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Abstract

STATISTICAL ESTIMATION IN MULTIVARIATE NORMAL DISTRIBUTION

WITH A BLOCK OF MISSING OBSERVATIONS

Yl LIU, Ph.D.

The University of Texas at Arlington, 2017

Supervising Professor: Chien-Pai Han

Missing observations occur quite often in data analysis. We study a random
sample from a multivariate normal distribution with a block of missing observations, here
the observations missing is not at random. We use maximum likelihood method to obtain
the estimators from such a sample. The properties of the estimators are derived. The
prediction problem is considered when the response variable has missing values. The
variances of the mean estimators of the response variable under with and without extra
information are compared. We prove that the variance of the mean estimator of the
response variable using all data is smaller than that we do not consider extra information,
when the correlation between response variable and predictors meets some conditions.
We derive three kinds of prediction interval for the future observation. An example of a
college admission data is used to obtain the estimators for the bivariate and multivariate

situations.
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Chapter 1

INTRODUCTION

Missing observations occur quite often in data analysis. The data may be missing
on some variables for some observations. Generally, there are three kinds of missing:
missing completely at random (MCAR), missing at random (MAR) and missing not at
random(MNAR). There are a lot of research on how to minimize bias and get good
estimates with the missing data. Allison (2002) discussed the strength and weakness of
the conventional and novel methods to deal with the missing. The conventional methods
include Listwise deletion, Pairwise deletion, dummy variable adjustment, and imputation
such as replacement with the mean, regression and Hot Deck. The novel methods
include maximum likelihood and multiple imputation. Other relevant papers include
Anderson (1957), Rubin (1976), Chung and Han (2000), Howell (2008), Little and Zhang
(2011), Han and Li (2011), Sinsomboonthong (2011), and books by Little and Rubin
(2002). Though the imputation is the most popular technique to deal with the missing, it is
not appropriate in some cases. For example, for the college admission data from Han
and Li (2011), the TOEFL score is naturally missing for US students, and imputation does
not make sense in this case.

For a random sample in multivariate normal distribution with a block of
observations missing not at random, Chung and Han (2000), and Han and Li (2011)
considered this situation in discriminant analysis and regression model, respectively.
Anderson (1957) considered a sample from a bivariate normal distribution with missing
observations. The maximum likelihood method is used to give the estimators, but the
paper did not study the properties of the estimators. Allison (2002) discussed maximum

likelihood method when missing is ignorable.



We use maximum likelihood method to obtain estimators from a multivariate
normal distribution sample with a block of observations missing not at random. We
consider all available information, do not delete any data and do not impute.

We have the following random sample with a block of missing Y values:

Xl,l X1,2 Xl.p Y1,1 Y1,2 Yl,q

X2,1 X2,2 Xz,p Y2,1 Y2,2 Yz,q

Xml sz Xm,p le Ym2 qu
Xm+1,1 Xm+1,2 Xm+1,p

Xn 1 Xn,l Xn p

The multivariate normal probability density function (pdf) can be written as
f&y) =g¥IxhE) (1-1)
where [‘;5] have a multivariate normal distribution with mean vector g and covariance

matrix X

_ 22" _ Zox ny
"‘[uy] ’:‘[zyx 5, (1-2)

Xisapx1vectorandY isaq x 1 vector. g(y|x) is the conditional pdf of Y given X = x,
and h(x) is the marginal pdf of X.

The joint likelihood function is

m n
L(u'y' My, ﬁt z:xxr 2:e) = 1_[ gY|X(yj|Xj; uy' My, ﬁ' 2:e) 1_[ hX(Xi; Hx, 2:xx) (1 - 3)
j=1 i=1



The missing data happened for Y in our model. We first consider a bivariate
normal distribution sample (Chapter 2), i.e., p,q = 1. The maximum likelihood estimators
are derived. We prove that they are consistent and asymptotically efficient. Their
distributions are obtained. We show that the unconditional variance of f,, is smaller when
all data is considered than that we do not consider extra information under a correlation
condition. We also consider the prediction problem with missing observations. Three
kinds of the prediction intervals for a future observation (X,, Y,) are derived. They are

1) Usual prediction interval for ¥, — conditioning on X = x and X, = x,

2) Prediction interval for Y, — unconditional on X, but conditioning on X, = x,

3) Unconditional prediction interval for Y,

Then we extend to multiple regression model (Chapter 3),i.e., Xisap x 1
vector. Again, we study the properties of the maximum likelihood estimators and derive
the three kinds of prediction intervals. Finally, we extend to multivariate regression model
(Chapter 4), i.e., X isa p x 1 vectorand Y is a g X 1 vector. We obtain the maximum
likelihood estimators, study their properties and derive the three kinds of prediction
interval for each response variable which follows the multiple regression model.

