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ABSTRACT

SPELUNKING THROUGH A FOREST OF ROOTS: SOLUTIONS OF

POLYNOMIALS IN DIFFERENT NUMBER SYSTEMS

Nathan Easley, B.S. Mathematics

The University of Texas at Arlington, 2023

Faculty Mentor: Barbara Shipman

Most advanced college students are familiar with the fact that an equation
p(x) = 0, where p(x) is a polynomial of degree n with real coefficients, will have at
most n solutions. When the coefficients are complex, the Fundamental Theorem of
Algebra (FTA) says that there are exactly n solutions, counting multiplicity. For example,

x3

- x = 0 has exactly three solutions, 0, 1, and -1. This thesis investigates how many
solutions polynomial equations have in other number systems, particularly in hyperbolic
and parabolic numbers. Our methods involve looking for how many solutions simple
equations, such as x2 — k = 0, possess for different choices of k in these distinct number
systems. We then consider general polynomials. Overall, our results demonstrate that

there can be more or less solutions than the degree of the polynomial, contradicting the

outcomes expected from the FTA.

v



TABLE OF CONTENTS

ACKNOWLEDGMENTS ..ottt iii

ABSTRACT ...ttt sttt et e bt e b e e st e seeneesaeenseeneenseas v

LIST OF ILLUSTRATIONS ...ttt ettt ettt ettt vii
Chapter

1. INTRODUCTION ....cooiiiiieiieieetieeeese ettt 1

1.1 My RaAtionale.......cc.oeeiiiieiieeiieee ettt 1

1.2 Necessary Background.............coocuviiiiieeiiieniiiccie e 1

1.2.1 Real NUMDETS.......coouiiiiiiiieiiiiieee et 3

1.2.2 Complex NUMDETS .....ccccveeeriiieeiieeeiee et eree e 6

1.2.3 The Fundamental Theorem of Algebra...........ccccoecvvvvniiiniiiennennne, 8

1.2.4 Hyperbolic NUMDETS........ccccvieviiieiiecie e 13

1.2.5 Parabolic NUMDETS.......ccocuiiiiiiiiiiiiiieieeceee e 16

1.2.6 Miscellaneous Mathematical Knowledge...........cccceeevvvvenvieennennne. 18

1.2.6.1 Even and Odd INte@ers........cceeervieeeiieeiiieeiie e 18

1.2.6.2 The Quadratic Formula...............ccooovviiiiiiiiiiiiiiecceeeees 19

1.2.6.3 The Binomial Theorem...........cccoeieiiiiniiniiiiiieniciieeee 20

2. HYPERBOLIC ROOTS ..ottt 21

2.1 Simple Hyperbolic Polynomial Equations..........c.cccccceeevvieeeieencieenieeens 21

2.1.1 A Simple Hyperbolic Polynomial of Even Degree......................... 21

2.1.2 Square Roots of a Hyperbolic Number............cccccocviiviiiiiiiennnnn, 23



2.1.3 Attempting to Solve for Even Index Roots Algebraically..............

2.1.4 A Simple Hyperbolic Polynomial of Odd Degree............cccceueee.

2.1.5 Attempting to Solve for Odd Index Roots Algebraically ...............

2.2 The Simplicity of the Exponential Form and Generalizing
Results of Hyperbolic Numbers in the Four Open Quadrants..................

3. PARABOLIC ROOTS..........

3.1 Simple Parabolic Polynomial Equations............cccceccveeviiieerieencieeenieenee,

3.1.1 A Simple Parabolic

3.1.2 A Simple Parabolic

Polynomial of Even Degree...........c.ccccuvrnnnee.

Polynomial of Odd Degree.........ccccecuvrennennn.

3.1.3 The General Form of a Powered Parabolic Number.......................

4. CONCLUSION ......ccceevenne
4.1 Some Future Prospects....
REFERENCES ...,

BIOGRAPHICAL INFORMATION

Vi

26

28

30

31

39

39

39

39

40

45

45

48

49



Figure

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

1.10

1.11

1.12

1.13

2.1

2.2

23

24

2.5

3.1

LIST OF ILLUSTRATIONS

Graphical Representation of X2 + x — 1 ....cccceveruevennnen.
Right Triangle with Leg Lengths of 1........cccccccevieinnen.
Normal X2 — 2% + 1 TI€€...rvrureeieeeeeccceceeeeeeeeenee
Dead X2 + X + 1 TT€C..couivevieieeeieeeeee e
Graphical Demonstration of Polar Form........................
Complex Numbers with Modulus 1.........c.ccoccvvevnirennenn.
Spherical Complex Tree of x8 —x* + 3 =0..............
Roots of the Complex Tree of x® —x* + 73 =0..........
Four Open Quadrants Cut Outby y =xandy = —x....

Hyperbolic Numbers with Modulus 1............c.ccocuveennee..

Points on the Unit Hyperbola Possess the Same Modulus Value..................

Parabolic Numbers with Modulus 1 .......cccoevevvvvveunnnnnnn...

Points on the Unit Parabolic Shape Possess the Same Modulus Value.........

Squares Equal to 1 and Square Roots of 1......................
Where Squares of Hyperbolic Numbers Lie...................
Cubes and Cubic Roots of 1, 7, -1, and T........ccccuvvueen....
Curvy Hyperbolic Tree of X2 —92 = 0....cocooveveveenee..

Roots of Hyperbolic Tree x2 — 92 = 0...cccvevvevervreene.

Solutions t0 a,x™ + ap_1x™ 1+ -+ ax? + wx =0

vii

11

11

14

15

16

17

22

24

30

37

37

42



3.2

33

4.1

4.2

4.3

Pole-like Hyperbolic Tree of X2 — WX = 0..oovovveeeveeeeeeeeeceeeeeeeeeeeeeeees

Roots of Hyperbolic Tree X2 — X = 0 .coovovvevveeeeeeeeeeeeeeeeeeeeeee e

Arbitrary Square Roots of a Hyperbolic Number in the Right

Open Quadrant............cccecuvennennne.

Where Same Angle Square Roots Tend to on Inner Hyperbolas...................

Points that Tend Perpendicularly

viii

43

43

45

46

47



CHAPTER 1
INTRODUCTION

1.1 My Rationale

Some who read this thesis may not be familiar with the mathematics and concepts
foundational to the topics covered. Without sufficient knowledge or familiarity with the
basics, how can one adequately understand concepts built upon them? For this reason
alone, it is incumbent on me to provide information that can help any college-level reader
comprehend the results shared in this paper. In other words, my goal is to make this paper
accessible.

To accomplish this goal, the rest of this introduction section is dedicated to
explaining background information. Some readers (especially non-STEM readers) may
find the repetitive mathematical text quite easy to gloss over, as mathematics is technical
in nature. Keeping this in mind, I intend to give more detailed explanations for
mathematical conclusions, as well as an analogical visual, so that even those who study
outside of STEM may be able to grasp the text. One may refer to this section if they get
lost further in the paper.

