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ABSTRACT

NUMERICAL SOLUTION OF SADDLE POINT PROBLEMS BY PROJECTION

Gul Karaduman, Ph.D.

The University of Texas at Arlington, 2017

Supervising Professor: Ren-Cang Li

In this thesis, we work on iterative solutions of large linear systems of saddle

point problems of the form

where A € R™" B;,By € R™" f € R" and n > m. Many applications in
computational sciences and engineering give rise to saddle point problems such as
finite element approximations to Stokes problems, image reconstruction, tomography,
genetics, statistics and model order reduction for dynamical systems. Such problems
are typically large and sparse.

We develop new techniques to solve the saddle point problems depending on the
rank of By. First, we deal with the case when By has full row rank, i.e., rank(By) = m.
The key idea is to construct a projection matrix and transform the original problem
to a least squares problem then solve the least squares problem by using one of the
iterative methods such as LSMR. In most applications By has full rank, but not

always. Next, we turn to the saddle point systems with the rank-deficient matrix

v



By. Similarly we construct a new projection matrix by using only maximal linearly
independent rows of B,. By using this projection matrix, the original problem can
still be transformed into a least squares problem. Again, the new system can be
solved by using one of the iterative techniques for least squares problems. Numerical
experiments show that the new iterative solution techniques work very well for large

sparse saddle point systems with both full rank and rank-deficient matrix Bs.
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CHAPTER 1
INTRODUCTION

1.1 Introduction

A saddle point system is a linear system with the following 2-by-2 block

structure:
Al | = = : (1.1)

where A € R™"™ is a square matrix of order n, By and By € R"*" are rectangular
matrices with n > m, and C' € R™*™ is a square matrix of order m. Vectors f € R"
and g € R™ are right-hand side vectors and = € R" and y € R™ are the solution
vectors. The 2 x 2 block coefficient matrix A is called a saddle point matriz. The
coefficient matrix of the saddle point system is usually large and sparse. ‘KKT
problem’ which stand for Karush-Kuhn-Tucker problem is also used as an alternate
name for the saddle point problem in some sources. Benzi, Golub, and Liesen [1]
gave a definition of a saddle point problem as the constituent blocks A, By, B, and C
satisfy one or more of the following conditions:
(i) A is symmetric;

(A + AT) is positive semidefinite;

(ii) The symmetric part of A, H = %

(iv) C is symmetric and positive definite;

)
)
(iif) B = B;
)
) C

(v



In this work, our focus is on the solution of the system (1.1) when condition
(v) is satisfied and g is a zero vector. Therefore the subject of this thesis is to solve

the saddle point system of the form

A BT |z f
= or Az =D, (1.2)
By 01y 0

where A € R"*" By € R™*" By € R™*" and f € R™. Some applications give rise to
such saddle point problems have very large saddle point matrices, e.g., n +m =~ 10°
or larger. Also, most of the entries of these matrices are zero. Such matrices are
called sparse matrices.

In this system, no assumption is required for matrices A and B;. The (2,1)-block
matrix A € R™*" can be any large and sparse square matrix with size n x n. Similarly,
the (1,2)-block matrix B;” € R™™ can be any large and sparse rectangular matrix
with size n x m. The right-hand side vector f € R" is also any vector. The solution
technique will have different form according to the rank of the (2,1)-matrix Bs.

The system (1.2) often arises from the first order optimality conditions for the

following equality constrained quadratic programming problem

minimize h(r) = 2" Az + 2" BTy — fTx

subject to Box = 0,

where A € R™", B; € R™*" and By € R™*"™ are sparse matrices and f € R". We

define the corresponding Lagrangian function

L(z,y) = h(z) +y" Box
=2l Az 4+ 2"ByTy — fTo 4+ y" By

= 2T Az + 2" BTy + ¢y " Box — 2T f
2



T T
x A BT\ |z x f

y By, 0 Y Y 0

where the variable y represents the vector of Lagrangian multipliers. Any solution
(24, ys) of (1.2) is a saddle point (optimal solution) for the Lagrangian L(x,y).

To find the saddle points of L(z,y), we need to solve the following system

VL(z,y) = 0.

This explains why the name saddle point problem is given to the system (1.2). For
more information on the quadratic programming problems, we suggest Nocedal and
Wright [2].

An efficient and stable numerical solution for such a large class of problem
is one of the fundamental duties in the numerical linear algebra. The goal of this
thesis is to develop effective and efficient methods for the solution of (1.2). We only
consider the problems that have large and sparse real coefficient matrices.

In this thesis, we developed new solution techniques to solve the saddle point
matrix equation Az = b in (1.2), depending on the rank of matrix By. The idea can
be straight forwardly extended to complex coefficient matrices. First, we deal with
the case when By has full row rank, i.e., rank(Bs) = m. The key idea is to construct a
projection matrix and transform the original problem to a least squares problem then
solve the least squares problem by using one of the iterative methods such as LSMR.
In most applications, the (2,1)-block matrix in the saddle point problem has full rank,
but not always. Next, we turn to the saddle point systems with the rank-deficient
matrix By, i.e., rank(By) < m. Similarly we construct a new projection matrix by
using only maximal linearly independent rows of By. By using this projection matrix,

the original problem can still be transformed into a least squares problem. Again, the
3



new system can be solved by using one of the iterative techniques for least squares
problems. For both cases, the number of rows in matrix By is much smaller than the

number of columns in Bs, i.e., m < n.

1.2 Applications
In past years, large linear systems of saddle point problems arise frequently in

a number of areas including computational science and engineering. For this reason,
quite an amount of work has been on solving saddle point problems. We list some of
the fields where saddle point systems are used when the block matrices A, By, B,
and C' satisfy some or all the conditions:

e Optimal control [21, 14, 24, 16],

e Computational fluid dynamics [30, 18, 19],

e Constrained optimization [20, 22],

e Least squares estimation [5],

e Electromagnetism [23],

e Mixed formulations of elliptic PDEs [25],

e Model order reduction for dynamical systems [36],

e Finite element discretization [27],

e Metal deformation [28],

e Image reconstruction, tomography [29],



Finance [33, 13],

Mesh analysis in computer graphics [17],

Economics [35, 26],

Linear elasticity [42],

Domain decomposition [38].

We refer a survey of numerical solution techniques for saddle point problems
by Benzi, Golub, and Liesen [1] for an extensive list of the fields where saddle point
problems arise, together with some of the references.