The comparison of the unconditional variance of 4, with and without extra

information, and density plots for § are simulated by R Studio. An example of the college
admission data from Han and Li (2011) (Table 1 -1) is used to obtain the estimators for
the bivariate and multivariate situations. In this data set, TOEFL scores are required for
students whose native language is not English, but missing for students whose native
language is English such as US students. The missing values should not be imputed, as

these values do not exist.



Table 1-1 College Admission Data

GRE GRE GRE Obs GRE GRE GRE
Obs Verbal Quantitative Analytic TOEFL Verbal Quantitative Analytic TOEFL
1 420 800 600 497 21 250 730 460 513
2 330 710 380 563 22 320 760 610 560
3 270 700 340 510 23 360 720 525 540
4 400 710 600 563 24 370 780 500 500
5 280 800 450 543 25 300 630 380 507
6 310 660 425 507 26 390 580 370 587
7 360 620 590 537 27 380 770 500 520
8 220 530 340 543 28 370 640 200 520
9 350 770 560 580 29 340 800 540 517
10 360 750 440 577 30 460 750 560 597
11 440 700 630 NA 31 630 540 600 NA
12 640 520 610 NA 32 350 690 620 NA
13 480 550 560 NA 33 480 610 480 NA
14 550 630 630 NA 34 630 410 530 NA
15 450 660 630 NA 35 550 450 500 NA
16 410 410 340 NA 36 510 690 730 NA
17 460 610 560 NA 37 640 720 520 NA
18 580 580 610 NA 38 440 580 620 NA
19 450 540 570 NA 39 350 430 480 NA
20 420 630 660 NA 40 480 700 670 NA




Chapter 2
STATISTICAL ESTIMATION IN BIVARIATE NORMAL DISTRIBUTION

WITH A BLOCK OF MISSING OBSERVATIONS

Let [ﬂ have a bivariate normal distribution with mean vector [Eﬂ and covariance

6 o
matrix [ © ]
O-yx O'y
Suppose the following random sample with a block of missing Y values are
obtained:
X1 1
X, v,
Xm Y
Xm+1
Xn

Based on the data, we would like to estimate the parameters. We can write the
bivariate normal probability density function (pdf) as
fG,y) = glx)h(x) (2-1)
Where g(y|x) is the conditional pdf of Y given X = x, and h(x) is the marginal pdf

of X.

. a1 1 . 2
gY|X(y]|x]l”yl.uqula-e)_\/Z—n_o_ exp _Zo_ez [y]_ (yjlx})]
e



=Jz—$geexp[—é(yj—#y—ﬁ(xj—#x))z] 2-2)

1
hx(xi:ux.0§)=\/2_T p[ %o 2 ﬂx)] (2-3)

where j =1,2,...,m.i =1.2,..,n

0.
EQylx) = ry +—5 (4 = 1) = 1y + B35 — 1) (2-4)
X
Oyx
p= (2-5)
O'
ajzaﬁ—%—ay B2a? (2-6)
X

The joint likelihood function is

m n
L(uy i, B, 02, 08) = HQYIX()’jlxj;“y'/“‘x' B.a?) l_[hX(xi;'“X’ a%) 2-7)
j=1 i=1

L(uy, . B, 02, 02) = em 2 oy
" exp {— éZ;‘nﬂ(J’j — Uy — B (x — le))z - éZ?:l(xi - Iix)z}

Since the log of the joint likelihood function is more convenient to use and there
is no loss of information in using it, also maximizing the likelihood is equivalent
maximizing the log likelihood since the log is a monotone increasing function. Therefore,
we take the log of the joint likelihood function and denote it as

I(.uyt Usr B, O-J?' o-ez) = ln(L(:uy: Uz B, U)?: Uez))

n+m
Iy, by, B, 0%, 02) = — In(2m) — min(o,) — nin(oy)

m
209 Z

B(x] :ux) 20_ Z(‘xl .ux)2 (2 - 8)



2.1 Maximum Likelihood Estimators
We derive the maximum likelihood estimators (MLE) by taking the derivatives of
the log likelihood function (2 — 8) with respect to each parameter and setting it to zero.
Solving the estimating equations simultaneously, we obtain the MLE.

