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Abstract 

 

INVESTIGATION ON METAL-COMPOSITE HYBRID FLYWHEELS 

USING FINITE ELEMENT METHODS 

 

Ching Huai Wang, MS 

 

The University of Texas at Arlington, 2017 

 

Supervising Professor: Andrey Beyle 

 

This research is aimed to investigate the kinetic energy storage of a hybrid metal-

composite flywheel rotating at high speeds. The upper limit of energy, which flywheel 

can supply, is restricted by the strength of material because both energy and stress are 

proportional to the density of the material and the square of the velocity. Metal 

flywheels operate at lower rotational speed and supply less energy than the composite 

flywheels. Composite flywheels have a very high density per unit mass, but lower 

energy density per unit of the design volume. The ultra-high speed of composite 

flywheels creates some engineering challenges such as the necessity to operate in a 

vacuumed case and use of electromagnetic bearings. Combined metal-composite 

flywheel might be a reasonable compromised solution. The main task is to find proper 

ratio of constituents and their architecture. This is the primary task of the Thesis work. 

However, composite flywheels are suffering cost-per-unit compared to metal 

flywheels. Therefore, in this paper, the researcher will focus on the potential of hybrid 

metal-composite flywheel by optimizing the safety factor. The goal of the safety 

factor is to acquire similar minimum values of each component of the designated 

model. 

In the first part of the thesis, the content will be focusing on the analytical solution of 

flywheel ring. In the second part of the paper, the FEM simulated model will be 

discussed. Each section will be shown the energy storage of the rotating model, the 

stress analysis and comparison between models.  
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Chapter 1 Introduction 

1.1 Overview  

In the contemporary history of humanity, the importance of electricity has 

emerged into a necessity of human nature. For instance, throughout our daily living, 

from consumer electronics to larger data center are continuously consuming energy, 

and most importantly it makes life incredibly inconvenient to live without electricity. 

Additionally, the amount of the world energy consumption has drastically increased 

throughout the years. A reference data from International Energy Agency shows that 

the energy consumption increased from 54,335 TW/h to 109613 TW/h, and the 

primary energy supply power went from 71,013 TW/h of 1973 to 155,481 TW/h of 

2014 [1]. It’s not hard to perceive from the data, that there should be a safe amount of 

preserved energy to ensure the stable energy level for the whole electric system – just 

in case anything breaks down. Therefore, the storage of energy has always been an 

essential role in the energy supply system. 

 

1.2 Motivation 

The concept of composite flywheels has been around since the 1960s. 

However, most of the frequent use of composite flywheels are still served as a UPS 

system [2]. The author conducting this research expects to seek more energy storage 

application in the foreseeable future. Therefore, by optimizing the hybrid flywheel, 

we will determine the best model for a 1-meter by 1-meter disk with volume vastly 

using composite materials, which obtain an ideal energy density per unit mass, and 

energy density per unit volume. 

 

1.3 Objective 

The primary goal of the following work will be comparing correlated results 

simulated by different hybrid flywheel setup. The type of the flywheel consists ring, 

disk, and material choices between single full material, and hybrid metal-composite 

flywheels. For each iteration, there will be optimization based on educational 

prediction, and the actual analysis retrieved. The stress analysis will determine the 

energy storage and energy density of the corresponding model. The final goal is to 

find an optimized configuration for a flat disk. 
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1.4 Introduction to Composites 

A composite material is a material that combines two or more distinct 

constituents to form a compound material which its objective is to produce high 

strength or high modulus of elasticity in particular direction. Only a material form 

NOT on a microscopic scale can be called a composite material, that is, metal alloys 

are not considered composite materials. For a typical composite material that consists 

two constituents, there will be a fiber for reinforcement and a matrix for binding the 

fibers. Additionally, with three or more constituents, the composite is usually 

categorized as super composites [3]. 

For the composite terminology, a layer is usually called a ply, and a single 

layer composite is called a “lamina.” When there are multiple layers stacked together 

and reinforced by matrix, the multilayer lamina is termed laminate. There are different 

fiber configurations of manufacturing a lamina. For instance, unidirectional (UD) and 

woven are two common laminae on the market [4]. The process of making a 

composite material includes three major steps: layup, wetting, and curing. A 

composite which fails to wet thoroughly will decrease in its performance, and the 

curing process is to harden the epoxy. 

 

Figure 1-Unidirectional and Woven composites 

 

Figure 2-Direction of Fiber and Matrix 

In a laminate, each lamina can have its orientation to serve the goal of the 
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product which requires strength in specific directions. For example, a laminate of [0 

90 -45 -45 90 0] has six layers of its corresponding orientation from top to bottom. A 

laminate that is symmetric about the midplane such as the example in the previous 

sentence is symmetrical; vice versa would be asymmetrical. An asymmetrical 

composite will cause to warp in the direction which produces the least strength or 

induce twisting of the composite. However, all models in this research will only be 0 

degrees since all models will just need circumferential-wise reinforcement for a thin 

disk. The model in this study will be assumed using a winding process for 

manufacturing which is wrapping a lamina in a clockwise direction to form the 

laminate of the composite flywheel. 

 

Figure 3-Lamina/Laminate and Angles 

There are several advantages of composite materials, such as [5] 

 Greater mechanical strength 

 Better abrasion resistance 

 Improved elongation 

 Increase in fatigue cycle 

 Enhanced thermal stability 

 

However, there are also disadvantages such as 

 Low toughness 

 Decrease in impact resistance 

 Processing difficulty and cost 
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Compared to metal, there is still an unsolved issue which is hard to address until 

this day such as defects in lamina crackling and microscopic fiber waviness that 

causes delamination [6]. Furthermore, the composite material has been widely applied 

to industrial design. The latest commercial aircraft of the Boeing Company – Boeing 

787, is vastly made of composite materials in its structural aspect of design. 
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Chapter 2 Review of Related Literature 

2.1 Energy Storage Systems 

The energy storage system (ESS) is a system that involves either in forms of a 

chemical, mechanical, thermal or magnetic method to store energy and could be 

transmitted back to the form of electric when required.  While sustainable and 

renewable energy sources such as wind and solar energy has become increasingly 

popular due to the environmentally friendly characteristics compared to fossil fuels 

which produced abundant amount of carbon dioxide, drawback of renewable sources 

are they are subjected to unstable factor from the environment such as solar source 

being blocked or low wind conditions [7]. Therefore, ESSs are beneficial when 

energy generated from the energy source such as nuclear, wind, hydro or heat are 

overproduced, and requirement of power is low. On the opposite side, when there is a 

high demand on energy in a shorter amount of time, peak energy loading, for instance, 

energy storage will be able to compensate the energy amount when the electric 

generator is not capable of producing. 

Dated to now, there are two primary methods of energy storage. The first way 

of energy storage system is through chemical such as a battery system, and the second 

form of energy storage system is through mechanical storage such as flywheel energy 

storage system (FESS), both of them has their advantage and disadvantages. For the 

battery, the upside of it will be the amount of energy of the cell. However, it falls short 

regarding efficiency, response time until voltage output and massive size. On the other 

hand, flywheels are capable of up to 97% storage efficiency and 90-95% energy 

transfer efficiency due to mechanical properties [8], and as soon as the gearbox starts 

transmitting power from the flywheel, the energy output is to be generated 

immediately, the downside would be the total energy output compared to chemical 

storage methods are less. Furthermore, the absence of chemical, thermal and 

acoustical pollution enables a clean energy storage option for choosing flywheel 

energy storage systems over large batteries [2]. 

In this research, energy capacity of different energy storage methods will also 

be compared with flywheel despite the fact that they all have a specific purpose in the 

application. Other energy storage methods, for example, Lithium-ion batteries and 

fossil fuel such as gasoline. 1 (Wh/kg)=3600 (J/kg) is being used to transform 

between energy density units. For the reason of choosing Lithium-ion battery, it’s 
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because, in all chemical battery storages methods, Lithium-ion batteries still hold the 

highest energy density in the battery category [9]. 

 

2.2 History of Flywheels 

The history of the ancient flywheel can be traced back to the 14th century 

when the concept of inertial force has not yet been accepted. Jean Buridan, a famous 

rector at the University of Paris, state there being no resistance to motion in the 

perfect celestial world in his theory of impetus. G.B. Benedetti in 1585 states that a 

wheel can’t continue to rotate indefinitely even in the absence of friction. Despite all 

the interesting ancient debate has failed to recognize the principle of motion, it never 

hindered the development of flywheels in the human history. The first object to make 

use of the force of inertia is the spindle drill, and second object most recognized in the 

ancient era was the potter’s wheel, which was two millennia after the spindle. The 

creation of potter’s wheel played a specific role in the development of human 

civilization; it had made the operation of building things such as vase required a little 

amount of work and also capable of producing well-rounded perimeter. During the 

Industrial Revolution, the use of flywheel in steam engines and constructing flywheel 

in metal materials were two crucial development; it later became a real energy 

accumulator. Decades after the industrial revolution, most of the development has 

been used smooth the rotation instead of accumulating energy, the flywheel operates 

at relatively lower rotational velocity. 

 

 

Figure 4-A concept ancient potter wheel 

Only decades after the 19th century when internal combustion engine started 

appearing that flywheel trended toward higher rotational speed. More top speed 
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flywheel applications in internal combustion engine are attached to cranks to transmit 

mechanical powers to the gear, for instance, a four-stroke combustion engine. The 

other significant development that indirectly accelerated flywheel as an energy 

storage system is the design of turbine/turbo engine; they are not designated as an 

accumulator itself. However, due to the high stress caused by high-speed rotation 

during turbine operation, studies in designing and optimizing rotating disks have 

contributed later to the development of high-speed kinetic energy storage of flywheel. 

In the later 80 years, a several practical application of flywheel on automotive 

and power plant has been implemented. For example, a 44-ton flywheel storing 

34kWh was installed on the railway of Torino Mountain in 1911. A. G. Ufimtsev built 

a wind power plant near Kursk using flywheel energy storage systems in 1931. In 

automotive, the well-known Gyrobus produced by Switzerland was powered by a 

1500 kg (1.5 ton) flywheel and put into service in several regions. However, none of 

these has hugely impact on the industry [10]. 

Not until the late 1960s, the breakthrough of high-strength materials, as well 

as the rise of clean energy storage, has contributed further development. Governments 

of several countries started research on flywheels as an energy accumulator and 

kinetic energy storage system; there were several flywheel technology symposia held 

every few years, such as the proceedings of flywheels technology symposium at 1975, 

1977 and 1980 – to list a few. 

 

2.3 Applications of Flywheels 

For the application of high-speed flywheel energy storage solutions of modern 

days, due to the development of high-strength, high-modulus carbon fiber composite 

materials, there’s already a certain amount of companies in the market investing 

development. For example, the two largest flywheel energy storage solution company 

in the United States is Beacon Power and Amber Kinetics. A company named 

Kinetech Power Company in Mexico is also investing in hybrid metal composite 

flywheels. Furthermore, a technical forecast report of 2016, even summarized in an 

article from PR Newswire refer to Grand View Research Inc. that their estimate show 

an market worth of 477.8 million USD by the year 2024 [11], and the most forecasted 

application would focus on energy storage systems in data centers. While some debate 

the use works better for power plants, some aim flywheel application for data centers 
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such as implementing it into the UPS system, since data centers cannot afford to 

suffer any power shortage or else would lead to possible severe data destruction. 

 

2.4 Categorization 

We can also predict the broad range of application by the categorizing method 

of flywheel applications parameters [12]. At stationary environment which the 

input/output is electric/mechanical, the specifications are high performance as well as 

the high cost; at moving environment, it is high performance and low cost; at a 

portable environment, it is low performance and very low cost. 

Flywheel Applications Parameters 

Environment Input / Output Performance vs. Cost 

Stationary 

Electrical Mechanical 

Very High Performance 

Very High Cost 

Moving 
High Performance 

Low Cost 

Portable 
Low Performance 

Very Low Cost 

Table 1-Application Parameter 

For the first environment which is the stationary environment, the typical 

fields of application are examples of aircraft, spacecraft and underwater surveillance. 

In these applications, the requirements are high power capacity (peak performance 

required) and the cost is usually not a critical factor. The second environment which is 

the moderate performance, the typical field of applications are energy storage, utilities 

peaking and emergency power. In this category, peak performance is not required, but 

the cost is an important consideration. The third parameter which is usually for solar 

energy, the parameters are very low cost, long design lift and specifications are not 

critical. 

 

2.5 UPS Systems 

The application of flywheel can range from large scales such as at the power 

plant level to small scales such as consumer customer or companies. For instance, 

power quality, frequency regulation, voltage sag control, uninterruptible power supply 

(UPS), transportation, aerospace, renewable and military [2]. In the current situation, 
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the UPS application is the most successful for high power flywheels which when 

power is needed in a short amount of time, typically 15s to 30s. Take the situation of a 

power supply is down as an example, the high-speed flywheel can react immediately 

after the terminated power supply, and provide enough energy to sustain the system 

until the backup power source supplies. Flywheel UPS is an active medium before 

slower backup power systems such as batteries and backup power generator start to 

regulate, and it could also act as a buffer against power spikes and sags. To name a 

few application that has successfully deployed, one of the earliest flywheels for power 

application is built in Munchen, Germany in 1973. For airports, a flywheel supplying 

thermal and electricity was commissioned in Alaska in 1999. Beacon technology also 

developed a new flywheel UPS system capable of providing 160kW in 2014. Austin 

Energy, one of the largest electric utilities in Austin, Texas, United States is also 

protected by a 4.8 MW flywheel UPS produced by VYCON of Calnetix Technologies 

[2] [10]. As for now, battery-free flywheel system UPS are cost-effective, requires no 

battery maintenance and little mechanical maintenance, and also able to perform the 

self-sustainable rotation. 

 

Figure 5-Flywheel as a UPS device 

2.6 Energy Storage 

For energy storage purpose, the environment will mostly be the second 

environment which high performance and low performance are the designed goals. 

High-performance flywheels come with high radial and circumferential stress when 
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operating at high rotational speeds. Therefore, there are various design and 

manufacturing variables for composite flywheels that have to be taken into 

consideration. For instance, a flat disc which the shape factor (K_S) of 0.3 is the most 

elementary form of filament wound flywheel [13]. In the processing phase, there are 

also variables such as winding tension, cure schedules, bandwidth, laydown reversals 

and other considerations which can be account into failure mode and effect analysis 

[14]. The processing phase can further be discussed in the six sigma methodology or 

Total Quality Management (TQM) to reduce variations which are defects of the 

manufacturing process; these industrial engineering methods will not be covered in 

this research, however. In the optimal design of anisotropic flywheels, the optimal 

shape is of a radially tapered section, and the criterion for optimization is to store the 

maximum amount of kinetic energy in a designated mass or volume in the material. 

The design criterion for isotropic materials such as steel or titanium is to reach a 

uniform state of stress throughout the entire disk. Similarly, the two principal stresses 

which are the radial stress and circumferential stress are required to be equal and 

constant throughout the disk for optimal design [15]. The quantity to be optimized is 

the kinetic energy capacity per unit mass. 

 

2.7 Composite Flywheels Characteristic 

The primary attributes of composite flywheels are high energy efficiency, high 

energy density. With the advance in composite materials and electromagnetic bearings 

which has to operate under superconducting temperature, flywheels are capable of 

performing at extremely high speeds, store large quantities of energy and decades of 

product life cycle, respectively [16]. Plus, the implement of composite flywheel has 

the yield advantage over contemporary metal flywheel. By operating at a higher 

speed, the energy density of composite material significantly outperforms metallic 

flywheels. Therefore, allows the size of a composite flywheel to be produced smaller, 

and developed new application consequently because of the reduction of flywheel size 

[17]. 

For example, S-2 Glass Fiber is a high modulus, medium-high ultimate 

strength material; it is an excellent material for flywheel energy storage. Additionally, 

another paper from the 1980 flywheel technology symposium study report shows that 

E-Glass composite seems to have a longer lifetime than S-Glass composite, but less 
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ultimate strength comparably. However, research from the Lawrence Livermore 

Laboratories indicates that glass can degrade over time due to absorption of moisture 

between the glass and resin epoxy. Luckily, the glass composites can be dried out and 

revert to its original strength [18]. Furthermore, since in energy storage solution 

which is flywheel energy storage, the spinning flywheel is set to be in vacuum 

condition. Thus, no moisture can cause degradation of the glass composite which then 

ensures the long-term designed product cycle of the composite flywheel. 

The previous research addressed the vacuum operating condition of the high-

speed composite flywheels. Discussion of the bearing for the flywheel should also be 

considered. Common bearing for flywheels is contact bearing and non-contact 

bearing. Contact bearing is also known as mechanical bearing, ball bearing, for 

instance, can lose 20%-50% of flywheel energy due to friction [19]. Furthermore, 

ball-bearing concerning includes wearing, friction and stiction torques, lifetime and 

reliability [20] [21]. Therefore, most composite flywheels that operate under vacuum 

condition will use the electromagnetic bearing to eliminate friction resistance. To 

attain electromagnetically, reducing temperature to semiconducting temperature is 

necessary which is below 39 Kelvin, or -234 degrees Celcius. Plus, maintaining at 

such temperature will need a certain amount of energy. 

Overall, in current research to compare the composite flywheel compared to 

the metallic flywheel. The metallic flywheel can store a higher energy per designed 

unit volume, but stores lesser energy per unit designed mass. On the contrary, a 

composite flywheel can store a higher energy per unit designed mass but falls short of 

storing energy per unit designed volume. In other words, the composite flywheel has 

higher energy per unit mass which is specific energy and lower energy per unit 

volume which is energy density [22]. 

 

2.8 Failure Modes 

Despite the high strength of composite material nowadays, there are still 

failure modes that can occur. The particular failure modes are pure fiber breakage 

which simple tensile failures of the longitudinal tension in the filament breaks, and the 

radial strain failure which the radial direction fails. Methods to eliminate radial failure 

includes reducing outer-inner radius ratio or using a more elastic material to endure 

more substantial strain. Implementing bi-directionally reinforced flywheel is also a 
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method of removing the radial failure [23] [24]. 

 

Figure 6-Failure Mode of Composite Flywheel 

As seen, the delamination process occurs layer by layer starting from the outer 

rim. Therefore, the vibration will not be destructive compared to metal flywheels, and 

the residue mass is significantly smaller. However, the cost of manufacturing would 

increase, and this kind of configuration is not part of the discussion in this research 

topic. The most natural way to make composite flywheels is by winding composite 

fabric, and by winding at a zero degree angle, the direction best suits the flywheel 

reinforcement required while operating at high rotational speed [25]. 

 

2.9 Advantage and Disadvantage of Flywheel Materials 

Metallic Flywheel 

Advantages Disadvantages 

 High energy capacity per unit of 

volume 

 Not so high-speed 

 Dangerous modes of failure 

 Heavy protection case 

Composite Flywheel 

Advantages Disadvantages 

 Highest energy density per unit 

of mass 

 Safe mode of failure 

 Highest power 

 High speed (up to 7 Mach 

number) on outer diameter 

 Vacuum case and 

electromagnetic bearings are 

needed 

Table 2-Table of Flywheel Pros and Cons  
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Chapter 3 Design of Research 

3.1 Methodology 

The energy density of flywheel rings is obtained using analytical solutions for 

an anisotropic ring. Therefore, it is easy to determine the theoretical maximum energy 

storage for ring-shaped flywheel without requiring detailed material properties; the 

analytical method will be carried out in the following chapter. However, for the disk-

shaped flywheel which includes thickness, the allowance of the flywheel would vary 

due to stresses, because in reality there are fractures that cause the flywheel to fail at 

safety factors lower than 1. 

The modeling of the flywheel will be constructed in the default 

DesignModeler, with solids for metal material and only shell for composites. The 

shell for composite materials will then be input to ACP (Pre) for lamination for the 

solid part. Finally, all parts required for the model will be carried out for simulation in 

static structural for further analysis. 

The stress analysis from each part of the model will be used to determine the 

safety factor of the model. The safety factor further helps to calculate the total energy 

storage, energy density per unit mass, and energy density per unit volume. 

The methodology will apply same to all models including metal, composite, and 

hybrid metal-composite flywheels. Finally, comparisons will be made to which 

comparable models. 

 

Figure 7-Methodology Design 

Geometry Analysis Optimization
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Over 100 simulations were performed. However, only models with significant 

improvement will be used in this research. 

 

3.2 Selection of Composite Materials 

3.2.1 Calculation of Density 

In this chapter, we are considering single material composite flywheels. To 

start with, compare three different materials: Titanium, S-2 Glass Fiber, and T-1000G 

Carbon Fiber.  