1.2 Necessary Background

At some point in their academic career, most college students become familiarized
with “polynomials” in an algebra-based class. They may see something like x? + x — 1,
being told to find the “roots,” or solutions, of this polynomial when it is set equal to 0.

Their teacher or mentor may have shown how this polynomial looks graphically:



10 =

=Y
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Figure 1.1: Graphical Representation of p(x) = x*+x — 1

Since we are finding the solutions x for which p(x) = 0, we are looking at the points where
the graph intersects the x-axis. The quadratic formula may have even popped up when
finding solutions to quadratic equations (equations where a polynomial has degree two and
is set equal to zero). Many perspectives and methods to find the roots of such polynomials
were taught. Finding roots for polynomials is precisely the topic of this paper, but we are
now working with number systems that are not typically seen or known about.

For those who may not have a full picture of what a polynomial is or what it can
look like, the general form of a polynomial is:

p(x) = apx™ + a1 x" 1+ -+ a;x + aq,

where n = 0, 1, 2, ... (the counting numbers, including 0) and each q; for0 < j <nisa
number. The numbers a; are called the coefficients of the polynomial. The coefficients of
a polynomial are numbers from a particular number set.

To understand the number sets we investigate, there are two sets whose definitions

are useful to know.



Definition: The set of all whole numbers that can be positive, negative, or zero, is
called the set of integers, denoted by Z.

Definition: The set of all fractions of whole numbers where the denominator is not
zero, expressed as

{a/b|a,b €Z;b + 0},

is called the set of rational numbers, denoted by Q.

Note that the set of rational numbers contains all the integers, since we can let b =
1 and a be any integer. We are now ready to discuss the real numbers.
1.2.1 Real Numbers

There are quite a lot of rational numbers. Infinitely many, in fact. However, rational
numbers do not compose every possible length. You may have taken a trigonometry class

and were required to find the hypotenuse length of a right triangle such as:

1

Figure 1.2: Right Triangle with Leg Lengths of 1
The solution can be found via the Pythagorean Theorem, which states that the sum of a
right triangle’s squared leg lengths is equal to the square of the hypotenuse. In other words,
a? + b% = c2. If we attempt to solve for ¢ for the above right triangle, we get v2. This
number cannot be expressed as a fraction like all rational numbers must. Therefore, it is

not rational. Results like this one supposedly shocked those in the school of Pythagoras, as



they initially believed all numbers could be expressed as a ratio of integers, or a fraction.
Mathematicians have since come to accept this result and the existence of other non-
rational numbers. To make every length along the number line correspond to an actual
number, we need to extend the rational numbers to the set of real numbers, denoted by R.
That is, we may think of the real numbers as all locations along the number line, negative,
positive, or zero. Numbers that are real but not rational are called irrational and belong in
the set of irrational numbers. Therefore, the set of real numbers is the union of all rational
and irrational numbers.

Without rigorous proof given here, I will share that the amount of numbers in the
real set is uncountably infinite, as opposed to the countably infinite sets that are the integers
and rational numbers. Essentially, while the set of integers (. . .-3,-2,-1,0,1,2,3,...)
can be perfectly paired with the counting numbers (1, 2, 3, . . .), and the set of all rational
numbers can be perfectly paired with the counting numbers, the real numbers cannot. There
is so much infinitude in the set of real numbers that some of them will never be counted,
no matter how you attempt to assign a unique counting number to each real number. Indeed,
some infinities are greater than others (Abbott, 2015). This result is well-known amongst
mathematicians, though more about the set of real numbers can be read in Understanding
Analysis by Stephen Abbott.

As described thus far, the set of real numbers is typically represented by the number
line, or real line. Think of the x-axis one would see in a typical algebra or calculus class.

One may recall that not all polynomials are capable of being solved “normally.”

Take for instance the following polynomial equation:



The solution to this equation requires a number whose square is negative. This is
impossible when considering real numbers, as there does not exist any real number whose
square is negative.

Exploring polynomials with real coefficients to find roots is comparable to hiking
in a forest of real polynomial trees. Trees require roots to sustain themselves. Their
functionality, so to speak, depends on the existence of roots. Similarly, polynomials can
only have an output of zero if they possess roots. If one were hiking in such a forest, they

may see normal trees like this:

x2=2x+1=0
Figure 1.3: Normal x2 — 2x + 1 = 0 Tree

Or perhaps dead trees like this:

X2 4x+1=0

Figure 1.4: Dead x% + x + 1 = 0 Tree



The dead trees are dead precisely because they have no real roots. Consequently, they are
incapable of sustaining themselves. Taking out one’s trusty spade and attempting to uproot
any roots is equivalent to seeking out roots of a real polynomial equation p(x) = 0.

How does one solve this problem of lacking roots? Could we envision a forest
where dead trees, with no roots in the real numbers, now possess roots? In the real numbers,
it is not possible to find roots of all polynomial equations p(x) = 0. However, there is yet
hope.

1.2.2 Complex Numbers

Let us introduce a new number, call it i, and give it the following property:

It may not seem like it, but this thoroughly enhances our ability to find solutions for
polynomial equations. Recall the previous polynomial equation x? + 1 = 0. Using our
new number i, we are now capable of finding solutions to this. In particular, the solutions
to the polynomial equation x? + 1 = 0 are i and -i. We can check this by seeing that:
i+1=-14+1=0
(-)*+1=-1+1=0
The equation x? + 1 = 0, which previously had no solutions in the real numbers,
now has two solutions when including the number i. In mathematics, the set housing this
new number i is called the set of complex numbers, which is responsible for our ability to
find the roots of a/l polynomials:
Definition: The set of all numbers of the form a + bi where a and b are real
numbers, expressed as

{fa+bi|abeR},



is called the set of complex numbers, denoted by C.

Elements of this set are typically denoted by z = a + bi (Brown & Churchill,
2013). The set of real numbers is contained in the complex numbers as the special
complex numbers where b is zero.

Complex numbers are capable of being expressed as z = r(cosf + i sinf),

referred to as polar coordinate form. We can see this graphically:

A
bit z=a+bi

a = rcos@
b = rsin6

\ 4

Figure 1.5: Graphical Demonstration of Polar Form
One can then derive Euler’s formula using Taylor series identities:
re'® = r(cos6 + i sinf)
Thus, complex numbers can also be expressed as z = re?. Furthermore, r is called the
modulus of z, expressed as r = |z| = Vzz, where Z is the complex conjugate of z. The
complex conjugate of a complex number z = a + bi is Z = a — bi. The sign in the middle

is switched out for the other. These are all the complex numbers with a modulus of 1:



Figure 1.6: Complex Numbers with Modulus 1
Not all complex numbers lie on this circle, just the ones with modulus 1. Other complex
numbers will have different moduli, and thus lie on different circles. The circle shape is

justified when trying to find numbers with modulus 1:

2l =Vzz =1
Vzz = \/(a + bi)(a - bi)

=\ a? — abi + abi + b?
=Ja2 + b2 =1
Doing this again with |z| = r, we can say that r can be thought of as the radius of a circle.
The next theorem states how many roots a polynomial in the complex number
system possesses.
1.2.3 The Fundamental Theorem of Algebra

Theorem — The Fundamental Theorem of Algebra (FTA): Every nonzero

polynomial of degree n with complex coefficients has exactly n roots, counting
multiplicity.
Providing proof of this theorem is outside the scope of this paper. There are at least

six, and they are all fairly complicated or generally difficult (Fine & Rosenberger, 1997)



The conclusion of the theorem is most important, as we will be comparing results from
new number systems to results we expect from the FTA. There is one more implication of
the FTA needing explanation.