The remainder of this thesis is organized as follows. In Chapter 2, we review
some important properties of the saddle point matrix A, give an overview of existing
solution algorithms for saddle point problems, and emphasize the importance of the
Krylov subspace approximation techniques for large-scale systems. Then we give a
brief overview of the two Krylov subspace iterative methods: Generalized Minimal
Residual which is known as GMRES [9] and Least Square Minimal Residual which is
known as LSMR [12]. We also list some of the major preconditioning methods in the
literature for saddle point problems.

In Chapter 3, we begin describing the general theory of the solution method
for saddle point problem by using a projection matrix when B, is a full rank matrix
i.e., rank(By) = m. In this solution technique, we assume that m is small. For
this solution technique, we construct a projection matrix and transform the original
problem into a least squares problem then solve the least squares system by using one
of the iterative methods such as LSMR. Then we present the algorithmic framework

of the method.



Chapter 4 focuses on the solution method for the saddle point problem when B,
is rank-deficient. Since By € R™*™ does not have full rank, we need to form a different
projection matrix by using the linearly independent rows of B;. Our discussion will
focus on how to construct the projection matrix and solve the transformed problem
by using an iterative method. At the end of the chapter, we present an algorithmic
framework of the method.

In Chapter 5, we give our numerical results to show the performances of our
projected method for saddle point problems. All the testing matrices are taken
from SuiteSparse matrix collection, formerly the University of Florida sparse matrix
collection [47].

Finally, we make conclusions and an outlook to our future work for the solution

of saddle point systems in Chapter 6.



CHAPTER 2
BACKGROUND

This chapter contains reviews of the fundamental properties of the saddle
point matrix A, the existing solution approaches, Krylov subspace methods includ-
ing two common used iterative methods, GMRES and LSMR, and surveys some

preconditioning methods in the literature for generalized saddle point problems.

2.1 Properties of Saddle Point Matrices

In this section, we introduce the fundamental properties of the saddle point
matrices, such as factorizations and invertibility of the saddle point matrix 4. We
start with the definition of the Schur complement of a matrix block.
Definition 2.1.1 (Schur Complement). Let the block matrices K;, Ky, K3 and K4
be respectively p X p, p X q, ¢ X p and ¢ X ¢ matrices, and suppose K is invertible.

Let

so that M is a (p+ q) X (p + ¢) matrix. Then the Schur complement of the block K
in the block matrix M is M/K; := K, — K3K, ' K.



2.1.1 Block Factorizations of a Saddle Point Matrix
In this section, we will show a few block factorizations of the saddle point
matrix A. Assume that A is a nonsingular matrix. Then A admits the following

block triangular factorization

A BT A ol [T A'BT
BZ —C B2 S 0 I

I 0| |A BT

B,A™ 1|0 S

I ol |A of [T A'B,T

By A7t Il |0 S| |0 I
where S = —(C + ByA~'B;") is the Schur complement of A in the block matrix A.

2.1.2 Inverse of a Saddle Point Matrix

Assume that the (1,1) block A € R™*™ of the saddle point coefficient matrix A
is nonsingular. Then A is nonsingular if and only if the Schur complement matrix
S = —(C + B,A"'B,") is nonsingular. Based on the last factorization (2.1) we find

the following expression for the inverse

-1 -1 -1

A BT I AB/T A1 0 I 0
By, —-C 0 I 0 S [ByAt T

AP+ AIBTS 1B AT —A B TS
—SilBgAil St




2.2 Solution Approaches

Algorithms for the saddle point problems can be categorized into two types
of segregated and coupled methods. Segregated methods include direct methods,
iterative methods or the combination of these two. On the other hand, coupled
methods can be either direct or iterative method. More details will be given in the
later sections for segregated and coupled methods. Now, we will briefly explain what
we mean by the direct and iterative methods.

Direct methods calculate solutions of the systems in a prescribed, finite number
of steps. These methods produce the exact result in the absence of rounding error.
If the system is of reasonable size, these methods are good for use. However, if the
system is a large-scale linear system, a direct method requires a huge memory storage
and large computational times which make the method unfavorable.

On the other hand, iterative methods provide an approximated solution of the
systems. These systems can be quite large. Iterative methods are very useful for very
large systems, where direct methods would be prohibitively expensive even impossible

In some cases.

2.2.1 Krylov Subspace Methods

Krylov subspace methods are among the most popular methods in numerical
linear algebra. These methods are iterative techniques for the solution of large and
sparse linear systems. Krylov subspace methods are matrix-free iterative methods
which means they only require matrix-vector multiplications. These methods solve
linear systems of the form Ms = t, where M € R™*"™ is a large and sparse matrix,
t € R™ is a real vector and s € R" is a real vector. Krylov subspace methods converge
to the exact solution in a finite number of iterations by solving an iterative sequence

of minimization problems.



To briefly explain the methods, we consider for example m = n. Krylov subspace

methods produce an approximate solution s; of Ms = t, at every iteration ¢ such that

S; € So + ]Cz {M, To} , (22)

where s¢ is an arbitrary initial guess to the solution, ro =t — M sy and K; {M,rq} is

the ¢-th Krylov subspace of M on r

KC:(M,ry) = span {7‘0, Mry, M?ry, ..., Mi_lrg} ) (2.3)

These subspaces form a nested sequence, i.e.,

ICl(M, 7’0) C ICQ(M7 7‘0) C ... C ’Cd(M, 7’0) =..= ICm(M, 7“0),

where d = dim IC,,,(M, ro) < m.
The corresponding residual for the approximate solution s; is r; =t — Ms;. To
determine s; we force that r; satisfies the Petrov-Galerkin condition, that is the i-th

residual r; =t — M s; is orthogonal to an i-dimensional space D;,

where D; is a constraint space and belongs to another set of nested subspaces.
Different Krylov subspace methods can be constructed by choosing different

nested subspaces D;.

10



Krylov subspace methods can be categorized according to the size of the
coefficient matrix of the linear system of the form Ms = t. There are two main class
of Krylov subspace methods: methods which solve Ms = ¢ when M is square (m = n)
and the methods that solve Ms = ¢t when M is either rectangular (m < n or m > n)
or square matrix.

In the next subsections, we introduce the Arnoldi [6] procedure which is used
for the solution of square systems and the Golub-Kahan [46] procedure which is used

for rectangular or square systems.