For S-2 Glass Fiber composite and T-1000G Carbon Fiber composite, we will 

be using 70% fiber and 30% resin epoxy for the composite material. Therefore, to 

determine the density of both composite materials, we apply the volume fraction 

method by the following relation 

𝑊𝑐𝑜𝑚𝑝 = 𝑊𝑓𝑖𝑏𝑒𝑟 +𝑊𝑚𝑎𝑡𝑟𝑖𝑥 

𝜌𝑐𝑜𝑚𝑝𝑉𝑐𝑜𝑚𝑝 = 𝜌𝑓𝑖𝑏𝑒𝑟𝑉𝑓𝑖𝑏𝑒𝑟 + 𝜌𝑚𝑎𝑡𝑟𝑖𝑥𝑉𝑚𝑎𝑡𝑟𝑖𝑥 

Divide 𝑉𝑐𝑜𝑚𝑝 from both sides, we have 

𝜌𝑐𝑜𝑚𝑝 = 𝜌𝑓𝑖𝑏𝑒𝑟
𝑉𝑓𝑖𝑏𝑒𝑟

𝑉𝑐𝑜𝑚𝑝
+ 𝜌𝑚𝑎𝑡𝑟𝑖𝑥

𝑉𝑚𝑎𝑡𝑟𝑖𝑥
𝑉𝑐𝑜𝑚𝑝

 

Or 

𝜌𝑐𝑜𝑚𝑝 = 𝜌𝑓𝑖𝑏𝑒𝑟𝑣𝑓𝑖𝑏𝑒𝑟 + 𝜌𝑚𝑎𝑡𝑟𝑖𝑥𝑣𝑚𝑎𝑡𝑟𝑖𝑥 

Given the density of the glass fiber, carbon fiber, and epoxy 

𝜌𝐺𝑙𝑓𝑖𝑏𝑒𝑟 = 2460 (𝑘𝑔 𝑚3)⁄ ; 𝜌𝐶𝑎𝑓𝑖𝑏𝑒𝑟 = 1800 (𝑘𝑔 𝑚3)⁄ ; 𝜌𝑒𝑝𝑜𝑥𝑦 = 1160 (𝑘𝑔 𝑚3)⁄  

And the fiber-epoxy relation is given by 

𝑣𝐺𝑙 = 70%;  𝑣𝐶𝑎 = 70%; 𝑣𝑒𝑥𝑜𝑥𝑦 = 30% 

We can calculate the density of the glass composite and carbon composite by 

𝜌𝐺𝑙 = 2460 × 0.7 + 1160 × 0.3 = 2070 (𝑘𝑔 𝑚3)⁄  

𝜌𝐶𝑎 = 1800 × 0.7 + 1160 × 0.3 = 1608 (𝑘𝑔 𝑚3)⁄  

The final density of titanium, glass and carbon fiber composite is listed as 

𝜌𝑇𝑖 = 4620(𝑘𝑔 𝑚3)⁄  

𝜌𝐺𝑙 = 2070(𝑘𝑔 𝑚3)⁄  

𝜌𝐶𝑎 = 1608(𝑘𝑔 𝑚3)⁄  

Which 𝜌𝑇𝑖 is the density of titanium alloy, 𝜌𝐺𝑙 is the density of S-2 glass composite, 

and 𝜌𝐶𝑎 is the density of T-1000G carbon composite. 

Additionally, Mitsubishi K13C2U will be calculated since it is going to be used later 



15 
 

chapter. The maximum strength of the carbon fiber of K13C2U is 𝛱𝑚𝑎𝑥 = 3.8 (𝐺𝑃𝑎), 

taking the volume fraction of the carbon/epoxy as 0.7 and 0.8, the maximum strength 

of the carbon/epoxy composite is 3.04 (GPa) 

Proceeding, we calculate the composite by calculating the volume fraction. The 

density of the carbon fiber and the epoxy matrix is given by 

𝜌𝐾13𝐶2𝑈 = 2200 (𝑘𝑔 𝑚3⁄ ); 𝜌𝑒𝑝𝑜𝑥𝑦 = 1160 (𝑘𝑔 𝑚3⁄ ) 

Calculate the density of the composite 

𝜌70%𝐾13𝐶2𝑈/𝑒𝑝𝑜𝑥𝑦 = 2200 × 0.8 + 1160 × 0.2 = 1992 (𝑘𝑔 𝑚3⁄ ) 

𝜌80%𝐾13𝐶2𝑈/𝑒𝑝𝑜𝑥𝑦 = 2200 × 0.7 + 1160 × 0.3 = 1888 (𝑘𝑔 𝑚3⁄ ) 

 

3.2.2 Calculation of Plane Stress and Unidirectional Properties 

First of all, the material properties of Titanium alloy attained from the material data 

library of ANSYS Material Data is as the following 

𝛱𝜃 𝛱𝑟 𝐸𝜃 𝐸𝑟 𝐺12 𝐺23 𝜈12 𝜈23 𝜌 𝑘 

(GPa) (GPa) (GPa) (GPa) (GPa) (GPa) - - (g/cc) - 

1.07 1.07 96 96 35.29 35.29 0.36 0.36 4.62 1 

Table 3-Material Properties of Titanium 

The material characteristics of S-2 glass fiber have the following characteristics [26]. 

Since glass fibers are also isotropic, strength and modulus in every direction are 

identical. However, carbon fibers are anisotropic which it does not apply. 

First of all, we are going to calculate S-2 Glass Fiber/epoxy, followed by T-1000G 

Carbon Fiber/epoxy. All of the composite materials are going to be uni-directional 

(UD). 

𝐷𝑒𝑛𝑠𝑖𝑡𝑦 𝜌𝑓 = 2.46 (𝑔 𝑐𝑐⁄ ) 

𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝛱𝑓 = 4.89 (𝐺𝑃𝑎) 

𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝐸𝑓1 = 𝐸𝑓2 = 86.9 (𝐺𝑃𝑎) 

𝑆ℎ𝑒𝑎𝑟 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝐺𝑓12 = 38.1 (𝐺𝑃𝑎) 

𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑅𝑎𝑡𝑖𝑜 𝑣𝑓12 = 𝜈𝑓23 = 0.23 

𝐸𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛 = 5.7 % 

𝑉𝑜𝑙𝑢𝑚𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑖𝑏𝑒𝑟 𝑣𝑓 = 0.7 

Recalculate the Poisson’s ratio in 1-2 and shear modulus in 2-3 direction 



16 
 

𝜈𝑓21 = 𝜈𝑓12 ×
𝐸𝑓2

𝐸𝑓1
= 0.23 ×

86.9

86.9
= 0.23 

𝐺𝑓23 =
𝐸𝑓2

2(1 + 𝜈𝑓23)
=

86.9

2(1 + 0.23)
= 35.33 (𝐺𝑃𝑎) 

The three main types of resins used to bond carbon fiber, glass fiber, and 

Kevlar are epoxy, vinyl ester, and polyester resins. Epoxy is typically the most 

expensive of the three types, and also the strongest of all. Therefore, epoxy resins are 

chosen for the binding material for all models in this research. To demonstrate the 

calculation of the composite material with the volume fraction of 70%, S-2 glass 

fiber/composite will be used as an example. 

The resin epoxy chosen has the properties of the following, epoxies are isotropic 

materials which indicates the properties in 1 and 2 direction is identical. 105 epoxy 

resin has the following properties [27]. 

𝐷𝑒𝑛𝑠𝑖𝑡𝑦 𝜌𝑚 = 1.16 (𝑔 𝑐𝑐⁄ ) 

𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝛱𝑚 = 1.11 (𝐺𝑃𝑎) 

𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝐸𝑚 = 3 (𝐺𝑃𝑎) 

𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑅𝑎𝑡𝑖𝑜 𝑣𝑚 = 0.3 

𝐸𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛 = 3.4 % 

𝑉𝑜𝑙𝑢𝑚𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑎𝑡𝑟𝑖𝑥 𝑣𝑚 = 1 − 𝑣𝑓 = 0.3 

𝑇ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓 𝛼𝑚 = 45 × 10−6 (𝐾−1) 

Now calculate the shear modulus by 

𝐺𝑚 =
𝐸𝑚

2(1 + 𝜈𝑚)
=

3

2(1 + 0.3)
= 1.154 (𝐺𝑃𝑎) 

The fiber volume fraction is 70%. Therefore we can calculate the density of the 

composite by 

𝜌𝑓𝑣𝑓 + 𝜌𝑚𝑣𝑚 = 𝜌𝑐 

Which obtains the value  

𝜌𝑐 = 2460 × 0.7 + 1160 × 0.3 = 2070 (𝑘𝑔 𝑚3)⁄  

Calculate the shear modulus in unidirectional ply 

𝐺12 = 𝐺𝑚 +
2 ∙ 𝑣𝑓 ∙ (𝐺𝑓12 − 𝐺𝑚)

1 + 𝑣𝑓 + (1 − 𝑣𝑓) ∙
𝐺𝑓12
𝐺𝑚

= 1.154 +
2 ∙ 0.7 ∙ (38.1 − 1.154)

1 + 0.7 + (1 − 0.7) ∙
38.1
1.154

= 5.611 (𝐺𝑃𝑎) 
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𝐺23 = 𝐺𝑚 +
4 ∙ 𝑣𝑓 ∙ (𝐺𝑓23 − 𝐺𝑚) ∙ (1 − 𝜈𝑚)

1
(3 − 4 ∙ 𝜈𝑚)

+ 𝑣𝑓 + (1 − 𝑣𝑓) ∙
𝐺𝑓23
𝐺𝑚

∙
1

(3 − 4 ∙ 𝜈𝑚)

= 1.154 +
4 ∙ 0.7 ∙ (35.33 − 1.154) ∙ (1 − 0.3)

1
(3 − 4 ∙ 0.3)

+ 0.7 + (1 − 0.7) ∙
35.33
1.154

∙
1

(3 − 4 ∙ 0.3)

= 4.718 (𝐺𝑃𝑎) 

Calculate the plane strain characteristic 

𝐸𝑝𝑚 =
𝐸𝑚

1 − 𝜈𝑚2
=

3

1 − 0.32
= 3.297 (𝐺𝑃𝑎) 

𝜈𝑝𝑚 =
𝜈𝑚

1 − 𝜈𝑚
=

0.3

1 − 0.3
= 0.429 

𝐾𝑚 =
𝐸𝑝𝑚

2 ∙ (1 − 𝜈𝑝𝑚)
=

3.297

2 ∙ (1 − 0.429)
= 2.885 (𝐺𝑃𝑎) 

𝐸𝑝𝑓2 =
𝐸𝑓2

1 − 𝜈𝑓12 ∙ 𝜈𝑓21
=

86.9

1 − 0.23 ∙ 0.23
= 91.754 (𝐺𝑃𝑎) 

𝜈𝑝𝑓23 =
𝜈𝑓23 + 𝜈𝑓12 ∙ 𝜈𝑓21
1 − 𝜈𝑓12 ∙ 𝜈𝑓21

=
0.23 + 0.23 ∙ 0.23

1 − 0.23 ∙ 0.23
= 0.299 

𝐾𝑓23 =
𝐸𝑝𝑓2

2 ∙ (1 − 𝜈𝑝𝑓23)
=

91.754

2 ∙ (1 − 0.299)
= 65.42 (𝐺𝑃𝑎) 

Calculate the effective properties of unidirectional ply 

𝐵 =
2

𝜈𝑝𝑚 +
1 + 𝑣𝑓
1 − 𝑣𝑓

+
𝐸𝑝𝑚
2 ∙ 𝐾𝑓23

=
2

0.429 +
1 + 0.7
1 − 0.7 +

3.297
2 ∙ 65.42

= 0.327 

𝜈12 = 𝜈𝑚 −
𝑣𝑓 ∙ 𝐵

1 − 𝑣𝑓
∙ (𝜈𝑚 − 𝜈𝑓12) = 0.3 −

0.7 ∙ 0.327

1 − 0.7
∙ (0.3 − 0.23) = 0.247 

𝐾23 =
𝐸𝑝𝑚 ∙ (1 − 𝑣𝑓)

2 ∙ [1 + 𝑣𝑓 − (1 − 𝑣𝑓) ∙ 𝜈𝑝𝑚 − 2 ∙ 𝑣𝑓 ∙
𝐵

1 − 𝑣𝑓
]

=
3.297 ∙ (1 − 0.7)

2 ∙ [1 + 0.7 − (1 − 0.7) ∙ 0.429 − 2 ∙ 0.7 ∙
0.327
1 − 0.7]

= 10.64 (𝐺𝑃𝑎) 

𝜈𝑝23 =
1 −

𝐺23
𝐾23

1 +
𝐺23
𝐾23

=
1 −

4.718
10.64

1 +
4.718
10.64

= 0.386 

𝐸𝑝2 = 2 ∙ [𝐾23 ∙ (1 − 𝜈𝑝23)] = 2 ∙ [10.64 ∙ (1 − 0.386)] = 13.07 (𝐺𝑃𝑎) 

The Young’s modulus can be calculated by 
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𝐸1 = 𝑣𝑓 ∙ 𝐸𝑓1 + (1 − 𝑣𝑓) ∙ 𝐸𝑚 + 𝑣𝑓 ∙ 𝐸𝑝𝑚 ∙ 𝐵 ∙ (𝜈𝑓12 − 𝜈𝑚)
2

= 0.7 ∙ 86.9 + (1 − 0.7) ∙ 3 + 0.7 ∙ 3.297 ∙ 0.327 ∙ (0.23 − 0.3)2

= 61.73 (𝐺𝑃𝑎) 

𝐸2 =
𝐸𝑝2

1 +
𝐸𝑝2
𝐸1

∙ 𝜈12
2

=
13.07

1 +
13.07
61.73 ∙ 0.247

2
= 12.91 (𝐺𝑃𝑎) 

𝜈21 = 𝜈12 ∙
𝐸1
𝐸2
= 0.247 ∙

61.73

12.91
= 0.052 

𝜈23 = 𝜈𝑝23 ∙ (1 − 𝜈12 ∙ 𝜈21) − 𝜈12 ∙ 𝜈21

= 0.386 ∙ (1 − 0.247 ∙ 0.052) − 0.247 ∙ 0.052 = 0.368 

The strength can be calculated by assuming matrix contribution is negligible which 

𝛱1 = 4.89 ∗ 0.7 = 3.423 (𝐺𝑃𝑎) 

𝛱2 = 0.15 (𝐺𝑃𝑎) 

𝑘 = √
𝐸𝜃
𝐸𝑟
= √

61.73

12.91
= 2.187 

 

 

Therefore, tabulating the composite of S-2 glass fiber/epoxy characteristics 

𝛱𝜃 𝛱𝑟 𝐸𝜃 𝐸𝑟 𝐺12 𝐺23 𝜈12 𝜈23 𝜌 𝑘 

(GPa) (GPa) (GPa) (GPa) (GPa) (GPa) - - (g/cc) - 

3.423 0.15 61.73 12.91 5.611 4.718 0.247 0.368 2.07 2.187 

Table 4-Material Properties of S-2 Fiber/epoxy 

The second material to be calculated is T-1000G which has the following fiber 

properties [28], note that carbon fibers are anisotropic. Assume 𝐸𝑓1 𝐸𝑓2⁄ = 20 

𝐷𝑒𝑛𝑠𝑖𝑡𝑦 𝜌𝑓 = 1.8 (𝑔 𝑐𝑐⁄ ) 

𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝛱𝑓 = 6.37 (𝐺𝑃𝑎) 

𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝐸𝑓1 = 294 (𝐺𝑃𝑎) 

𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝐸𝑓2 = 14 (𝐺𝑃𝑎) 

𝑆ℎ𝑒𝑎𝑟 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 𝐺𝑓12 = 16.96 (𝐺𝑃𝑎) 

𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑅𝑎𝑡𝑖𝑜 𝑣𝑓12 = 0.23 

𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑅𝑎𝑡𝑖𝑜 𝜈𝑓23 = 0.3 

𝐸𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛 = 2.2 % 
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𝑉𝑜𝑙𝑢𝑚𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑖𝑏𝑟𝑒 𝑣𝑓 = 0.7 

The fiber volume fraction is 70%. Therefore we can calculate the density of the 

composite by 

𝜌𝑓𝑣𝑓 + 𝜌𝑚𝑣𝑚 = 𝜌𝑐 

Which obtains the value 

𝜌𝑐 = 1800 × 0.7 + 1160 × 0.3 = 1608 (𝑘𝑔 𝑚3⁄ ) 

Recalculate the Poisson’s ratio in 1-2 and shear modulus in 2-3 direction 

𝜈𝑓21 = 𝜈𝑓12 ×
𝐸𝑓2

𝐸𝑓1
= 0.23 ×

14

294
= 0.011 

𝐺𝑓23 =
𝐸𝑓2

2(1 + 𝜈𝑓23)
=

14

2(1 + 0.3)
= 5.385 (𝐺𝑃𝑎) 

 

Calculate the shear modulus in unidirectional ply 

𝐺12 = 𝐺𝑚 +
2 ∙ 𝑣𝑓 ∙ (𝐺𝑓12 − 𝐺𝑚)

1 + 𝑣𝑓 + (1 − 𝑣𝑓) ∙
𝐺𝑓12
𝐺𝑚

= 1.154 +
2 ∙ 0.7 ∙ (16.96 − 1.154)

1 + 0.7 + (1 − 0.7) ∙
16.96
1.154

= 4.776 (𝐺𝑃𝑎) 

𝐺23 = 𝐺𝑚 +
4 ∙ 𝑣𝑓 ∙ (𝐺𝑓23 − 𝐺𝑚) ∙ (1 − 𝜈𝑚)

1
(3 − 4 ∙ 𝜈𝑚)

+ 𝑣𝑓 + (1 − 𝑣𝑓) ∙
𝐺𝑓23
𝐺𝑚

∙
1

(3 − 4 ∙ 𝜈𝑚)

= 1.154 +
4 ∙ 0.7 ∙ (5.385 − 1.154) ∙ (1 − 0.3)

1
(3 − 4 ∙ 0.3)

+ 0.7 + (1 − 0.7) ∙
5.385
1.154

∙
1

(3 − 4 ∙ 0.3)

= 2.889 (𝐺𝑃𝑎) 

Calculate the plane strain characteristic 

𝐸𝑝𝑚 =
𝐸𝑚

1 − 𝜈𝑚2
=

3

1 − 0.32
= 3.297 (𝐺𝑃𝑎) 

𝜈𝑝𝑚 =
𝜈𝑚

1 − 𝜈𝑚
=

0.3

1 − 0.3
= 0.429 

𝐾𝑚 =
𝐸𝑝𝑚

2 ∙ (1 − 𝜈𝑝𝑚)
=

3.297

2 ∙ (1 − 0.429)
= 2.885 (𝐺𝑃𝑎) 

𝐸𝑝𝑓2 =
𝐸𝑓2

1 − 𝜈𝑓12 ∙ 𝜈𝑓21
=

14

1 − 0.23 ∙ 0.011
= 14.036 (𝐺𝑃𝑎) 

𝜈𝑝𝑓23 =
𝜈𝑓23 + 𝜈𝑓12 ∙ 𝜈𝑓21
1 − 𝜈𝑓12 ∙ 𝜈𝑓21

=
0.3 + 0.23 ∙ 0.011

1 − 0.23 ∙ 0.011
= 0.303 
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𝐾𝑓23 =
𝐸𝑝𝑓2

2 ∙ (1 − 𝜈𝑝𝑓23)
=

14.036

2 ∙ (1 − 0.303)
= 10.069 (𝐺𝑃𝑎) 

Calculate the effective properties of unidirectional ply 

𝐵 =
2

𝜈𝑝𝑚 +
1 + 𝑣𝑓
1 − 𝑣𝑓

+
𝐸𝑝𝑚
2 ∙ 𝐾𝑓23

=
2

0.429 +
1 + 0.7
1 − 0.7 +

3.297
2 ∙ 10.069

= 0.32 

𝜈12 = 𝜈𝑚 −
𝑣𝑓 ∙ 𝐵

1 − 𝑣𝑓
∙ (𝜈𝑚 − 𝜈𝑓12) = 0.3 −

0.7 ∙ 0.32

1 − 0.7
∙ (0.3 − 0.23) = 0.248 

𝐾23 =
𝐸𝑝𝑚 ∙ (1 − 𝑣𝑓)

2 ∙ [1 + 𝑣𝑓 − (1 − 𝑣𝑓) ∙ 𝜈𝑝𝑚 − 2 ∙ 𝑣𝑓 ∙
𝐵

1 − 𝑣𝑓
]

=
3.297 ∙ (1 − 0.7)

2 ∙ [1 + 0.7 − (1 − 0.7) ∙ 0.429 − 2 ∙ 0.7 ∙
0.32
1 − 0.7]

= 6.165 (𝐺𝑃𝑎) 

𝜈𝑝23 =
1 −

𝐺23
𝐾23

1 +
𝐺23
𝐾23

=
1 −

2.889
6.165

1 +
2.889
6.165

= 0.362 

𝐸𝑝2 = 2 ∙ [𝐾23 ∙ (1 − 𝜈𝑝23)] = 2 ∙ [6.165 ∙ (1 − 0.362)] = 7.868 (𝐺𝑃𝑎) 

The Young’s modulus can be calculated by 

𝐸1 = 𝑣𝑓 ∙ 𝐸𝑓1 + (1 − 𝑣𝑓) ∙ 𝐸𝑚 + 𝑣𝑓 ∙ 𝐸𝑝𝑚 ∙ 𝐵 ∙ (𝜈𝑓12 − 𝜈𝑚)
2

= 0.7 ∙ 294 + (1 − 0.7) ∙ 3 + 0.7 ∙ 3.297 ∙ 0.32 ∙ (0.23 − 0.3)2

= 206.7 (𝐺𝑃𝑎) 

𝐸2 =
𝐸𝑝2

1 +
𝐸𝑝2
𝐸1

∙ 𝜈12
2

=
7.868

1 +
7.868
206.7 ∙ 0.248

2
= 7.85 (𝐺𝑃𝑎) 

𝜈21 = 𝜈12 ∙
𝐸1
𝐸2
= 0.248 ∙

206.7

7.85
= 0.00941 

𝜈23 = 𝜈𝑝23 ∙ (1 − 𝜈12 ∙ 𝜈21) − 𝜈12 ∙ 𝜈21

= 0.362 ∙ (1 − 0.248 ∙ 0.00941) − 0.248 ∙ 0.00941 = 0.359 

The strength can be calculated by assuming matrix contribution is negligible which 

