

12 1—-3v
b IR et 6.88
TG 31+ ) (6.88)
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When v = 1/3, which is exactly the only Poisson constant that the 2D MSD model

can achieve, the relative error is approximately zero.

6.3.4 Analysis of the Axisymmetric Stretching Stiffness

In this section, we are going to check the axisymmetric stretching stiffness of the
MSD model under the constraints we have derived. Assume the MSD model is ax-
isymmetircally stretched by a radial strain of €. For node m of the MSD model under

axisymmetric stretching, the corresponding energy increment is
1
Wihs(e) = B Z (Wi (tmi) = Wini (Vi) (6.89)
i=1
where u,,; = Uy,i(14+¢) — Lyy,; and the superscript ¢ indicates the axisymmetric stretching.

We have

From (6.44), (6.45), (6.55), (6.89) and (6.90), we can obtain the axisymmetric

stretching resistance.

AWy, (€)

N, N,
1 = 1 <=
3

=1 =1

Let the circular plate in Fig. 4.7 be axisymmetrically stretched. Then a state of
plane stress exists. Assume the change of radius to be Aa, and then we can obtain the

radial strain, tangential strain and shear strain.

A
Err = E09 = Ta =& (692)

Yo = 0 (6.93)

Further we can obtain the strain energy of the plate.

Aa Aa 2.2
2rahFE Eh
We(e) = / Omaho,, (r)dr = / TORET g = T200E (6.94)
P 0 o (1= 1—v
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The strain energy is the same everywhere when a plate is under axisymmetric
stretching. Thus for area A,, on the plate corresponding to the influence area of node

m, the strain energy is

. EA,, he?
we (o) = ZAnhe (6.95)

1—v
Then the axisymmetric resistance is

AWy, (€) _ 2F A, he
de 1—v

(6.96)

Thus, if all the constraints are satisfied, the relative error of the tensile resistance

that the 2D MSD model provides compared with that of the continuum plate is

3(1—v)

1—-3v
err;, =—=—1=
m 2 2

(6.97)

When v = 1/3, the relative error is approximately zero.

6.3.5 Solving the Spring Constants

In subsection 6.3.1, we derived ten constraints (6.55), (6.56), (6.57), (6.60), (6.61),
(6.62), (6.63), (6.66), (6.67) and (6.68) on the preloads of the springs in the MSD system
by matching the cylindrical bending of the model and the plate in different directions.
Equation (6.67) and (6.68) are hard constraints since they are the equilibrium conditions
for the masses of the model in its natural rest state. Equation (6.55), (6.56) and (6.57)
are soft constraints allowing for small errors, and they are important for the regularity of
the cylindrical bending shape (and also zero bending resistance threshold). Practically,
violation of these constraints often result in annoying artifacts. Equation (6.60), (6.61),
(6.62) and (6.63) are soft constraints to limit the variations of the cylindrical bending re-
sistance in different directions. Equation (6.66) is also a soft constraint, which determines

the magnitude of the cylindrical bending stiffness.
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Similarly, in subsection 6.3.2, we obtained five equality constraints (6.75), (6.76),

(6.77), (6.78) and (6.81) on the Hooke’s constants of the MSD model, among which (6.75),
(6.76), (6.77) and (6.78) constrain the model to have the same Poisson effect and tensile
stiffness in different directions, and (6.81) determines the magnitude of the directional
stretching stiffness. Note that (6.55), (6.56) and (6.57) are also essential for the model
to have a regular Poisson effect under directional stretching (and also zero stretching
resistance threshold).

From another point of view, for visual realism of the cylindrical bending in terms
of limiting the artifacts, we have constraints (6.55), (6.56) and (6.57). For the physical
accuracy with respect to bending, we have constraints (6.60), (6.61), (6.62), (6.63) and
(6.66). With constraint (6.67), (6.68) for the equilibrium of the model in its natural
rest state, we have ten equality constraints on the preloads of the springs at each node.
Similarly, for the visual realism of the directional stretching, we have constraints (6.55),
(6.56) and (6.57). For the physical accuracy, we have constraint (6.75), (6.76), (6.77),
(6.78) and (6.81). With constraint (6.82) for the stability of the model, we have five
equality constraints and one inequality constraint on the Hooke’s constants of the springs
at each node. Note that (6.77) and (6.78) are viewed as the constraints on the Hooke’s
constants because we will optimize the preloads on the spring in the first phase and the
Hooke’s constants in the second.

Assume the triangular mesh (obtained by Delaunay triangulation) has N, vertices
with N, of them on the boundary, Nj holes, N; triangles and N, edges with N, of them
on the boundary. Assume the MSD model has Ny springs. Since every triangle has three
edges and each edge is shared by two adjacent triangles except those on the boundary,

we have

2N, — N, = 3N, (6.98)
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Since the flexion springs are added between the opposite vertices of adjacent tri-
angles, each edge corresponds to a flexion spring except those on the boundary. In the
triangular mesh obtained through Delaunay triangulation, usually there are very few in-
terior vertices that have a valence of 4. Fig. 6.4 (a) shows a vertex M of valence 4. For
triangle pair AM M; My and AM MM, we need to add a flexion spring between Ms and
My. For triangle pair AM My M3z and AM Mz My, we need to add another flexion spring
between M, and M,. These two flexion springs are dependent, and thus we only add
one flexion spring between M; and M,. Similar argument is true for the flexion spring
between M; and M,.

Even more rare, there are interior vertices of valence 3, which is only present in
the vicinity of the small input angle on the boundary for Delaunay triangulation. For a
vertex of valence 3, as shown in Fig. 6.4 (b), we will not add a flexion spring for triangle
pair QQ1Q)2 and Q@3 since this spring, if added, is not independent of the structural
spring between ()5 and (J3. Similarly we will not add flexion springs between ) and ()5,
and 1 and ()3 either.

For an interior vertex of valence greater than 4, we can always add an independent
flexion spring striding each of its incident edges. Assume the numbers of interior vertices
that have valences of 3 and 4 to be N3 and N, respectively. Then the number of flexion

springs is N. — Ny — 3N3 — 2N,4. Thus we have
Ny — N, =N, — Ny —3N3 — 2N, (6.99)
From (6.98) and (6.99), we have
Ny = 3N, —3N; — 2N, (6.100)

Next we calculate the sum of all the angles of the triangles of the mesh. For each

interior vertex, the sum of all the angles incident to it is 360. For the Ny vertices on
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(a) (b)

Figure 6.4. (a) Triangles incident to vertex M of valence 4; (b) Triangles incident to
vertex () of valence 3.

the outer boundary of the mesh, the sum of the angles incident to them is 180(Nyy — 2).
For the N,; vertices of the ith hole (i = 1,2,---, Ny), the sum of the angles incident to
them is 180(Vy; + 2). Obviously, N, = Z?}:ho Nyi. Then the sum of all the angles of the

triangles of the mesh obtained by adding the angles incident to each vertex is

Np,

S = 360(N, — Ny) + 180(Noo — 2) + Y _ 180(Ny; + 2)
=1
= 360(N, + N, — N, — 1) + 180N, (6.101)

Since the sum of the angles of each triangle is 180 degrees, we have

S

Usually Ny, N3, Ny < N,. From (6.100) and (6.102), we have

N, = 6(N, + Nj, — 1) — 3N, — 3N3 — 2N, ~ 6N, — 3N, (6.103)

For the MSD model of a 2D planar plate with triangular meshes, we have 10N, — 2

independent equations (constraints (6.67) and (6.68) each generate N, — 1 independent
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equations) to solve the N preloads of the springs, and 5N, equations and N, inequations
to solve the Ny Hooke’s constants. Thus they are both overdetermined problems and can
be solved by the constrained linear-least square method. Of course, the resulting MSD
system will be less accurate than the ideal case in subsection 6.3.1 and 6.3.2 where all the
constraints can be met. To obtain the preloads of the springs, we minimize the objective

function below and treat (6.67) and (6.68) as hard constraints.

N, Nm 2 Nm 2 Nm, 2
m=1 i=1 i=1 i=1

Ny, 2 Nm, 2 N, 2
ws (Z P,yiUppi cos 2%-) +wy (Z PoiU},; sin 2%) +wy (Z P}, cos 2%) -
=1 =1 =1

an 2 Nm 2
ws (Z P,;U3  sin 45,7%.) +ws (Z P,;U3 . cos 45'%-) } (6.104)
=1 =1

where wy, wy, w3, wy and ws are the weights.
After obtaining P,;’s (i =1,2,--+ | Np,, m =1,2,--- | N,), we solve another mini-
mization problem under the inequality constraint (6.82) to obtain the Hooke’s constants

kmi’s. The objective function can be formulated in a similar way as (6.104).