From the FTA, it follows that we can uniquely factor a complex polynomial into a
product of linear factors:

X"+ ap x4+ o+ axt +ay = (x — b)) (x — by) -+ (x — by_1)(x — by),
where each coefficient a; of the polynomial is complex and each b, for Ll <k <nisa
complex number, not necessarily distinct from one another. Each linear factor represents a
root of the polynomial. This factored form of a polynomial may look familiar to an algebra-
based class. The first a, real coefficient is omitted, but the next proof still works if we
included it.

We can demonstrate that linear factorization is unique using the FTA. Suppose that
we could factor a polynomial of degree n in two ways like this:

(x = b))(x = by) -+ (x = bp-)(x = bp) = (x —c))(x = ¢2) =+ (X = Cpp-1) (X — )
Assume that m < n, or that there are fewer linear factors on the right-hand side (RHS) than
the left-hand side (LHS) of the equation. Then when all the factors multiply together on
the RHS, the degree of the polynomial would be less than n which is not possible. Let us
assume that m > n instead. The same argument applies, and we now have a polynomial of
degree greater than n which is also not possible. So, m = n. It follows that the root values
and multiplicity of each root must be same, or else if one side had a root the other did not,
then that would contradict the FTA, since its conclusion states that the number of roots
(counting multiples) is equal to the degree of the polynomial. Therefore, linear

factorization of polynomials over the complex numbers is unique.



The FTA allows us to predetermine how many solutions a given polynomial has,
as well as find the completely factored form of a polynomial with complex coefficients.
For example, we now know that the polynomial equation

x°—x=0
possesses exactly 3 roots, 1, 0, and -1. The unique factorization of the polynomial looks
like:
WB—x=@-Dx-0x+1) =x(x—1(x+1).
For a polynomial with complex roots, let us return to x? + 1:
x2+1=(x—-0(x+1i)
The simple inclusion of i not only enables us to find roots where we would otherwise be
unable to with real numbers, but also creates an interesting phenomenon where the root
count exactly matches the degree of the polynomial. This next example will demonstrate
the concept of multiplicity:
xt—4xd3+6x?—4x+1=(x-Dx-DxE-Dkx-1)
=(x-1*
For the polynomial x* — 4x3 + 6x2? — 4x + 1, the root 1 has a multiplicity of 4. In other
words, the root “shows up” four times after transforming the polynomial into its linear
factors. This multiplicity value exactly matches the degree of the polynomial.

A forest with complex polynomial trees is an upgrade from one with real
polynomial trees. All its trees, barring the zero constant polynomial tree, possess exactly
as many roots as the degree of the polynomial they represent. Say one were to jump down
the rabbit hole from the real polynomials to complex polynomials. They would probably

see a tree like:

10



Figure 1.7: Spherical Complex Tree of x® — x* + 73 =0
It would be too much work to dig up all roots of this tree to see if there are indeed eight.
Knowing, however, that there are eight because of the FTA is equivalent to finding a
perfectly circular cave entrance in the ground, heading under, and spelunking up to the

point below the tree.

Figure 1.8: Roots of the Complex Tree of x® — x* + 73 =0

Indeed, there are eight roots.

So that is all, right? Everything is perfectly simple now that we have the complex

numbers — if we have a polynomial with degree n, then it has exactly n roots (counting

11



multiple of the same roots). It seems that we have nothing left to do. Except, if you wish to
play around a little bit with the following complex number form:
a + bi
Squaring this form yields a®* — b% 4+ 2abi. We can obtain this result precisely due to the
presence of i:
(a + bi)? = (a + bi)(a + bi)

= a® + abi + abi + b?i?

= a’ + 2abi — b?

= a? — b% + 2abi
Squaring i leads to the real term becoming a difference of two squared real numbers,
expressed as a? — b?. Algebraically, we can use a? — b? + 2abi to investigate the square
roots of various complex numbers. Roots of the polynomial x? — k, for some k complex
number, will be affected by i.

The mathematical influence of i on the roots of polynomials is noticeable and
motivates a slew of questions. What if i squared did not equal -1? What if i were something
else? Are there other nonreal numbers like i that we can inspect, numbers whose squares
are not 1? Should we find such numbers, could we see how they fare against the FTA? In
other words, how many roots would a polynomial with coefficients from a set possessing
one of these numbers have? Are there other forests to explore? Indeed, there are other
nonreal numbers like i. In fact, there are uncountably infinitely many more. However, we
need only investigate two nonreal numbers. Infinitely many other nonreal numbers belong
to a system that is like the complex numbers or one of the soon-to-be investigated nonreal

number systems, up to scaling (Harkin & Harkin, 2004).
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1.2.4 Hyperbolic Numbers
Let us introduce a new number, call it T (tau), and give it the following property:
2 =1.
This new number is neither 1 nor -1. It is simply 7 until it is squared, exactly like i. To a
skeptical reader, this may seem redundant. There already are two numbers whose square is
1, being 1 and -1. The polynomial x? — 1 has solutions. What purpose could there be for
such a number? Observe that we can take the same form from the complex numbers and
generate a new number set.

Definition: The set of all numbers of the form a + bt where a and b are real
numbers, expressed as

{a+bt|abeR}
is called the set of hyperbolic numbers, denoted by L.

Elements of this set are typically denoted by z = a + bt. The reason we use a
double-struck L instead of a double-struck H to denote the set is because H represents the
hyperbolic plane, which means something different from the set of hyperbolic numbers.
Hyperbolic numbers can alternatively be called Lorentz numbers, named after the Dutch
physicist Hendrik Lorentz. Numbers from this set are utilized for spacetime models (Naber,
1989).