𝛱1 = 6.37 ∗ 0.7 = 4.459 (𝐺𝑃𝑎) 

𝛱2 = 0.12 (𝐺𝑃𝑎) 

𝑘 = √
𝐸𝜃
𝐸𝑟
= √

206.7

7.85
= 5.131 

Therefore, tabulating the composite of T-1000G carbon fiber/epoxy characteristics 
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𝛱𝜃 𝛱𝑟 𝐸𝜃 𝐸𝑟 𝐺12 𝐺23 𝜈12 𝜈23 𝜌 𝑘 

(GPa) (GPa) (GPa) (GPa) (GPa) (GPa) - - (g/cc) - 

4.459 0.12 206.7 7.85 4.776 2.889 0.248 0.359 1.608 2.187 

Table 5-Material Properties of Carbon Fiber/epoxy 

 

3.2.3 Data Sheet 

Conclusively, all the material used in this paper are list as the following, including all 

anisotropic material properties calculated for chosen fiber and matrix 

Materials 
𝛱𝜃  

(GPa) 

𝛱𝑟  

(GPa) 

𝐸𝜃  

(GPa) 

𝐸𝑟  

(GPa) 

𝐺12 

(GPa) 

𝐺23 

(GPa) 

𝜈12 

 

𝜈23 

 

𝜌 

(g/cc) 

𝑘 

 

Titanium 

Alloy 
1.07 1.07 96 96 35.29 35.29 0.36 0.36 4.62 1 

S-2 

Glass 

Fiber/epoxy 

3.423 0.15 61.73 12.91 5.611 4.718 0.247 0.368 2.07 2.187 

T-1000G 

Carbon 

Fiber/epoxy 

4.459 0.12 206.7 7.85 4.776 2.889 0.248 0.359 1.608 5.131 

K13C2U 

Carbon 

Fiber/epoxy 

3.04 - 720 5.5 - - - - 1.992 11.44 

S-2 

Glass 

Fiber 

4.89 - 86.9 86.9 38.1 38.1 0.23 0.23 2.46 1 

T-1000G 

Carbon 

Fiber 

6.37 - 294 14 16.96 5.385 0.23 0.3 1.8 4.583 

105 

Epoxy 

Matrix 

1.11 1.11 3 3 1.154 1.154 0.3 0.3 1.16 1 

Table 6-Table of Material Properties 
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3.3 Geometry of Designated Disk 

The geometry of following flywheel model of basic 2D disk includes the following 

dimensions 

 

Figure 8-Figure of Geometry 

𝑟𝑇𝑖 = 0.15; 𝑟𝑒𝑛 = 0.19375; 𝑟𝐺𝑙 = 0.325; 𝑟𝑐𝑎 = 0.5 

 

3.4 ANSYS Workbench Setup 

3.4.1 Material Setup 

The material setup for Titanium [29] 

1 Property Value Unit 

2       Density 4620 kg m^-3 

3 [+] Isotropic Secant Coefficient of 

      Thermal Expansion 

  

6 [−] Isotropic Elasticity   

7       Derive from YM and PR  

8       Young’s Modulus 9.6E+10 Pa 

9       Poisson’s Ratio 0.36  

10       Bulk Modulus 1.1429E+11 Pa 
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11       Shear Modulus 3.5294E+10 Pa 

12       Tensile Yield Strength 9.3E+08 Pa 

13       Compressive Yield Strength 9.3E+08 Pa 

14       Tensile Ultimate Strength 1.07E+09 Pa 

15       Compressive Ultimate Strength 0 Pa 

16       Isotropic Thermal Conductivity 21.9 W m^-1 C^-1 

17       Specific Heat 522 J kg^-1 C^-1 

18       Isotropic Relative Permeability 1  

19       Isotropic Resistivity 1.7E-6 ohm m 

Table 7-Titanium Setup 

The material setup as following for S-2 Glass 

1 Property Value Unit 

2       Density 2070 kg m^-3 

3 [−] Orthotropic Elasticity   

4       Young’s Modulus X direction 6.173E+10 Pa 

5       Young’s Modulus Y direction 1.291E+10 Pa 

6       Young’s Modulus Z direction 1.291E+10 Pa 

7       Poisson’s Ratio XY 0.247  

8       Poisson’s Ratio YZ 0.368  

9       Poisson’s Ratio XZ 0.247  

10       Shear Modulus XY 5.611E+09 Pa 

11       Shear Modulus YZ 4.718E+09 Pa 

12       Shear Modulus XZ 5.611E+09 Pa 

Table 8-S-2 Glass Setup 

The material setup for T-1000G 

1 Property Value Unit 

2       Density 1608 kg m^-3 

3 [−] Orthotropic Elasticity   

4       Young’s Modulus X direction 2.067E+11 Pa 

5       Young’s Modulus Y direction 7.85E+09 Pa 

6       Young’s Modulus Z direction 7.85E+09 Pa 

7       Poisson’s Ratio XY 0.248  
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8       Poisson’s Ratio YZ 0.359  

9       Poisson’s Ratio XZ 0.248  

10       Shear Modulus XY 4.776E+09 Pa 

11       Shear Modulus YZ 2.889E+09 Pa 

12       Shear Modulus XZ 4.776E+09 Pa 

Table 9-T-1000G Setup 

Material Properties of 105 Epoxy Resin 

1 Property Value Unit 

2       Density 1608 kg m^-3 

3 [−] Isotropic Elasticity   

4       Derive from YM and PR  

5       Young’s Modulus 3E+09 Pa 

6       Poisson’s Ratio 0.3  

7       Bulk Modulus 2.5E+09 Pa 

8       Shear Modulus 1.1538E+09 Pa 

Table 10-105 Epoxy Resin Setup 

3.4.2 Model Setup 

The following figure will show the setup for all models in the Workbench for the 

Single Material Setup 

 

Figure 9-Flow for Single Material 

 

Note that the glass and carbon mechanical model is a small hub made of 

Titanium, it is created for winding composite materials. The hub is small enough to be 

negligible and would not have affected the results. 
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The second setup is for hybrid material. Setup is shown as following. 

 

Figure 10-Flow for Simple Hybrid 

For the flat carbon enclosure model, it is shown as 

 

Figure 11-Flow for Enclosed Hybrid 

Lastly, for the rest of the full enclosure body, the workbench is set up such as 
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Figure 12-Flow for Full Enclosed Hybrid 

Which enclosure mechanical model is the titanium hub which is small enough 

to be neglected, the enclosure made of T-1000G carbon/epoxy composite is winded 

around the titanium hub. Enclose top and bottom ACP is for the full enclosure. 
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Chapter 4 Analytical Solutions 

4.1 Theoretical Energy Density of Ring Flywheel 

To calculate the theoretical maximum energy density per unit mass, we start from 

defining the maximum energy storage by the symbol 𝑊𝑚𝑎𝑥 

The maximum energy capacity is 

𝑊𝑚𝑎𝑥 = 𝛱𝜃𝜃𝑜
+ 𝜋𝑟𝑜

2𝑏𝐾𝑊 

Where 𝐾𝑊 =
1

2
[𝑚𝑖𝑛𝜙(𝑟)]2𝐼𝑊 

The maximum energy density per unit mass is then defined by [22] 

𝑊𝑚𝑎𝑥
𝑀 =

𝑊𝑚𝑎𝑥
𝑀

=
𝛱𝜃𝜃𝑜
+ 𝜋𝑟2𝑏𝐾𝑊
𝜌𝑜𝜋𝑟𝑜2𝑏

 

Or 

𝑊𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 

Where 𝐾𝑀 is the shape factor for the specific energy. As well known, the shape factor 

of the very thin ring using any material is 0.5. Therefore, in this case, 𝐾𝑀 = 0.5 [13] 

 

Therefore, the energy density per unit mass of K13C2U is calculated by 

𝑊70%𝐾13𝐶2𝑈𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

3.8 × 109 × 0.7

1888
× 0.5 = 704,449 (𝐽 𝑘𝑔⁄ ) 

𝑊80%𝐾13𝐶2𝑈𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

3.8 × 109 × 0.8

1992
× 0.5 = 763052 (𝐽 𝑘𝑔⁄ ) 

Note: The strength of the matrix is neglected due to negligible contribution to 

strength. 

Furthermore, we can calculate the energy density per unit volume. However, the 

energy density per unit volume is terrible for ring shape flywheel. Due to the 

following shape factor,  

𝐾𝑊 = ℎ/𝑟𝑜 

In this factor, ℎ is the thickness. Therefore, it will result in poor value since it is a thin 

plate. 

Thus, the theoretical energy density per unit volume will be calculated in the form of 

a disk-shaped flywheel instead of a ring, with 0/60/-60 ply-wise directions. 

The maximum possible energy density per designed volume is 
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𝑊𝑚𝑎𝑥
𝑉 =

𝑊𝑚𝑎𝑥 
𝑉

=
𝛱𝜃𝜃𝑜
+ 𝜋𝑟𝑜

2𝑏𝐾𝑊
𝜋𝑟𝑜2𝑏

= 𝛱𝜃𝜃𝑜
+ 𝐾𝑊 

Here 𝐾𝑊 is the shape factor for disk of constant thickness, which applied 0/60/-60 is 

𝐾𝑊 = 0.3 

Therefore, for the same Mitsubishi K13C2U fiber composite, the energy density per 

unit volume will be 

𝑊70%𝐾13𝐶2𝑈𝑚𝑎𝑥
𝑉 = 3.8 × 109 × 0.7 × 0.3 = 798,000,000 (𝐽 𝑚3⁄ ) 

𝑊80%𝐾13𝐶2𝑈𝑚𝑎𝑥
𝑉 = 3.8 × 109 × 0.8 × 0.3 = 912,000,000 (𝐽 𝑚3⁄ ) 

Furthermore, to obtain the energy density per unit mass for Titanium, T-1000G 

Carbon/Epoxy composite, P120 Carbon/Epoxy composite, and S-2 Glass/Epoxy 

composite with 70% and 80% fiber volume fraction. 

П𝑇1000𝐺 = 6.3 (𝐺𝑃𝑎); П𝑃120 = 2.4 (𝐺𝑃𝑎); П𝑆2 = 4.8 (𝐺𝑃𝑎) 

ρ𝑇1000𝐺 = 1800 (𝑘𝑔 𝑚3⁄ ); 𝜌𝑃120 = 2130 (𝑘𝑔 𝑚3⁄ ); 𝜌𝑆2 = 2460 (𝑘𝑔 𝑚3⁄ );  

 For 70% fiber volume fraction 

𝜌70%𝑇1000𝐺/𝑒𝑝𝑜𝑥𝑦 = 1800 × 0.7 + 1160 × 0.3 = 1608 (𝑘𝑔 𝑚3⁄ ) 

𝜌70%𝑃120/𝑒𝑝𝑜𝑥𝑦 = 2130 × 0.7 + 1160 × 0.3 = 1839 (𝑘𝑔 𝑚3⁄ ) 

𝜌70%𝑆2/𝑒𝑝𝑜𝑥𝑦 = 2460 × 0.7 + 1160 × 0.3 = 2070 (𝑘𝑔 𝑚3⁄ ) 

Energy density per unit mass 

𝑊70%𝑇1000𝐺𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

6.3 × 109 × 0.7

1608
× 0.5 = 1,371,269 (𝐽 𝑘𝑔⁄ ) 

𝑊70%𝑃120𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

2.4 × 109 × 0.7

1839
× 0.5 = 456,770 (𝐽 𝑘𝑔⁄ ) 

𝑊70%𝑆2𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

4.8 × 109 × 0.7

2070
× 0.5 = 811,594 (𝐽 𝑘𝑔⁄ ) 

Energy density per unit volume 

𝑊70%𝑇1000𝐺𝑚𝑎𝑥
𝑉 = 6.3 × 109 × 0.7 × 0.3 = 1,323,000,000 (𝐽 𝑚3⁄ ) 

𝑊70%𝑃120𝑚𝑎𝑥
𝑉 = 2.4 × 109 × 0.7 × 0.3 = 504,000,000 (𝐽 𝑚3⁄ ) 

𝑊70%𝑆2𝑚𝑎𝑥
𝑉 = 4.8 × 109 × 0.7 × 0.3 = 1,008,000,000 (𝐽 𝑚3⁄ ) 

For 80% fiber volume fraction 

𝜌80%𝑇1000𝐺/𝑒𝑝𝑜𝑥𝑦 = 1800 × 0.8 + 1160 × 0.2 = 1672 (𝑘𝑔 𝑚3⁄ ) 

𝜌80%𝑃120/𝑒𝑝𝑜𝑥𝑦 = 2130 × 0.8 + 1160 × 0.2 = 1936 (𝑘𝑔 𝑚3⁄ ) 

𝜌80%𝑆2/𝑒𝑝𝑜𝑥𝑦 = 2460 × 0.8 + 1160 × 0.2 = 2200 (𝑘𝑔 𝑚3⁄ ) 

Energy density per unit mass 
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𝑊80%𝑇1000𝐺𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

6.3 × 109 × 0.8

1672
× 0.5 = 1,507,177 (𝐽 𝑘𝑔⁄ ) 

𝑊80%𝑃120𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

2.4 × 109 × 0.8

1936
× 0.5 = 495,868 (𝐽 𝑘𝑔⁄ ) 

𝑊80%𝑆2𝑚𝑎𝑥
𝑀 =

П𝜃𝜃
+

𝜌0
𝐾𝑀 =

4.8 × 109 × 0.8

2200
× 0.5 = 872,727 (𝐽 𝑘𝑔⁄ ) 

Energy density per unit volume 

𝑊80%𝑇1000𝐺𝑚𝑎𝑥
𝑉 = 6.3 × 109 × 0.8 × 0.3 = 1,512,000,000 (𝐽 𝑚3⁄ ) 

𝑊80%𝑃120𝑚𝑎𝑥
𝑉 = 2.4 × 109 × 0.8 × 0.3 = 576,000,000 (𝐽 𝑚3⁄ ) 

𝑊80%𝑆2𝑚𝑎𝑥
𝑉 = 4.8 × 109 × 0.8 × 0.3 = 1,152,000,000 (𝐽 𝑚3⁄ ) 

Continue on to the theoretical storage of Titanium alloy,  

𝜌𝑇𝑖 = 4620 (𝑘𝑔 𝑚3⁄ ) 𝑎𝑛𝑑 П𝑇𝑖 = 1.07 (𝐺𝑃𝑎) 

Therefore,  

𝑊𝑇𝑖𝑚𝑎𝑥
𝑀 =

1.07 × 109

4620
× 0.5 = 115,801 (𝐽 𝑘𝑔⁄ ) 

And 

𝑊𝑇𝑖𝑚𝑎𝑥
𝑉 = 1.07 × 109 × 0.3 = 321,000,000 (𝐽 𝑚3⁄ ) 
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4.2 Anisotropic Stress Solution 

Steady rotated multi-layered disk represents an example of a single 

dimensional problem of the theory of elasticity because all variables depend on the 

radius only. It is analyzed in polar coordinates 𝑟 − 𝜃 

Please refer to the appendix for the single/multilayer flywheel derivation [30] [31]. 

 

4.2.1 Hoop Stress and Circumferential Stresses for Single Layer Flywheels 

4.2.1.1 Titanium 

For Titanium, the following values are the properties of the material 

𝐷𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝐴𝑛𝑖𝑠𝑜𝑡𝑟𝑜𝑝𝑦 𝛽 = 1 

𝐷𝑒𝑛𝑠𝑖𝑡𝑦 𝜌 = 4620( 𝑘𝑔/𝑚3) 

𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑅𝑎𝑡𝑖𝑜 𝜈𝜃𝑟 = 0.36 

The angular velocity is given by 

𝜔 = 1400 (𝑟𝑎𝑑 𝑠⁄ ) 

The geometry of the flywheel is given by 

𝑟 = 0 @𝑐𝑒𝑛𝑡𝑒𝑟 

𝑟 = 0.5 @𝑜𝑢𝑡𝑒𝑟 

The boundary condition is 

𝐵. 𝐶 {
𝜎𝑟𝑟(0) = 𝐶 (𝑓𝑖𝑛𝑖𝑡𝑒 → 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)

𝜎𝑟𝑟(0.5) = 0
 

The hoop stress and circumferential equation is given by the following 

𝜎𝑟𝑟 = 𝐶1𝑟
𝛽−1 + 𝐶2𝑟

−𝛽−1 +
(3 + 𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
𝑟2;  𝛽 ≠ 3 

𝜎𝜃𝜃 = 𝛽𝐶1𝑟
𝛽−1 − 𝛽𝐶2𝑟

−𝛽−1 +
(𝛽2 + 3𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
𝑟2; 𝛽 ≠ 3 

Substitute the first boundary condition to the hoop stress equation, we have 

𝜎𝑟𝑟(0) = 𝐶10
1−1 + 𝐶20

−1−1 +
(3 + 0.36) ∙ 4620 ∙ 14002

12 − 9
∙ 02 = 𝐶(𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) 

Since 0−2 will go to infinity, thus, 𝐶2 = 0. The equation is simplified as 

𝐶1 = 𝐶(𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) 

Substitute the second boundary condition @r=0.5 (m), we have 

𝜎𝑟𝑟(0.5) = 𝐶10.5
0 +

(3 + 0.36) ∙ 4620 ∙ 14002

12 − 9
∙ 0.52 = 0 
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𝐶1 =
3.36 ∙ 4620 ∙ 14002

8
∙ 0.52 = 3.803 × 109 ∙ 0.52 = 0.951 × 109 

Therefore 

𝜎𝑟𝑟 = 0.951 × 10
9 − 3.803 × 109𝑟2 (𝑃𝑎) 

Or 

𝜎𝑟𝑟 = 951 − 3803𝑟2 (𝑀𝑃𝑎) 

The circumferential stress equation is 

𝜎𝜃𝜃 = 𝛽𝐶1𝑟
𝛽−1 − 𝛽𝐶2𝑟

−𝛽−1 +
(𝛽2 + 3𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
𝑟2

= 1 ∙ 951𝑟1−1 − 1 ∙ 0 ∙ 𝑟−1−1 +
(12 + 3 ∙ 0.36) ∙ 4620 ∙ 14002

12 − 9
∙ 𝑟2

∙ 10−6 = 951 − 2690𝑟2 (𝑀𝑃𝑎) 

The maximum hoop and circumferential stress is 

𝜎𝑟𝑟
𝑚𝑎𝑥 = 𝜎𝜃𝜃

𝑚𝑎𝑥 = 951 (𝑀𝑝𝑎) @𝑟 = 0 (𝑚) 

 

4.2.1.2 S-2 Glass Fiber/Epoxy Composite 

For S-2 Glass composite, the properties are shown as the following values 

𝛽 = 2.187 

𝜌 = 2070 (𝑘𝑔 𝑚3)⁄  

𝜈𝜃𝑟 = 0.247 

Apply the first boundary condition gives 

𝜎𝑟𝑟(0) = 𝐶10
2.187−1 + 𝐶20

−2.187−1 +
(12 + 3 ∙ 0.247) ∙ 2070 ∙ 14002

2.1872 − 9
02 = 𝐶 

𝐶2 = 0 

Furthermore, the second boundary condition gives 

𝜎𝑟𝑟(0.5) = 𝐶1 ∙ 0.5
2.187−1 +

(3 + 0.247) ∙ 2070 ∙ 14002

2.1872 − 9
∙ 0.52 = 0 

𝐶1 = 1.778 × 10
9 

Therefore 

𝜎𝑟𝑟 = 1.778 × 109𝑟1.187 − 3.124 × 109 𝑟2(𝑃𝑎) 

Or 

𝜎𝑟𝑟 = 1778𝑟1.187 − 3124𝑟2 (𝑀𝑃𝑎) 

The circumferential stress is 

𝜎𝜃𝜃 = 2.187 ∙ 1.778 × 10
9𝑟1.187 +

(2.1872 + 3 ∙ 0.247) ∙ 2070 ∙ 14002

2.1872 − 9
∙ 𝑟2 
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𝜎𝜃𝜃 = 3.888 × 109 ∙ 𝑟1.187 − 5.315 × 109 ∙ 𝑟2 (𝑃𝑎) 

Or 

𝜎𝜃𝜃 = 3888𝑟1.187 − 5315𝑟2 (𝑀𝑃𝑎) 

Consequently, the maximum values of hoop stress and circumferential stress can be 

obtained 

The calculated maximum hoop stress and maximum circumferential stress is 

𝜎𝑟𝑟
𝑚𝑎𝑥 = 148 (𝑀𝑃𝑎) @𝑟 = 0.267 (𝑚) 

𝜎𝜃𝜃
𝑚𝑎𝑥 = 467 (𝑀𝑃𝑎) @𝑟 = 0.357 (𝑚) 

 

4.2.1.3 T-1000G Carbon Fiber/Epoxy Composite 

For T-1000G carbon fiber/epoxy composite, the properties are 

𝛽 = 5.131 

𝜌 = 1608 (𝑘𝑔 𝑚3)⁄  

𝜈𝜃𝑟 = 0.248 

Substitute for the first boundary condition 

𝜎𝑟𝑟(0) = 𝐶10
5.131−1 + 𝐶20

−5.131−1 +
(12 + 3 ∙ 0.248) ∙ 1608 ∙ 14002

5.1312 − 9
02 = 𝐶 

Which yields that 

𝐶2 = 0 

Then substitute the second boundary condition for obtaining the first coefficient 