2.2.2  Arnoldi Process

In this section, we focus on nonsymmetric linear systems. The Arnoldi process
[6] transforms a nonsymmetric square matrix M into an upper Hessenberg matrix
Hy. The process was proposed by Arnoldi in 1951 [6]. We summarize the process as
in Algorithm 2.1.

The process can be expressed as

MV, = ViHy + viiihgxel
= Vg Hy, (2.5)

Vi'MV, = Hy,

where the columns of Vi1 = |V, o, 41 with V), = |:'U1 vy ... 'Uk::| having or-
y H,
thonormal columns and both H; = and
5k+1€kT

11



hir  hig hay,

Ba hoo hax,

Hk = 0 63 e e hSk
0 0 Br hi

are upper Hessenberg matrices. Arnoldi vectors {vy, v, ..., k41 } span the Krylov
subspace Kgi1(M,t). In the Arnoldi process, all Arnoldi vectors must be kept in

order to generate the next vector.

Algorithm 2.1 Arnoldi Process
Given any square matrix M and a vector t, this algorithm construct an upper

Hessenberg matrix Hj and an orthogonal transformation Vj, such that ViI MV, =
H,.

8=l v =1/

2: for k=1,2,....,n do

3: w = Muy

4: for:=1,2,...,k do

5: hix = whv;

6: w=w — hjpv;
7: end for

S P =l

9: V1 = W/ P41
10: end for

12



2.2.3 GMRES

Generalized Minimal Residual (GMRES) [9] method was discovered by Saad
and Schultz in 1986 for solving Ms =t when M is a square matrix. Algorithm 2.2 is
the summary of the Generalized Minimal Residual method.

GMRES uses the Arnoldi process to find an upper Hessenberg matrix H; and
an orthonormal matrix Vi = [v1, v, ..., v}] in particular v; = o/ where 5 = HT‘OHQ.

Let

s =59+ 8, (2.6)

where sg is an initial guess and § € KCx(M,19). Any § € Ki(M,19) can be written as
5= Vi (2.7)

for some 7 € R*¥. We also have the equality in (2.5). Then the residual vector can be

expressed as

r=t—Ms=t—M(sop+38) = ro— Ms
= 19— MVyy
= 19— Vipr Hy

= Vk+1(5€1 - ﬁkﬁ)

Since the column vectors of V., are orthonormal,

it = Moo+ = s = Hsl,

where [ = HTQHQ. Once the optimal solution 7 is solved from the last minimization

problem s can be obtained by s = sg + Viy.
13



Algorithm 2.2 GMRES

Given any initial solution guess sy € R", this algorithm computes a generalized

minimal residual solution to the linear system Ms = t.

1= |t|, v =t/8
2: for k=1,2,...,ndo

3: w = Muy

4: fori=1,2,....k do

5: hig = wlv;

6: w=w — h;pv;
7: end for

& = o,

9: Vpy1 = W/ B

10: end for

11: Form the solution s = sy + Vi § where § minimizes Hﬁel — ﬁyH2

2.2.4  Golub-Kahan Process

The Golub-Kahan bidiagonalization process partially transforms [t, M] to an
upper bidiagonal form [S1e1, Ni| by constructing orthonormal matrices Uy and V4.
The process was proposed by Golub and Kahan in 1965 [46]. We summarize the
process as in Algorithm 2.3.

1. Set 51 = ||t“2, Uy = t/ﬁl, @1 = MTul, ap = H@1||27 v = 751/061.

2. Fork=1,2,---,

U1 = Mo, — o, Bry1 = [[Urgall2, k1 = Urg1/Brsr

14



k1 = MTupy1 — Bri1vk, apyr = |[Okrallz, Vi1 = Oks1/ra

After k steps, we have
MVy, = Up 1 Ny, MTUpyy = Vi N + aivi€i4,

where Vk = |:'U1 Vg - /Uk:| s Uk- = |:U1 Uy -+ uk:| ,

Qg

B2
Ny = , UlUe=1, VIV,=1
Br oy

6k+1

Algorithm 2.3 Golub-Kahan Process
Given any matrix M and a vector ¢, this algorithm constructs orthonormal

matrices Uy and Vj, to partially transform [t, M] to an upper bidiagonal matrix
[5161; Nk]
1 By = |[tl|a,ur = t/B1, 00 = M uy, 00 = [|[01]]2, 01 = 01/ 1.

2: for k=1,2,..n do

3: Upy1 = Muvyp — aguy,

4: Brr = |ltigga |2

5: U1 = U1/ Brsa

6: U1 = MTupp1 — Briavg
T W1 = || Ok |2

&: V1 = Og1/ Qg1

9: end for

15



2.2.5 LSMR

Least Squares Minimal Residual (LSMR) [12] is an iterative method for com-
puting a solution s to either of the following problems.

Linear system

Ms =t. (2.8)

Least squares problem

minHMs—tHQ. (2.9)

Here M € R™ " is a square or rectangular matrix and t € R™ is a vector. LSMR
was presented by Fong and Saunders in 2011 [12]. The method LSMR is based on
the Golub-Kahan bidiagonalization process [46].

Suppose that k steps of Bidiagonalization have been taken. The k-th approxi-
mate solution s, such that s, = Viy, where Vj, = [Ul Vo - Uk:| and for some yy,

is sought in the Krylov subspace

span (Vi) = Ky (MTM, M™t)

= span (M7, M"M(M"t),- -, (M"M)* " (M"?)) .

For LSMR we wish to minimize HMTrkHZ, where r, =t — M s;, is the residual for the
approximate solution sy.
Since
MTry = MTt — MT"Msy, = Brayv, — MY MViyy,
and

T T T
M‘/k = Uk-&-lNka M Uk+1 = Vka + ak+1vk+1ek+1,

16



we have

MTTk = 510{11]1 — MTUk_HNkyk

= fraqvr — (VkN/;f + ak‘-i—lvk-i-leg—i—l)Nkyk

T
Ny,
= fravy — Ve Niyr
T
Qp+1€511
NIN;,
= Vi1 | Brarer — Yk
T
Q1 Prr16€),
Since Vi1 Vi = 1.
mee Veg1 Vil = Lk,
. T . = NI?Nk
mmHM TkHz:mm brer — Yell
. _
k " Benel

where (B, = a8 and B; = a1 81. LSMR uses the double QR decomposition on NkTN;€
to iteratively minimize HMTTkHQ-

We may use

| M ri ||, = || M7 (t = s1)|], = [Crsa| < tol (2.10)

as a stopping criterian for both (2.8) and (2.9), where tol is 1075.