6.4 Simulation
6.4.1 Comparing the optimized MSD model and the FEM

First, we simulate the MSD model of a 32cmx24 cm plate of depth 0.1cm (F =
1.0 x 10"N/em?, v=0.3) clamped horizontally at one short end and loaded by a force
F = 1N at one corner on the other end (Fig. 6.5(a)). Unlike chapter 5, here we use
the unstructured MSD model with triangular meshes. We compare the deformations of
the MSD model with preload and without preload with the deformation obtained by
ANSYS (an FEM software package). The relative errors for the largest deformations of
the MSD model with preload and without preload are 7.8% and 20 times respectively.

The deformation comparison is shown in Fig. 6.5(b). For the preloaded MSD model, the
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deformation is very close to and almost indistinguishable from that obtained by FEM,

which validates our parameter optimization scheme.

(a) (b) ()

Figure 6.5. (a) A plate clamped at one end and loaded at one of the corners on the
other end; (b) Comparison of the results from the unstructured MSD model with preload
(middle), without preload (bottom) and the FEM result (top) under point load at one
corner; (c) Comparison of the results from the unstructured MSD model with (middle)
and without (bottom) preload, and the FEM result (top) under pressure load.

We also simulate the MSD model of the clamped plate above under downward
pressure P =0.002N/cm?. The relative errors for the largest deformations are 28% and
33.5 times respectively. The deformation comparison is shown in Fig. 6.5(c).

Second, we simulate the unstructured MSD model of a 32 cm x24 cm plate of depth
0.1 cm with a hole of radius 6.0 cm at the center clamped horizontally at one short end
and loaded by a force F' = 1 N at one corner on the other end. The relative errors for the
largest deformations are 16% and 19.2 times respectively. The deformation comparison
is shown in Fig. 6.6(a).

We also simulate the MSD model of the clamped plate above under downward
pressure P = 0.002N/cm?. The relative errors for the largest deformations are 45%

and 39.3 times respectively. The deformation comparison is shown in Fig. 6.6(b). The
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deformation of the preloaded MSD model is also very close to that from FEM, which

further validates our parameter optimization scheme.

Deformation of the unstructured MSD madel with preload and without preload compared with the plate Deformation of the unstructured MSD model with preload and without preload compared with the plate
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Figure 6.6. Comparison of the results from the unstructured MSD model with preload
(middle), without preload (bottom) and the FEM result (top) under point load at one
corner (a) and under pressure load (b).

6.4.2 Simulation of the mesh placement procedure

In traditional MSD model based cloth simulation, all the springs were assumed to
be at rest when the system is in its natural rest state. As shown in subsection 6.3.3 and
6.3.1, such a scheme will not be physically correct with respect to bending resistance.

In this subsection we will simulate the mesh placement procedure in a VR based
hernia surgery simulation, in which a plastic mesh is placed upon the defective area of
the abdominal wall of the patient. During the procedure, the plastic mesh is trimmed
into a proper shape (close to an ellipse), rolled into a cylinder by hand. The it is inserted
into the abdominal area where it unrolls itself. The surgeon use instruments to place
and fix the mesh at a proper position. There are two problems for the traditional MSD

model to model this plastic mesh. First, the traditional model usually uses rectangular
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meshes, which has difficulty modeling irregular shapes. Second, the traditional model
has zero first order resistance against bending, thus it flattens out very slowly when the
curvature is very small.

For this simulation, we preset the MSD model rolled spirally. In the polar coordi-
nate system with origin at the center of the cylinder of the outer tube, let the position

of the masses be

r(B) = Ry(1 — cB) (6.105)

When the simulation starts, the MSD model will span out to achieve an equilibrium
condition in the tube: the outer layer is constrained by the tube and the inner layers
are constrained by outer layers of the model. The penetration of the inner layer into
the outer layers is resolved by forcing the inner layer and its adjacent outer layer spaced
between a certain interval [T}, T,]. The initial setting of the MSD model is shown in Fig.
6.7(a) and a snap shot of the simulation is shown in Fig. 6.7(b). The MSD model with

preload unrolls very fast (much faster than that without preload) and looks very realistic.

Figure 6.7. The initial setting (a) and the unrolling process (b) of the plastic mesh.
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6.5 Conclusion

This chapter investigates accurate modeling of bending resistance, stretching re-
sistance and shearing resistance of the 2D MSD models with unstructured triangular
meshes. We show analytically and experimentally the necessity and efficacy of using
preloads for modeling bending resistance. We believe our work exploits the potential of
the 2D MSD model and makes it much more realistic and usable where physical accuracy
of the model is critical.

We demonstrate that by optimizing the bending behaviors and the stretching be-
haviors, we can obtain a set of parameters for the 2D MSD model to closely approximate
its continuum counterpart. The resulting MSD model can be applied in surgical simula-

tions or computer games supporting haptics.



CHAPTER 7
3D MSD MODEL PARAMETER OPTIMIZATION

7.1 Introduction

In this chapter, the parameter optimization scheme is extended to 3D MSD models
for both structured meshes and unstructured meshes [80]. Since the 3D MSD model does
not have the same difficulty modeling bending resistance as the 1D and 2D MSD models,
preload is not indispensable for its physical accuracy. From another point of view, using
preload will make the optimization scheme much more complicated without significant
payoff in terms of accuracy. Therefore, we choose not to use preloads for the 3D MSD
model.

Usually, hexahedral meshes are adopted for the 3D MSD model. The MSD model
with this structured meshes can be viewed as a discrete approximation method for inte-
grating the Lagrange differential equation of motion [81] or as a finite difference of the
wave equation [82] [83]. Although the parameters of the structured MSD model can be
estimated from the material properties by either method, the coupling effect between
shearing resistance and tensile resistance modeling has not been resolved.

Generally we have to use the 3D unstructured MSD model to fit the irregular
boundary of the deformable object. Since the tetrahedron mesh is the most common
3D unstructured mesh, we propose a method to optimize the parameters of the MSD
model with tetrahedral meshes based on continuum mechanics theory. This method can
also be applied to 3D structured MSD models. Particularly, this method can resolve the
coupling effect between shearing resistance and tensile resistance completely and results

in a very effective and accurate model.
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7.2 3D Unstructured MSD Model Parameter Optimization

7.2.1 Matching the Model and the Real Object in Different Directions
The 3D MSD model of a real object is constructed based on its tetrahedral meshes
by applying springs for all the edges of the tetrahedra and masses for all the vertices.

Fig. 7.1 shows the 3D MSD model with tetrahedral meshes of a circular shaft.
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Figure 7.1. The 3D MSD model with tetrahedral meshes of a circular shaft.

Let the angle that the ith spring emanating from node m makes with the z-axis be
mi, and the angle that its projection on the 2—y plane makes with the z-axis be (3,,;. Then
the unit directional vector of the spring is €,,; = (Sin Qy; COS Bini, SIN Qi SIN By COS Q) -
Assume the ith spring incident to node m to be at rest when the model is in its natural
rest state, its rest length to be U,,;, and its displacement to be u,,; when the model
deforms.

Let the energy function of the ith spring incident to node m be W,,;(wy,;), and the

force-displacement relationship function of the spring be F,;(t;). Then

Foi(umi) = W, (i) (7.1)
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We use linear springs (without preload). Thus

where k,,; is the Hooke’s constant of the spring.

Assume the MSD model to be evenly stretched by strain ¢ in the direction of vector
7. The model will contract transversely to minimize the potential energy. Assume this
longitudinal strain to be u. It should be a function of the strain € in the direction of the

y-axis. To have regular Poisson effects, we can assume
p=g(e) = \e + Ao + o(e?) (7.3)

Assume that 77 = (sin «a cos 3, sin asin 3, cos ). Let the angle that vector €,,; makes

with vector 77 be ¢,,;. Then
COS Oy = Sina cos 3 8in ayy; COS Py + Sin asin B 8in qiy; Sin By + €OS v cOS Qg (7.4)

By projecting the spring in the direction of 77, we can obtain

Umi = (\/(1+6)2 cos? ¢mz+<1+ﬂ)2 Sin2 gbmz - 1)Umz (75)

Each spring of the MSD system is shared by two nodes. Thus, for node m of the
system, the energy increment of the springs associated with its influence volume under

directional stretching is half the energy increment of all its N, incident springs.