𝜎𝑟𝑟(0.5) = 𝐶1 ∙ 0.5
5.131−1 +

(3 + 0.248) ∙ 1608 ∙ 14002

5.1312 − 9
∙ 0.52 = 0 

𝐶1 =
−
3.248 ∙ 1608 ∙ 14002

5.1312 − 9
∙ 0.52

0.54.131
= −2.588 × 109 

Which gives the general solution for the stress of this composite of 

𝜎𝑟𝑟 = −2.588 × 10
9𝑟4.131 +

(3 + 0.248) ∙ 1608 ∙ 14002

5.1312 − 9
𝑟2 (𝑃𝑎) 

Or 

 

𝜎𝑟𝑟 = −2588𝑟4.131 + 591𝑟2 (𝑀𝑃𝑎) 

The general solution of the circumferential stress is 

𝜎𝜃𝜃 = 5.131 ∙ (−2.588 × 109) ∙ 𝑟4.131 +
(5.1312 + 3 ∙ 0.248) ∙ 1608 ∙ 14002

5.1312 − 9
∙ 𝑟2 

Or 
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𝜎𝜃𝜃 = −13.279 × 10
9𝑟4.131 + 4.924 × 109𝑟2 (𝑃𝑎) 

Or 

−13279𝑟4.131 + 4924𝑟2 (𝑀𝑃𝑎) 

Given the general solution of the two stresses, the calculated maximum stresses are 

given by the following values 

𝜎𝑟𝑟
𝑚𝑎𝑥 = 389 (𝑀𝑃𝑎) @𝑟 = 0.36 (𝑚) 

𝜎𝜃𝜃
𝑚𝑎𝑥 = 507 (𝑀𝑃𝑎) @𝑟 = 0.443 (𝑚) 

Tabulate the maximum stress of the three single-layer flywheel 

 Titanium Glass Carbon 

𝜎𝑟𝑟 (𝑀𝑃𝑎) 
951 

148 389 

𝜎𝜃𝜃 (𝑀𝑃𝑎) 467 507 

Table 11-Maximum stresses of Single-layer Flywheels 

 

4.2.2 Hoop Stress and Circumferential Stresses for Multi-layer Flywheel 

4.2.2.1 Basic Flywheel Model 

The geometry has the following value which 

𝑟𝑇 = 0.15; 𝑟𝐺 = 0.325; 𝑟𝐶 = 0.5 

Angular velocity 

𝜔 = 1400(𝑟𝑎𝑑 𝑠)⁄  

Material has the following properties 

Titanium Glass Carbon 

𝛽𝑇 = 1 𝛽𝐺 = 2.187 𝛽𝐶 = 5.131 

𝜌𝑇 = 4620 (𝑘𝑔 𝑚3⁄ ) 𝜌𝐺 = 2070 (𝑘𝑔 𝑚3)⁄  𝜌𝐶 = 1608 (𝑘𝑔 𝑚3)⁄  

𝜈𝑇 = 0.36 𝜈𝐺 = 0.247 𝜈𝐶 = 0.248 

𝐸𝑇 = 96 × 10
9 (𝑃𝑎) 𝐸𝐺 = 62 × 109 (𝑃𝑎) 207 × 109 (𝑃𝑎) 

Table 12-Three Material Properties 

There will be two constants for each material, results in 6 constants total which are 

𝐶1
𝑇 , 𝐶2

𝑇 , 𝐶1
𝐺 , 𝐶2

𝐺 , 𝐶1
𝐶 , 𝐶2

𝐶 

We have two boundary conditions. The first one at center point r=0 (m) gives 

𝐶2
𝑇 = 0 because 𝜎𝑟𝑟(0) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

Also, the outer diameter stress is zero, which gives 𝜎𝑟𝑟(0.5) = 0, the equation then 

becomes 
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𝜎𝑟𝑟(𝑟𝐶) = 𝐶1
𝐶𝑟𝐶

𝛽𝐶−1 + 𝐶2
𝐶𝑟𝐶

−𝛽𝐶−1 +
(3 + 𝜈𝐶)𝜌𝐶𝜔

2

𝛽𝐶
2 − 9

𝑟𝐶
2 = 0 

𝐶2
𝐶 = −𝐶1

𝐶𝑟𝐶
𝛽𝐶−1 −

(3 + 𝜈𝐶)𝜌𝐶𝜔
2

𝛽𝐶
2 − 9

𝑟𝐶
2 = −𝐶1

𝐶𝑟𝐶
2𝛽𝐶 −

(3 + 𝜈𝐶)𝜌𝐶𝜔
2

𝛽𝐶
2 − 9

𝑟𝐶
𝛽𝐶+3 

𝐶2
𝐶 = −𝐶1

𝐶 ∙ 0.52∙5.131 −
(3 + 0.248) ∙ 1608 ∙ 14002

5.1312 − 9
∙ 0.55.131+3 

Or 

𝐶2
𝐶 = −8.144 × 10−4𝐶1

𝐶 − 2107443 

Now applying to the relations of the continuity of radial (hoop) stresses since the 

stress between the rims of the contact of any neighboring two layers must be the 

same. Therefore, we have the following relationship of the continuity equation. 

𝐶1
𝑘𝑟𝑘−1

𝛽𝑘−1 + 𝐶2
𝑘𝑟𝑘−1

−𝛽𝑘−1 +
(3 + 𝜈𝜃𝑟(𝑘))𝜌𝑘𝜔

2

𝛽𝑘
2 − 9

𝑟𝑘−1
2

= 𝐶1
𝑘−1𝑟𝑘−1

𝛽𝑘−1−1 + 𝐶2
𝑘−1𝑟𝑘−1

−𝛽𝑘−1−1 +
(3 + 𝜈𝜃𝑟(𝑘−1))𝜌𝑘−1𝜔

2

𝛽𝑘−1
2 − 9

𝑟𝑘−1
2  

For the titanium-glass contact, the equation is 

𝐶1
𝑇𝑟𝑇

𝛽𝑇−1 + 𝐶2
𝑇𝑟𝑇

−𝛽𝑇−1 +
(3 + 𝜈𝑇)𝜌𝑇𝜔

2

𝛽𝑇
2 − 9

𝑟𝑇
2

= 𝐶1
𝐺𝑟𝑇

𝛽𝐺−1 + 𝐶2
𝐺𝑟𝑇

−𝛽𝐺−1 +
(3 + 𝜈𝐺)𝜌𝐺𝜔

2

𝛽𝐺
2 − 9

𝑟𝑇
2 

Substitute value of the two, note that 𝐶2
𝑇 = 0 

𝐶1
𝑇 ∙ 0.151−1 +

(3 + 0.36) ∙ 4620 ∙ 14002

12 − 9
∙ 0.152

= 𝐶1
𝐺 ∙ 0.152.187−1 + 𝐶2

𝐺 ∙ 0.15−2.187−1 +
(3 + 0.247) ∙ 2070 ∙ 14002

2.1872 − 9

∙ 0.152 

For the glass-carbon contact, the equation is 

𝐶1
𝐺𝑟𝐺

𝛽𝐺−1 + 𝐶2
𝐺𝑟𝐺

−𝛽𝐺−1 +
(3 + 𝜈𝐺)𝜌𝐺𝜔

2

𝛽𝐺
2 − 9

𝑟𝐺
2

= 𝐶1
𝐶𝑟𝐺

𝛽𝐶−1 + 𝐶2
𝐶𝑟𝐺

−𝛽𝐶−1 +
(3 + 𝜈𝐶)𝜌𝐶𝜔

2

𝛽𝐶
2 − 9

𝑟𝐺
2 

Substitute the values of the two, we obtain the next equation which is 
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𝐶1
𝐺 ∙ 0.3252.187−1 + 𝐶2

𝐺 ∙ 0.325−2.187−1 +
(3 + 0.247) ∙ 2070 ∙ 14002

2.1872 − 9
∙ 0.3252

= 𝐶1
𝐶 ∙ 0.3255.131−1 + 𝐶2

𝐶 ∙ 0.325−5.131−1

+
(3 + 0.248) ∙ 2070 ∙ 14002

5.1312 − 9
∙ 0.3252 

The other two equation of continuity lies upon the circumferential strain of the 

continuity equation, the elongation between two adjacent layer is same, which give 

the following continuity relation of 

1

𝐸𝜃𝜃𝜃𝜃(𝑘)
[(𝛽𝑘 − 𝜈𝑟𝜃(𝑘))𝐶1

𝑘𝑟𝑘−1
𝛽𝑘−1 − (𝛽𝑘 + 𝜈𝑟𝜃(𝑘))𝑟𝑘−1

−𝛽𝑘−1

+
𝛽𝑘
2 + 3𝜈𝜃𝑟(𝑘) − 𝜈𝑟𝜃(𝑘)(3 + 𝜈𝜃𝑟(𝑘))

𝛽𝑘
2 − 9

𝜌𝑘𝜔
2𝑟𝑘−1

2 ]

=
1

𝐸𝜃𝜃𝜃𝜃(𝑘−1)
[(𝛽𝑘−1 − 𝜈𝑟𝜃(𝑘−1))𝐶1

𝑘−1𝑟𝑘−1
𝛽𝑘−1−1

− (𝛽𝑘−1 + 𝜈𝑟𝜃(𝑘−1))𝑟𝑘−1
−𝛽𝑘−1−1

+
𝛽𝑘−1
2 + 3𝜈𝜃𝑟(𝑘−1) − 𝜈𝑟𝜃(𝑘−1)(3 + 𝜈𝜃𝑟(𝑘−1))

𝛽𝑘−1
2 − 9

𝜌𝑘−1𝜔
2𝑟𝑘−1

2 ] 

For the titanium-glass contact, the equation is 

1

𝐸𝑇
[(𝛽𝑇 − 𝜈𝑇)𝐶1

𝑇𝑟𝑇
𝛽𝑇−1 − (𝛽𝑇 + 𝜈𝑇)𝑟𝑇

−𝛽𝑇−1 +
𝛽𝑇
2 + 3𝜈𝑇 − 𝜈𝑇(3 + 𝜈𝑇)

𝛽𝑇
2 − 9

𝜌𝑇𝜔
2𝑟𝑇

2]

=
1

𝐸𝐺
[(𝛽𝐺 − 𝜈𝐺)𝐶1

𝐺𝑟𝑇
𝛽𝐺−1 − (𝛽𝐺 + 𝜈𝐺)𝑟𝑇

−𝛽𝐺−1

+
𝛽𝐺
2 + 3𝜈𝐺 − 𝜈𝐺(3 + 𝜈𝐺)

𝛽𝐺
2 − 9

𝜌𝐺𝜔
2𝑟𝑇

2] 

Substitute the values 

1

96 × 109
[(1 − 0.36) ∙ 𝐶1

𝑇 ∙ 0.151−1 − (1 + 0.36) ∙ 0.15−1−1                

+
12 + 3 ∙ 0.36 − 0.36 ∙ (3 + 0.36)

12 − 9
∙ 4620 ∙ 14002 ∙ 0.152]

=
1

62 × 109
[(2.187 − 0.247) ∙ 𝐶1

𝐺 ∙ 0.152.187−1 − (2.187 + 0.247)

∙ 0.15−2.187−1 +
2.1872 + 3 ∙ 0.247 − 0.247 ∙ (3 + 0.247)

2.1872 − 9
∙ 2070

∙ 14002 ∙ 0.152] 



36 
 

 

For the glass-carbon contact the equation is 

1

𝐸𝐺
[(𝛽𝐺 − 𝜈𝐺)𝐶1

𝐺𝑟𝐺
𝛽𝐺−1 − (𝛽𝐺 + 𝜈𝐺)𝑟𝐺

−𝛽𝐺−1 +
𝛽𝐺
2 + 3𝜈𝐺 − 𝜈𝐺(3 + 𝜈𝐺)

𝛽𝐺
2 − 9

𝜌𝐺𝜔
2𝑟𝐺

2]

=
1

𝐸𝐶
[(𝛽𝐶 − 𝜈𝐶)𝐶1

𝐶𝑟𝐺
𝛽𝐶−1 − (𝛽𝐶 + 𝜈𝐶)𝑟𝐺

−𝛽𝐶−1

+
𝛽𝐶
2 + 3𝜈𝐶 − 𝜈𝐶(3 + 𝜈𝐶)

𝛽𝐶
2 − 9

𝜌𝐶𝜔
2𝑟𝐺

2] 

Substitute the values 

1

62 × 109
[(2.187 − 0.247) ∙ 𝐶1

𝐺 ∙ 0.3252.187−1 − (2.187 + 0.247) ∙ 0.325−2.187−1

+
2.1872 + 3 ∙ 0.247 − 0.247 ∙ (3 + 0.247)

2.1872 − 9
∙ 2070 ∙ 14002 ∙ 0.3252]

=
1

207 × 109
[(5.131 − 0.248) ∙ 𝐶1

𝐶 ∙ 0.3255.131−1 − (5.131 + 0.248)

∙ 0.325−5.131−1 +
5.1312 + 3 ∙ 0.248 − 0.248 ∙ (3 + 0.248)

5.1312 − 9
∙ 1608

∙ 14002 ∙ 0.3252] 

As a result we have the following 5 equations 

𝐶2
𝐶 = −𝐶1

𝐶 ∙ 0.52∙5.131 −
(3 + 0.248) ∙ 1608 ∙ 14002

5.1312 − 9
∙ 0.55.131+3 

𝐶1
𝑇 ∙ 0.151−1 +

(3 + 0.36) ∙ 4620 ∙ 14002

12 − 9
∙ 0.152

= 𝐶1
𝐺 ∙ 0.152.187−1 + 𝐶2

𝐺 ∙ 0.15−2.187−1 +
(3 + 0.247) ∙ 2070 ∙ 14002

2.1872 − 9

∙ 0.152 

𝐶1
𝐺 ∙ 0.3252.187−1 + 𝐶2

𝐺 ∙ 0.325−2.187−1 +
(3 + 0.247) ∙ 2070 ∙ 14002

2.1872 − 9
∙ 0.3252

= 𝐶1
𝐶 ∙ 0.3255.131−1 + 𝐶2

𝐶 ∙ 0.325−5.131−1

+
(3 + 0.248) ∙ 1608 ∙ 14002

5.1312 − 9
∙ 0.3252 
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1

96 × 109
[(1 − 0.36) ∙ 𝐶1

𝑇 ∙ 0.151−1 − (1 + 0.36) ∙ 0.15−1−1                

+
12 + 3 ∙ 0.36 − 0.36 ∙ (3 + 0.36)

12 − 9
∙ 4620 ∙ 14002 ∙ 0.152]

=
1

62 × 109
[(2.187 − 0.247) ∙ 𝐶1

𝐺 ∙ 0.152.187−1 − (2.187 + 0.247)

∙ 0.15−2.187−1 +
2.1872 + 3 ∙ 0.247 − 0.247 ∙ (3 + 0.247)

2.1872 − 9
∙ 2070

∙ 14002 ∙ 0.152] 

1

62 × 109
[(2.187 − 0.247) ∙ 𝐶1

𝐺 ∙ 0.3252.187−1 − (2.187 + 0.247) ∙ 0.325−2.187−1

+
2.1872 + 3 ∙ 0.247 − 0.247 ∙ (3 + 0.247)

2.1872 − 9
∙ 2070 ∙ 14002 ∙ 0.3252]

=
1

207 × 109
[(5.131 − 0.248) ∙ 𝐶1

𝐶 ∙ 0.3255.131−1 − (5.131 + 0.248)

∙ 0.325−5.131−1 +
5.1312 + 3 ∙ 0.248 − 0.248 ∙ (3 + 0.248)

5.1312 − 9
∙ 1608

∙ 14002 ∙ 0.3252] 

And five unknown constants which are 𝐶1
𝑇 , 𝐶1

𝐺 , 𝐶2
𝐺 , 𝐶1

𝐶 , 𝐶2
𝐶 . Therefore, we can solve 

the system of equations and get all the constants. 

Simplify the five equations, we have 

8.144 × 10−4𝐶1
𝐶 + 𝐶2

𝐶 = −2107443 

𝐶1
𝑇 − 0.105𝐶1

𝐺 − 422.471𝐶2
𝐺 = 15283115 

0.263𝐶1
𝐺 + 35.944𝐶2

𝐺 − 9.629 × 10−3𝐶1
𝐶 − 983.203𝐶2

𝐶 = 392367423 

0.013𝐶1
𝑇 − 6.584 × 10−3𝐶1

𝐺 = −2835549 

8.241 × 10−3𝐶1
𝐺 − 2.271 × 10−4𝐶1

𝐶 = 10177355 

The system of linear equation is shown as the following table 

𝐶1
𝑇 𝐶1

𝐺  𝐶2
𝐺  𝐶1

𝐶  𝐶2
𝐶  y 

0 0 0 0.0008144 1 -2107443 

1 -0.105 -422.471 0 0 15283115 

0 0.263 35.944 -0.009629 -983.203 392367423 

0.013 -0.006584 0 0 0 -2835549 



38 
 

0 0.008241 0 0.0002271 0 10177355 

Table 13-System of Linear Equations 

For solving the system of equations, the following MATLAB code can easily solve 

system of equations 

%Code for System of Equations 

clc 

clear 

  

clc; 

clear all; 

  

A = [ 

0   0   0   0.0008144   1; 

1   -0.105  -422.471    0   0; 

0   0.263   35.944  -0.009629   -983.203; 

0.013   -0.006584   0   0   0; 

0   0.008241    0   0.0002271   0 

]; 

  

B = [ 

-2107443; 

15283115; 

392367423; 

-2835549; 

10177355 

]; 

  

X=linsolve(A,B) 

 

Therefore, by solving the coefficients and including 𝐶2
𝑇 = 0, the whole 6 coefficients 

are 

𝐶1
𝑇 = 443475154.146 

𝐶2
𝑇 = 0 

𝐶1
𝐺 = 1306307108.732 

𝐶2
𝐺 = 688875.196 

𝐶1
𝐶 = −2588823791.550 

𝐶2
𝐶 = 895.096 
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All of the stress values can be obtained by substitute back to the original equations 

𝜎𝑟𝑟 = 𝐶1
𝑖𝑟𝛽−1 + 𝐶2

𝑖𝑟−𝛽−1 +
(3 + 𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
𝑟2;  𝛽 ≠ 3 

𝜎𝜃𝜃 = 𝛽𝐶1
𝑖𝑟𝛽−1 − 𝛽𝐶2

𝑖𝑟−𝛽−1 +
(𝛽2 + 3𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
𝑟2; 𝛽 ≠ 3 

𝑤ℎ𝑒𝑟𝑒 𝑖 = 𝑇, 𝐺, 𝐶 

Thus, the general solutions for hoop stresses and circumferential stresses of each layer 

are results of the following six equation after substituting all coefficients and values. 

 

{
 
 
 

 
 
 

𝜎𝑟𝑟(𝑇𝑖) = 443475154 + 3803184000𝑟2

𝜎𝑟𝑟(𝐺𝑙𝑎𝑠𝑠) = 1306307109𝑟1.187 + 688875𝑟−3.187 − 3213934443𝑟2

𝜎𝑟𝑟(𝐶𝑎𝑟𝑏𝑜𝑛) = −2588823791𝑟
4.131 + 895𝑟−6.131 + 590786722𝑟2

𝜎𝜃𝜃(𝑇𝑖) = 443475154 − 2354352000𝑟2

𝜎𝜃𝜃(𝐺𝑙𝑎𝑠𝑠) = 1550586538𝑟
1.187 − 1506570𝑟−3.187 − 5314603337𝑟2

𝜎𝜃𝜃(𝐶𝑎𝑟𝑏𝑜𝑛) = −13283254870𝑟4.131 − 4593𝑟−6.131 + 4924040164𝑟2

 

 

The maximum value can be obtained by the following MATLAB code with plot to 

determine at which radius the maximum stress occurs. 

%Code for Max Stress 

clc; 

clear all; 

syms r 

xMin = 0.15; xMax = 0.325; stepSize = 0.01;  

r = xMin:stepSize:xMax ; 

y = (equation) 

maxval = max(y) 

  

plot(r,y) 

[val,idx] = max(y); 

hold on 

plot(r(idx),y(idx),'*r') 

xlabel('Radius (m)') 

ylabel('Function') 

grid on 

 

Substitute the xMin and xMax for the corresponding layer.  

For instance, the radius of the carbon layer is 0.325 < 𝑟 < 0.5. After the maximum 
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stresses are calculated, backsolve to get the radius value. The following plot 

demonstrates the hoop/circumferential stress line plot through radius from 0.325 to 

0.5. 

 

Figure 13-Hoop Stress Distribution for Carbon Fiber Composite Part 

The red star indicated at what position the max stress occurs. 
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Figure 14-Circumferential Stress Distribution for Carbon Fiber Composite Part 

 

As a result, the maximum stresses are shown in the following table. 

 Titanium Glass Carbon 

𝜎𝑟𝑟
𝑚𝑎𝑥 (𝑃𝑎) 

1.2917e7 

@r=0.15 

3.5614e8 

@r=0.15 

3.9066e7 

@r=0.355 

𝜎𝜃𝜃
𝑚𝑎𝑥 (𝑃𝑎) 

4.435e8 

@r=0 

-1.5656e8 

@r=0.26 

5.0596e8 

@r=0.45 

Table 14-Hoop Stress and Circumferential Stress of Multilayer Flywheel 

 

4.2.2.2 Hybrid Flywheel with Carbon Enclosure for Titanium 

In the next calculation, the inner ¼ of the glass region will be replaced with T-1000G 

Carbon composites. Therefore, the radii is shown as. 