The LSMR algorithm is summarized in Algorithm 2.4. More details can be
found in [12].

17



Algorithm 2.4 LSMR

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

Given any initial guess sy € R", this algorithm computes a minimal residual
solution to the linear system Ms =t a least squares problem minHM s — tHQ.
Br = Itll2, ux = /B, 01 = MTuy, ay = ||o1l2, v1 = 01/, @1 = au, 1 = aufy,
po=1,p0=1,6=1,5=1,hi=v1,hg=0,7 =0
for k=1,2,...,do

Upy1 = Moy — aguy,

Br+r = |2

Upt1 = Upy1/Brra

Op1 = M ugyr — Bryrvp

1 = [|Opt1]]2

Vi1 = @k+1/05k+1

Pk =/ a + BQk—H

Cr = O/ Pk

Sk = Bk—i—l/pk

Ors1 = SEO k41

Qg1 = CkQky1

Or = Sk_1px

p =/ (Cr1pr)? + 0%

Cr = Cr—1Pk/ Pk

5k = Out1/ Pk
G = i
Crr1 = —51Ca

hi = by, — (Orpr/ (Pr—1Pr—1) ) hi—1

18



21: @ = Tp—1 + (Pr/ (CGe—1Ck))
22: hie1 = Vi1 — (i1 / pi)
23: If | (k41| small enough then stop

24: end for

2.2.6  Segregated Methods

Since the meaning of the word “segregated” is “separated”, segregated methods
starts dividing the problem into two subproblems. Namely, it solves the two unknown
vectors x and y separately. Segregated methods reduce the whole problem to two
smaller ones, i.e., two linear systems of sizes smaller than n + m that is the size
of the whole problem. This is why the smaller size system is called a reduced
system. These methods solve one of the two unknown vectors first, then perform the
back-substitution into the original system to obtain the remaining solution vector.

One of the main representatives of the segregated approach is the Schur comple-

ment reduction. In the next subsection, we will briefly review the solution method.

2.2.7  Schur Complement Reduction
Consider the saddle point system (1.2). Assume that A and the Schur comple-
ment matrix S = BA~!B” are nonsingular. Then we know that A is also nonsingular.

Now we can consider the block LU factorization of the saddle point matrix A,

I 0l 1|A BT

ByA™Y —I| |0 ByA ‘BT



Then the system (1.2) becomes,

I 0] |A B," T
' _ |7 (2.11)
By A —I| |0 B,A'BT| |y 0
I 0
Multiply both sides of (2.11) by to get
ByA™l -]
I 0 I 0] (A BT T I 01 |f
ByA™' —I| |ByA™' —I| |0 B,A'B"| |y By A=Y —TI| |0
i (2.12)
I 0 I 0
Since = , the equation (2.12) becomes
BoA™t —I| |ByA™! —I 0 I
A BT x
' T (2.13)

0 BQA_lBT Yy BQA_lf

This block upper triangular system can be solved by block substitution. It will lead
to the following two reduced systems,
a.

BQAilBlTy = BQAilf, (214)

a reduced system of order m for y involving the (negative) Schur complement —S =
By A~' BT, Part solution vector y, is computed by solving the system (2.14)
b.

Az = f — BTy, (2.15)
20



a reduced system of order n for x involving the matrix A. Once the solution has
been computed from system (2.14) the unknown z, can be obtained by solving (2.15).
If both approximate solutions z, and y; are computed in parallel as a solution of
Az, = f — BlTyk then the Schur complement method can be seen as a coupled
method.
These two systems can be solved either directly or iteratively.
Schur complement method has some disadvantages. Some of the major disad-
vantages are
e A needs to be an invertible matrix to form the Schur complement S =
—ByA7'B,".
e Computing the Schur complement matrix may be expensive.
e Numerical instabilities may occur when forming S when A is an ill-conditioned

matrix.

2.2.8 Coupled Methods

Unlike segregated methods, coupled methods solve the whole problem together.
These methods compute x and y or the approximations of them simultaneously.
Coupled methods can be either direct methods based on triangular factorizations of
the coefficient matrix A or iterative methods like Krylov subspace methods applied

to the whole system (1.2).

2.2.9 Preconditioning Methods
Preconditioning has been the most active research area for the solution of
linear systems especially for the numerical solution of saddle point problems. In

the literature, many preconditioners were introduced to improve convergence of the

21



iterative methods for the saddle point problems in the last several years. The main
idea of the preconditioning technique is to find an invertible matrix P such that

Krylov subspace method applied to the preconditioned system

P Az =P ' (2.16)

will converge faster than otherwise. A fast convergence for the Krylov subspace
methods depends on the clustered spectrum of P~ A. Preconditioning usually
improves the spectral properties of the system matrix. If the eigenvalues of P~ A are
clustered enough then the convergence of the iterative method most likely is faster.
Unfortunately, finding an effective preconditioner is not easy. A preconditioning
matrix must be easy to compute and evaluating its inverse must be cheap.

For an extensive review of preconditioning techniques for the saddle point
problems we refer the reader to [1, 48, 50]

We list some of the preconditioning techniques which arise from different appli-

cations of saddle point problems:
1. Constraint preconditioning [31, 32],
2. Augmented Lagrangian based approach [54],
3. Multigrid methods [7],

4. Hermitian/skew-Hermitian Splitting [43, 53, §],

5. Schur complement-based method,

e Block diagonal preconditioning [51, 34],

22



e Block triangular preconditionin [15, 52],

e Uzawa preconditioning [44].
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CHAPTER 3
SADDLE POINT PROBLEMS WITH FULL RANK (2,1)-BLOCK MATRIX

This chapter is devoted to the solution of the saddle point linear system of the

form

where A € R +m)x(n4m) i5 5 large and sparse matrix with the 2-by-2 block structure,
b € R™™ is the right hand side vector and the vector z € R"™™ is the solution vector.

The saddle point system can be written as

A BT |=
= (12)
B2 0 Yy 0

where A € R™" is a large and sparse matrix, B; € R"™*" and By € R™*" are
rectangular matrices with n > m. The vector f € R" is the right hand side vector
and the vectors x € R™ and y € R™ are the solution vectors of the saddle point
system.