Like complex numbers, hyperbolic numbers can be expressed in exponential form.
Unlike the complex exponential form, where one form works for all nonzero complex
numbers, hyperbolic numbers fall under four different exponential forms, depending on
where they lie in the plane. Consider the four open quadrants cut out by the lines y = x

and y = —x:

13



Figure 1.9: Four Open Quadrants Cut Outby y = x and y = —x
Using similar derivations for Euler’s formula (Atmai, Kizer-Pugh, & Shipman, 2022), we
find that hyperbolic numbers in the open right quadrant have the form
re®™® = r(cosh + t sinhf).
In the other three quadrants, the hyperbolic numbers are expressed as
tre®™® = 1r(coshf + t sinhf) in the top quadrant,
—re®™ = —r(coshf + 7 sinhf) in the left quadrant, and

0 _

—Tre —1r(coshf + 1 sinhf) in the bottom quadrant.

In hyperbolic numbers, r still signifies the modulus of a hyperbolic number z, expressed
asr = |z| = \/ﬁ , Where Zz is the hyperbolic conjugate of z. The absolute value brackets
within the radical are necessary, as will be shown. Like complex numbers, the hyperbolic
conjugate of a hyperbolic number z = a + bt is Z = a — bt. Below are hyperbolic

numbers with modulus 1:

14



Figure 1.10: Hyperbolic Numbers with Modulus 1
Not all hyperbolic numbers lie on this hyperbolic shape, just the ones with modulus 1.
Other hyperbolic numbers will have different moduli, and thus lie on different hyperbolae.
This hyperbolic shape can again be justified when finding numbers with modulus 1.

Suppose we write

Izl =Vzz =1
Jzz = /(a + br)(a — br)

=\ a? — abt + abt — b?

=4a%2—-b%2=1

However, note that a? — b? can be negative. To accommodate this, mathematicians write

the modulus like

|z| = V|7Z| = {/|a? - b?[,
hence the graph possessing four “branches.”
Notice that in the set of complex numbers, the modulus of a complex number can

be construed as a distance from the origin. For complex numbers on the unit circle, each

15



possesses a modulus of 1, which makes sense visually speaking. Hyperbolic numbers are
different. If we look at Figure 1.10, we can note that all points on the orange shape are

hyperbolic numbers that possess a modulus of 1, shown in Figure 1.11:

Figure 1.11: Points on the Unit Hyperbola Possess the Same Modulus Value
Finding the modulus of any point on this graph will yield 1. For hyperbolic numbers, the
modulus cannot be so easily construed as “distance” as we are used to it.

1.2.5 Parabolic Numbers

Let us introduce another new number, call it w (omega), and give it the following
property:

w? =0

Like before, w is not 0. It is its own thing until it is squared. Again, this may seem
redundant, but its purpose follows suit to the previously introduced nonreal numbers. With
this number, we can generate a new number set:

Definition: The set of all numbers of the form a + bw where a and b are real
numbers, expressed as

{a+bw|a,b € R}

16



is called the set of parabolic numbers, denoted by IP.
Elements of this set are typically denoted by z = a + bw. Unlike the previous sets,
we do not know whether these numbers have applications.
Like the previous sets, we can derive the form
re®? = r(1 + wh)
for parabolic numbers. Again, r is the modulus of a parabolic number, expressed as r =
|z| = Vzz, where Z is the parabolic conjugate of z. The following is the graphical

representation of parabolic numbers with modulus 1:

A

v

Figure 1.12: Parabolic Numbers with Modulus 1
Not all parabolic numbers lie on these two vertical lines, just the ones with modulus 1.
Other parabolic numbers will have different moduli, and thus lie on different vertical lines.
These vertical lines can be justified when investigating which parabolic numbers possess

modulus 1:

|zl =72z = 1
J?zJ(a+bw)(a—bw)

= \/az —abw + abw + b?%(0)

17



=Ja2=1=a=+1

The result shows that parabolic numbers a + bw, where a =1 or a = —1, possess
modulus 1, hence the two vertical lines at 1 and -1. Note, again, that “distance” here is

quite different:

r3

\

Ty s

rH=rty=r3=r3=r1r5=1
Figure 1.13: Points on the Unit Parabolic Shape Possess the Same Modulus Value

If we were to measure the Euclidean length of each of these distances with a ruler, we
would see that they are different. In the parabolic numbers, however, the “lengths” are all
equal — another bizarre result.

Now knowing the basics of hyperbolic and parabolic numbers, what would forests
consisting of hyperbolic and parabolic polynomial trees look like?
1.2.6 Miscellaneous Mathematical Knowledge

1.2.6.1 Even and Odd Integers

Since this paper will be covering powers of numbers from number systems
different from the real line, knowing what the form of a power looks like will streamline
one’s understanding of the concepts. Powers will be positive integers, and there are two

types of integers: even and odd. Even integers have the form

18



2k,
where k is an integer. Examples:
k=1=2(1)=2
k=-2=2(-2)=—-4
k=5=2(5) =10
k =—-90 = 2(—90) = —180
These examples are even since they are divisible by 2 or are multiples of 2. 0 is also
considered an even integer. Odd integers have the form
2k +1
where k is an integer. Examples:
k=1=2(1)+1=3
k=-2=2(-2)+1=-3
k=5=205)+1=11
k=-90=2(-90)+1=-179
These examples are odd since they are not divisible by 2 or are not multiples of 2. Powers
in this paper will be of either of these forms, and all powers will be non-negative.
1.2.6.2 The Quadratic Formula
For a polynomial equation of the form
ax?+bx+c=0,

the solutions of polynomial equation will be

—b +Vb?% — 4ac
x:
2a

19



This works for polynomial equations where the variable possesses a higher power. For
example, let us say that x = h8 where h is a variable. The above polynomial equation can

be expressed as ah'® + bh® + ¢ = 0, and solving for h, we have

h8

B —bi\/bz—4ac:>h_ +8\]—bi\/b2—4ac
N 2a T 2a

This will be useful to know later when discussing square roots of hyperbolic numbers.
1.2.6.3 The Binomial Theorem
There is one more concept to introduce before we delve into the rest of the paper.
Because we will be dealing with powers of numbers with the form a + bt, where t is either
T or w, it would be enlightening to see how this form is expanded out when it is multiplied
n times. The binomial theorem formula will help this become a lot easier, describing how

one can expand expressions of the form (x + y)™:

(x+y)" = (g) x™ + (711) x"lyl 4 (721) X"2y2 4ot (n i 1) xlyn=1 4 (n) o

n
n n
— o7 n-1,,1 n-2,2 4 ... 1,n-1 4 0
=X +(1)x y+(2)x yo+ +(n_1)xy +y
Every (7) =7 (:ij)l for 0 < j < n. For this paper, all one really needs to know is that each

('Jl) is a real coefficient. One can think of x being a and y being bt, thus we will be seeing

what (a + bt)™ looks like.
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CHAPTER 2
HYPERBOLIC ROOTS

2.1 Simple Hyperbolic Polynomial Equations

2.1.1 A Simple Hyperbolic Polynomial of Even Degree
We can begin with the following example:
x2—1=0
Recall that 72 = 1 in the hyperbolic number system. It follows that (—7)? = 1. Because
the hyperbolic set also includes the real numbers, that means that the equation above has
at least four solutions: 1, -1, 7, and -7. The polynomial has more roots than its degree! We
have, right off the bat, seen an example of a polynomial that contradicts what we are used
to with real and complex numbers. We can also see the following:
x> =1=x—-Dkx+1)
=x—-7)(x+1)
Factorization is not unique! Another contradiction of what we are used to. One may ask
next how many square roots of 1 exist. In other words, if we let (a + bt)? = 1, how many
solutions are there? We can calculate the following:
(a + b1)? = (a + br)(a + b1)
= a® + abt + abt + b*1?
= a® + 2abt + b?