𝑟𝑇 = 0.15; 𝑟𝑒𝑛 = 0.19375; 𝑟𝐺 = 0.325; 𝑟𝐶 = 0.5 (𝑚) 

In this model there will be 8 constants, which are 

𝐶1
𝑇 , 𝐶2

𝑇 , 𝐶1
𝑒𝑛, 𝐶2

𝑒𝑛, 𝐶1
𝐺 , 𝐶2

𝐺 , 𝐶1
𝐶 , 𝐶2

𝐶  

The two boundary conditions is identical as previous one, which gives us 
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𝐶2
𝑇 = 0 

𝐶2
𝐶 = −8.144 × 10−4𝐶1

𝐶 − 2107443 

The glass-carbon boundary is also the same. Therefore, we have these two equations 

0.263𝐶1
𝐺 + 35.944𝐶2

𝐺 − 9.629 × 10−3𝐶1
𝐶 − 983.203𝐶2

𝐶 = 392367423 

8.241 × 10−3𝐶1
𝐺 − 2.271 × 10−4𝐶1

𝐶 = 10177355 

We only have to obtain the 4 equations at radius of 0.15 (m) and radius of 0.19375. 

 

Continuity of Radial Stresses 

Titanium –Carbon Enclosure 

𝐶1
𝑇𝑟𝑇

𝛽𝑇−1 + 𝐶2
𝑇𝑟𝑇

−𝛽𝑇−1 +
(3 + 𝜈𝑇)𝜌𝑇𝜔

2

𝛽𝑇
2 − 9

𝑟𝑇
2

= 𝐶1
𝑒𝑛𝑟𝑇

𝛽𝐺−1 + 𝐶2
𝑒𝑛𝑟𝑇

−𝛽𝑒𝑛−1 +
(3 + 𝜈𝑒𝑛)𝜌𝑒𝑛𝜔

2

𝛽𝑒𝑛2 − 9
𝑟𝑇
2 

𝐶1
𝑇 +

3.36 ∙ 4620 ∙ 14002

−8
∙ 0.152

= 𝐶1
𝑒𝑛 ∙ 0.154.131 + 𝐶2

𝑒𝑛 ∙ 0.15−6.131 +
3.248 ∙ 1608 ∙ 14002

5.1312 − 9
∙ 0.152 

𝐶1
𝑇 − 1.949 × 10−4𝐶1

𝑒𝑛 − 112560.105𝐶2
𝑒𝑛 = 98864341 

Carbon Enclosure-Glass 

𝐶1
𝑒𝑛𝑟𝑒𝑛

𝛽𝑒𝑛−1 + 𝐶2
𝑒𝑛𝑟𝑒𝑛

−𝛽𝑒𝑛−1 +
(3 + 𝜈𝑒𝑛)𝜌𝑒𝑛𝜔

2

𝛽𝑒𝑛2 − 9
𝑟𝑒𝑛
2

= 𝐶1
𝐺𝑟𝑒𝑛

𝛽𝐺−1 + 𝐶2
𝐺𝑟𝑒𝑛

−𝛽𝐺−1 +
(3 + 𝜈𝐺)𝜌𝐺𝜔

2

𝛽𝐺
2 − 9

𝑟𝑒𝑛
2  

𝐶1
𝑒𝑛 ∙ 0.193754.131 + 𝐶2

𝑒𝑛 ∙ 0.19375−6.131 +
(3.248) ∙ 1608 ∙ 14002

5.1312 − 9
∙ 0.193752

= 𝐶1
𝐺 ∙ 0.193751.187 + 𝐶2

𝐺 ∙ 0.19375−3.187 +
(3.247) ∙ 2070 ∙ 14002

2.1872 − 9

∙ 0.193752 

1.137 × 10−3𝐶1
𝑒𝑛 + 23438.028𝐶2

𝑒𝑛 − 0.1425𝐶1
𝐺 − 186.879𝐶2

𝐺 = −139447150 

 

Continuity of circumferential strain 

Titanium-Carbon Enclosure 



43 
 

1

𝐸𝑇
[(𝛽𝑇 − 𝜈𝑇)𝐶1

𝑇𝑟𝑇
𝛽𝑇−1 − (𝛽𝑇 + 𝜈𝑇)𝑟𝑇

−𝛽𝑇−1 +
𝛽𝑇
2 + 3𝜈𝑇 − 𝜈𝑇(3 + 𝜈𝑇)

𝛽𝑇
2 − 9

𝜌𝑇𝜔
2𝑟𝑇

2]

=
1

𝐸𝑒𝑛
[(𝛽𝑒𝑛 − 𝜈𝑒𝑛)𝐶1

𝑒𝑛𝑟𝑇
𝛽𝑒𝑛−1 − (𝛽𝑒𝑛 + 𝜈𝑒𝑛)𝑟𝑇

−𝛽𝑒𝑛−1

+
𝛽𝑒𝑛
2 + 3𝜈𝑒𝑛 − 𝜈𝑒𝑛(3 + 𝜈𝑒𝑛)

𝛽𝑒𝑛2 − 9
𝜌𝑒𝑛𝜔

2𝑟𝑇
2] 

Or 

1

32
[0.64 ∙ 𝐶1

𝑇 − 1.36 ∙ 0.15−2 +
1.644544

−8
∙ 4620 ∙ 14002 ∙ 0.152]

=
1

69
[4.883 ∙ 𝐶1

𝑒𝑛 ∙ 0.154.131 − 5.379 ∙ 0.15−6.131 +
26.265657

17.327161

∙ 1608 ∙ 14002 ∙ 0.152] 

Or 

0.02𝐶1
𝑇 − 2.794 × 10−5𝐶1

𝑒𝑛 = −2857945 

Titanium-Carbon Enclosure 

1

𝐸𝑒𝑛
[(𝛽𝑒𝑛 − 𝜈𝑒𝑛)𝐶1

𝑒𝑛𝑟𝑒𝑛
𝛽𝑒𝑛−1 − (𝛽𝑒𝑛 + 𝜈𝑒𝑛)𝑟𝑒𝑛

−𝛽𝑒𝑛−1

+
𝛽𝑒𝑛
2 + 3𝜈𝑒𝑛 − 𝜈𝑒𝑛(3 + 𝜈𝑒𝑛)

𝛽𝑒𝑛2 − 9
𝜌𝑒𝑛𝜔

2𝑟𝑒𝑛
2 ]

=
1

𝐸𝐺
[(𝛽𝐺 − 𝜈𝐺)𝐶1

𝐺𝑟𝑒𝑛
𝛽𝐺−1 − (𝛽𝐺 + 𝜈𝐺)𝑟𝑒𝑛

−𝛽𝐺−1

+
𝛽𝐺
2 + 3𝜈𝐺 − 𝜈𝐺(3 + 𝜈𝐺)

𝛽𝐺
2 − 9

𝜌𝐺𝜔
2𝑟𝑒𝑛

2 ] 

Or 

1

207
[4.883 ∙ 𝐶1

𝑒𝑛 ∙ 0.193754.131 − 5.379 ∙ 0.19375−6.131 +
26.265657

17.327161
∙ 1608

∙ 14002 ∙ 0.193752]

=
1

62
[1.94 ∙ 𝐶1

𝐺 ∙ 0.193751.187 − 2.434 ∙ 0.19375−3.187

+
3.23996

−4.217031
∙ 2070 ∙ 14002 ∙ 0.193752] 

Or 

2.681 × 10−5𝐶1
𝑒𝑛 − 4.46 × 10−3𝐶1

𝐺 = −2753137 

The total systems of equations are 

𝐶2
𝐶 = −8.144 × 10−4𝐶1

𝐶 − 2107443 
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𝐶1
𝑇 − 1.949 × 10−4𝐶1

𝑒𝑛 − 112560.105𝐶2
𝑒𝑛 = 98864341 

1.137 × 10−3𝐶1
𝑒𝑛 + 23438.028𝐶2

𝑒𝑛 − 0.1425𝐶1
𝐺 − 186.879𝐶2

𝐺 = −139447150 

0.263𝐶1
𝐺 + 35.944𝐶2

𝐺 − 9.629 × 10−3𝐶1
𝐶 − 983.203𝐶2

𝐶 = 392367423 

0.02𝐶1
𝑇 − 2.794 × 10−5𝐶1

𝑒𝑛 = −2857945 

2.681 × 10−5𝐶1
𝑒𝑛 − 4.46 × 10−3𝐶1

𝐺 = −2753137 

8.241 × 10−3𝐶1
𝐺 − 2.271 × 10−4𝐶1

𝐶 = 10177355 

7 unknowns are 

𝐶1
𝑇 , 𝐶1

𝑒𝑛, 𝐶2
𝑒𝑛, 𝐶1

𝐺 , 𝐶2
𝐺 , 𝐶1

𝐶 , 𝐶2
𝐶  

 

Display the system of equations in a tabulated form 

𝐶1
𝑇 𝐶1

𝑒𝑛 𝐶2
𝑒𝑛 𝐶1

𝐺  𝐶2
𝐺  𝐶1

𝐶  𝐶2
𝐶  y 

0 0 0 0 0 
0.000814

4 
1 -2107443 

1 
-

0.0001949 

-

112560.10

5 

0 0 0 0 98864341 

0 0.001137 23438.028 -0.1425 

-

186.87

9 

0 0 

-

13944715

0 

0 0 0 0.263 35.944 
-

0.009629 

-

983.20

3 

39236742

3 

0.0

2 

-

0.0000279

4 

0 0 0 0 0 -2857945 

0 
0.0000268

1 
0 

-

0.00446 
0 0 0 -2753137 

0 0 0 
0.00824

1 
0 

-

0.000227

1 

0 10177355 

Table 15-System of Equations for Carbon Enclosure 

By solving the equations we get the value for each coefficients, which are 

𝐶1
𝑇 = −15507497 
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𝐶2
𝑇 = 0 

𝐶1
𝑒𝑛 = 91188083445 

𝐶2
𝑒𝑛 = −1173 

𝐶1
𝐺 = 1165446080 

𝐶2
𝐺 = 265070 

𝐶1
𝐶 = −2522738238 

𝐶2
𝐶 = −52925 

The general solution is obtained. The following 8 equations shows all the general 

solution for this model. 

𝜎𝑟𝑟(𝑇𝑖) = −15507497 + 3803184000𝑟2 

𝜎𝑟𝑟(𝐸𝑛𝑐𝑙𝑜𝑠𝑒) = 91188083445𝑟4.131 − 1173𝑟−6.131 + 590786722𝑟2 

𝜎𝑟𝑟(𝐺𝑙𝑎𝑠𝑠) = 1165446080𝑟1.187 + 265070𝑟−3.187 − 3213934443𝑟2 

𝜎𝑟𝑟(𝐶𝑎𝑟𝑏𝑜𝑛) = −2522738238𝑟4.131 − 52925𝑟−6.131 + 590786722𝑟2 

𝜎𝜃𝜃(𝑇𝑖) = −15507497 − 2354352000𝑟
2 

𝜎𝜃𝜃(𝐸𝑛𝑐𝑙𝑜𝑠𝑒) = 467886056156𝑟
4.131 + 6019𝑟−6.131 + 4924040164𝑟2 

𝜎𝜃𝜃(𝐺𝑙𝑎𝑠𝑠) = 3391132759𝑟1.187 − 579708𝑟−3.187 − 5314603337𝑟2 

𝜎𝜃𝜃(𝐶𝑎𝑟𝑏𝑜𝑛) = −12944169899𝑟
4.131 + 271558𝑟−6.131 + 4924040164𝑟2 
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Chapter 5 Numerical Solutions 

5.1 Single Material 

The model of the single material flywheel will have the dimension of 1 meter 

as the diameter of the flywheel, and 2% of the diameter which is 0.02 meter as the 

thickness of the flywheel. The rotational speed of the flywheel is set to be 1400 rad/s. 

Here we have an image of how the single material flywheel will look like at two 

different angle 

 

5.1.1 Derivations 

 

Figure 15-Top View and Side View of Single Material Composite Flywheel 

Calculate the energy of the flywheel. The work generates by a rotating disk is given by 

𝑊 =
1

2
∫𝜌𝜔2𝑟2𝑑𝑉 

Substitute 𝑑𝑉 = 𝑤2𝜋𝑟𝑑𝑟 into the work equation above, we have 

𝑊 =
1

2
∫𝜌𝜔2𝑟2𝑑𝑉 =

1

2
∫𝜌𝜔2𝑟2𝑤2𝜋𝑟𝑑𝑟 =

1

2
𝜔2𝑤2𝜋𝜌∫𝑟3𝑑𝑟 =

𝜋𝜔2𝑤

4
𝜌𝑟4 

To calculate the energy per unit mass and energy per unit volume, we will also need 

the mass and the volume of the flywheel which is given by 

𝑉 = 𝑟2𝜋𝑤;  𝑀 = 𝜌𝑉 = 𝜌𝑟2𝜋𝑤 

In conclusion, the equations we will use is listed as the following 

𝑊 =
𝜋𝜔2𝑤

4
𝜌𝑟4 

𝑀 = 𝜌𝑟2𝜋𝑤 
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𝑉 = 𝑟2𝜋𝑤 

𝑊𝑀 = 𝐸𝑛𝑒𝑟𝑔𝑦 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡 𝑚𝑎𝑠𝑠 =
𝑊

𝑀
 

𝑊𝑉 = 𝐸𝑛𝑒𝑟𝑔𝑦 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡 𝑣𝑜𝑙𝑢𝑚𝑒 =
𝑊

𝑉
 

For the titanium flywheel, we are going to calculate the titanium flywheel with the 

density 𝜌𝑇 = 4620(𝑘𝑔 𝑚3)⁄ , 𝑟 = 0.5𝑑 = 0.5(𝑚) 

𝑊 =
𝜋𝜔2𝑤

4
𝜌𝑇𝑖𝑟𝑇𝑖

4 =
140020.02𝜋

4
× 4620 × 0.54 = 8,889,922(𝐽) 

𝑀 = 𝜌𝑇𝑖𝑟𝑇𝑖
2 𝜋𝑤 = 4620 × 0.52𝜋 × 0.02 = 72.571(𝑘𝑔) 

𝑉 = 𝑟2𝜋𝑤 = 0.0157(𝑚3) 

𝑊𝑀
𝑇𝑖 =

𝑊

𝑀
=
8889922

72.57079
= 122,500(𝐽 𝑘𝑔⁄ ) 

𝑊𝑉
𝑇𝑖 =

𝑊

𝑉
=
8889922

0.0157
= 565,948,690(𝐽 𝑚3⁄ ) 

For the glass fiber composite flywheel, the identical method is applied to acquire the 

energy density results.  

𝑊 =
𝜋𝜔2𝑤

4
𝜌𝐺𝑙𝑟𝐺𝑙

4 =
140020.02𝜋

4
× 2070 × 0.54 = 3,983,147(𝐽) 

𝑀 = 𝜌𝐺𝑙𝑟𝐺𝑙
2 𝜋𝑤 = 2070 × 0.52𝜋 × 0.02 = 32.515(𝑘𝑔) 

𝑉 = 𝑟2𝜋𝑤 = 0.0157(𝑚3) 

𝑊𝑀
𝐺𝑙 =

𝑊

𝑀
=
3983147

32.51548
= 122,500(𝐽 𝑘𝑔⁄ ) 

𝑊𝑉
𝐺𝑙 =

𝑊

𝑉
=
3983147

0.0157
= 253,574,420(𝐽 𝑚3⁄ ) 

Lastly, for the carbon fiber composite flywheel, the result is 

𝑊 =
𝜋𝜔2𝑤

4
𝜌𝐶𝑎𝑟𝐶𝑎

4 =
140020.02𝜋

4
× 1608 × 0.54 = 3,094,155(𝐽) 

𝑀 = 𝜌𝐶𝑎𝑟𝐶𝑎
2 𝜋𝑤 = 1608 × 0.52𝜋 × 0.02 = 25.258(𝑘𝑔) 

𝑉 = 𝑟2𝜋𝑤 = 0.0157(𝑚3) 

𝑊𝑀
𝐶𝑎 =

𝑊

𝑀
=
3094155

25.25840
= 122,500(𝐽 𝑘𝑔⁄ ) 

𝑊𝑉
𝐶𝑎 =

𝑊

𝑉
=
3094155

0.0157
= 196,979,560(𝐽 𝑚3⁄ ) 

However, it is noticed that the energy per unit mass in every model is identical. 

Consider the energy per unit mass equation for single material rotating disk 
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𝑊𝑀 =
𝑊

𝑀
=

𝜋𝜔2𝑤
4 𝜌𝑟2

𝜌𝑉
=

𝜋𝜔2𝑤
4 𝜌𝑟2

𝜌𝑟2𝜋𝑤
=
𝜔2

4
  

Therefore, at angular velocity of 1400 (rad/s) 

𝑊𝑀 =
14002

4
= 122,500(𝑟𝑎𝑑2 𝑠2)⁄  

Furthermore, the energy per unit volume can also be reduced more, consider the 

energy per unit volume for single material rotating disk 

𝑊𝑉 =
𝑊

𝑉
=

𝜋𝜔2𝑤
4 𝜌𝑟2

𝑟2𝜋𝑤
=
𝜌𝜔2

4
 

 From research papers and references, energy storage relationships between 

metal material flywheels and composite material flywheels should show results in the 

following relation: Metallic flywheels has a higher energy density per unit volume 

compared to composite flywheels. On the contrary, composite flywheels have a higher 

energy density per unit mass. 

However, the result above may not reflect the statement just made. In reality, 

there will be fractures and expansion in different materials, so it is necessary to 

compute the safety factor of each model and multiply it to the energy storage above to 

determine the maximum energy capacity. In this part, the simulation tool ANSYS is 

implemented to obtain the safety factor of each model. 
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5.1.2 Simulation and Obtain of Safety Factor 

  

Mesh of Titanium Von-Mises Equivalent stress of Titanium 

 

   

Mesh of  

Glass/epoxy composite 

Circumferential Stress of 

Glass /epoxy composite 

Hoop Stress of Glass 

/epoxy composite 

   

Mesh of  

Carbon/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

Figure 16-Figures of Simulation of Single Material 

 

Each single material flywheel model is an individual model in fig 2 ANSYS 

project. ACP(Pre) is used to wrap composite fabrics onto the flywheel model and is 

further sent to static structural to analyze. In the static structural analysis, we will be 

monitoring two stresses: The radial stress also known as the hoop stress, and the 

circumferential stress. The results of the ANSYS simulation is 

𝜎𝑣𝑜𝑛−𝑚𝑖𝑠𝑒𝑠
𝑇𝑖 = 9.537𝑒8 (𝑃𝑎) 
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𝜎𝜃
𝐺𝑙 = 4.669𝑒8 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 1.478𝑒8 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.063𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 3.877𝑒7 (𝑃𝑎) 

To determine the safety factor, we need the ultimate strength of each material in both 

direction as followings 

Π𝑇𝑖 = 1.07𝑒9 (𝑃𝑎) 

Π𝜃
𝐺𝑙 = 3.423𝑒9 (𝑃𝑎); Π𝑟

𝐺𝑙 = 0.15𝑒9 (𝑃𝑎) 

Π𝜃
𝐶𝑎 = 4.459𝑒9 (𝑃𝑎); Π𝑟

𝐶𝑎 = 0.12𝑒9 (𝑃𝑎) 

The safety factor equation is given by 

𝑆𝑓 = 𝑆𝑎𝑓𝑒𝑡𝑦 𝐹𝑎𝑐𝑡𝑜𝑟 =
Π

σ
 

Consequently, calculate the safety factor for each single material flywheel 

𝑆𝑓 𝑚𝑜𝑛−𝑚𝑖𝑠𝑒𝑠
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑚𝑜𝑛−𝑚𝑖𝑠𝑒𝑠
𝑇𝑖

=
1.07𝑒9

9.537𝑒8
= 1.122 

𝑆𝑓 𝜃
𝐺𝑙 =

Π𝜃
𝐺𝑙

𝜎𝜃
𝐺𝑙 = 7.331; 𝑆𝑓 𝑟

𝐺𝑙 =
Π𝑟
𝐺𝑙

𝜎𝑟
𝐺𝑙 = 1.015 

𝑆𝑓 𝜃
𝐶𝑎 =

Π𝜃
𝐶𝑎

𝜎𝜃
𝐶𝑎 = 8.807; 𝑆𝑓 𝑟

𝐶𝑎 =
Π𝑟
𝐶𝑎

𝜎𝑟
𝐶𝑎 = 3.095 

For the safety factor, always select the minimal value of each kind, the 

smallest safety factor indicates the weakest point of the flywheel model. The 

minimum safety factor is then listed as 

𝑆𝑓
𝑇𝑖 = 1.122; 𝑆𝑓

𝐺𝑙 = 1.015; 𝑆𝑓
𝐶𝑎 = 3.095 

 

5.1.3 Energy Density and Specific Energy 

The calibrated energy density per unit mass and energy density per unit volume 

obtained by multiplying the energy storage with the minimum safety factor 

𝑊𝑀
𝑇𝑖 = 122500 × 1.122 = 137,438(𝐽 𝑘𝑔)⁄  

𝑊𝑀
𝐺𝑙 = 122500 × 1.015 = 124,340(𝐽 𝑘𝑔)⁄  

𝑊𝑀
𝐶𝑎 = 122500 × 3.095 = 379,188(𝐽 𝑘𝑔)⁄  

For the energy density per unit volume 

𝑊𝑉
𝑇𝑖 = 565948690 × 1.122 = 634,965,398(𝐽 𝑚3)⁄  

𝑊𝑉
𝐺𝑙 = 253574420 × 1.015 = 257,384,287(𝐽 𝑚3)⁄  

𝑊𝑉
𝐶𝑎 = 196979560 × 3.095 = 609,735,084(𝐽 𝑚3)⁄  

The theoretical energy density per designed mass and the theoretical energy 
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density per designed volume is based on the safety factor of 1. Therefore, if the FEM 

results in a safety factor of 2, that indicates the actual model can withstand twice of 

the theoretical model. In other words, it has twice the capability energy storage of the 

theoretical model, and twice the amount of energy density. On the other hand, 

Titanium and S-2 Glass fiber/epoxy resulted in less safety factor. 