In most cases, the fast convergence of the iterative methods depends on the
spectral properties of the coefficient matrix A. For example, Krylov subspace methods
generally converge rapidly if the coefficient matrix of the linear system has clustered
eigenvalues. For some other cases, the inverse matrix of the block matrix A is
necessary for the solution of the system (1.2). The purpose of this chapter is to solve
a linear system of the form (1.2) with a low computational cost even the spectral

properties of A is not nice or the inverse of A is not available.
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In this chapter, we are interested in the solution of the saddle point systems
when the (2,1)-block, By € R™*" is a full row rank matrix, i.e., rank(By) = m and
the number of rows in B, is rather small compared to the number of columns in
Bs. These two conditions are the only conditions for the method we present in this

chapter.

3.1 General Theory

In this section, we will give the theoretical explanation of the solution method
when the (2,1)-block, By € R"™*" is of full rank and m is relatively small to n.

Theorem 3.1.1. (Rank-Nullity Theorem). Let By be an m x n matriz. Then

rank(Bsy) + null(By) = n. (3.1)

Proof. [55] O

Theorem 3.1.2. An m X m square matriz ByBs® is invertible, if Bo € R™" s a

full row rank matriz (i.e., rank(By) = m).

Proof. Suppose By € R™*™ is a full row rank matrix. We want to prove that B, By’ is
invertible. It suffices to show that if BsBs 2z = 0 for some vector z, then x = 0. Since
rank(B,) = m, then the rank of By’ is also m, i.e., rank(By") = m. By Theorem

3.1.1

null(B,") = m — rank(B,")
= m-m
= 0. (3.2)
25



If BoBo 'z =0, then

0= $TBQBQT.T = (BQTZ')T<BQTLI?)
= <BQTJI, BQTI>
— |8,
If || Ba"z|| = 0, then By"x = 0. We also know that null(B,") = 0 by (3.2). Then z is
a zero vector. Hence ByBy! € R™ ™ is an invertible matrix. O

The previous theorem will allow us to construct the projection matrix that we
need for the solution of the saddle point system.
Theorem 3.1.3. A vector x € R™ is in the null space of By € R™*™ if and only if it

can be written as
r=Qz, (3.3)
where Q = I — By (ByBo') ™' By € R™™ and z € R™.

Proof. (=) Assume that z € R" is in the null space of By € R™*". Then
By = 0. (3.4)
Also every x € R™ can be written as

r = 1 — BQT(BQBzT)_lB2$ + B2T(B2B2T)_1B2x

= [ — By (BoBy") ' Bylw + By (By B ) ™! By,
By (3.4) we have

x = [I— By"(ByBy") ' By
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where Q = I — By (ByBy") ' By € R™™,
(<) Suppose that = € R™ takes the form
r=Qz,
where Q = I — By" (ByBy")™'By € R™™ and z € R™. Then
BQZL‘ = BQQZ
= Bo[l — By (ByBy") ' Byl
= [BQ — BQBQT(BQBQT)_IBQ]Z
= (BQ — BQ)Z
= 0.
Hence x is in the null space of By. This completes the proof of the theorem.

Now we turn to the problem itself.

The saddle point system (1.2) can be written as

Ax—i_BlTy:fa

BQ[E = 0.
Since x is in the null space of By, by Theorem 3.1.3 = takes the form
r=Qz.

Once we substitute x = @)z into the saddle point problem, we obtain

A BlT Qz /

By, 0 Yy 0

Since ByQz = 0, we only need to write the first block equation,
27



AQ2+B1Ty = fv

which can be expressed by

PQ &ﬂ ’ =f.
Y

Therefore the saddle point problem is turned into

min PQ&ﬂ ool (3.5)
Z7y y
2

which is a least squares problem whose coefficient matrix is in R**(™+™) By solving
the least squares problem the solution vectors z and y will be obtained. Once the
solution z is obtained, x can be computed from the equation x = Qz.

Next we solve the underdetermined least squares problem (3.5) by using one of
the Krylov subspace methods, i.e., LSMR. LSMR is an iterative solution technique for
sparse least squares problems. It is based on the Golub-Kahan bidiagonalization [46].

The Golub-Kahan process is a recursive procedure which transforms { f [AQ BIT]]

to upper-bidiagonal form {5161 Fk} by constructing orthogonal matrices U and V'

as follows:
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It is equivalent to the following
|:f [AQ BlT]V:| =U |:ﬁ1€1 F:| )

where F' is a lower bidiagonal matrix. In the Golub-Kahan procedure we need to
calculate the multiplication of the coefficient matrix in the problem and a vector and

the multiplication of the transpose of the coefficient matrix and a vector. Namely,

QAT
[ AQ BlT} v and u are calculated for some vectors u and v.
B,

In order to solve the problem efficiently, we need to perform the following two

actions efficiently:

QA"
1. w <+ U,

w
w =
Blu
2. w {AQ BIT} v. Let
U1
v = ,
(%)

where v; € R™ and vy € R™. Then
29



0 5] = o ]!

V2
= AQUl + BCIF"UQ
w = Quq
w=w — BQT[(BQBQT)_I(B2U1)}

w = Aw + B, v,,

Algorithm 3.1 Full Rank Saddle Point Problem (FRSPP)

<0
Given any initial guess € R™™ this algorithm computes a minimal residual
Yo

z

solution to the least squares system min [ AQ BIT] — fl| and computes
Y 2

the solution vector z € R" such that x = @)z for the saddle point system

A BlT T f

B, 0| |yl o

1: Compute Q = I — By" (ByBy")"'B, in form (i.e., not actually formulate Q

explicitly)

z
2: Solve min {AQ BIT} — fIl by LSMR

Y
2

3 x4 Qz
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CHAPTER 4
SADDLE POINT PROBLEMS WITH RANK-DEFICIENT (2,1)-BLOCK MATRIX

In the previous chapter, we presented a solution method to solve the saddle
point problem of the form (1.2) when the (2,1)-block matrix By is of full rank. In this
chapter, our focus is on the solution of the saddle point problem (1.2) when By is a
rank-deficient matrix. For most saddle point problems, B, is a full rank matrix but
not all the time. Our main task here is to solve the system (1.2) with rank-deficient
Bs by using a projection matrix. Since By is a rank-deficient matrix we are no longer
able to use the same projection matrix that we used in Chapter 3. The main idea
here is to construct a new projection matrix by using maximal linearly independent

rows of By and solve the system.