=a®+ b? + 2abt
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Should we set this new form to a? + b? + 2abt = 1, we can immediately see that the term
2abt must equal 0, since 1 is a real number. We also see that a = b = 0 is not a valid
option, since if we allowed both a and b to be 0, then a® + b? + 2abt = 0. So only exactly
one of them must be 0. Let us say it is b. That leaves us with a? = 1. Because a is a real
number, the only two options we have are a = 1 and a = —1. Likewise, if we set a = 0,
then we have b? = 1. Again, because b is a real number, the only two options we have are
b =1 and b = —1. That leaves us with the following combinations:
a=1,b=0=>a+brt=1
a=-1,b=0>a+br=-1
a=0,b=1=2>a+brt=1
a=0,b=-1=>a+bt=-1
Thus, there are exactly four solutions to the equation (a + bt)? = 1: 1, -1, 7, and -7. In
other words, there are exactly four square roots of 1. The following figure demonstrates

this:

Figure 2.1: Squares Equal to 1 and Square Roots of 1
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2.1.2 Square Roots of a Hyperbolic Number
Can we see that there are exactly four square roots of any hyperbolic number? To
answer this, let us begin by considering the squaring function. Taking any hyperbolic
number a + bz, its square is (a + bt)? = a? + b% + 2abt = p + qt. Then we have that
a’? + b? =p and 2ab = q. Observe that (a + bt)? = a? + b% + 2abt = 0, since the
square of a hyperbolic number must be positive. Applying some simple algebra, we see
that
a’ + b% + 2abt = 0
= a’ + b* = —2abt
>p=-q
But we can also take (a — bt)? = a? + b? — 2abrt and yield a similar result:
a’ + b* — 2abt = 0
= a’ + b? = 2abt
=>p=q
So p = |q|, since p is greater than or equal to positive and negative q. Hyperbolic numbers

p + qt that possess the trait p > |q| are in the closed right quadrant, which includes

hyperbolic numbers that lie on the lines y = x and y = —x for x > 0.
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Figure 2.2: Where Squares of Hyperbolic Numbers Lie
For now, let us take a number p + gt in the open right quadrant, where p > |q|,
which excludes numbers lying on the lines y = x and y = —x. Suppose a + bt is a square
root of p + q7. Then from our calculation above, a® + b? = p and 2abt = q. Assume that

q = 0. Then we have the following combinations:
a= iﬁ, b=0

b= iﬁ, a=0
Note that since ¢ = 0 and p > |q| = 0, p is not zero. In this case, there are exactly 4 square

roots of the hyperbolic number p where p > 0. They are
a=ﬁ,b=0:>a+b1=\/5
az—ﬁ,b:O:>a+bT=—\/§
a=0,b=\/5:>a+b1=\/51

a=0,b=—\/5:>a+b1=—\/51
Now, assume that ¢ # 0. Since 2ab = q, we can say that b = q/2a. Plugging back

into a? + b% = p, we have:
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q\? q° q
Za) =a*+—=p=>a’+-—5-p=0

b? =
a’ + a? +( 42 ta

Multiplying both sides by a?, just so we can cancel out the factor a? in the denominator of

the g% /4a? term, we get:

a2a2+4qa2a —pa? = 0(a?)
2
+qz—pa
2
a —pa2+qT—O

This form enables usage of the quadratic formula to find a?:
q2
px |2 -2 (%)
2(1)
_piyp’—¢?
2

a’ =

The above result shows that a? has only two viable solutions, if p? — g% > 0. Solving

further for a, we get

px+p?—q?

a=4=

As can be seen, there are two possible numbers within the large radical, both of which are
positive and real since p%- g% > 0. Therefore, there are four different a’s. Recall that b =

q/2a. It follows that there is a single b assigned to each a:

/P‘*‘ P _q

2er
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a: =
2 )
, [P=yP? = ¢
2
Lo _ |PF p:—q* q
2 U
_y /p+\/p2—q2
2
Lo [PoyPr—at q

Therefore, there are exactly four square roots of a hyperbolic number p + qt.
2.1.3 Attempting to Solve for Even Index Roots Algebraically
Is it possible that there are only four roots of higher even power polynomials of the

form x2k

— z, where z is a hyperbolic number in the open right quadrant? For example, if
we found the roots of x® — (9 + 87), would there be exactly four roots? For even indices
greater than 2, could we find roots of hyperbolic numbers outside of the closed right
quadrant? If we are to assume that for parabolic number p + gz, there exists a 2n-index
root such that we can express that root like

(a +b1)?* =p +qr,
then for what a and b would the expression be true? So far, we have attempted to solve

these problems algebraically, so let us attempt to continue this trend for the general even

case.
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Let ¢; = (7) for 0 < j < n (keep this notation for the rest of this paper) and let

n = 2k for some positive integer k. If we utilize the binomial theorem, we can see
(a + b1)?" expanded out is
(a + b1)?™ = cya®™ + c;a® 1 (bT)t + c,a?*2(b1)% + -+ + Cyp,_1at(b7)?" 1
+ Con(bT)*™
= coa®™ + c,a?"%h + -+ + oy b
+ 17(c,a®™ b + c3c,a? 33 + -+ cpp_1at (D)) =p + g1
This shows that cya?™ + c,a?™ 2b + -+ ¢,,b?™ = p and ¢;a®*™ bt + c3c,a?™3b3 +
o+ Cpp_qat(b1)?™"1 = q, which looks very complicated. For k = 1, however, we get
a? + b? 4+ 2abt = p + qr, so a? + b?> = p and 2ab = g, which is much simpler. This
simplicity does not extend with higher multiples of 2. Take (a + bt)* =p + gt for
instance (coefficients have already been given)
(a + b1)* = (a + b1)(a + bt)(a + br)(a + br)
= a* + 4a3bt + 6a%(b1)? + 4a(b1)® + (b1)*
= a* + 6a’b? + b* + t(4a®b + 4ab3®) = p + qt
This calculation shows that a* + 6a?b? + b* = p and 4a®b + 4ab® = q. How could one
easily go about solving this? If we expand (a + bt)°, we get
(a + b1)® = (a + b1)(a + bt)(a + br)(a + br)(a + br)(a + b1)
= a® + 6a°bt + 15a*(b1)? + 20a3(b1)3 + 15a%(b1)* + 6a(b7)® + (b7)°
= a®+ 15a*bh? + 15ab* + b® + t(6a°h + 20a3b> + 6ab®) =p + qt
This new calculation shows that a® + 15a*bh? + 15a%b* + b® = p and 6a°b + 20a3b® +
6ab® = q. This is even more arduous to solve algebraically. Is there an alternative non-

algebraic method that obviates this issue? For now, let us move on to a simple hyperbolic
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polynomial of odd degree. As we work in the next section, perhaps a solution will manifest

itself.
2.1.4 A Simple Hyperbolic Polynomial of Odd Degree
What about this polynomial equation:
x3-1=0
We can use the same process when solving for x> — 1 = 0. Let us take (a + b7)3 and
multiply it out:
(a + b1)® = (a + b1)?(a + b1)

= (a?® + b? + 2abt)(a + b1)

= a® + ab? + 2a®bt + a’bt + b3t + 2ab?1?