 

5.2 Metal-Composite Hybrid Flywheel 

Single carbon composite flywheel yields superior energy storage and high 

safety factor advantage of all three models. However, the cost of full carbon or full 

glass is prohibitive. Therefore, to seek a high cost-performance is the top priority of 

our engineering task, combining all three materials in a single flywheel might be an 

optimal solution. 

 

Figure 17-Geometry of Simple Hybrid 

 

In this chapter, we will implement a new model of a hybrid metal-composite 

flywheel to compare with results of previous single material flywheels. Starting with 

defining the model of the hybrid flywheel, the total diameter of the flywheel will 

remain the same of 1 meter, and the material sequence from the inner diameter to 

outer diameter will be titanium-glass fiber composite-carbon fiber composite. The 

titanium will take 30% of the total diameter, and the rest will equally split between 

glass and carbon composites. Also, the thickness of the flywheel will remain the same 

as previous models. The following image shows the configuration. 
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5.2.1 Derivations with Multiple Radii 

Starting by deriving the energy work equation, which is given by 

𝑊 =
1

2
∫𝜌𝜔2𝑟2𝑑𝑉 

Similarly like previous chapter, substitute 𝑑𝑉 = 𝑤2𝜋𝑟𝑑𝑟, the equation becomes 

𝑊 =
1

2
∫𝜌𝜔2𝑟2𝑑𝑉 =

1

2
∫𝜌𝜔2𝑟2𝑤2𝜋𝑟𝑑𝑟 =

1

2
𝜔2𝑤2𝜋∫𝜌𝑟3𝑑𝑟 

However, in this case, we have different density and radius 

𝑊 =
1

2
𝜔2𝑤2𝜋∑𝜌𝑘∫ 𝑟3𝑑𝑟 =

1

2
𝜔2𝑤2𝜋∑𝜌𝑘

(𝑟𝑜𝑘
4 − 𝑟𝑖𝑘

4 )

4

3

𝑘=1

𝑟𝑜𝑘

𝑟𝑖𝑘

3

𝑘=1

=
𝜋𝜔2𝑤

4
[𝜌𝑇𝑖𝑟𝑇𝑖

4 + 𝜌𝐺𝑙(𝑟𝐺𝑙
4 − 𝑟𝑇𝑙

4 ) + 𝜌𝐶(𝑟𝐶𝑎
4 − 𝑟𝐺𝑙

4 )] 

The radius of each layer is given by 

𝑟𝑇𝑖 = 0.15(𝑚); 𝑟𝐺𝑙 = 0.325(𝑚); 𝑟𝐶𝑎 = 0.5(𝑚) 

Alternatively, the equation above can also be derived from the rotational energy 

equation, given by 

𝑊 = 𝐸𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 =
1

2
𝐼𝜔2 

Where 

𝜔 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 

𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑖𝑛𝑒𝑟𝑡𝑖𝑎 

𝐸 𝑖𝑠 𝑡ℎ𝑒 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦 

Since the moment of inertia is defined as 

𝐼𝑧 =
𝑚𝑟2

2
(𝑟𝑜𝑡𝑎𝑡𝑒 𝑎𝑏𝑜𝑢𝑡 𝑧) 

Or 

𝐼𝑧 =
𝑟2

2
𝜌𝑉 =

𝑟2

2
𝜌𝑟2𝜋𝑤 =

𝜋𝑤

2
𝜌𝑟4 

Substitute back into the rotational energy equation, it becomes 

𝑊 =
1

2
𝜔2
𝜋𝑤

2
𝜌𝑟4 =

𝜋𝜔2𝑤

4
𝜌𝑟4 

Then, we can account for different radius and density which yields the same result 

derived from above 
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𝑊 =
𝜋𝜔2𝑤

4
∑𝜌𝑘(𝑟𝑜𝑘

4 − 𝑟𝑖𝑘
4 )

3

𝑘=1

=
𝜋𝜔2𝑤

4
[𝜌𝑇𝑖𝑟𝑇𝑖

4 + 𝜌𝐺𝑙(𝑟𝐺𝑙
4 − 𝑟𝑇𝑖

4 ) + 𝜌𝐶𝑎(𝑟𝐶𝑎
4 − 𝑟𝐺𝑙

4 )] 

Recall the mass and the volume of the flywheel 

𝑀 =∑𝜌𝑘𝑉𝑘

3

𝑘=1

= 𝜌𝑇𝑖𝑉𝑇𝑖 + 𝜌𝐺𝑙𝑉𝐺𝑙 + 𝜌𝐶𝑎𝑉𝐶𝑎 

𝑉 =∑𝑉𝑘

3

𝑘=1

= 𝑟𝑇𝑖
2 𝜋𝑤 + (𝑟𝐺𝑙

2 − 𝑟𝑇𝑖
2 )𝜋𝑤 + (𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 )𝜋𝑤 

 

Thus, calculate the energy storage, mass, and volume 

𝑊 =
140020.02𝜋

4
[4620 × 0.154 + 2070 × (0.3254 − 0.154) + 1608 × (0.54

− 0.3254)] = 3,292,590(𝐽) 

𝑀 = 4620 × 0.152 × 0.02𝜋 + 2070 × (0.3252 − 0.152) × 0.02𝜋 + 1608

× (0.52 − 0.3252) × 0.02𝜋 = 31.93(𝑘𝑔) 

𝑉 = 0.52𝜋0.02 = 0.0157(𝑚3) 

Therefore, the energy density is 

𝑊𝑀
𝐻𝑦1

=
𝑊

𝑀
=
3292590

31.93
= 103,121(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦1

=
𝑊

𝑉
=
3292590

0.0157
= 209,612,798(𝐽 𝑚3)⁄  

Seemingly, it is necessary to calculate the safety factor of the flywheel, in this 

model, we will have to consider the minimum safety factor as this smallest of all six 

components and not individually by each material. 
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5.2.2 Simulation 

   

Mesh of  

Hybrid Flywheel 

Von-mises Stress of 

Titanium 

Circumferential Stress of 

Glass/epoxy composite 

   

Hoop Stress of  

Glass/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

Figure 18-Simulations for 2D Hybrid Flywheel, codename Hybrid 1 

The ANSYS project consists three parts: The mechanical model of titanium, the 

ACP(Pre) of glass composite, and the ACP(Pre) of carbon composite. 

The simulation results are as the following, with hoop and circumferential stress 

𝜎𝑣𝑜𝑛−𝑚𝑖𝑠𝑒𝑠
𝑇𝑖 = 1.884𝑒8 (𝑃𝑎) 

𝜎𝜃
𝐺𝑙 = 1.878𝑒6 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 9.706𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.455𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 2.856𝑒7 (𝑃𝑎) 

The ultimate strength of three material in two directions is given by 

Π𝑇𝑖 = 1.07𝑒9 (𝑃𝑎) 

Π𝜃
𝐺𝑙 = 3.423𝑒9 (𝑃𝑎); Π𝑟

𝐺 = 0.15𝑒9 (𝑃𝑎) 

Π𝜃
𝐶𝑎 = 4.459𝑒9 (𝑃𝑎); Π𝑟

𝐶𝑎 = 0.12𝑒9 (𝑃𝑎) 

Therefore, we can now calculate the safety factor by dividing the ultimate strength to 

the corresponding stress 

𝑆𝑓
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑣𝑜𝑛−𝑚𝑖𝑠𝑒𝑠
𝑇𝑖

= 5.679 

𝑆𝑓 𝜃
𝐺𝑙 = 18.231; 𝑆𝑓 𝑟

𝐺𝑙 = 1.545 

𝑆𝑓 𝜃
𝐶𝑎 = 8.174; 𝑆𝑓 𝑟

𝐶𝑎 = 4.202 
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5.2.3 Energy Density and Specific Energy 

The minimum of all safety factor components is 1.545. Thus, continue to calculate the 

energy storage of the hybrid flywheel, we got 

𝑊𝑀
𝐻𝑦1

= 103121 × 1.545 = 159,360(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦1

= 209612798 × 1.545 = 323,929,776(𝐽 𝑚3)⁄  

However, the safety factor is not satisfying, the minimum safety factor lands 

on the titanium plate. Therefore, it is necessary to focus on increasing the safety factor 

of the titanium plate first. To increase the safety factor of the titanium, there’s only 

two options in a 2D model: 1.Enclose the titanium with high strength, high modulus 

material to reduce material expansion. 2. Decrease the area of titanium plate 50%.  
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5.3 Hybrid Flywheel with T-1000G Enclosure for Titanium 

In this next model, the research will be approaching with the former option by 

enclosing the titanium region with carbon composite and reducing the glass fiber 

composite by ¼ of the radius. The model will be Hybrid 2 

 

Figure 19-Top/Side view of Hybrid 2 

 

5.3.1 Derivation 

The new enclosure radius is 

𝑟𝑒𝑛 = 𝑟𝑇𝑖 +
1

4
(𝑟𝐺𝑙 − 𝑟𝑇𝑖) = 0.19375(𝑚) 

Modify the Hybrid 1 model energy storage equation, we get 

𝑊 =
1

2
𝜔2𝑤2𝜋∑𝜌𝑘∫ 𝑟3𝑑𝑟 =

1

2
𝜔2𝑤2𝜋∑𝜌𝑘

(𝑟𝑜𝑘
4 − 𝑟𝑖𝑘

4 )

4

4

𝑘=1

𝑟𝑜𝑘

𝑟𝑖𝑘

4

𝑘=1

=
𝜋𝜔2𝑤

4
[𝜌𝑇𝑖𝑟𝑇𝑖

4 + 𝜌𝐶𝑎(𝑟𝑒𝑛
4 − 𝑟𝑇𝑖

4 ) + 𝜌𝐺𝑙(𝑟𝐺𝑙
4 − 𝑟𝑒𝑛

4 ) + 𝜌𝐶𝑎(𝑟𝐶𝑎
4 − 𝑟𝐺𝑙

4 )]

= 3,279,747 (𝐽) 

Likewise, the mass and volume of the model 

𝑀 =∑𝜌𝑘𝑉𝑘

4

𝑘=1

= 𝜋𝑤[𝜌𝑇𝑖𝑟𝑇𝑖
2 + 𝜌𝐶𝑎(𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 ) + 𝜌𝐺𝑙(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝜌𝐶𝑎(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 )]

= 31.493(𝑘𝑔) 

𝑉 =∑𝑉𝑘

4

𝑘=1

= 0.52𝜋0.02 = 0.0157(𝑚3) 

Accordingly, obtain the energy density per unit volume and energy density per unit 
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mass through the same step, we have 

𝑊𝑀
𝐻𝑦2

=
𝑊

𝑀
= 104,142 (𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦2

= 208,795,176 (𝐽 𝑚3)⁄  

Still, we have to create an ANSYS model to compute the safety factor. It will also 

provide oversight to see if enclosing the titanium increases the safety factor. 

5.3.2 Simulation 

   

Geometry of Hybrid 2 

Flywheel 

Mesh of Hybrid Flywheel von-Mises Stress of 

Titanium 

   

Circumferential Stress of 

Carbon/epoxy Enclosure 

Hoop Stress of 

Carbon/epoxy Enclosure 

Circumferential Stress of 

Glass/epoxy composite 

   

Hoop Stress of 

Glass/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

Figure 20-Hybrid 2 model project simulation 

 

The project above consists four individual component: Titanium mechanical 

model, ACP(Pre) carbon enclosure using T-1000G, ACP(Pre) ¼ reduced glass 
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enclosure, and the original carbon outer disk. We have the computation of 

𝜎𝑣𝑜𝑛−𝑚𝑖𝑠𝑒𝑠
𝑇𝑖 = 1.327𝑒8 (𝑃𝑎) 

𝜎𝜃
𝑒𝑛 = 4.700𝑒8 (𝑃𝑎); 𝜎𝑟

𝑒𝑛 = 8.248𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐺𝑙 = 1.862𝑒8 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 8.132𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.430𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 2.869𝑒7 (𝑃𝑎) 

And 

Π𝑇𝑖 = 1.07𝑒9 (𝑃𝑎) 

Π𝜃
𝐺𝑙 = 3.423𝑒9 (𝑃𝑎); Π𝑟

𝐺 = 0.15𝑒9 (𝑃𝑎) 

Π𝜃
𝐶𝑎 = 4.459𝑒9 (𝑃𝑎); Π𝑟

𝐶𝑎 = 0.12𝑒9 (𝑃𝑎) 

Therefore 

𝑆𝑓
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑣𝑜𝑛−𝑚𝑖𝑠𝑒𝑠
𝑇𝑖

= 8.065 

𝑆𝑓 𝜃
𝑒𝑛 = 9.486; 𝑆𝑓 𝑟

𝑒𝑛 = 1.455 

𝑆𝑓 𝜃
𝐺𝑙 = 18.3815; 𝑆𝑓 𝑟

𝐺𝑙 = 1.8447 

𝑆𝑓 𝜃
𝐶𝑎 = 8.212; 𝑆𝑓 𝑟

𝐶𝑎 = 4.182 

 

5.3.3 Energy Density and Specific Energy 

The safety factor of titanium has decreased to 1.455. Therefore the energy storage has 

now become 

𝑊𝑀
𝐻𝑦2

= 104142 × 1.455 = 151,526(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦2

= 20879469 × 1.455 = 303,794,134(𝐽 𝑚3)⁄  
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Chapter 6 Proceedings on Flat Hybrid Flywheel 

6.1 Hybrid Flywheel with Full Enclosure for Titanium 

Starting from this chapter, continuing on the development of the latest model 

Hybrid 2 which includes a carbon enclosure for the titanium in 2D, the next model 

will become a semi-3D model. The word semi is used because the model will only 

slightly increase dimensions in the z-direction. 

 

Figure 21-Top/Side view of Hybrid 3 

 

The next model will include an extra cap on both top and bottom of the plate, 

serves as an extension of the carbon enclosure. The final look will seem like the 

titanium portion is fully enclosed/covered by the carbon reinforcement. The 

dimension of the cap is 0.004 meter, or 4 millimeters each. The rest of the 

configuration will remain identical.  

 

Calculate the work generated, establish on proceedings of Hybrid 2 

𝑊 =
𝜋𝜔2𝑤1
4

[∑𝜌𝑘
(𝑟𝑜𝑘
4 − 𝑟𝑖𝑘

4 )

4
] + [2 ×

𝜋𝜔2𝑤2
4

𝜌𝐶𝑎𝑟𝑒𝑛
4 ]

4

𝑘=1

=
𝜋𝜔2𝑤1
4

[𝜌𝑇𝑖𝑟𝑇𝑖
4 + 𝜌𝐶𝑎(𝑟𝑒𝑛

4 − 𝑟𝑇𝑖
4 ) + 𝜌𝐺𝑙(𝑟𝐺𝑙

4 − 𝑟𝑒𝑛
4 ) + 𝜌𝐶𝑎(𝑟𝐶𝑎

4 − 𝑟𝐺𝑙
4 )]

+ [2 ×
𝜋𝜔2𝑤2
4

𝜌𝐶𝑎𝑟𝑒𝑛
4 ] 

Or 
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𝑊 = 𝐸𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝐻𝑦𝑏𝑟𝑖𝑑 2 + 2 ×
𝜋𝜔2𝑤2
4

𝜌𝐶𝑎𝑟𝑒𝑛
4 = 3307652(𝐽) 

Which 

𝑤1 = 0.02(𝑚);𝑤2 = 4(𝑚𝑚) = 0.004(𝑚) 

Compute the mass and volume 

𝑀 =∑𝜌𝑘𝑉𝑘

4

𝑘=1

+𝑚𝑎𝑠𝑠 𝑜𝑓 𝑡𝑤𝑜 𝑒𝑥𝑡𝑟𝑎 𝑝𝑙𝑎𝑡𝑒𝑠

= 𝜋𝑤1[𝜌𝑇𝑖𝑟𝑇𝑖
2 + 𝜌𝐶𝑎(𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 ) + 𝜌𝐺𝑙(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝜌𝐶𝑎(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 )]

+ 2 × 𝜌𝐶𝑟𝑒𝑛
2 𝜋𝑤2 = 33.01(𝑘𝑔) 

𝑉 =∑𝑉𝑘

4

𝑘=1

+ 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡𝑤𝑜 𝑒𝑥𝑡𝑟𝑎 𝑝𝑙𝑎𝑡𝑒𝑠

= 𝜋𝑤1[𝑟𝑇𝑖
2 + (𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 ) + (𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + (𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2 × 𝑟𝑒𝑛

2 𝜋𝑤2

= 0.0167(𝑚3) 

Therefore, we have the energy storage which is calculated by 

𝑊𝑀 =
𝑊

𝑀
=
3307658

33.01
= 100201(𝐽 𝑘𝑔)⁄  

𝑊𝑉 =
𝑊

𝑉
=
3307658

0.0167
= 198640827(𝐽 𝑚3)⁄  

Next on, we can obtain the safety factor of each section by ANSYS, which we 

will divide into 4 sections. Including: Titanium core, Glass fiber composite, Carbon 

fiber outer composite, and Carbon fiber composite inner enclosure + top/bottom cover 

of the carbon fiber composite enclosure 

   

Geometry of Hybrid 3 

Flywheel 

Mesh of Hybrid Flywheel Von-mises Stress of 

Titanium 
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Circumferential Stress of 

Carbon/epoxy Enclosure 

Hoop Stress of 

Carbon/epoxy Enclosure 

Circumferential Stress of 

Glass/epoxy composite 

   

Hoop Stress of 

Glass/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

Figure 22-Simulation of Hybrid 3 

 

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖 = 1.856𝑒8(𝑃𝑎) 

𝜎𝜃
𝑒𝑛 = 4.012𝑒8 (𝑃𝑎); 𝜎𝑟

𝑒𝑛 = 9.220𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐺𝑙 = 1.794𝑒8 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 8.989𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.332𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 2.929𝑒7 (𝑃𝑎) 

 

The strength of titanium, glass fiber composite and carbon fiber composite is given by 

the value 

Π𝑇𝑖 = 1.07𝑒9 (𝑃𝑎) 

Π𝜃
𝐺𝑙 = 3.423𝑒9 (𝑃𝑎); Π𝑟

𝐺 = 0.15𝑒9 (𝑃𝑎) 

Π𝜃
𝐶𝑎 = 4.459𝑒9 (𝑃𝑎); Π𝑟

𝐶𝑎 = 0.12𝑒9 (𝑃𝑎) 

Correspondingly, the safety factor for the four components will be 

𝑆𝑓
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖

= 5.766 

𝑆𝑓 𝜃
𝑒𝑛 = 11.114; 𝑆𝑓 𝑟

𝑒𝑛 = 1.302 

𝑆𝑓 𝜃
𝐺𝑙 = 19.079; 𝑆𝑓 𝑟

𝐺𝑙 = 1.672 

𝑆𝑓 𝜃
𝐶𝑎 = 8.363; 𝑆𝑓 𝑟

𝐶𝑎 = 4.097 
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Note: The  𝑆𝑓 𝑟
𝑒𝑛 and  𝑆𝑓 𝜃

𝑒𝑛  in this model is defined to be the whole 3-D enclosure and 

not the enclosure on the x-y plane only. 

The lowest safety factor occurs within the carbon enclosure, with the value of 1.302. 

We can multiply the value to the energy storage obtained above; then we have the 

energy density 

𝑊𝑀
𝐻𝑦3

= 100201 × 1.302 = 130458(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦3

= 198640827 × 1.302 = 258621654(𝐽 𝑚3)⁄  

 

6.2 Increase Cap Width by Twice 

The following model will increase the width of the cap from 4 (mm) to 8 (mm) on 

both sides. The derivation as shown for Hybrid 4. 

 

Figure 23-Top/Side view for Hybrid 4 

 

The equation of work done, mass and volume remain same. 