4.1 General Theory

Suppose that B, is not a full rank matrix and its rows can be permuted into

the following partition

PB, = e R™ ™, (4.1)

where P € R™ ™ is a permutation matrix, Bo; € R™" is a full rank matrix and
rank(By) = [ < m. In particular, the rows of By; are linearly independent.

Theorem 4.1.1. Suppose that By is not a full rank matriz. Permute By as in (4.1),
where P € R™™ is a permutation matriz, By € R>™ has full row rank such that

rank (By)=rank(By;) = < m and By € Rm=0xn " Then every row of Bays can be
31



written as a linear combination of Bay’s rows. This implies that there exists a matriz

C < R(m—l)xl such that B22 = CBQl.

Proof. Let ) _
[ by ]
[ by ]
Boy
=1l b ]
Bas
[ by ]
[ : ]
I b ]

where {by, by, ...,b;} are the the row vectors of By and {bj41,b12,...,0,} are the
row vectors of Bas. Since {byy1, b2, ..., by} are linearly dependent on the rows of
B every row vector of By can be written as a linear combination of the vectors
{b1, b, ..., b;}. Then there exist scalars ¢j41.1, 41,2, -y Clb10s Clt21, Cl42.2, ooy Cla2] eees

Cm.1,Cm,2, -, Cm, SUch that

by = Cl+1,1b1 + Cz+1,2b2 + ...+ Cl+1,lbl,

biyo = Cryo1b1 + ciy2200 + ..+ Cry0,0y,

bm = Cm,lbl -+ Cm,gbg —+ ...+ Cm,lbl-
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Equivalently,

[ by ]

Ci+11 Ci+12 --- C41y
[ by ]

Bag =

Cm,l Cm’2 N Cm7l

| b 1
- CBQl.
Hence, we have proved the claim. [

Theorem 4.1.2. An l x| square matriz By By is invertible, if Bor € R™™ is a full

row rank matriz (i.e., rank(Bay) = 1).
Proof. Similar to the proof of Theorem 3.1.2. ]

Theorem 4.1.3. A vector x € R" is in the null space of By € R™*™ if and only if it
can be written as

= Q% (4.2)
where Q =1 - Bng(Bngng)ilel S R™™ and % e R"™.

Proof. (=) Assume that x € R" is in the null space of By € R™*™. Then
Bz = 0. (4.3)
Multiply both sides of (4.3) by permutation matrix P € R™*™. Then we have
PByx = 0. (4.4)

By (4.1)

0=PByx = x (4.5)



Bgll’
BQQI

Hence

Bgll' =0 and BQQ!E = 0. (47)

Also every x € R™ can be written as

r = T— leT(BmBQlT)_lBQliU + B21T(B21321T)_1321$

= (I-— B21T(B21321T)71321)1L’ + B21T(321321T)713215€-
By (4.7) we have
# = (I — Bgy"(ByBoy") ' Byy)x
= Qu,

where Q =1 B21T<B21321T)_1321 € R,

(<) Suppose that x € R" takes the form
r = Qé’,

where Q =] — Bng(BﬂleT)_lBgl € R™™ and z2 € R". We also know that
By = C' By for some C € R"=Dx! by Theorem 4.1.1. Then

~ le ~
PByQz = Qz (4.8)
B
By, . .
= I — By (Bg1Bay' ) ' By | # (4.9)

C By,

Boy I — B21B21T(B21B21T)71321
- z (4.10)

CBy I — CBy B21T(B21BQ1T)71321
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By — (321321T)(B21321T)_1321
= z
CBy — C(BmleT)(BmBmT)_le

BQI - B21

CBy — CBy
=0z

=0.

Hence x is in the null space of By. This completes the proof of the theorem.

Remember that the saddle point system (1.2) can be written as

Az + BTy = f,

BQ.CE =0.
By Theorem 4.1.3 the solution vector x € R™ can be written as
T = Qé

Substituting z = Q2 in Az + B, y = f, we obtain
AQE + BlTy = f7

which can be expressed by

{AQ BlT] ’ = f.
Y

Therefore the saddle point problem is turned into
35

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)



min {AQ BlT] —fl (4.16)

2

which is a least squares problem whose coefficient matrix is in R**(*+™) By solving
the least squares problem the solution vectors Z and y will be obtained. Once the

solution 2 is obtained, x can be computed from the equation x = Q;ﬁ'

Algorithm 4.1 Rank-Deficient Saddle Point Problem (RDSPP)

2o
Given any initial solution € R™™ this algorithm computes a minimal
Yo

. z
residual solution to the least squares system min [ AQ BlT] — fll and
Y 2
computes the solution vector z € R" such that z = Qé for the saddle point
system
A BlT T f
By, 0 Y 0
1: Find B21
2: Compute Q = I — By, " (By1 By") "' Byy in form (i.e., not actually formulate Q

explicitly)

N>

3: Solve min [AQ BIT] — fll by LSMR

2
4: x +— Q2
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4.2  Finding Ba;

In this section we briefly explain how to find linearly independent rows of
(2,1)-block matrix B,. For a matrix By with rank [ , the first [ rows of By may not
be linearly independent. To find out the linearly independent rows of Bs, we use the
QR factorization of By’ with column pivoting [5].

The QR factorization of B,? with column pivoting computes the factorization

B P, =Q (4.17)

_ [81 - Bm] , (413)

where () € R™ " is an orthogonal matrix, R;; € R*! is a nonsingular and upper
triangular matrix and, P, € R™*™ is a permutation matrix.
Suppose that for some k, Householder matrices Hy, ..., H;_; and permutation

matrices Py, ..., Py, are computed such that

(Hy_y...H\)By" (P, ... P,

Tk—1

) = R+ (4.19)

Rll(k—l) R12(k—1)

= , (4.20)
0 Ryp®V
where Ry; 7Y is a nonsingular and upper triangular matrix. Suppose that
Rop* ™ = 1y D (51 (4.21)
is a column partitioning and let ¢ > k be the smallest index such that
D], = mae D 2 (1.22)
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If Hui(k’l)Hz = 0, we should stop the calculation. If Hui(k’l)HQ > 0, we
determine the permutation matrix P, € R™*™ by swapping the p-th and k-th
columns and determine Householder matrix Hj, such that R*®) = H, kR(kfl)Pﬂk then
R®(k+1:n,k) =0. Once we finish calculating the k-th step, we check if % <tol,
where tol(tolerance) is 10712, If % >tol, by, is a column of By, ”. Then the matrix

By T will be

B = by by ...bpy bl (4.23)
where 131, 132, ,l;k,l, by, are linearly independent columns of By, ”. Then the matrix
Bsy will be ) )

[ of ]
[ by ]
By = : : (4.24)
[ by )
[ b )
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CHAPTER 5
NUMERICAL RESULTS

In this chapter, we show some numerical results that illustrate the performances
of the projected method for saddle point problems. The numerical experiments show
the comparison of the convergence of GMRES applied to the whole problem and
LSMR applied to the least squares problem after using projection matrices for both
full rank By and rank-deficient Bs.