= a3 + ab? + 2a®bt + a?bt + b37 + 2ab?

= a3 + 3ab? + 3a’bt + b31

= a® + 3ab? + t(3a®b + b3)
We attempt to set a® + 3ab? + 7(3a?b + b3) = 1, assuming there are solutions. Since 1
is real, we must get rid of the T term. To get rid of the t term, we must have some a, b
combination to make it become 0. After some deliberation, we can see that it is not possible
for 3a?b + b3 = 0 for any real numbers a and b unless b = 0. That leaves a®> = 1, which
means a = 1. Only one combination is available:

a=1,b=0= (a+b1) =1,

and therefore, there is only one root in the hyperbolic numbers: 1. Indeed, you can see this
when we attempt to factor x3 — 1 across the hyperbolic numbers:

x¥-1=@x-Dx*+x+1)
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x% + x + 1 cannot be factored further into linear factors across the hyperbolic numbers.
Further factorization is possible across complex numbers, but hyperbolic numbers do not
have this luxury. To prove this is true, assume that x = a + bt for some a, b. Then we
have that
(x—1D*+x+1)=((a+br) —1)((a+b)?> + (a+b1) + 1)

=(a+bt)® +(@+bt)>+(a+bt)—(a+br)?—(a+br)—1

=(a+br)3-1

=x3-1
Therefore, the LHS and RHS are equal for any hyperbolic number, which means that the
factorization of x3 — 1 is correct. Suppose that the hyperbolic number z is a root of x? +
x + 1. Then we have that

z23-1=0Z-1DE*+z+1)
= (z— 1)(0)
=0>2z3-1=0
Note, however, that we have already shown that the only hyperbolic number that satisfies
z3 — 1 = 0is 1. This number is not a root of x? + x + 1, since if x = 1, we have
x2+x+1=1"+1+1=3=%#0
Therefore, we have obtained a contradiction — our assumption is wrong. There are no
hyperbolic roots of x* + x + 1. Therefore, it is not further factorable across the hyperbolic
numbers.
The factor x — 1 occurs only once, so we have a root of multiplicity 1. Compare

this to the degree of the polynomial — we have fewer roots, counting multiplicity, than the

degree of the polynomial.
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If we were to find the cubic roots of 7, -1, and —, the same process shown above

would be utilized. The only cubic roots for these values, respectively, are 7, -1, and —t.

Figure 2.3: Cubes and Cubic Roots of 1, 7, -1, and 7

Figure 2.3 shows a different image of where these numbers “travel” as they are cubed and
as their cubic roots are calculated.
2.1.5 Attempting to Solve for Odd Index Roots Algebraically
Finding results for the general odd power case is an algebraic mess. Should we start
with a hyperbolic number p + gt and assume there exists a, b such that
(a + b1)?k"t =p+qr,
then we will produce complicated algebras like those in the even power section. Even
attempting to work with (a + b1)3 is problematic (coefficients have already been given):
(a + b1)® = (a + b1)(a + bt)(a + br)
= a3 + 3a®bt + 3a(bt)? + (b1)3
=a®+3ab? +1t(3a’b+b3) =p+qr
We have that a® + 3ab? = p and 3a?b + b3 = q. This complication does not transfer if

we knew that p = 0 or ¢ = 0, since we would have that ¢ = b3 and p = a3, respectively,
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and thus b = i/a and a = 3\/5 for those respective cases. Since p and q are real, and there
is only one real cubic root for each real number, there exists only one a and one b such that
a® = p and b3 = q. This shows that for 1, -1, 7, and —t, the cubic roots are 1, -1, 7, and
—1, respectively. It can easily be shown that this result extends to odd higher-index roots
using a similar process. However, if p and q are nonzero, finding solutions is not so simple.
We have not found an algebraic method in this section that could have helped with
generalizing the even case. Thus, a different method is needed.

2.2 The Simplicity of the Exponential Form and Generalizing Results for Hyperbolic

Numbers in the Four Open Quadrants

Recall that a hyperbolic number a + bt, where a # +b, can be expressed
exponentially. Let us quickly work with hyperbolic numbers that cannot be expressed
exponentially, or hyperbolic numbers that are on the lines y = x and y = —x.

Claim: For a + at on the line y = x, forany n € N,

(a+at)® = 2a)" (a + ar).
Proof: The proof will be by induction. Suppose that n = 1. Then
(a+ar)! =1(a+ar)
= Ra)' Y (a+1)
Now, suppose that for positive integer k, the relationship is true. Let us investigate k + 1:
(a + atn)*** = (a + ar)*(a + ar)
= (2a)**(a + ar)(a + at)
= 2a)*(a + ar)?
= a)**(2a)(a + ar)

= (2a)*(a + ar)
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= 2a)**D~1(a + ar)
Therefore, for a + at on the liney = x, foranyn € N, (a + at)” = (2a)" (a + ar). A
similar proof can be done for the line y = —x with numbers of the form a — ar.

As the proof demonstrates, hyperbolic numbers on the lines y = x and y = —x,
when taken to an arbitrary power, stay on those lines. If we were to attempt to find all roots
of anumber not on the lines y = x and y = —x, i.e., from the four open quadrants, no roots
would be from those lines. We can freely work with exponential numbers in the four open
quadrants without worrying about possible extraneous roots. Let us begin by working with
the even power case.

Claim: For n = 2k, even, where k > 0, f(z) = z?* takes each open quadrant
bijectively onto the right open quadrant.

Proof: It is important to demonstrate that numbers from the four open quadrants

have the property that their even powers are in the right open quadrant. Suppose we have

2 0
z, = 1re™
Zy = 0
z, = —tre®™®
Then when we input these values into the function f(z) = z%*, we get
f(z)) = (rere) 2k pT2k0
f(z,) = (TT‘QTG) 2k pT2k0

2k
f(Zg) — (_rere) — 7,.Zke‘erB

f(Z4) _ (_Tre‘ce) 2k ‘c2k9
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One can see that all outputs are the same and that the form of these powers is that of a
hyperbolic number in the open right quadrant. Therefore, the codomain of the function
f(2) = z%¥ is the open right quadrant.