𝑀 =∑𝜌𝑘𝑉𝑘

4

𝑘=1

+𝑚𝑎𝑠𝑠 𝑜𝑓 𝑡𝑤𝑜 𝑒𝑥𝑡𝑟𝑎 𝑝𝑙𝑎𝑡𝑒𝑠

= 𝜋𝑤1[𝜌𝑇𝑖𝑟𝑇𝑖
2 + 𝜌𝐶𝑎(𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 ) + 𝜌𝐺𝑙(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝜌𝐶𝑎(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 )]

+ 2 × 𝜌𝐶𝑟𝑒𝑛
2 𝜋𝑤3 = 34.527 (𝑘𝑔) 
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𝑉 =∑𝑉𝑘

4

𝑘=1

+ 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡𝑤𝑜 𝑒𝑥𝑡𝑟𝑎 𝑝𝑙𝑎𝑡𝑒𝑠

= 𝜋𝑤1[𝑟𝑇𝑖
2 + (𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 ) + (𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + (𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2 × 𝑟𝑒𝑛

2 𝜋𝑤3

= 0.0176 (𝑚3) 

𝑊 = 𝐸𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝐻𝑦𝑏𝑟𝑖𝑑 2 + 2 ×
𝜋𝜔2𝑤3
4

𝜌𝐶𝑎𝑟𝑒𝑛
4 = 3335558(𝐽) 

 

Note 𝑤2 is replaced with 𝑤3 where 𝑤3 = 0.008(𝑚) = 8(𝑚𝑚) 

WM = 96,607 (𝐽 𝑘𝑔⁄ ) 

WV = 189,575,455 (𝐽 𝑚
3⁄ ) 

 

   

Geometry of Hybrid 4 

Flywheel 

Mesh of Hybrid Flywheel von-Mises Stress of 

Titanium 

   

Circumferential Stress of 

Carbon/epoxy Enclosure 

Hoop Stress of 

Carbon/epoxy Enclosure 

Circumferential Stress of 

Glass/epoxy composite 
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Hoop Stress of 

Glass/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

 

The simulation result of the model at 1400 rad/sec is 

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖 = 1.209𝑒8(𝑃𝑎) 

𝜎𝜃
𝑒𝑛 = 3.470𝑒8 (𝑃𝑎); 𝜎𝑟

𝑒𝑛 = 6.060𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐺𝑙 = 1.756𝑒8 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 9.495𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.316𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 2.967𝑒7 (𝑃𝑎) 

The calculated corresponding safety factor is 

𝑆𝑓
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖

= 8.849 

𝑆𝑓 𝜃
𝑒𝑛 = 12.851; 𝑆𝑓 𝑟

𝑒𝑛 = 1.980 

𝑆𝑓 𝜃
𝐺𝑙 = 19.498; 𝑆𝑓 𝑟

𝐺𝑙 = 1.583 

𝑆𝑓 𝜃
𝐶𝑎 = 8.387; 𝑆𝑓 𝑟

𝐶𝑎 = 4.044 

The minimum safety factor is 1.583, and the previous model has the minimum 

safety factor of 1.302. This indicated the increase of thickness on the top and bottom 

cap took effect on increasing the safety factor of the whole system. 

 

The safety factor is determined 

𝑊𝑀
𝐻𝑦4

= 96607 × 1.583 = 152948(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦4

= 189575455 × 1.583 = 300135293(𝐽 𝑚3)⁄  

 

6.3 Width Variations on Glass and Carbon Composite 

Hybrid 5 model will begin with varying the thickness of the outer radius 

composite material: the glass fiber composite and the carbon fiber composite. The 

titanium and the enclosure part remains identical. The glass fiber composite part will 

increase 20% in its thickness, on the other hand, the carbon fiber composite will 

decrease its thickness by 50%. Both in the z-direction which is the z-axis. Given a 

figure of the model 
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Figure 24-Hybrid 5 model 

The energy storage equation has to be altered since all thickness are different 

𝑊 =
𝜋𝜔2

4
{𝑤1[𝜌𝑇𝑖𝑟𝑇𝑖

4 + 𝜌𝐶𝑎(𝑟𝑒𝑛
4 − 𝑟𝑇𝑖

4 )] + 𝑤4𝜌𝐺𝑙(𝑟𝐺𝑙
4 − 𝑟𝑒𝑛

4 ) + 𝑤5𝜌𝐶𝑎(𝑟𝐶𝑎
4 − 𝑟𝐺𝑙

4 )}

+ [2 ×
𝜋𝜔2𝑤3
4

𝜌𝐶𝑎𝑟𝑒𝑛
4 ] = 2188885(𝐽) 

M = π{w1[𝜌𝑇𝑖𝑟𝑇𝑖
2 + 𝜌𝐶𝑎(𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 )] + 𝑤4𝜌𝐺𝑙(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝑤5𝜌𝐶𝑎(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2

× 𝑤3𝜌𝐶𝑎𝑟𝑒𝑛
2 } = 29.005 (𝑘𝑔) 

V = π{w1[𝑟𝑇𝑖
2 + (𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 )] + 𝑤4(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝑤5(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2 × 𝑤3𝑟𝑒𝑛

2 }

= 0.0139(𝑚3) 

Note in this model two new width is defined as 

𝑤4 = 0.02(𝑚) × 120% = 0.024(𝑚);𝑤5 = 0.02 × 50% = 0.01(𝑚) 

The uncalibrated theoretical energy density per unit mass and energy density per unit 

volume is 

𝑊𝑀 =
2188885

29.0048
= 75466(𝐽 𝑘𝑔)⁄  

𝑊𝑉 =
2188884

0.01391
= 157306258(𝐽/𝑚3) 
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Geometry of Hybrid 5 

Flywheel 

Mesh of Hybrid Flywheel von-Mises Stress of 

Titanium 

   

Circumferential Stress of 

Carbon/epoxy Enclosure 

Hoop Stress of 

Carbon/epoxy Enclosure 

Circumferential Stress of 

Glass/epoxy composite 

   

Hoop Stress of 

Glass/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

Figure 25-Simulation of Hybrid 5 

The maximum hoop stress and circumferential stress is simulated as 

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖 = 1.356𝑒8(𝑃𝑎) 

𝜎𝜃
𝑒𝑛 = 3.537𝑒8 (𝑃𝑎); 𝜎𝑟

𝑒𝑛 = 5.619𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐺𝑙 = 1.697𝑒8 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 8.959𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.236𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 3.074𝑒7 (𝑃𝑎) 

Calculate the safety factor from the maximum strength, the safety factor is 

𝑆𝑓
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖

= 7.890 

𝑆𝑓 𝜃
𝑒𝑛 = 12.606; 𝑆𝑓 𝑟

𝑒𝑛 = 2.1356 

𝑆𝑓 𝜃
𝐺𝑙 = 20.169; 𝑆𝑓 𝑟

𝐺𝑙 = 1.675 

𝑆𝑓 𝜃
𝐶𝑎 = 8.4638; 𝑆𝑓 𝑟

𝐶𝑎 = 3.904 

The minimum value of the safety factor is 6.10, multiply it by the energy density 

𝑊𝑀
𝐻𝑦5

= 75466 × 1.675 = 126384(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦5

= 157306258 × 1.675 = 263441618(𝐽 𝑚3)⁄  
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6.4 Reduce Radius of Titanium by 20% 

After a few attempts in varying the thickness of portions, the next model 

(Hybrid 6) will focus on altering the ratio of the inner radius. For a hybrid composite 

model, the goal is to preserve more portion of composites. However, the composite 

has disadvantages in the thermal aspect which is not capable of high temperature, so 

the core part that attaches to the bearing still has to remain metal. In Hybrid 6 the 

titanium radius is to be reduced by 20%, and the gap will be filled by the carbon fiber 

composite ring that encloses it. 

 

Figure 26-Top/Side view of Hybrid 6 

 

 

The new radius of the inner radius which is Titanium is defined by 

𝑟𝑇𝑖 = 0.15 × 0.8 = 0.12 (𝑚) 

Therefore, we have to recalculate some parameters 

𝑊 =
𝜋𝜔2

4
{𝑤1[𝜌𝑇𝑖𝑟𝑇𝑖

4 + 𝜌𝐶𝑎(𝑟𝑒𝑛
4 − 𝑟𝑇𝑖

4 )] + 𝑤4𝜌𝐺𝑙(𝑟𝐺𝑙
4 − 𝑟𝑒𝑛

4 ) + 𝑤5𝜌𝐶𝑎(𝑟𝐶𝑎
4 − 𝑟𝐺𝑙

4 )}

+ [2 ×
𝜋𝜔2𝑤3
4

𝜌𝐶𝑎𝑟𝑒𝑛
4 ] = 2161169(𝐽) 

M = π{w1[𝜌𝑇𝑖𝑟𝑇𝑖
2 + 𝜌𝐶𝑎(𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 )] + 𝑤4𝜌𝐺𝑙(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝑤5𝜌𝐶𝑎(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2

× 𝑤3𝜌𝐶𝑎𝑟𝑒𝑛
2 } = 27.4719(𝑘𝑔) 

V = π{w1[𝑟𝑇𝑖
2 + (𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 )] + 𝑤4(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝑤5(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2 × 𝑤3𝑟𝑒𝑛

2 }

= 0.01391(𝑚3) 
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The energy density is  

𝑊𝑀 = 78668(𝐽 𝑘𝑔)⁄  

𝑊𝑉 = 155314369(𝐽 𝑚3)⁄  

   

Geometry of Hybrid 6 

Flywheel 

Mesh of Hybrid Flywheel von-Mises Stress of 

Titanium 

   

Circumferential Stress of 

Carbon/epoxy Enclosure 

Hoop Stress of 

Carbon/epoxy Enclosure 

Circumferential Stress of 

Glass/epoxy composite 

   

Hoop Stress of 

Glass/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

Figure 27-Simulation of Hybrid 6 

The FEM simulation gives the following result of maximum hoop and circumferential 

stress, with values of 

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖 = 1.334𝑒8(𝑃𝑎) 

𝜎𝜃
𝑒𝑛 = 3.769𝑒8 (𝑃𝑎); 𝜎𝑟

𝑒𝑛 = 5.999𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐺𝑙 = 1.723𝑒8 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 8.780𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.280𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 3.045𝑒7 (𝑃𝑎) 
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Therefore, the calculated safety factor 

𝑆𝑓
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖

= 8.02 

𝑆𝑓 𝜃
𝑒𝑛 = 11.831; 𝑆𝑓 𝑟

𝑒𝑛 = 2.000 

𝑆𝑓 𝜃
𝐺𝑙 = 19.868; 𝑆𝑓 𝑟

𝐺𝑙 = 1.708 

𝑆𝑓 𝜃
𝐶𝑎 = 8.446; 𝑆𝑓 𝑟

𝐶𝑎 = 3.940 

Minimum safety factor of 1.708, the energy density of mass and volume is 

𝑊𝑀
𝐻𝑦6

= 78668 × 1.708 = 134399(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦6

= 155314369 × 1.708 = 265343455(𝐽 𝑘𝑔)⁄  

 

6.5 Reduce Titanium radius by 12/17 and fill with Outer Carbon 

 

Figure 28-Top/Side of Hybrid 7 

Reducing the Titanium from previous examples did increase the safety factor. 

Therefore, in Hybrid 7, the Titanium part is reduced to only 10 centimeters because 

the center rotational hub will typically end around 5-6 centimeters. Thus, a certain 

amount of Titanium should be kept. Reducing 12/17 of the radius of the Titanium 

wheel and filling it with the outer rim of carbon will become this model. 

 

There will be three radius change in this model. The radius change will be 

recalculated with the following values. 

𝑟𝑇𝑖 = 0.05 (𝑚); 𝑟𝑒𝑛 = 0.12375 (𝑚); 𝑟𝐺𝑙 = 0.245 (𝑚); 𝑟𝐶𝑎 = 0.5(𝑚) 

Therefore, the energy capacity, mass, and volume are calculated by 
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𝑊 =
𝜋𝜔2

4
{𝑤1[𝜌𝑇𝑖𝑟𝑇𝑖

4 + 𝜌𝐶𝑎(𝑟𝑒𝑛
4 − 𝑟𝑇𝑖

4 )] + 𝑤4𝜌𝐺𝑙(𝑟𝐺𝑙
4 − 𝑟𝑒𝑛

4 ) + 𝑤5𝜌𝐶𝑎(𝑟𝐶𝑎
4 − 𝑟𝐺𝑙

4 )}

+ [2 ×
𝜋𝜔2𝑤3
4

𝜌𝐶𝑎𝑟𝑒𝑛
4 ] = 1736978(𝐽) 

M = π{w1[𝜌𝑇𝑖𝑟𝑇𝑖
2 + 𝜌𝐶𝑎(𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 )] + 𝑤4𝜌𝐺𝑙(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝑤5𝜌𝐶𝑎(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2

× 𝑤3𝜌𝐶𝑎𝑟𝑒𝑛
2 } = 19.8333(𝑘𝑔) 

V = π{w1[𝑟𝑇𝑖
2 + (𝑟𝑒𝑛

2 − 𝑟𝑇𝑖
2 )] + 𝑤4(𝑟𝐺𝑙

2 − 𝑟𝑒𝑛
2 ) + 𝑤5(𝑟𝐶𝑎

2 − 𝑟𝐺𝑙
2 ) + 2 × 𝑤3𝑟𝑒𝑛

2 }

= 0.0111(𝑚3) 

The values of specific energy and energy density are 

𝑊𝑀 = 87579(𝐽 𝑘𝑔)⁄  

𝑊𝑉 = 156889579(𝐽 𝑚3)⁄  

The simulation result of the model is carried out in ANSYS, which is 

   

Geometry of Hybrid 7 

Flywheel 

Mesh of Hybrid Flywheel von-Mises Stress of 

Titanium 

   

Circumferential Stress of 

Carbon/epoxy Enclosure 

Hoop Stress of 

Carbon/epoxy Enclosure 

Circumferential Stress of 

Glass/epoxy composite 
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Hoop Stress of 

Glass/epoxy composite 

Circumferential Stress of 

Carbon/epoxy composite 

Hoop Stress of 

Carbon/epoxy composite 

Figure 29-Simulation of Hybrid 7 

The values of stress in radial and circumferential direction are 

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖 = 1.699𝑒8(𝑃𝑎) 

𝜎𝜃
𝑒𝑛 = 2.123𝑒8 (𝑃𝑎); 𝜎𝑟

𝑒𝑛 = 3.211𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐺𝑙 = 1.194𝑒8 (𝑃𝑎); 𝜎𝑟

𝐺𝑙 = 5.477𝑒7 (𝑃𝑎) 

𝜎𝜃
𝐶𝑎 = 5.097𝑒8 (𝑃𝑎); 𝜎𝑟

𝐶𝑎 = 3.666𝑒7 (𝑃𝑎) 

The safety factors are obtain with the values of 

𝑆𝑓
𝑇𝑖 =

Π𝑇𝑖

𝜎𝑣𝑜𝑛−𝑀𝑖𝑠𝑒𝑠
𝑇𝑖

= 62.9819 

𝑆
𝑓 𝜃
𝑒𝑛 = 21.007;  𝑆

𝑓 𝑟
𝑒𝑛 = 3.738 

𝑆
𝑓 𝜃
𝐺𝑙 = 28.678;  𝑆

𝑓 𝑟
𝐺𝑙 = 2.739 

𝑆
𝑓 𝜃
𝐶𝑎 = 8.749;  𝑆

𝑓 𝑟
𝐶𝑎 = 3.273 

The maximum specific energy and energy density is determined 

𝑊𝑀
𝐻𝑦7

= 87579 × 2.739 = 239876(𝐽 𝑘𝑔)⁄  

𝑊𝑉
𝐻𝑦7

= 156889579 × 2.739 = 429716735(𝐽 𝑘𝑔)⁄  
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Chapter 7 Comparison 

7.1 Overview of Previous Data 

Chart of simple disk  

Model 
Safety 

Factor 
𝑊𝑀 (𝑘𝐽 𝑘𝑔)⁄  𝑊𝑉  (𝑀𝐽 𝑚3)⁄  𝑉𝜃(𝑜𝑢𝑡𝑒𝑟)

𝑚𝑎𝑥  (𝑀) 

Titanium Alloy 1.122 137 635 2.181 

S-2 Glass 

Fiber/epoxy 
1.015 124 257 2.074 

T1000 Carbon 

Fiber/epoxy 
3.095 379 610 3.622 

Hybrid Flywheel 

(Hybrid 1) 
1.545 159 324 2.599 

Hybrid with 

enclosure 

(Hybrid 2) 

1.455 152 304 2.483 

Table 16-Simple Disk Chart 

Continuing hybrid flywheel disk 

Model 
Safety 

Factor 
𝑊𝑀 (𝑘𝐽 𝑘𝑔)⁄  𝑊𝑉  (𝑀𝐽 𝑚3)⁄  𝑉𝜃(𝑜𝑢𝑡𝑒𝑟)

𝑚𝑎𝑥  (𝑀) 

Hybrid with Full 

Enclosure 

(Hybrid 3) 

1.302 130 259 2.349 

Hybrid with 8mm 

Full Enclosure 

(Hybrid 4) 

1.583 153 300 2.591 

Glass/Carbon width 

+20%/-50% 

(Hybrid 5) 

1.675 126 263 2.664 

Reduced Titanium 

radius by 20% 

(Hybrid 6) 

1.708 134 265 2.691 

Titanium 2.739 240 430 3.407 
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radius*5/17, fill with 

outer rim 

(Hybrid 7) 

Table 17-Hybrid Disk Chart 

Note the maximum linear outer speed equation is  

𝑉𝜃(𝑜𝑢𝑡𝑒𝑟)
𝑚𝑎𝑥 =

𝜔 × 𝑟𝑜𝑢𝑡𝑒𝑟 × √𝑆𝑓

𝑎𝑐
 

Where 𝑎𝑐 is the speed of sound. Therefore, the unit of this parameter is Mach number. 

For instance, the calculation of the first hybrid model will be 

𝑉𝜃(𝑜𝑢𝑡𝑒𝑟)
𝑚𝑎𝑥 =

𝜔 × 𝑟𝑜𝑢𝑡𝑒𝑟 ×√𝑆𝑓

𝑎𝑐
=
1400 × 0.5 × √1.545

340
= 2.599 (𝑀) 

Which indicates the maximum tangential speed at the outer radius, this parameter is 

beneficial to determine the design of the outer casing for the flywheel. 

 

The analytical specific and energy density properties is 

Material Specific Energy (𝑘𝐽 𝑘𝑔⁄ ) Energy Density(𝑀𝐽 𝑚3⁄ ) 

Titanium 

Alloy 
116 321 

Fiber % 70% 80% 70% 80% 

K13C2U 

Carbon 

Composite 

704 763 798 912 

T-1000G 

Carbon 

Composite 

1371 1507 1323 1512 

P120 Carbon 

Composite 
457 496 504 576 

S-2 Glass 

Composite 
811 872 1008 1152 

Table 18-Analytical Energy Properties 
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7.2 Radius (width) Variation 

Model Titanium Enclose Carbon Glass Carbon 

Titanium 100%(0.02m) - - - 

Glass - - 100%(0.02m) - 

Carbon - - - 100%(0.02m) 

Hybrid 1 30%(0.02m) - 35%(0.02m) 35%(0.02m) 

Hybrid 2 30%(0.02m) 8.75%(0.02m) 26.25%(0.02m) 35%(0.02m) 

Hybrid 3 30%(0.02m) 8.75%(0.028m) 26.25%(0.02m) 35%(0.02m) 

Hybrid 4 30%(0.02m) 8.75%(0.036m) 26.25%(0.02m) 35%(0.02m) 

Hybrid 5 30%(0.02m) 8.75%(0.036m) 26.25%(0.024m) 35%(0.01m) 

Hybrid 6 24%(0.02m) 14.75%(0.036m) 26.25%(0.024m) 35%(0.01m) 

Hybrid 7 10%(0.02m) 14.75%(0.036m) 26.25%(0.024m) 49%(0.01m) 

Table 19-Variation Chart 

Note: In this chart, the percentage is the percentage of the radius each part occupies. 

The number in the parenthesis is the thickness of the corresponding part in meters. 

 

7.3 Comparison of Models 

7.3.1 Single Materials and Hybrid Materials of simple disk 

Refer to single material flywheel energy storage of the previous section 

Reference Parameter Ranking 

Specific Energy 𝑊𝑀 𝑊𝐶𝑎
𝑀 > 𝑊𝐻𝑦1

𝑀 > 𝑊𝐻𝑦2
𝑀 > 𝑊𝑇𝑖

𝑀 < 𝑊𝐺𝑙
𝑀 

Energy Density 𝑊𝑉 𝑊𝑇𝑖
𝑉 > 𝑊𝐶𝑎

𝑉 > 𝑊𝐻𝑦1
𝑉 > 𝑊𝐻𝑦2

𝑉 > 𝑊𝐺𝑙
𝑉  

Table 20-Ranking of the Specific Energy and the Energy Density of Single Disks 

This has indicated that composites flywheel has better energy density per unit mass, 

but less energy density per unit volume 

 

7.3.2 Hybrid Models 

This will cover all hybrid models from Hybrid 1 to Hybrid 6 

Reference Parameter Ranking 

Specific Energy 𝑊𝑀 
𝑊𝐻𝑦7

𝑀 > 𝑊𝐻𝑦1
𝑀 > 𝑊𝐻𝑦4

𝑀 > 𝑊𝐻𝑦2
𝑀

> 𝑊𝐻𝑦6
𝑀 > 𝑊𝐻𝑦3

𝑀 > 𝑊𝐻𝑦5
𝑀  
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Energy Density 𝑊𝑉 
𝑊𝐻𝑦7

𝑉 > 𝑊𝐻𝑦1
𝑉 > 𝑊𝐻𝑦2

𝑉 > 𝑊𝐻𝑦4
𝑉

> 𝑊𝐻𝑦6
𝑉 > 𝑊𝐻𝑦5

𝑉 > 𝑊𝐻𝑦3
𝑉  

Table 21-Ranking of the Specific Energy and the Energy Density of Hybrid Disks 

7.3.3 Analytical Models 

The following table will cover the data from chapter 4 

Reference Parameter Ranking 

Specific Energy 𝑊𝑀 

𝑊𝐻𝑦7
𝑀 > 𝑊𝐻𝑦1

𝑀 > 𝑊𝐻𝑦4
𝑀 > 𝑊𝐻𝑦2

𝑀

> 𝑊𝐻𝑦6
𝑀 > 𝑊𝐻𝑦3

𝑀 > 𝑊𝐻𝑦5
𝑀  

 

Energy Density 𝑊𝑉 
𝑊𝐻𝑦7

𝑉 > 𝑊𝐻𝑦1
𝑉 > 𝑊𝐻𝑦2

𝑉 > 𝑊𝐻𝑦4
𝑉

> 𝑊𝐻𝑦6
𝑉 > 𝑊𝐻𝑦5

𝑉 > 𝑊𝐻𝑦3
𝑉  

 

7.4 Comparison between other ESSs 

To demonstrate how composite flywheels are good for energy storage, other forms of 

energy storage will be compared. 