The linear system has the form

A BlT T f
B2 0 Yy 0

where A € R"*", By, By € R™*" f € R" with n > m. Initial guess is taken to be
the zero vector for all tests.

All numerical results shown in this chapter were run using MATLAB version
R2017b (9.3.0). We have taken all the testing matrices from SuiteSparse matrix
collection, formerly the University of Florida sparse matrix collection [47]. These
matrices with their generic properties are shown in Table 5.1 and Table 5.2. These
two tables give, for each matrix, m the number of rows in By, n the number of
columns in By, number of nonzero entries and their sources.

First, we will discuss the results for full rank By and then the results of rank-

deficient B,.
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5.1 Full Rank B,
In this section, we show some numerical results that illustrate the convergence
of GMRES and LSMR applied to the least squares problem after using the projection

matrix for the full row rank case. We report the relative residual
b — A=]],
1511,

for Algorithm 3.1, where the system is solved after using projection matrix and for
Algorithm 2.2 where the original system Az = b is solved. Some of the examples
in this section have singular coefficient matrices. We check the consistency of the
system Az = b by calculating the rank of the coefficient matrix, A and the rank of
the augmented matrix [A,b]. In all our examples, rank(A)=rank([.A, b]).

The example matrices in Table 5.1 have the form
A B"
By 0
and n represents the number of columns in By and m is the number of the rows in
B>. m is relatively small to n for each example. The size of each testing matrix is

(n+m) x (n+m). The (2,1)-block matrix Bs for each testing matrix has full row

rank.
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Matrix ‘ n ‘ m \nonzero‘ application

lshapel 353 | 98 3807 statistics

maxwell3 1504 | 48 8474 electromagnetic
maxwell4d 6080 | 198 | 34698 electromagnetic
lshape4 7544 | 238 | 44652 statistics
navierstokesN16 1472 | 51 | 36352 incompressible flow
stokesN8 352 | 27 3256 | computational fluid dynamics
dynamicSoaringProblem_1 | 363 | 284 | 5367 optimal control
ncvxqpl 7110 | 73 | 44398 optimization problem

Table 5.1. Testing Matrices with Full Rank B,
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0 50 100 150 200 250 300 350 400 450
nz = 3807

Figure 5.1. Sparsity pattern of A formed by 1shapel. Size: 451 x 451, n=353, m=98,
number of nonzero entries=3807, condition number=6.3461e+03, rank(B2)=98.
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Figure 5.2. Relative residual vs. iteration number for 1shapel. Convergence of
GMRES applied to the whole problem and LSMR applied to the least squares
problem after using the projection matrix for full rank B.
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Figure 5.3. Sparsity pattern of A formed by maxwell3. Size: 1552 x 1552,
n=1504, m=48, number of nonzero entries=8474, condition number=2.9829e+21,

rank(Bs)=48.
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Figure 5.4. Relative residual vs. iteration number for maxwell3. Convergence of
GMRES applied to the whole problem and LSMR applied to the least squares problem
after using the projection matrix for full rank B,.
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Figure 5.5. Sparsity pattern of A formed by maxwell4. Size: 6278 x 6278, n=6080,
m=198, number of nonzero entries=34698, condition number=Inf, rank(B,)=198.
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Figure 5.6. Relative residual vs. iteration number for maxwell4d. Convergence of
GMRES applied to the whole problem and LSMR applied to the least squares problem
after using the projection matrix for full rank Bs.
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Figure 5.7. Sparsity pattern of A formed by lshape4. Size: 7782 x 7782, n=7544,
m=238, number of nonzero entries=44652, condition number=Inf, rank(B,)=238.
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Figure 5.8. Relative residual vs. iteration number for 1shaped4. Convergence of
GMRES applied to the whole problem and LSMR applied to the least squares
problem after using the projection matrix for full rank B,.
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Figure 5.9. Sparsity pattern of A formed by navierstokesN16. Size: 1523 x 1523,
n=1472, m=>51, number of nonzero entries=36352, condition number=7.4027e+04,

rank(Bs)=51.
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Figure 5.10. Relative residual vs. iteration number for navierstokesN16. Conver-
gence of GMRES applied to the whole problem and LSMR applied to the least squares
problem after using the projection matrix for full rank B,.
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Figure 5.11. Sparsity pattern of A formed by stokesN8. Size: 379x379, n=352, m=27,
number of nonzero entries=3256, condition number=7.5977e+04, rank(Bs)=27.
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Figure 5.12. Relative residual vs. iteration number for stokesN8. Convergence of
GMRES applied to the whole problem and LSMR applied to the least squares problem
after using the projection matrix for full rank Bs.

47



100 -
200 -

e

300 -

300 400 500 600
nz = 5367

Figure 5.13. Sparsity pattern of A formed by dynamicSoaringProblem 1. Size: 647 X
647, n=363, m=284, number of nonzero entries=5367, condition number=3.0853e+05,

rank(Bs)=284.
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Figure 5.14. Relative residual vs. iteration number for dynamicSoaringProblem_1.
Convergence of GMRES applied to the whole problem and LSMR applied to the least
squares problem after using the projection matrix for full rank B,.
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Figure 5.15. Sparsity pattern of A formed by ncvxqpl. Size: 7183 x 7183,
n="7110, m=73, number of nonzero entries=44398, condition number=5.5473e+22,

rank(Bs)=T3.
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Figure 5.16. Relative residual vs. iteration number for ncvxgpl. Convergence of
GMRES applied to the whole problem and LSMR applied to the least squares problem
after using the projection matrix for full rank B,.
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5.2 Rank-Deficient By
In this section, we show some numerical results that illustrate the convergence
of GMRES and LSMR applied to the least squares problem after using the projection

matrix for the rank-deficient case. We report the relative residual
b — A=]],
1511,

for the method, LSMR, where the system is solved after using projection matrix
and for the method, GMRES, where the original system Az = b is solved. Since the
system is rank-deficient we check if it has a solution. We check the consistency of the
system Az = b by calculating the rank of the coefficient matrix, A and the rank of
the augmented matrix [A b]. In all our examples, rank(.A)=rank([.A b]).