N,
1 m
WTSrLs(CY?ﬂ?g?u) = 5 § Wml(um’L) (76)
=1

where the superscript s indicates the stretch and the subscript s is used to indicate the

MSD system.



Then
Pl D) 25 Pl 5
= - Z Ky U2 (8% Gpnift + SIN? dpi €082 dpmic) + 0(e) + o)
= 5(Alp + Age) +o(e) + o(u)
where

Npm,
Al = Z ]{/’szfm sin4 gbmi

Nm
Ay = Z EpmiUZ,; SIN? By COS? Py
From (7.3) and (7.7), we have A\;A; + A2 = 0. Then

kmlUSu
Z < [1 43X\ — 41 cos 20, + (A — 1) cos 4y, =0
i=1

From (7.4), we can obtain

CoS 20 = Z[am’n cos(ma+nf) + by, sin(ma+ng)]
Tnz = 0,2,n =0,£1, +2)
coS 4 = Z[Cm’” cos(ma+nf) + dp, n sin(ma+ng)]
Tnz = 0,2,4,n = 0,%1,+2, £3, +4)
where the nonzero coefficients are listed in appendix E.1.

From (7.10-7.12), we can obtain

Z kaUSM[l + 3)\1 — 4)\1&070 + ()\1 — 1)6070] =0
Z bermi U2 [~ 4\ G + (A1 — D) emn] = 0

Z ksz 4)\1 m,n <>\1 - 1)dm,n] =0
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(7.7)

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)
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Since a and ( are arbitrary, from (7.10-7.12), (E.1), (E.3), (E.13), (E.16) and

(E.25), we can obtain
Z kemiU2 [69 4 25101 4 (4 — 68)1) 08 200m; + 9(Ay — 1) cos da,] = 0 (7.16)
Z EmiU?2 (1 — 17A1 + (4 — 52X1)8 cos 2; + 5(A1 — 1) cosday,] =0 (7.17)
Z ki U2 5[9 + 20 €08 20 + 35 cos 4] = 0 (7.18)

Let @ = S0 kU205 = Som yniU2 ;08 204, 2 = Som™ kiU, cOS 4uy;. From (7.16),
(7.17) and (7.18), we have

(69 + 251\ )7 + (4 — 68)\1)y + (9A; — 9)z = 0 (7.19)
(1= 17A)2 + (4 — 52\)y + (5M\ — 5)z = 0 (7.20)
9z + 20y + 352 =0 (7.21)

It is desired A; is the same negative value at every node for arbitrary values of o and S.

To have nonzero solutions to the equation system above, we have \; = —}1 or %. Thus
A = —i. Further we can get
L (7.22)
Y773
! (7.23)
z2=——=x )
15

From (7.10-7.12) and (E.1-E.51), we can obtain

Z Fei U269 + 25101 4 (4 — 68A1) €08 200m; + 9( A — 1) cosda] =0 (7.24)

Z EmiUZ:[(20A1 — 4) cos 20,5 €08 2Bmi + (1—17X1) 0825, +

3(1—A1) cosdayn; cos206,,:]=0  (7.25)

Z ki U2 [(2001 — 4) €08 200m; 510 26m; + (1—17A;) sin 26,4



3(1—Ay) cosdayy,; sin 23,,;] =0

Z ki U2 [1 — 171 + (4 — 52X1) €08 200; + 5(1 — Ay) cos 4] = 0

Z Emi U2 [(18M ) — 2) sin 200, 8in B + (1 — Ap) sin 4at,; sin By,] = 0

N m

Z EpmiU2: (181 — 2) 80 2t €08 B + (1 — Ay) 8in 4t €08 Bi] = 0

Z EmiU2 [(5A1 — 1) co8 2Bpn; — 4\ €08 200 €08 2Bmi +

Z kiU,

(1 — A1) cos 4ay,; cos 206, = 0

J[(BAL — 1) sin 28,,; — 41 o8 20y, 8in 25,,; +

(1 = \y)cosday,;sin26,,; =0

Z k:mle [9 cos 45, — 1208 20t; €08 43, + 3 €08 4ty cos 45,,:] = 0

Z km1U2 [98in 45, — 12 €08 20,y,; Sin45,,; + 3 €08 4y Sin 45, =

Z EmiU? :[2 810 2005 8111 33,5 — S0 4ty 5i0 35,] = 0

Z EmiU? ;[2 810 2005 €OS 3Bpni — S0 40 €08 3B = 0

Z FemiU2,.[35 ¢S 40 + 20 ¢08 200m; + 9] = 0

Z bini U
Z biniUn
Z biniUn
Z biniUn

;[2 810 200 S0 By + T8I0 4ty sin B = 0

;[2 8in 20u,,; €08 Bri + 7810 4t; €OS Brni] = 0

:[3 €08 2B, + 4 €08 20ty €08 2, — T €08 4t; €08 2F,:] = 0

:[38in 25, + 4 €08 20u; Sin 25,,; —

7 €08 4ty sin 23,,;] = 0
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(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)
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Equation (7.25), (7.30) and (7.39) are not independent since we can obtain (7.25)

by adding (7.30) multiplied by —4 and (7.39) multiplied by A\; —1. We have a similar

argument for (7.26), (7.31) and (7.40).

From (7.28-7.29) and (7.37-7.38), we can obtain

Substituting A\; =

Z kil
kaz
ZkWU
kalzﬂ

kaU2 (90828, — 4 €08 20; €OS 2B — 5 €08 4ty 08 23,,;) = 0

N"'L

kazU2

Z kmiUgn SN 2,,; sin B, = 0
Z komi U,fu. SN 2,,,; €08 B = 0
Z ]{?szfm sin 4ami sin ﬂmi =0

Z Ko Ugw Sin 4,,; ¢os B = 0
—2 into (7.24), (7.27-7.31), we have

(25 4 84 cos 2at,,; — 45 cos dayy;) =0
(21 + 68 €08 20r; — 25 cos davy,;) = 0
(5 8in 4avy,; sin B, — 26 8in 20, sin B,,;) = 0

(5 sin day; cos B — 26 sin 20ty cos Bm;) = 0

(98in 20, — 4 €08 200 Sin 23, — 5 €08 4y SIn 26,,;) = 0

From (7.5), (7.6), (7.11) and (7.12), we obtain

dWT'SVLS(a7 ﬁ? 6? ILL)

de

N,
1 <& QUi du Ol
B §E_:Fm1(umz)< o de e )

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)
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=3 Z kmz U2 Sln2 ¢mi COSQ ¢mz + >\1 Sin4 gbml)u +
(cos* Qﬁmi + A1 sin? ¢y, cos? qui)e} + o(u) + o(e)

= - Z EmiU?2 (coS? @i + A1 sin® ¢pi) e + 0(e)

1 Nm

— E kszQ [BAT 42X + 3+ 4(1 — A7) cos 2 +

(A = 1)% cos 4| + o(e) (7.51)

The MSD model should have the same stiffness in different directions, thus 4(1 +
A1) €08 20m; + (1 — Ap) cos 4¢,y,; should be same for different values of a and . From (E.2-

E.12), (E.14-E.20) and (E.34-E.39), we have two additional independent constraints.

kazUQ (38 sin2a,; sin Gy, +5 sinda,,; sinf,,;) =0 (7.52)

kalU 2 (38 8iN201,,; COSBmi + 5 sinda,,; o8By ) =0 (7.53)

From (7.22-7.23), (7.51) and (7.52-7.53), we obtain

N,
dWs ? )~ ]. -
ms(zgﬂ &) _ = > kil {3A§ 42X + 3+ (1 — A})(cos 2ap,; — 1) +
1=1
—1)?
()\16—4)(9 €08 4avy; — 4 cos2a,,; — 5) | + o(e)
Nm,
N 30(8A2 40 +3) ) kil i€ + 0(c)
=1
= Z ksz2 &+ ole ) (754>

Assume a real object is stretched evenly by a strain of € in the direction of unit
vector 77 and the material is isotropic. Then the elastic energy for a region of volume V'

18
EVe?
2

Wy(e) = (7.55)
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where the subscript r is used to indicate the real object.
According to (7.55), the stretching elastic energy of the object in the influence

volume of node m is

. EV,e? 1, 1,
Wi =—5— = gbe > Vini = 5me (7.56)

where V,, is the influence volume of node m, V,,; is the area of the ith tetrahedron

incident to it, t¢,, is the number of tetrahedra incident to it and

E t’!?L

S V=7 ZZIV (7.57)
Thus
dws
—mr_ g 7.58
e € (7.58)

For the MSD model to be physically accurate, the energy increment for the springs
in the MSD system should be the same as the stretching elastic energy of the object
under the same strain. Then, the stretching resistance of the MSD model associated
with the influence volume of node m should also be the same as that of the real object

in that volume. From (7.54) and (7.57), we have

Z kemiU2, = (7.59)

In addition, the Hooke’s constants must be nonnegative for the stability of the

model and not too large for fast evolving of the model, i.e.
0<kni <M (7.60)
7.2.2 Solving the Spring Constants

In the previous section, we derived eighteen constraints on the Hooke’s constant of

the springs incident to each node, among which (7.32-7.40) and (7.45-7.50) constrain the
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MSD to have regular Poisson effects, (7.52-7.53) constrain the model to have the same

characteristics in different directions and (7.59) constrains the MSD model to have the
desired stiffness. Besides, the Hooke’s constants must be nonnegative for the stability of
the dynamic system.