The following table will consist several popular energy storage media 

ESS Specific Energy(𝑘𝐽 𝑘𝑔⁄ ) Energy Density(𝑀𝐽 𝑘𝑔⁄ ) 

Gasoline (petrol) [32] 46400 34200 

Gasoline considering 

engine weight 
4640 3420 

Jet A fuel (Kerosene) [33] 42800 33000 

Jet A fuel considering 

engine weight 
4280 3300 

Lead acid battery 170 560 

Alkaline Battery [34] 500 1300 

Panasonic NCR18650B 

Lithium-ion Battery [35] 
875 2630 

Hybrid 7 Flywheel 240 430 

T-1000G Flywheel 

(Theoretical) 
1507 1512 

Table 22-Table of Other forms of Energy Storage  
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7.5 Graphical Comparison 

7.5.1 Analytical Energy Properties 

 

Figure 30-Bar Graph of Theoretical Specific Energy 

 

 

Figure 31-Bar Graph of Theoretical Energy Density 

  



77 
 

7.5.2 Numerical Energy Properties 

 

Figure 32-Bar Graph of Numerical Specific Energy 

 

Figure 33-Bar Graph of Numerical Energy Density 
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Figure 34-Graph of Safety Factor Variation 

 

Figure 35-Bar Graph of Max Linear Outer Speed 
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Chapter 8 Conclusion 

According to the previous energy and safety factor comparison, all of the 

safety factors of the hybrid models outperform the titanium plate, which makes metal-

composite hybrid flywheel the solid and safest choice compared to metal flywheels. 

Over half of the hybrid models exceed Titanium regarding specific energy. The reason 

of that is due to the models not being appropriately optimized since the objective of 

this paper is to maximize safety factor and specific energy model by model. For 

instance, the optimized model of Hybrid 7 holds almost twice the specific energy 

compared to the titanium model. Therefore, it is a substantial reason to choose metal-

composite hybrid flywheels over plain single titanium flywheel. 

The energy parameters comparison shows that the model of Hybrid 7 has 

performed better than a few battery forms regarding specific energy and energy 

density. However, it is less than that of fossil fuels and lithium battery despite 

accounting for the engine weight. Nevertheless, the outer diameter tangential speed of 

flywheel can rotate as high as 7 Mach number. The energy capacity equation derived 

shows that it is increasing in a squared fashion. Provided the Hybrid 7 model could 

operate at 7 Mach number and remain same safety factor, the increased percentage 

would be 

72

3.4072
× 100% = 422.135% 

The energy storage per designed mass of Hybrid 7 flywheel will become 1013 

(kJ/kg). Moreover, if full carbon was recalculated in the same condition, with the 

373.507% improvement, the specific mass will become 1415 (kJ/kg). Therefore, the 

energy storage capacity could pass the most competitive energy storage solution – 

Lithium Battery, which the highest specific energy currently is 875 (kJ/kg). 

As a result, composite flywheels are light in weight, excellent in energy 

density per unit mass, and good in energy density per unit volume. Therefore, there is 

a tremendous future potential in the market for developing metal-composite hybrid 

flywheels as ESS. 
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Future Work 

•    Since this is a thin plate, it cannot precisely predict how the performance of 

cylinder shape flywheel will perform. There could be effects in the Z-axial direction. 

Therefore, the increase of energy density performance might not be linear. 

•    More materials can be tested as they announce. 

•    After going to a more cylindrical shape, a symmetrical spinning top design could 

be tested. 

•    The orientation of the composite material can be put into consideration to deal 

with axial direction force in the future. Such as 0/90/…./90/0 or 0/45/…/-45//90. 
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Appendix 

 

1. Equation of motion in cylindrical coordinates [30] [31] 

𝜕𝜎𝑟𝑟
𝜕𝑟

+

1
𝑟 𝜕𝑟𝜃

𝜕𝜃
+
𝜕𝑟𝑧
𝜕𝑧

+
1

𝑟
(𝜎𝑟𝑟 − 𝜎𝜃𝜃) + 𝐹𝑟 = 𝜌

𝜕2𝑢𝑟
𝜕𝑡2

; 

𝜕𝜎𝑟𝜃
𝜕𝑟

+
1

𝑟

𝜕𝜃𝜃
𝜕𝜃

+
𝜕𝜎𝜃𝑧
𝜕𝑧

+
2

𝑟
𝜎𝑟𝜃 + 𝐹𝜃 = 𝜌

𝜕2𝑢𝜃
𝜕𝑡2

; 

𝜕𝜎𝑟𝑧
𝜎𝑟

+
1

𝑟

𝜕𝜎𝜃𝑧
𝜕𝜃

+
𝜕𝜎𝑧𝑧
𝜕𝑧

+
1

𝑟
𝜎𝑟𝑧 + 𝐹𝑧 = 𝜌

𝜕2𝑢𝑧
𝜕𝑡2

; 

Here 

𝐹𝑟 = 𝜌𝜔2𝑟; 𝐹𝜃 = 0; 𝐹𝑧 = 0 

For our purposed the equation of motion in polar coordinates is simple 

𝑑𝜎𝑟𝑟
𝑑𝑟

=
1

𝑟
(𝜎𝑟𝑟 − 𝜎𝜃𝜃) + 𝜌𝜔

2𝑟 = 0 

Or 

𝜎𝜃𝜃 = 𝜎𝑟𝑟 + 𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜌𝜔2𝑟2 

Or 

 𝜎𝜃𝜃 =
𝑑(𝑟𝜎𝑟𝑟)

𝑑𝑟
+ 𝜌𝜔2𝑟2 (1) 

For the profiled disk/ring, in which the axial size 𝑏 is not a constant but some 

continuous or step-wise function or radius 𝑟 this equation can be modified as 

 𝜎𝜃𝜃 =
1

𝑏

𝑑(𝑏𝑟𝜎𝑟𝑟)

𝑑𝑟
+ 𝜌𝜔2𝑟2 (1a) 

 

2.  Cauchy relationships between displacements and strains in cylindrical system 

𝜀𝑟𝑟 =
𝜕𝑢𝑟
𝜕𝑟

; 𝜀𝜃𝜃 =
1

𝑟
(
𝜕𝑢𝜃
𝜕𝜃

+ 𝑢𝑟) ; 𝜀𝑧𝑧 =
𝜕𝑢𝑧
𝜕𝑧

 

𝜀𝑟𝜃 =
1

2
(
1

𝑟

𝜕𝑢𝑟
𝜕𝜃

+
𝜕𝑢𝜃
𝜕𝑟

−
𝑢𝜃
𝑟
) ; 𝜀𝜃𝑧 =

1

2
(
𝜕𝑢𝜃
𝜕𝑧

+
1

𝑟

𝜕𝑢𝑧
𝜕𝜃

) ; 𝜀𝑧𝑟 =
1

2
(
𝜕𝑢𝑟
𝜕𝑧

+
𝜕𝑢𝑧
𝜕𝑟
) 

For out purposes only two expressions remaining 

 𝜀𝑟𝑟 =
𝑑𝑢𝑟
𝑑𝑟

; 𝜀𝜃𝜃 =
𝑢𝑟
𝑟

 (2) 

Because one displacement is determined two strains, the strains are interrelated by 

equation of strain compatibility, following from (2) 
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 𝜀𝑟𝑟 =
𝑑(𝑟𝜀𝜃𝜃)

𝑑𝑟
= 𝜀𝜃𝜃 + 𝑟

𝑑𝜀𝜃𝜃
𝑑𝑟

 (3) 

 

3.  Equation of constitutive law for the cylindrically orthotropic body for this 

particular case will have the form 

𝜀𝑟𝑟 =
1

𝐸𝑟𝑟𝑟𝑟
𝜎𝑟𝑟 −

𝜈𝜃𝑟
𝐸𝜃𝜃𝜃𝜃

; 

𝜀𝜃𝜃 = −
𝜈𝑟𝜃
𝐸𝑟𝑟𝑟𝑟

𝜎𝑟𝑟 +
1

𝐸𝜃𝜃𝜃𝜃
𝜎𝜃𝜃; 

 
𝜈𝜃𝑟
𝐸𝜃𝜃𝜃𝜃

=
𝜈𝑟𝜃
𝐸𝑟𝑟𝑟𝑟

 (4) 

 

4. Substitution of constitutive law (4) into equation of strain compatibility (3) 

gives 

 𝜎𝑟𝑟
𝐸𝑟𝑟𝑟𝑟

−
𝜈𝜃𝑟𝜎𝜃𝜃
𝐸𝜃𝜃𝜃𝜃

= −
𝜈𝑟𝜃𝜎𝑟𝑟
𝐸𝑟𝑟𝑟𝑟

+
𝜎𝜃𝜃
𝐸𝜃𝜃𝜃𝜃

+ 𝑟
𝑑(−

𝜈𝑟𝜃𝜎𝑟𝑟
𝐸𝑟𝑟𝑟𝑟

+
𝜎𝜃𝜃
𝐸𝜃𝜃𝜃𝜃

)

𝑑𝑟
 (5) 

For uniform material, when properties are not dependent on coordinates (in this case 

on radius) the equation can be rewritten as 

 
𝜎𝑟𝑟(1 + 𝜈𝑟𝜃)

𝐸𝑟𝑟𝑟𝑟
=
𝜎𝜃𝜃(1 + 𝜈𝜃𝑟)

𝐸𝜃𝜃𝜃𝜃
−
𝜈𝑟𝜃
𝐸𝑟𝑟𝑟𝑟

𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+
1

𝐸𝜃𝜃𝜃𝜃
𝑟
𝑑𝜎𝜃𝜃
𝑑𝑟

 (5a) 

 

Substitution of circumferential stresses from equation of equilibrium into the last 

equation gives 

 

𝜎𝑟𝑟(1 + 𝜈𝑟𝜃)

𝐸𝑟𝑟𝑟𝑟
=
(𝜎𝑟𝑟 + 𝑟

𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜌𝜔2𝑟2) (1 + 𝜈𝜃𝑟)

𝐸𝜃𝜃𝜃𝜃
−
𝜈𝑟𝜃
𝐸𝑟𝑟𝑟𝑟

𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+
1

𝐸𝜃𝜃𝜃𝜃
𝑟
𝑑(𝜎𝑟𝑟 + 𝑟

𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜌𝜔2𝑟2)

𝑑𝑟
 

(6) 

Take the third expression of (4) into account, and multiplying equation by 𝐸𝜃𝜃𝜃𝜃 the 

last equation can be rewritten as 
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𝜎𝑟𝑟
𝐸𝑟𝑟𝑟𝑟

+
𝜈𝑟𝜃𝜎𝑟𝑟
𝐸𝑟𝑟𝑟𝑟

=
(𝜎𝑟𝑟 + 𝑟

𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜌𝜔2𝑟2)

𝐸𝜃𝜃𝜃𝜃
+ 𝜈𝜃𝑟

(𝜎𝑟𝑟 + 𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜌𝜔2𝑟2)

𝐸𝜃𝜃𝜃𝜃

−
𝜈𝑟𝜃
𝐸𝑟𝑟𝑟𝑟

𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+
1

𝐸𝜃𝜃𝜃𝜃
𝑟
𝑑(𝜎𝑟𝑟 + 𝑟

𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜌𝜔2𝑟2)

𝑑𝑟
 

Or 

𝐸𝜃𝜃𝜃𝜃𝜎𝑟𝑟
𝐸𝑟𝑟𝑟𝑟

= 𝜎𝑟𝑟 + 𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜌𝜔2𝑟 + 𝜈𝜃𝑟𝜌𝜔
2𝑟2 + 𝑟2

𝑑2𝜎𝑟𝑟
𝑑𝑟2

+ 2𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+ 2𝜌𝜔2𝑟2 

Or 

 

𝑟2
𝑟2𝜎𝑟𝑟
𝑑𝑟2

+ 3𝑟
𝑑𝜎𝑟𝑟
𝑑𝑟

+ 𝜎𝑟𝑟(1 − 𝛽
2) = −(3 + 𝜈𝜃𝑟)𝜌𝜔

2𝑟2 

𝛽2 =
𝐸𝜃𝜃𝜃𝜃
𝐸𝑟𝑟𝑟𝑟

 

(6a) 

This is Euler type equation. Its homogeneous part solution is searched in form 𝑟𝑛. 

Characteristic equation obtained by substitution the form into equation is 

 
𝑛(𝑛 − 1) + 3𝑛 + 1 − 𝛽2 = 0; 

𝑛 = 1 ± 𝛽 
(7) 

Thus solution of homogeneous equation can be written in general case as: 

𝜎𝑟𝑟(ℎ𝑜𝑚𝑜) = 𝐶1𝑟
𝛽−1 + 𝐶2𝑟

−𝛽−1 

Special cases to consider for nonhomogeneous equation: 

𝜎𝑟𝑟(𝑛𝑜𝑛−ℎ𝑜𝑚𝑜) = 𝐶1𝑟
𝛽−1 + 𝐶2𝑟

−𝛽−1 + 𝐶3𝑟
2 + 𝐶4𝑟

2𝑙𝑛𝑟 

Substitution in equation gives 

𝐶1 − 𝑎𝑛𝑦; 

𝐶2 − 𝑎𝑛𝑦; 

[𝐶3(2 + 6 + 1 − 𝛽
2) + (3 + 𝜈𝜃𝑟)𝜌𝜔

2] = 0; 

𝐶3 =
(3 + 𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
; 

𝐶4(1 − 𝛽
2)𝑟2 ln 𝑟 + 3𝐶4(2𝑟

2 ln 𝑟 + 𝑟2) + 𝐶4(2𝑟
2 ln 𝑟 + 3𝑟2) = −𝜌𝜔2𝑟2(3 + 𝜈𝜃𝑟); 

𝐶4 = −
𝜌𝜔2(3 + 𝜈𝜃𝑟)

6
 if 𝛽 = 3 

Thus, solution of nonhomogeneous equation has the form 

 𝜎𝑟𝑟 = 𝐶1𝑟
𝛽−1 + 𝐶2𝑟

−𝛽−1 +
(3 + 𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
𝑟2;  𝛽 ≠ 3; (8) 
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𝜎𝑟𝑟 = 𝐶1𝑟
2 + 𝐶2𝑟

−4 −
𝜌𝜔2(3 + 𝜈𝜃𝑟)

6
𝑟2 ln 𝑟 ; 𝛽 = 3; 

Substitution into equation (1) gives 

𝜎𝜃𝜃 = 𝛽𝐶1𝑟
𝛽−1 − 𝛽𝐶2𝑟

−𝛽−1 + [3
(3 + 𝜈𝜃𝑟)

𝛽2 − 9
+ 1] 𝜌𝜔2𝑟2; 𝛽 ≠ 3; 

𝜎𝜃𝜃 = 3𝐶1𝑟
2 − 3𝐶2𝑟

−4 −
𝜌𝜔2(3 + 𝜈𝜃𝑟)

2
𝑟2 ln 𝑟 − [

(3 + 𝜈𝜃𝑟)

6
− 1]𝜌𝜔2𝑟2; 𝛽 = 3; 

Or 

 

𝜎𝜃𝜃 = 𝛽𝐶1𝑟
𝛽−1 − 𝛽𝐶2𝑟

−𝛽−1 +
𝛽2 + 3𝜈𝜃𝑟
𝛽2 − 9

𝜌𝜔2𝑟2; 𝛽 ≠ 3; 

𝜎𝜃𝜃 = 3𝐶1𝑟
2 − 3𝐶2𝑟

−4 −
𝜌𝜔2(3 + 𝜈𝜃𝑟)

2
𝑟2 ln 𝑟 +

3 − 𝜈𝜃𝑟
6

𝜌𝜔2𝑟2; 𝛽 = 3; 

(9) 

For 3 layers (Titanium, Glass and Carbon) we don’t have 𝛽 = 3 and we have in 

general 6 unknown constants: 𝐶𝑖
𝑌; 𝑖 = 1,2; 𝑌 = 𝑇, 𝐺, 𝐶. Two of them we can find 

immediately: 

𝐶2
𝑇 = 𝐶2

(1)
= 0 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠 𝑎𝑟𝑒 𝑓𝑖𝑛𝑖𝑡𝑒 𝑎𝑡 𝑟 = 0 𝑑𝑢𝑒 𝑡𝑜 𝜎𝑟𝑟 = 0 𝑎𝑡 𝑟 = 𝑏 

𝐶1
𝐶𝑏𝛽𝐶−1 + 𝐶2

𝐶𝑏−𝛽𝐶−1 +
(3 + 𝜈𝜃𝑟)𝜌𝜔

2

𝛽𝐶
2 − 9

𝑏2 = 0; 

Or 

 

𝐶2
𝐶 = 𝐶2

(𝑛)
= −𝐶1

𝐶𝑏2𝛽𝐶 −
(3 + 𝜈𝜃𝑟)𝜌𝜔

2

𝛽𝐶
2 − 9

𝑏𝛽𝐶+3

= −𝐶1
(𝑛)𝑏2𝛽𝑛 −

(3 + 𝜈𝜃𝑟(𝑛))𝜌𝜔
2

𝛽𝑛
2 − 9

𝑏𝛽𝑛+3 

(10) 

Here 𝑏 − is the outer radius of the flywheel.  

Remaining 4 constants can be found from the conditions of continuity of radial 

stresses and radial displacements (or circumferential strain according (2)) on the two 

internal boundaries. A system of 4 equations can be replaced by a system of 2 

equations if we introduce unknown pressures on the boundaries. Then the conditions 

of continuity of radial stress will be fulfilled automatically. 

Conditions of continuity of radial stresses give 

 

𝐶1
𝑘𝑟𝑘−1

𝛽𝑘−1 + 𝐶2
𝑘𝑟𝑘−1

−𝛽𝑘−1 +
(3+𝜈𝜃𝑟(𝑘))𝜌𝑘𝜔

2

𝛽𝑘
2−9

𝑟𝑘−1
2 = 𝐶1

𝑘−1𝑟𝑘−1
𝛽𝑘−1−1 +

𝐶2
𝑘−1𝑟𝑘−1

−𝛽𝑘−1−1 +
(3+𝜈𝜃𝑟(𝑘−1))𝜌𝑘−1𝜔

2

𝛽𝑘−1
2 −9

𝑟𝑘−1
2 ;  

(11) 

𝑊ℎ𝑒𝑟𝑒 𝑘 = 2,3, … , 𝑛 − 1 
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Conditions of continuity of radial displacements can be replaced by conditions of 

continuity of circumferential strains according to (2). 

𝜀𝜃𝜃 = −
𝜈𝑟𝜃
𝐸𝑟𝑟𝑟𝑟

𝜎𝑟𝑟 +
1

𝐸𝜃𝜃𝜃𝜃
𝜎𝜃𝜃

= −
𝜈𝑟𝜃
𝐸𝑟𝑟𝑟𝑟

(𝐶1𝑟
𝛽−1 + 𝐶2𝑟

−𝛽−1 +
(3 + 𝜈𝜃𝑟)𝜌𝜔

2

𝛽2 − 9
𝑟2)

+
1

𝐸𝜃𝜃𝜃𝜃
(𝛽𝐶1𝑟

𝛽−1 − 𝛽𝐶2𝑟
−𝛽−1 +

𝛽2 + 3𝜈𝜃𝑟
𝛽2 − 9

𝜌𝜔2𝑟2)

=
1

𝐸𝜃𝜃𝜃𝜃
[(𝛽 − 𝜈𝑟𝜃)𝐶1𝑟

𝛽−1 − (𝛽 + 𝜈𝑟𝜃)𝑟
−𝛽−1

+
𝛽2 + 3𝜈𝜃𝑟 − 𝜈𝑟𝜃(3 + 𝜈𝜃𝑟)

𝛽2 − 9
𝜌𝜔2𝑟2] 

Condition of continuity of circumferential strain is: 

 

1

𝐸𝜃𝜃𝜃𝜃
[(𝛽𝑘 − 𝜈𝑟𝜃(𝑘))𝐶1

𝑘𝑟𝑘−1
𝛽𝑘−1 − (𝛽𝑘 + 𝜈𝑟𝜃(𝑘))𝑟𝑘−1

−𝛽𝑘−1

+
𝛽𝑘
2 + 3𝜈𝜃𝑟(𝑘) − 𝜈𝑟𝜃(𝑘)(3 + 𝜈𝜃𝑟(𝑘))

𝛽𝑘
2 − 9

𝜌𝑘𝜔
2𝑟𝑘−1

2 ]

=
1

𝐸𝜃𝜃𝜃𝜃
[(𝛽𝑘−1 − 𝜈𝑟𝜃(𝑘−1))𝐶1𝑟𝑘−1

𝛽𝑘−1−1

− (𝛽𝑘−1 + 𝜈𝑟𝜃(𝑘−1))𝑟𝑘−1
−𝛽𝑘−1−1

+
𝛽𝑘−1
2 + 3𝜈𝜃𝑟(𝑘−1) − 𝜈𝑟𝜃(𝑘−1)(3 + 𝜈𝜃𝑟(𝑘−1))

𝛽𝑘−1
2 − 9

𝜌𝑘−1𝜔
2𝑟𝑘−1

2 ] 

(12) 
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