The example matrices in Table 5.2 represent the (2,1)-block matrix By. In this
table n represents the number of columns in By and m is the number of the rows in
By. We assign random sparse matrices for A € R™" and B; € R™*™ to form the

saddle point matrix

A B"

By, 0
Here, m is relatively small to n for each example. The size of each testing matrix A is
(n4+m) x (n +m). The (2,1)-block matrix Bj for each testing matrix is rank-deficient.

The rank of each matrix B, is given in the sparsity pattern of A in each figure.
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Matrix n m nonzero application

Maragal_1 31 14 234 least squares problem
Maragal 2 555 350 4582 least squares problem
Maragal_3 1690 860 20130 least squares problem
GL6 D 6 469 201 2642 combinatorial problem
GL7d11 1019 60 1678 combinatorial problem
GL7d26 2798 305 8273 combinatorial problem

Table 5.2. Rank-Deficient Testing Matrices B,
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Figure 5.17. Sparsity pattern of A formed by random matrix A € R32*32 random
matrix B; € R32*4 and Maragal 1=B, € R*32 Size: 46 x 46, n=32, m=14,
number of nonzero entries=234, condition number= Inf, rank(Bs)=10.
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Figure 5.18. Relative residual vs. iteration number for A formed by random A, B,
and Maragal 1=B,. Convergence of GMRES applied to the whole problem and
LSMR applied to the least squares problem after using the projection matrix to the
system with rank-deficient Bs.
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Figure 5.19. Sparsity pattern of A formed by random matrix A €

n
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matrix B; € R3%5%3%0 and Maragal 2=DB, € R30%% Size: 905 x 905, n=555, m=350,
number of nonzero entries=4582, condition number= Inf, rank(B,)=172.
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Figure 5.20. Relative residual vs. iteration number for A formed by random A, B,
and Maragal 2=DB,. Convergence of GMRES applied to the whole problem and
LSMR applied to the least squares problem after using the projection matrix to the

system with rank-deficient Bs.
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Figure 5.21. Sparsity pattern of A formed by random matrix A € R*690%169 random
matrix By € R699%860 and Maragal 3=B, € R360x169  Gize: 2550 x 2550, n=1690,
m=860, number of nonzero entries=20130, condition number= Inf, rank(Bs)=613.
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Figure 5.22. Relative residual vs. iteration number for A formed by random A, B,
and Maragal 3=B,. Convergence of GMRES applied to the whole problem and
LSMR applied to the least squares problem after using the projection matrix to the
system with rank-deficient Bs.
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Figure 5.23. Sparsity pattern of A formed by random matrix A € R49*4%9 random

matrix B, € R9<201 qnd GL6.D 6=B, € R249 Size: 670 x 670, n=469, m=201,
number of nonzero entries=2642, condition number= Inf, rank(B;)=156.
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Figure 5.24. Relative residual vs. iteration number for A formed by random A, B,
and GL6_D_6=DB;. Convergence of GMRES applied to the whole problem and LSMR
applied to the least squares problem after using the projection matrix to the system
with rank-deficient B,.
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Figure 5.25. Sparsity pattern of A formed by random matrix A € R©19*1019 random
matrix By € R019%60 and GL7d11=B, € R9X1019 Gjze: 1079 x 1079, n=1019, m=60,
number of nonzero entries=1678, condition number= Inf, rank(Bs)=>59.
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Figure 5.26. Relative residual vs. iteration number for A formed by random A, B,
and GL7d11=B,. Convergence of GMRES applied to the whole problem and LSMR
applied to the least squares problem after using the projection matrix to the system
with rank-deficient B,.
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Figure 5.27. Sparsity pattern of A formed by random matrix A € R2™¥*278 random

matrix By € R2™8%305 and GL7d267 = By € R305%278  Gize: 3003 x 3003, n=2798,
m=305, number of nonzero entries=8273, condition number= Inf, rank(B,)=273.
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Figure 5.28. Relative residual vs. iteration number for A formed by random A, B,
and GL7d267 = B,. Convergence of GMRES applied to the whole problem and LSMR
applied to the least squares problem after using theprojection matrix to the system
with rank-deficient B,.
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Our experiments show that our projection method for both full rank and rank-
deficient Bs has very good convergence. Our method works even for singular 4 and A.
As illustrated in the results the system does not have to have a full rank to get good
results by using our method. We did not use re-orthogonalization or preconditioning
for solving the problem. Using a preconditioning is our future research for solving

the saddle point system.
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CHAPTER 6
CONCLUSION

In this thesis, we have investigated the iterative solutions of large and sparse
saddle point systems of the form (1.2) by using a projection technique. The main
contribution of this thesis is the that the presented technique can be applied to large
class of saddle point problems. In other words, the technique does not necessarily
require a specific form of block matrices except the (2,2)-block matrix in the saddle
point matrix being 0-matrix.

In Chapter 3, we presented a solution method for full rank B;. The main
idea of the chapter was constructing a projection matrix by using full row rank
matrix B, and then transforming the original problem into a least squares problem.
Since the number of rows in Bs is relatively small compared to the number columns
in By applying a projection matrix Q = I — By’ (ByBy") ™' By is not an expensive
calculation. By using this technique the original problem is transformed into a least
squares problem. Then the least squares problem is solved by using LSMR which is
one of the Krylov subspace iterative method for solving the underdetermined systems.
Numerical results show that the projection method converges faster than GMRES.

In Chapter 4, we worked on the rank-deficient Bs. Since B, is a rank-deficient
matrix, BoBs! is not an invertible matrix. Therefore, we cannot construct the same
projection matrix that we use in Chapter 3. To build a different projection matrix
we use only the maximal number of linearly independent rows of By, which we call
Bs1. Applying the projection matrix Q =1— Bng(BQIBng)*lBQI is not numerically

expensive since the number of rows of By is very small. We use the projection
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matrix to transform the original problem to a least squares problem, then we solve
the system by LSMR. It is numerically shown that our method is faster than the
GMRES applied to the original system in numerical experiments.

It has been demonstrated that the projection method for saddle point systems
with full rank or rank-deficient (2,1)-block has very good convergence in comparison

to GMRES applied to the whole system.
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