We shall show the claim is true for hyperbolic numbers in the top quadrant. To
show bijectivity of a function, it must be demonstrated that the function is one-to-one

(injective) and onto (surjective). Let us first show the one-to-one case. Assume that for two

. 2k 2k
hyperbolic numbers 771791 and tr,e™%2 we have that (TTl efel) = (T‘I‘Z eTGZ) . Then

(Trlefel)Zk = (TrzeTQZ)Zk

Tzkrfkerzkel — T2kr22k612k92

Since both r; and 7, are positive real numbers, it must be true that if 72¥ = r2¥ then r; =
5. Similarly, in the hyperbolic numbers, there are no coterminal angles. Therefore, since
e™2k01 = ¢72k02 e have that e™01 = e, Both hyperbolic numbers are the same number
— each output has only one unique input. A similar process can be done for the other open
quadrants to yield the same result.

Now, let us show the onto case. Assume we have the hyperbolic number re® from

1 0
the open right quadrant. Take Trzke’zk from the top quadrant. Taking this hyperbolic

number to the 2k’th power, we have

1 gn2k
(ﬂ”ﬁerﬁ) = re™®

Therefore, each hyperbolic number in the open right quadrant has a hyperbolic number

from the top quadrant that maps to it. The mapping is onto. A similar proof can be done
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for the other open quadrants to get the same result. Therefore, for n = 2k, even, where k >
0, f(2) = z%* takes each open quadrant bijectively onto the right open quadrant.

The proof above shows that even index powers only exist in the open right
quadrant. Recall from the proof that each open quadrant for the function f(z) = z%¥ has a
bijective mapping to the open right quadrant. If we were to find the 2k index root of a
number in the right open quadrant, we would see that there are exactly four roots, each
from one of the four open quadrants. What about the odd power case?

Claim: Forn = 2k + 1, odd, where k = 0, f(z) = z?**1 takes each open quadrant
bijectively onto itself.

Proof: It is important to demonstrate that numbers from the four open quadrants

have the property that their odd powers are in the same quadrant Suppose we have

7, = re™®
z, = tre®
73 = —re®
74 = —1re®
Then when we input these values into the function f(z) = z2**1, we get
f(z) = (reT")Zk+1 = p2k+1,T(2k+1)0
f(zp) = (TreTG)Zk-l-l = 7r2k+1,7(2k+1)6
£(23) = (—rem)™ ™ = y2ks1graiang
f(z4) = (—TTeTB)ZkH = _qp2k+1pT(2k+1)6
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The odd powered number of each number above is in the same quadrant as the original

number. Therefore, the codomain of each open quadrant for the function f(z) = z2k*1 is
the same open quadrant.
We shall show the claim is true for hyperbolic numbers in the top quadrant. Let us

show the one-to-one case. Assume that for two hyperbolic numbers 77, e and 11,792
2k+1 2k+1
we have that (Trle“gl) = (TT‘Z eTeZ) . Then

(TT16T91)2k+1 _ (TTZQTGZ )2k+1

72k 2k o T(2hA 10y = 2k+15:2k+1 o T(2K+1)6,
TrEkt 1Tkt 101 = gy 2k+1,T(2k+1)6;

Like the even power case, since both r; and r, are positive real numbers, it must be true
that if 72¥*1 = rZ**1 then r; = r,. In the hyperbolic numbers, there are no coterminal
angles. Therefore, since e?k*D01 = oT2k+1)62 e have that e™1 = e™2. Both
hyperbolic numbers are the same number, and thus, the function is injective for the top
quadrant. A similar process can be done for the other open quadrants to yield the same
result.

Next, let us show the onto case. Assume we have the hyperbolic number tre®™

1 0
from the open top quadrant. Take Trzk+ie’zi+1 from the open top quadrant. Taking this

hyperbolic number to the 2k + 1 power, we have

" g \2k+1
<1r2k+1eT2k+1) = 1ret®

Therefore, each hyperbolic number in the open top quadrant has a hyperbolic number from
the top quadrant that maps to it. The mapping is onto for the open top quadrant. For the

other open quadrants, a similar proof can be performed to produce the same result.
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Therefore, for n = 2k + 1, even, where k > 0, f(z) = z?**! takes each open quadrant
bijectively onto itself.

The proof shows that odd index powers exist in all four open quadrants. Recall
from the proof that each open quadrant for the function f(z) = z?**! has a bijective
mapping to itself. If we were to find the 2k + 1 index root of a hyperbolic number from
one of the open quadrants, there would be exactly one root that is from the same quadrant.

We now know that hyperbolic numbers in the open right quadrant possess exactly
four even index roots. Resulting from this, polynomials with a factor of the form x™ — a,
where n is an even, positive integer and a is a hyperbolic number from the open right
quadrant, will have a root count either exceeding, meeting, or falling short of the degree,
counting multiplicity. Here are some examples:

x3 — x = x(x? — 1); degree 3, but 5 total roots
x° — x = x(x* — 1); degree 5 with 5 total roots
x” —x = x(x® — 1); degree 7, but 5 total roots

After going through a copious amount of mathematics, one may wonder, if we are
to continue with this tree analogy, what hyperbolic polynomial trees may look like.
Suppose we tripped down another rabbit hole conveniently located in the forest of complex
numbers, landing (safely) in the middle of an alien-looking forest. We may immediately

see a tree that looks like this:
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x2—-92=0

Figure 2.4: Curvy Hyperbolic Tree of x2 — 92 = 0
Of course, our experience would deceive us, and we may think that there are only two
roots. However, we spot what seems to be four roots peeking out at the base of the tree.
That is impossible, we may think. A spade is not enough to verify this, we need something
more resolute. Luckily, we see a conveniently formed cave hole in the ground nearby, head

in, and stop right below the tree we saw above. Clear as day, we witness four roots:

Figure 2.5: Roots of Hyperbolic Tree x2 — 92 = 0
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Completely unlike anything we are used to in common mathematics. This tree “should not”

have more roots than what we expect from its form, but indeed, it does.
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CHAPTER 3
PARABOLIC ROOTS