Generally, we will have more constraints than the number of springs. So those con-
straints will not be met exactly and thus the MSD model will not have the exact stiffness
and Poisson effect as the theoretical result. Here we solve this over-determined optimiza-
tion problem under hard constraint (7.60) by the constrained least square optimization

method.

7.3 3D Structured MSD Model Parameter Optimization

The 3D structured MSD model is often constructed on the cubic meshes. Let
the height of the cube be h. For simplicity, assume the cubic mesh is aligned with the

Cartesian coordinate system z-y-z (7.2).

Figure 7.2. Springs on the cubic mesh of the three types of structured MSD model.

Nodes on the same cube are connected by springs along the edges, along the diago-
nals of the six surfaces and along the center diagonals. Then each node that is not on the

boundary has 6 edge springs, 12 surface diagonal springs and 8 center diagonal springs.
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Let the Hooke’s constants of the springs along the x-axis, y-axis and z-axis be ky. Let
the Hooke’s constants of the springs along the main and auxiliary surface diagonal be
ko. Let the Hooke’s constants of the center diagonal springs be k3. Then according to
Fig. 7.2 left We can obtain the angles between the springs emanating from each node
and the positive z-axis and the angles between the projections of the springs on the z-y

plane and the positive x-axis below.

Upz = Qg = Qpy = Qiny = Qpapy = Opany = Olnany = Onapy = Bpy = —Ony
T
= 5?9172 - ﬁpynz = _ﬂnypz = _ﬁnynz == 5 (761)
Qpy = /61033 = ﬁpz = an = 6pxpz = ﬂpxnz =0 (762)
5pxpy = ﬂpxpypz = Bpxpynz = _ﬂpxny = _ﬁpxnypz = _ﬁpxnynz = Opypz
N
= Qpypz = Qpgpz = Ongpz = Z (763)
3
5nmpy = 5nacpypz = ﬁn:vpynz = Opynz = Onynz = Opznz = Opgnz = Z (764)
ﬁnw = ﬁnxpz = ﬁnxnz =0p, =T (765)
Qpapypz = Onapypz = Onznyps = Qpanyp: = arctan V2 (7.66)
AOpapynz = Onapynz = Unznynz = Opgnynz — T — arctan \/§ (767)
o
ﬁnzny = ﬁnxnypz = ﬁnaznynz = I (768)

where the subscript pz (or py or pz) indicates the springs pointing to the positive z-
axis (or y-axis or z-axis) direction; the subscript nz (or ny or nz) indicates the springs
pointing to the negative z-axis (or y-axis or z-axis) direction; the subscripts pxpy, naxpy,
prny and nxny, (or pypz, nypz, pynz and nynz or pxpz, nrpz, prnz and nrnz) indicate
the diagonal springs on the surfaces parallel to the z-y (or y-z or z-z) plane; the sub-
script prpypz (or prpynz) denotes the center diagonal springs pointing upper (or lower)
northeast; the subscript prnypz (or prnynz) denotes the center diagonal springs pointing

upper (or lower) southeast; the subscript nznypz (or nxnynz) denotes the center diag-
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onal springs pointing upper (or lower) southwest and the subscript nzpypz (or nxzpynz)
denotes the center diagonal springs pointing upper (or lower) northwest.
Applying constraints (7.32-7.40), (7.45-7.50) and (7.52-7.53), interestingly, we ob-

tain only one constraint on the Hooke’s constants of the springs.
3ky — 3ko — 8k3 =0 (7.69)
And from (7.59), we have
ky + 4ky + 4k = AER (7.70)

Totally, there are only two constraints (7.69) and (7.70) on the Hooke’s constants of the
three types of springs. Thus we can get rid of one type of springs to reduce computation
without significantly influencing the behavior of the MSD model. Note that edge springs
have to be used because the Hooke’s constants have to be positive for the stability of the
model.

If we choose not to use the diagonal springs of the cube (Fig. 7.2 middle), i.e.

ks = 0, we have

If we choose not to use the diagonal springs on the surfaces of the cube (Fig. 7.2

right), i.e. ko = 0, we have

3Eh

Equations (7.71-7.73) are valid for the springs that are not on the boundary. For
those surface diagonal springs on the boundary, since they are otherwise shared by two
adjacent hexahedra, we should use half the spring constants. For those edge springs on
the boundary, since they are otherwise shared by four adjacent hexahedra, we should use

i/4 of the spring constants if they are shared by i hexahedra, where i = 1,2, 3.
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7.4 Validation

7.4.1 Simulating an Elastic Cube

First, we experiment with an MSD model of a 10cmx10cmx10cm cube (E =
10N/cm?) with hexahedral meshes. We stretch and compress the MSD model in the
direction of the z-axis, y-axis and then z-axis by a series of displacements. Theoretically,

for the real cube under axial stretching [76] we have

F:EAezEAAL

= 1000AL (7.74)

where A is the area of the cross section of the cube, ¢ is the axial strain, L is the original
dimension of the cube and AL is the elongation.

For the structured MSD model with parameters obtained from (7.71), the Poisson
effects in the lateral directions and the applied force are shown in Fig. 7.3. It is clear
that the properties of the model are very close to that of the real object, which validates

our parameter optimization scheme.
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Displacement in the direction of the x-axis (cm) Displacement in the direction of the x-axis (cm)

(a) (b)

Figure 7.3. (a) Comparision between the tensile resistance of the structured MSD model
(dotted line) and that of the real cube (solid line); (b) comparison between the Poisson
effect of the structured MSD model (dotted line) and that of the real cube (solid line).
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For the MSD model with parameters obtained from (7.72) and (7.73), usually the

model is not robust enough and often collapses. This shows that the constraints we
derived are necessary conditions but not sufficient conditions for the physical accuracy
of the MSD model.

Second, we simulate the unstructured MSD model with tetrahedral meshes. The
Poisson effects in the lateral directions of the model with optimized parameters and the
relationship between the applied force and displacement are shown in Fig. 7.4. We can
see that the tensile resistance of the model is very close to that of the real cube, while
the Poisson effect is not accurately achieved. The Poisson effects are not even the same
in two lateral directions. The uneven Poisson effects may cause some artifacts, which is

a limitation of the unstructured MSD model.
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Figure 7.4. (a) Comparison between the tensile resistance of the unstructured MSD
model (dotted) and that of the real cube (solid); (b) comparison between the Poisson
effects of the unstructured MSD model (dotted) and those of the real cube (solid).



139
7.4.2 Simulation of a Circular Shaft

First, we simulate a circular shaft of radius 5cm and length 15cm. Theoretically,

for the real shaft under axial stretching [76] we have

2
F = ErR% = % — 523.6AL (7.75)

For the unstructured MSD model of the shaft with tetrahedral meshes, the tensile
resistance against displacement and the Poisson effects in the lateral directions are shown

in Fig. 7.5.
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Figure 7.5. Comparison between the tensile resistance and the Poisson effect of the
unstructured MSD model of a circular shaft (dotted line) and those of the real shaft
(solid line).

Second, we experiment with twisting the unstructured MSD model of the shaft.
Theoretically, for a circular shaft of radius R subjected to a twisting moment (torque)
M, at the free end and restrained against both displacement and rotation at the other

end, if we assume the angle of rotation per unit length (the rate of twist) to be a, then

B GarR*
2

M, = Gal. (7.76)
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where J, = TR*/2 is called the polar moment of inertia and G = E/2(1 + v) is called

the shear modulus.

The comparison of the resistance torque against the rate of twist is shown in Fig.
7.6, from which we can see that the characteristics of torsion of the optimized unstruc-
tured MSD model is very close to that of the real shaft, which validates our parameter

optimization scheme.
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Rotation angle per unit length (rad/cm)

Figure 7.6. Comparison between the resistant torque for rotating the MSD model (dot-
ted) and a real shaft (solid).

7.5 Conclusion

The parameter optimization method proposed in this chapter is shown to be able to
achieve very accurate deformations for 3D structured MSD models. While the unstruc-
tured MSD model has the advantage of being able to fit into irregular shaped objects,

it cannot achieve the same accuracy as the structured models for specific mesh struc-
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tures. Further research needs to be done to optimize the mesh structure and the Hooke’s

constants together to achieve better accuracy for the unstructured MSD model.



CHAPTER 8
Hernia Surgery Simulator

8.1 What Is Hernia?

Hernia refers to the protrusion of an organ through a weak area in the muscles or
tissue that surround and contain it. Most commonly, the word hernia is used to refer to
an abdominal hernia because most hernias occur in the abdomen. The abdominal wall,
which is a sheet of tough muscle and tendon that runs down from the ribs to the legs
at the groins, acts as “nature’s corset”. Its function, amongst other things, is to hold
in the abdominal contents, principally the intestines. If a weakness should open up in
that wall, then the “corset effect” is lost and what pushes against it from the inside (the
intestines) simply pushes through the “window”. The ensuing bulge, which is often quite
visible against the skin, is the hernia [84]. The development of a general hernia condition
is shown Fig. 8.1. Hernia can give rise to discomfort as it enlarges and can sometimes

be dangerous if a piece of intestine becomes trapped (strangulted) inside.

Figure 8.1. The development of a general hernia condition [4].
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The “windows of weakness” commonly occurs where there are natural weaknesses
in our abdominal wall, such as where the “plumbing” goes through it [84]. Examples of
these are the canals (inguinal and femoral) which allow passage of vessels down to the
scrotum and the legs, respectively. The umbilical area (navel) is another area of natural
weakness frequently prone to hernia. Another area of potential weakness can be the site
of any previous abdominal surgery.

The most common location for hernias is the groin area as shown in Fig. 8.2, which
accounts for 80% of all hernias [4]. There are several reasons for this tendency. First,
there is a natural anatomical weakness in groin region, which results from incomplete
muscle coverage. Second, the upright position of human posture results in a greater force
at the bottom of the abdomen, thereby increasing the stress on these weaker tissues.
The combination of these factors over time breaks down the support tissues enlarging
any pre-existing hole, or leading to a tear, resulting in a new hole. Several different
types of hernia may occur, and frequently coexist, in the groin area. These include
indirect inguinal hernia, direct inguinal hernia and femoral hernia, which are defined by

the location of the opening of the hernia from the abdomen to the groin.

Figure 8.2. Intestine passes through into scrotum or groin [4].
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An indirect hernia follows the pathway that the testicles made during pre-birth

development. It descends from the abdomen into the scrotum through a weak spot
in the inguinal canal, which is a triangle-shaped opening between layers of abdominal
muscle near the groin. The direct inguinal hernia occurs slightly to the inside of the site
of the indirect hernia, in a place where the abdominal wall is naturally slightly thinner.
It rarely will protrude into the scrotum.

The femoral canal is the way that the femoral artery, vein, and nerve leave the
abdominal cavity to enter the thigh. Although normally a tight space, sometimes it
becomes large enough to allow abdominal contents (usually intestine) into the canal. A
femoral hernia causes a bulge below the inguinal crease in roughly the middle of the
thigh. Femoral hernias are particularly at risk of becoming irreducible and strangulated.

According to the sites and causes of formation, the other types of hernia over the
abdomen area are epigastric, lumbar, umbilical, obturator, stoma, internal, incisional and
spigelian hernias as shown in Fig. 8.3. With the exception of internal hernias (within the
abdomen), these hernias are commonly recognized as a lump or swelling and are often
associated with pain or discomfort at the site. Internal hernias can be extremely difficult

to diagnose until the intestine has become trapped and obstructed.

Epigastric
Paraumbilical
Umbilical
Lumbar — |
Spigelian —__|

Femoral —— ]

Inguinal — ]

Figure 8.3. Hernias at different sites [4].
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Hernia can also happen in the chest area, which is called hiatus hernia [84] and
affects the digestive system. Where the oesophagus goes down, it passes the diaphragm
through a gap called the hiatus. Immediately below that, it goes into the stomach which
sits just below the diaphragm. This hiatus causes a narrowing of the opening into the
stomach and this helps prevent stomach contents from going the wrong way, i.e. upwards,
which is called reflux. If the area of the hiatus is weak, the function of “clamping down”
on the entry to the stomach is weakened, the result being the reflux of acidic digestive
juices up into the oesophagus, which is not protected against the action of these acids.

The outcome of this is often a quite painful burning sensation.

8.2 Hernia Surgery

Nowadays, there are generally two types of treatments for hernias—the traditional
open hernia repair and the laparoscopy technique. Some hernia in the elderly do not
require surgery, and can either be left alone or treated with a truss. A truss is a surgical

appliance which helps to keep the hernia under control.

8.2.1 The Traditional Hernia Repair

The traditional and still widely used method of hernia repair is to admit the patient
to hospital, whether as a day-case or for a few days, and under general anaesthesia, the
surgeon would push back the bulge of peritoneum through the opening and then close
the defect by stitching one side firmly to the other, as shown in Fig. 8.4. Because the
patient depends upon this stitching for the rest of his life to hold the abdominal wall
closed, the surgeon will normally have to place several stitches, under a degree of tension
in the deep tissue, repeating the process until he is satisfied that the join will hold.

Unfortunately, this stitching distorts sensitive tissue. This will cause tension and

subsequent pain with all movements (including coughing and sneezing). The patient can
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expect to feel the results of the stitching long after he leaves hospital. He is therefore

restricted in physical activity for some weeks.

Figure 8.4. Left: bulging tissue is replaced inside the muscle wall; right: muscle tissue is
repaired [4].

A further problem of this technique of hernia repair is that a significant number of
cases (up to 10 percent or more) will recur by virtue of the internal scar tissue becoming
pulled out at some time in the patient’s life. The repair of this recurrent hernia is therefore
a larger operation than the first and the result is proportionately more uncomfortable.
In order to reduce the tension of the stitching, surgeons developed methods of stitching
the tissue in layers. This technique reduced a little of the pressure, but resulted in more
stitching through the patient’s tissue. Later techniques include placing or stitching a

“patch” over the hernia.

8.2.2 Laparoscopic Hernia Surgery
Another method is the laparoscopy technique in which the surgeon inserts small

tubes into the abdominal cavity. Through one of these tubes (called trocars), he inserts
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a video camera, and using other tubes to insert surgical instruments, and operates while
monitoring at the image on a television monitor. In a laparoscopic hernia repair proce-
dure, the surgeon first pulls the hernial sac back into the abdominal cavity, exposing the
defect in the abdominal wall as shown in Fig. 8.5(a). Then this weakened portion is cov-
ered with a mesh patch, which is shown in Fig. 8.5(b). Laparoscopy allows the surgeon
to place and staple the patch on the inside of the abdominal wall, taking advantage of the
natural outward pressure of the abdomen to secure the repair and promote healing. This

technique is performed under general/spinal anaesthesia. This approach is technically

much more difficult for surgeons to perform successfully than other techniques.

Figure 8.5. (a) Real inguinal hernia view on the monitor [5]; (b) real mesh placement
procedure [6].

The advantage of this technique from the patients’s point of view is that only the
smallest incisions are required (so-called keyhole surgery). In order that the surgeon may
manoeuvre inside the patient and see what he is doing, the patient’s abdomen has to be
pumped up with compressed carbon dioxide gas. Because the surgeon works ‘remotely’
with these instruments and guided only by what he sees on a TV screen, he has less

control than otherwise, particularly with difficult or complex cases. There are many
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reports of serious accidents to neighboring organs [12,85]. Thus, laparoscopy requires
extensive and specialized training. As mentioned in chapter one, virtual reality based

surgical simulation fulfills this need.