3.1 Simple Parabolic Polynomial Equations

3.1.1 A Simple Parabolic Polynomial of Even Degree
We can begin again with the following example:
x2—1=0
Immediately, we can see that 1 and -1 are solutions to the equation. Unlike the hyperbolic
numbers, we do not seem to have any other number whose square is 1. To be safe, let us
investigate what happens when we square an arbitrary parabolic number, just to see how a
solution to the equation might look:
(a + bw)? = (a + bw)(a + bw)
= a? + abw + abw + b*w?
=a?+ abw + abw + 0
= a® + 2abw
Since we are trying to find squares that equal 1 to solve the equation, it must be that either
a or b is 0 to get rid of the 2abw term. But a cannot be zero, since a? is the only real term.
Hence b = 0 and a is 1 or -1. We have confirmed that there are exactly two solutions to
this equation, matching the results of the real and complex numbers.
3.1.2 A Simple Parabolic Polynomial of Odd Degree
Just like with hyperbolic numbers, let us again look at the following polynomial

equation:
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Multiplying out (a + bw)3, we get
(a + bw)? = (a+ bw)?(a+ bw)
= (a® + 2abw)(a + bw)
= a® + a’bw + 2a*bw + 2ab*w?
= a’ + a’bw + 2a*bw + 0
= a® + 3a’bw
After setting this equal to 0, we can easily see that b = 0 and that a = 1, and just like the
hyperbolic numbers, we have a single root (being 1) of multiplicity 1. So far, the results
for the parabolic numbers seem to follow suit to the real numbers. However, if we pay
attention to the forms of a parabolic number when it is squared and cubed, a pattern seems
to emerge — the following conjecture may be true: (a + bw)™ = a™ + na" 'hw.
3.1.3 The General Form of a Powered Parabolic Number
I will use proof by induction to show that for all positive integers n:
(a+ bw)"* =a™ +na" hw
Letn = 1. Then:
(a+bw)=a+bw
=a' + 1a' hw
Assume that the proposition works for some positive integer k and investigate k + 1:
(a + bw)** = (a + bw)*(a + bw)?*
= (a* + ka*hw)(a + bw)
= a**! + afbw + ka¥bw + ka* b w?

= ak*t + a¥bw + ka¥bw + 0
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=a**' + (k + 1Da*bw
= a**"' + (k + Da**'bw
Therefore, (a + bw)"™ = a™ + na™ hw for every positive integer n. Through the lens of
the binomial theorem, we can see that all terms with a power of w greater than 1 would be
zero. This would give the same result. To demonstrate this, assume that n > 2. Then
(a+ w) = cya™ + c;a™ L (bw)! + c,a™ 2(bw)? + -+ cp_at(bw)™ 1t + ¢, (bw)™
= cpa™ + c;a" bl + c,a™ ?bhiw? + -+ cp_at b ™ + ¢ b ™
= cpa™ + c;a™ hrwt + c,a™%b%(0) + -+ + cp_1atb™ 1(0) + ¢, b™(0)
= cpa™ + c;a" hw

n! n n!

“om® T

n

=a" +na" hw

We can use this result to our advantage when determining how many solutions
there are to the general equation x™ = 0 in the set of parabolic numbers. This equation can
be alternatively seen as attempting to find a, b such that

a™ +na" hw =0
Since a is a real number, it must be true that a = 0, since it is the only real term. For n >
2, this causes the term na™ 1bw to be 0. Note, however, that b need not be any specific
real number. Since b is a real number, and there are uncountably infinitely many real
numbers, there are uncountably infinitely many roots of 0! It follows that any polynomial
equation of the form
ApX™ + Ay X"+ ayx? + wx =0,

where a; = w and ay = 0 from the general polynomial form, also has uncountably

infinitely many solutions. Let us look at an example:
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8x*+3x34+9%?+wx=0

A polynomial of degree 4 over the complex numbers would possess exactly 4 roots. Over

the parabolic numbers, we can see that 0 + 8w, 0 + Tw, 0 + w, and any number

1
99999999

of the form 0 + bw are valid solutions to the above polynomial equation. Let us look at

another example:

65937x100 — 9404x86 + V3x53 — x37 + 90x3° — 1.3x + wx = 0

1
99999999

Like the previous example, 0 + 8w, 0 + Tw, 0 + w, and any number of the form

0 + bw are included in the set of solutions of this parabolic polynomial equation. This is
an amazing result — it is unlike anything that can be produced in the real and complex
number sets.

The following illustrates where these solutions lie:

v

Figure 3.1: Solutions to a,x™ + ap_1x™ 1 + -+ ayx? + wx =0
Solutions lie along the wR axis. Numbers along this axis have a real component equal to

0, hence each of these numbers has a modulus of 0.
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Exploring a forest of hyperbolic polynomials, compared to a parabolic forest, takes
much, much longer. If we happened to find ourselves in a parabolic forest, perhaps again

by some tripping accident, we would pick our heads up to see an unusual tree like this:

x2—wx=0
Figure 3.2: Pole-like Hyperbolic Tree of x? — wx = 0
We have already encountered a parabolic polynomial tree of degree two with four roots.
How much more bizarre could it get? After finding and entering another convenient cave

entrance nearby, we trot along until we find ourselves directly below the tree:

Figure 3.3: Roots of Hyperbolic Tree x? — wx = 0
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There are too many roots to count. Each time we attempt to keep count of the roots, they
shift in and out of each other and you lose track of the roots you counted. All one can do is

stare in awe.
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CHAPTER 4
CONCLUSION

4.1 Some Future Prospects

The general results of the hyperbolic numbers do not include numbers that lie on
the y = x and y = —x lines. Since these numbers cannot be converted to exponential form,
the ease with which we can extract meaningful patterns from them is still ambiguous. In
the future, perhaps, further research will be performed on this exact topic. For now, we can
make conjectures about the number of roots these numbers possess.

Generally, square roots of hyperbolic numbers in the open quadrants look like this

geometrically:

Figure 4.1: Arbitrary Square Roots of a Hyperbolic Number in the Right Open Quadrant
Note that these numbers are reflections across the lines y = x and y = —x. This

phenomenon is best understood when multiplying the arbitrary square root in the open right
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quadrant by 7, -1, and —7 to get the square roots in the top, left, and bottom open quadrants,
respectively. This pattern is kept for all square roots of a number in the open right quadrant.
Let us look at different square roots that possess the same angle but are located on an inner

hyperbola:

Figure 4.2: Where Same Angle Square Roots Tend to on Inner Hyperbolas
The trend makes sense considering that as we keep moving through hyperbolas closer and
closer to the lines y = x and y = —x, r decreases to 0. Hence the trend for same angle
square roots is to go to zero. So, as r decreases to zero, the four roots on each set of
hyperbolas coalesce into one. Thus, one might say that the polynomial x? = 0 has the root
zero with multiplicity four. More work would be needed to define multiplicity properly
and prove that this is the case.

To predict what square roots on the y = x and y = —x lines look like. Let us
instead look at square roots that are colinear to the square roots on the unit hyperbola and

perpendicular to either the y = x or y = —x lines:
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Figure 4.3: Points that Tend Perpendicularly
This trend is even more interesting and pertinent. Square roots along the black
perpendicular line are converging to one point. We know that the original square roots and
any along the black line, excluding the purple point, come in pairs. This same trend can be
observed for square roots on the other side of the y = —x line. Would a hyperbolic number
on the y = x and y = —x lines then have two roots, each with multiplicity two? We save

this question for future investigation!
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