8.2.2.1 Details of Herniorrhaphy

The external appearance of a groin hernia corresponds to a sac of peritoneum,
filled with omentum or intestine, which extends through a hole in the abdominal wall
fascia. As mentioned before, there are three types of groin hernias—indirect, direct and
femoral hernia. All three types of groin hernia are treated with the same laparoscopic
technique of patching the inguinal floor from the inside. The procedure involves inserting
a laparoscope through the umbilicus and distending the peritoneal cavity to a pressure of
15mmHg. Groin defects are then seen with remarkable clarity. Two additional trocars
are passed through the lateral abdominal wall to the right and left of the midline. Three
ports are generally required, one for visualization, and two ports for instruments operated
by the surgeon’s right and left hands.

The important landmarks for hernia repair glisten through the peritoneum near
the visible hernia defect. From within the peritoneum laparoscopic instruments are used,
first the scissors to open the peritoneum near the hernia defect. Blunt dissection is per-
formed to expose the strong fascial layers that will hold the staples and act as points of
fixation for the mesh. Cautery may be necessary but the dissection is virtually blood-
less in most cases. The preperitoneal space opening allows placement for the sheet of
soft polypropylene mesh to overlay the defect without buckling or curling, which may
predispose to early recurrence.

The mesh is a great deal larger than the groin defect and permits overlap onto
strong fascial surfaces providing greater strength and allowing for tissue ingrowth. Ten

to fifteen staples are placed to hold the mesh. The peritoneum is closed laparoscopically
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over the mesh to prevent visceral adhesions to the repair. The trocars are removed and
the abdominal wall incisions are closed.

The procedure takes as little as thirty minutes and bilateral hernias can be done
with the same trocar-port exposure. The procedure is usually planned as an outpatient
operation; postoperative stay is usually measured in hours as the patient recovers from
general anesthesia.

The anatomy of the inguino-femoral region viewed via a telescope placed in intra-
abdominal position differs radically from the anatomy observed via an open or anterior
approach. The laparoscopic surgeon needs to become familiar with the anatomical struc-
ture of this region. As all anatomical landmarks are covered with peritoneum, they need
to be meticulously exposed with blunt dissection or by incising the peritoneum and de-
velop a lower flap. For the performance of a safe and secure laparoscopic inguinal hernia
repair, the following structures should be clearly and unequivocally identified: cooper’s
ligament, epigastric vessels, the spermatic cord ( or the round ligament), the femoral

canal and the iliac vessels. The inguinal hernia anatomy is shown in Fig. 8.6.
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Figure 8.6. (a) Inguinal hernia anatomy with peritoneal coverage; (b) inguinal hernia
anatomy without peritoneal coverage [7].
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Other tissues involved in an inguinal hernia repair are transversus abdominis, rectus
abdominis, psoas muscle, lliacus muscle, lliopsoas muscle, pubic bone, pubic symphysis,

vas deferens, spermatic vessels, inferior epigastric artery, lliac vessels and lliopubic tract.

8.3 Laparoscopic Hernia Surgery Simulator

Since the groin hernia is the most common and laparoscopy technique has been
widely used for it, a simulator for it is being developed at the Virtual Environment Lab
(VEL) at UT-Arlington in collaboration with UT-Southwestern Medical Center [13,50,
86-91].A successful inguinal hernia surgery simulator should help surgeons get familiar
with the anatomy and practice the skills of manipulating the instrument to expose the

hernia site, puting back the hernia sack and placing the plastic mesh.

8.3.1 Hardware
The hardware required for a surgery simulator is a PC with an enhanced high-end

graphics card, a Phantom interface device and a supporting framework as shown in Fig.

8.7.

Figure 8.7. Laparoscopic hernia surgery simulator [8].
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8.3.2 Software Modules
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Figure 8.8. Control flow for laparoscopic hernia surgery simulator.

The system architecture for the laparoscopic hernia surgery simulator under con-
struction by a team of VEL researchers is shown in Fig. 8.8. It contains all the modules
that are necessary for the surgical simulation system for any surgery procedure. Each
organ involved needs to be rendered both geometrically for graphics display and physi-
cally for force feedback (haptics). For graphics display, it is necessary to build geometry
models for the organs. Although the organs are patient specific, i.e. the same organ for
different people varies in size and shape, the result will be more convincing if we can re-

construct the organs according to a real person. Thanks to the Visible Human Project of
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National Library of Medicine [9], we can extract surface triangles according to its visible
human data (VHD). VHD is a set of digitally photographed axial sections of a man and
a woman respectively. As an example, we show one slice of VHD in Fig. 8.9. For the
photograph of each slice, experts at Gold Standard Media Inc. segmented it for different
organs and formed segmented data, which is a set of gray pictures with the label number
of the organ as its intensity. Based on the segmented data, we can reconstruct any organ
in 3D in which we have interest by using the marching cubes algorithm [92], which is an
algorithm to extract isosurfaces from volumetric data. Since the geometry models are

only used once for initiation, it can be constructed by an off-line process.

Figure 8.9. One slice of the VHD for a male [9].

For haptics rendering, the organ needs to be physically driven, i.e. an physical
model is needed to support the deformation of the organ and provide the force feedback.
This module has to run in real-time to meet the requirement of the graphics update rate

(30 Hz) and haptics update rate (1000 Hz).
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During simulation, the instrument interacts with the virtual organs and the virtual
organs also interact with each other. Real time algorithms are needed to handle these in-
teractions, otherwise, the instrument will penetrate the virtual organs without resistance
and also the virtual organs themselves. To prevent penetration, it is necessary to provide
mechanisms to locate the intersection between them (so-called collision detection) and
then apply appropriate force between them (so-called collision response) to prevent large
penetrations.

For realistic graphics rendering, we intend to apply the texture mapping technique
to enhance the visual effects. By using a graphics card, texture mapping can be used in a
scene without much influence on the computation time. In our hernia surgery simulation
project, it is desired that we use real texture of the organs. The texture information are
extracted from VHD [8] or synthesized from videos of real surgeries.

In a hernia surgery, surgeons are mindful of the area between the spermatic vessels
and the vas deferens in proximal to iliac vessels called the “triangle of doom”. Compli-
cations like damage to the spermatic cord, nerves and blood vessels may occur within
the triangle. Since laparoscopic herniorrhaphy requires a longer learning curve for the
surgeon than for more conventional repairs, we provide realistic bleeding simulation dur-
ing virtual laparoscopic herniorrhaphy to train residents to avoid entering the triangle,
or properly handle this accident in case it happens. To achieve this goal, we simulate
the bleeding [93], cauterization and irrigation procedure [94]. All these are called special

effects.

8.3.3 Challenges
The most challenging module is the deformable model part, which is the core
algorithm for the surgical simulation system and the subject of this dissertation. The

models mentioned in chapter 2 have two common drawbacks. First, none of them preserve
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volume, which is a very important property for soft tissues [52]. For all the models, their
volume will be smaller if they are compressed in one direction and be larger if they are
stretched. For models based on elasticity, the strain coupling effect is modeled by Poisson
constant . Usually for isotropic materials, v =~ 0.3. For plastic materials such as rubber,
v =~ (0.5, which can ensure volume preservation for small deformation but not for large
deformation. While for the human organ, volume change probably means damage to the
organ. The second drawback is that the stresses in mutually perpendicular directions are
almost independent. For models based on elasticity, the stress coupling coefficient is v,
much smaller than 1, while the real organ should have deeply-coupled stress in different
directions. As discussed in chapter 2, the models based on elasticity theory can achieve
accurate results. But they are accurate under the assumption of small deformation which
is usually not valid in a real surgery [95]. And current elasticity theory also assumes linear
properties of the material, while soft tissue display highly nonlinear properties. These
gaps between theory and practice also limit the accuracy of the simulation. Based on the
current problems with deformable models, we have presented a new deformable model in
chapter 3, which views the organ as a combination of a honeycomb fabric structure and
incompressible fluid filled inside. This model can ensure volume preservation for large
deformation and can model high stress coupling coefficient up to 1.

As the honeycomb model was developed and implemented, it turned out that this
model is too slow to fit into real-time applications for the current CPU capacity. There-
fore, in parallel, we also worked on improving the MSD model, which has the most
potential for real-time applications. In laparoscopic hernia surgery, the core part is to
lay a sheet of soft polypropylene mesh over the hernia defect without buckling or curling
and place ten to fifteen staples to hold the mesh in place on the tissue. The mesh is
simulated using a MSD model, which tends to be too soft and this defect cannot be fixed

effectively by simply increasing the stiffness of the springs. Our work in chapter 4-6
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analyzed the reason behind this phenomenon. As a result, the idea of using preload is
proposed to accurately model the bending resistance. By applying the parameter opti-
mization scheme we proposed, the realism of the mesh simulation is greatly improved.
Then, we extended the parameter optimization techniques to a general 3D MSD model

of an isotropic object.



CHAPTER 9
Conclusion and Future Work

This chapter concludes the dissertation. We will first provide a summary of the
main results/constributions of this thesis and then describe possible future research as a

result of this work.

9.1 Conclusion

There are two main contributions of this thesis. First, a honeycomb model based
on the constitutive elements of the human organ and its volume preservation property
is proposed, which has potential to be more accurate than other models, although it has
too heavy computation to be suitable for real time applications at present. Second, the
parameter optimization schemes for the physical accuracy of the 1D, 2D and 3D MSD
models with both structured and unstructured meshes are proposed, developed and vali-
dated in detail with simulation. Previously, the application of the MSD model was limited
to the structured MSD models. Our work makes it practical to apply the unstructured
MSD models in case the real object does not have a regular shape. For 1D and 2D MSD
models, our investigation finds the intrinsic defect with the traditional MSD models and
extends the traditional models to more general models with preload. For the 3D struc-
tured MSD model, the proposed parameter optimization scheme can completely resolve
the coupling effect between tensile resistance modeling and shear resistance modeling,

which results in accurate modeling of both.
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9.2 Future Work

For deformable modeling, based on the current computer resource, we would still
recommend the use of MSD model for the human organs for the application of surgical
simulation. To truly exploit the potential of the MSD model with respect to physical
accuracy, the current parameter optimization scheme needs to be extended to anisotropic
materials and then incorporated with in vivo tissue properties.

For unstructured MSD models, we have shown in chapter 6 and chapter 7 that
high accuracy is not achievable for a general mesh structure. We would expect that some
mesh structures would be able to achieve better physical accuracy than others. While
the boundary nodes of the mesh structure have to fit into the irregular shape of the
real object, it is possible to move the internal nodes to form an optimal mesh structure
which is able to achieve the optimal accuracy. Therefore, further research can be done
to optimize the mesh and parameters of the model together to enhance the physical
accuracy of the model.

Deformable models have to support the adaptive refinement scheme to fully exploit
the computer resources for real time applications. Previous work on adaptive refinement
of the MSD model is limited to geometric refinement/simplification. Further research
needs to be done based on our parameter optimization methods to find the optimal
parameter re-assignation after geometric refinement /simplification so that the properties
of the model do not have significant changes in the sense of visual effect and physical

accuracy after the refinement /simplification.
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In this appendix, we will investigate the MSD model of a beam under a lateral

central load.

A.1 The MSD model of a beam under a lateral central load

Refer to Fig. 5.1, assume the lateral displacement of node Vj, to be dy, (=1 < k < n).
For node V} that is not at the end or center (0 < k < n — 1), the resultant internal force
on the mass from the springs should be zero. By considering the equilibrium condition of
the mass in the lateral direction, when the lateral displacements of the nodes are small

compared to U, we have

41 +dp—1 — 2d diyo + di—2 — 2d
k+1 + dp—1 k4 p,dkt2 Tt Gk2 k

P
! U oU

—0 (A1)
According to (5.19) and (5.20), we have P;/P, = —2. Then from (A.1), we get
diys = Adysr — 6+ 4dyy — dys (0 < k<1 —1) (A.2)
The characteristic equation is 74 — 473 + 672 — 4r +1 = 0. Its only solution is r=1. So
di = Cy + Cok + Cyk® + Cyl® (A.3)

From (AQ), we have dg == 4d2 —6d1, d4 == 10d2 —20d1, d5 = 20d2 —45d1, d6 = 35d2—84d1

According to (A.3), we have

139 27 || & Ady — 6d;
14 16 64 | | G 10ds — 20d;
- (A4)
1 5 25 125 Cs 20dy — 45d;
16 36 216 | | C 35d, — 84d;
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We can obtain

C 0
C dy — &
=] e (A.5)
Cy 2
From (A.3), we obtain
de= (=2 TR (B-TE @<k <n) (A.6)

At node V,,_1, by considering the equilibrium condition of the mass in the lateral direction,

we have
dn + dn—2 - 2dn—1 dn—3 - dn—l

P, p— - — A.
1 U + 1o Vi 0 (A7)

Since P,/P, = —2, we have
—4dn + 7dn,1 - 4dn,2 + dn,3 == O (AS)

According to (A.6) and (A.8), we have

dsy dy

J— [ — —_ — —_ P R 2 el
2(dy 6)+2(4n)+(6 5)(=2—6n%) =0 (A.9)
We can get
3n?—2n—1 2n+1
dQ = n2 d1 - (3 - n2 )dl (AlO)

By considering the equilibrium condition at node V,, in the lateral direction, we have

dn — dn_Q dn - dn—l
F=2Ph—————= 1 2P ————— A1l
2" 50 + 27 U ( )
Then
F P2 dn_2 2P1 dn—l
— =1 1— A.12
4, U ( d, ) T ( d, ) (A-12)

According to (A.6) and (A.10), we have

3n? +2 1+ 3n%k— (2 1)k?
i = n®+2n+ +6:2 (2n+1) Aok (A13)
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Thus

nd+2n2+2n+1

= ! (A.14)
61
nd+2n2—n—2
-1 = d A15
! on 1 ( )
44 on3 — 10n2 6
diy = T, (A.16)
6n

% N %<1 N de;Q) B 4_11]32<1 - d;:) (A.17)

Then
d_i = %MN - Zin o (A.18)
d_i B _%n‘* + 215;:2% tn (A.19)

Since
Py = _2U£21 (A.19)

Thus
d_i N 2UE3] n 4 21§3n ++26;12 Tn (A.19)

We have U = L/2n (see section 5.2.3), so

L F L 2BI 8(12n+6) 19281 o)

n—oo dy n—oo L3 nt+2n3+2n24+n L3



APPENDIX B

Boundary Effect of the 1D MSD Model

162



163
In this appendix, we will analyze the boundary effect of the 1D MSD model.

B.1 Boundary effect of the 1D MSD model

Nonzero preload will cause the 1D MSD system to contract due to the imbalance
of its two ends. Assume the amount of contraction between node Vj,_; and V}, due to this

boundary effect to be s (k=0,1,2,--- n). Refer to Fig. 5.1, at node V_;, we obtain
Py —kyso+ Po— ka(sg+s1) =0 (B.0)
At node Vj, we have
Py — kisog = Py — kisy + Py — ko(s1 + $2) (B.0)
At node Vi (k > 1), we have

Py — kysp + Py — ka(sp—1 + si) = P — k1Sk4a

+Py — ka(Sg41 + Sky2) (B.0)

When ky = 0, from (B.1), (B.1) and (B.0) we have

Pl—k180+P2:0 (Bl)
k?lS() = ]{3181 — PQ (BQ)
Sk = Sk+1 (k’ Z 1) (BS)

According to (B.1), (B.2), (B.3) and (5.18), we obtain

P+ PR

= B.4

S0 3 (B4)

S = @ =0 (k>1) (B.5)
1

We can see that the boundary effect is restricted to only the structural springs and flexion

springs connected to the two ends in this case. If the cross section of the beam modeled
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is a rectangle of height (depth) h and width b, then I = Ebh®/12. According to (5.19),

(5.20) and (5.29), the preloads on the springs are proportional to the cube of the depth h
of the beam and the spring constant k; is proportional to h. Then the contraction of the
boundary spring is proportional to the square of h. Similarly, it is in inverse proportion
to the space U between adjacent masses.

When ky # 0, let ky/ky = c. Since k; and ks cannot be negative for the stability of

the MSD system, we have ¢ > 0. From (B.1), we have

P+ P
s1=——2—(1+¢)so (B.5)
ko
From (B.0) we have
Skrot(1+¢)spr1—(1+¢)sg—s,_1=0 (k > 1) (B.6)
Then

s3 = So+(1+4+c¢)s1—(14¢)sy (B.7)

sg = s1+(1+¢)sa—(1+c¢)s3 (B.8)

s5 = Sa+(14¢)s3— (14 ¢)sy (B.9)

The corresponding characteristic equation of (B.6) is
P+ —14+ce)r—1=0 (B.9)

When ¢ > 0, the roots of the equation above are

V2 de —9 —

rp o= YT ; s (B.11)
N2 Ao —9 —

ry = YO 2C <1 (B.12)

Then
S — Cl + CQ?”IQC —+ CgT§ (k Z 3) (B12)
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In this situation, the contraction of springs will propagate from the boundary to the
whole MSD system. We will show there cannot be three consecutive zero contractions.

According to (B.1), we have

1 7’12‘3 r’?f & Sk
1kt ke Co | = | sen (k > 3) (B.13)
1 7‘]2”2 r’§+2 Cs Ski2

Assume s =0, sg11 =0, Sg12 =0 (k> 3). Since

1 rh T3
det| 1 ph+t gkt = —(c+ DV +4c#0 (B.14)
1 7“’2”2 T§+2
So C; = Cy = C3 = 0. Then s3 = s4, = s5 = 0. From (B.9), we have s, = 0. Then from
(B.8) and (B.7), we have s; = 0 and sy = 0, which contradicts (B.1).

When ¢ =0, we have ry = 1,79 = r3 = —1. Thus
sp=C1 + (=1)*Cy + (—1)*kC; (B.14)

We can prove in a similar way that the contraction will propagate all over the 1D MSD

system.
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In this appendix, we will analyze the axisymmetric stretching of a plate.

C.1 Axisymmetric stretching of a plate

Consider a circular plate with depth h under the action of circular stretch. We
apply force evenly at any points on the circumference of the plate, and then a state
of plane stress exists. For convenience, we use the polar coordinate system with origin
at the center of the plate. Let the displacement in the radial direction be u,, and the
displacement in the tangential direction be uy. Obviously uy = 0. We can obtain the

radial strain, tangential strain and shear strain as follows [72].

ou,

e = 5, (C.1)
o i e
o - G e e e
Let u,(r) = f(r). Then
ralr) = e (entvem) = s () 2L0) (C.4)
oae(r) = 1_EV2(609+V€W)=11E2<@+Uf’(7“)> (C.5)
0,0(r) = Gy =0 (C.6)

For a section of the circular plate of radius x with an infinite small angle df/, we have

equilibrium equation along its symmetric axis
v . db
o (x)hadd = 2044(r) Sin ?hdr (C.6)
0
Then we have
o, (x) = / age(r)dr (C.7)
0

So

om(x) + zo), (2) = oge(x) (C.7)
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Then
P2 2y TOTD D) ©8)
We can get
o’ f'(x) +af'(x) = f(z) =0 (C.8)

It is an Euler differential equation. Its solution is
Cs
f(z) =Ciz+— (x>0, Cy, Cy are contants) (C.8)
x

We know f(0) =0 and f(x) should be continuous at z = 0. So Cy = 0. Thus

ou,
Er = 5= 4 (C.9)
Eop = % = (C.10)

Let ¢,,, = €, then

Opr = 5 (Err + VEpy) = € (C.10)

1—v 1—v

The we can obtain the strain energy of a plate with a radius of a as follows.

E Eha?e?
e wa?h = T (C.10)

1—w 1—v

Epe) =
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In this appendix, we will analyze the boundary effect of the 2D rectangle meshed

MSD model.

D.1 Boundary effect of the 2D rectangle meshed MSD model

Refer to Fig. 5.3, for the nodes on the line M N, denote them by Vj, where
k= —1,0,---, starting from boundary nodes. Let the contraction of the structural
spring between adjacent nodes Vi1 and Vj, be s (k =0,1,---). Assume M N to be far
from the boundary in the direction of the z’-axis and the contraction of the structural
springs connected to M N in the direction of the z'-axis is negligible.

Consider the equilibrium condition of the node V_;, we have
Py — ky5o+ Py — k(50 + 51) + V2P — k3sg = 0 (D.0)
At node Vj, we have
Pi — ki5g +V2P5 — kgsg = PL — kysy + Py — kao(sy + 52) + V2Ps —kss;  (D.1)
At node Vi, (k > 1), we have
Py — ks + Py — ko(sp_1 + s1) + V2Ps — kss, = Py (D.2)
—ky8pg1 + Py — ko(Spp1 + Skr2) + V2P — kssp (D.3)
According to (5.52), (D.1), (D.1) and (D.3), we have

k’lso + k‘g(So + 81) + ]{?350 + P2 =0 (D4>
klsl + k/’381 + k?g(Sl + 82) — k130 — k?gSO — P2 =0 (DE))
Kiskr1 + ko(spq1 + Skao) + ksspr — kisk — ka(sp—1+ k) — kss, =0 (k> 1) (D.6)

We want to restrict the contraction to the area close to the boundary. First we try to

limit the contraction within one structural springs around the boundary, i.e.

se=0 (k>1) (D.7)
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From (D.4), (D.5) and (D.7), we have

k’lSO + k’QSo + ]{3380 + Pg =0 (D8)
k'lSO + k'380 + P2 =0 (D9)

Then
ky =0 (D.10)

And in this situation, (D.4), (D.5), (D.6) and (D.7) are compatible. So we can restrict
the boundary effect to only the boundary springs. Note that the derivation above is only
valid for those nodes far from the corner of the MSD system. Due to the influence of the
corner nodes, we can not completely limit the boundary effect to the boundary springs.

But under (D.10), the boundary effect is very small for the non-boundary springs.
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E.1 Coefficients of the Fourier Series
The coefficients of the Fourier series of cos 2¢,,; and cos 4¢,,; mentioned in section

7.2.1 are listed below.

CcoS 20, — 1

a070 = T (E1>
CcoS 20,  COS 200y COS 23,m:
a072 = 5 — ﬁ (E2>
4 4
14+ 3cos2a,,;
Sin 20v,,,; sin B,
Q2 -1 = —0A21 (E5>
COS 20y COS 20, COS20;
8 8
ag —2 = U222 (E7)
Sin20,,;  €OS 20t,; Sin 25,
4 4
sin 20y,,; cos B
by 1 = bay (E.10)
by — €08 20 SIN 20m;  SIn2[, (E.11)
' 8 8
by o = —bas (E.12)
- cos 4o cos 2a (E.13)
’ 64
o — COS 20 08 20m;  COS 20 3€08 4un; COS 20 (E.14)
’ 4 16 16
3OS 20t; COS 4B 9co84Bm 3 cos by, cos 4B
= — E.15
Co - T ol (E.15)
o — 5 oS 4ty — 408 20,,; — 1 (E.16)
’ 16
o — SN 20 81N B 8In 4oy Sin B (E.17)
’ 4 8
Co1 = —Ca1 (E.18)
trn — c0820y; €08 4t €08 20mi (E.19)

8 8



Co,—2 = C22

Sin 2av,,,; sin 36, n sSin 4av,,; sin 30,

Co3 = —

4 8
Co—3 = —C23
3
Coq = —500,4
Co,—4 = C24
35 cos 4av,y,; + 20 cos 2a,,; + 9
C ==
+0 64
SIN 200y, SIn By T8I0 40ty sin By,
Ca1 = — -
H 8 16
Cq—1 = —C41
COS 20t,; COS 2B 308 2Bpmi T €0 40tm; c0S 2Bmi
Ca2 = — - +
’ 8 32 32
Cq,—2 = C42
1
C43 = —502,3
Cq,—3 = —C43
3
Ca4 = gco,4
Cq,—4 = C44
g oo 200, 5in 203, sin2fB,; 3 cos 4y, sin 28,
02 4 16 16
3cos 20, sindfy,;  9sindfB,; 3 cosdayy,; sin4f,;
doa = — +
’ 16 64 64
SN 20,5 €OS By SIN4Qy; €OS B
dyy = —
4 8
dy,—1 = dy;
. Sin20,,; oS4y, Sin 25,,;
22 = 3 3
dy,—o = —dy>
SN 20t,,; €08 3Bmi  SIN 4y,; COS 36m;
da3 = -
4 8
dy,—3 = dy3
3
dyy = —=doy

2
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(E.20)

(E.21)
(E.22)
(E.23)
(E.24)
(E.25)
(E.26)
(E.27)
(E.28)
(E.29)
(E.30)
(E.31)
(E.32)
(E.33)
(E.34)
(E.35)
(E.36)
(E.37)
(E.38)
(E.39)
(E.40)
(E.41)

(E.42)
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dy,—4 = —day (E.43)
dir — Sin 2,,; €OS B n 7 8in 4v,,; €OS B (F.44)
8 16
d47_1 = d471 (E45)
COS 20; SIN 26, 380208,  7cosda,,; sin2,,;
Do — _ F.46
2 8 2 32 (E-46)
d47_2 = —d4’2 (E47)
1
dyz = —§d2,3 (E.48)
dy—3=ds3 (E.49)
3
dya = §d0,4 (E.50)

dy 4 = —dgs (E.51)
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