Taking the derivative of (2 — 8) with respective to u,, results in

Ol(ky, kx, B, 03, 08

1 m
) 52 0.0 = = By 1)
j=1

oy
Set
Oy, B,0%,02) _
ou,
Then we have the estimating equation
Dby =y =By )] =0 2-9)
j=1

Taking the derivative of (2 — 8) with respective to u, results in

m n
ol(wy, iy, B, 0%, 08) B 1
e DT e [y = By — )]+ ) = i)
% j=1 %

Oty
Set
0l(py, iy, B, 0%, 02) —o
Oy

Then

B~ 1w

—pZ[yj—ﬂy—ﬁ(x;—ux)]+pZ(xi—ﬂx)=0 (2-10)
N * =1

Taking the derivative of (2 — 8) with respective to 8 results in



2 ;2 m
ol(ty, by, B, 0x, 0¢) _ 1
T 52 (yf T Hy T

ap 0 =
Set
6l(ﬂy'.ux'ﬂ' 0’,?,0'92) -0
ap -

Then

1 m

;Z (i =1y =B = 1)) (g — 1) = 0 (2-11)

e j:1

Taking the derivative of (2 — 8) with respective to ¢ results in

Ly, tty, B, 02, 02) n 1x
4 = - Z(Xi _.ux)z
i=1

do? 202 + 20
Set
al(.uy'.uxugr Uagro-ez)
=0
da?
Then
n
e + ! Z( )2=0 2-12
20_)? 20_.;} . Xi 22% - ( - )
i=

Taking the derivative of (2 — 8) with respective to o2 results in

m
al(ﬂy'ﬂx'ﬁﬂa)?'aez) m 1 2
907 __ZT._Ez‘l'ZT.ﬁZ(Yj_My_ﬁ(xj_ﬂx))
}:
Set

0Lty 1, B, 02, 0) _

0
do?




Then

m

m 1 2
—r._gﬁ'r‘e‘}Z(yj—ﬂy—ﬁ(Xj—ﬂx)) =0 (2-13)

Jj=1

Simultaneously solve estimating equations (2 —9) to (2 — 13), we obtain the

following maximum likelihood estimators:

1
.uxza Xi =Xy (2-14)

fy = Vo = B(Kn — Xn) (2 - 15)

p === 5 (2 - 16)
;n—1(Xj Xm)
n
A2 1 v \2
62 == (X~ %) (2-17)
i=1
1 m
62 =~ 105 = Fn) = B(X; = X’ (2-18)
=1
where
m m n
7. =15y 5, ==Y« 7 =Y«
nemll Amn =)
j=1 j=1 j=1

Similarly, if we do not consider extra information X, 1, X2, - X, @and only use

the first m observations, we have



1 _
HUx no = EZX] = Xm (2 - 19)
j=1
ﬂy no = Ym
(2 - 20)
5 ;n=1(YJ Ym)(Xj _Xm)
.Bno m — \2 (2 - 21)
1—1(Xi Xm)
1 m
A S \2
O-J?TLO EZ(X] _Xm)
j=1 (2-22)
1 m
8o = — > [( = F) = B(X; = X’ (2-23)
j=1
2.2 Properties of the Maximum Likelihood Estimators
2.2.1 Estimator of the Mean of X
The expectation of i, is
) _ 1w 1% 1
E() = EX,) = E ;lei = ;Z BOXD = Tt = e (2-24)
i= i=1

So, i, is an unbiased estimator.

The variance of f, is

Var(i,) = Var(X,) = Var [%Z Xi} = %Var [Z Xi} = %{Z Var(Xi)}

i=1

10



2.2.2 Estimator of the Variance of X

The expectation of 62 is

v _ 1 (v _ 2 (& (X — X,)?
E(32) = E{,—Z(Xi - XnY} - ;E[Z(Xi - Xn>2] = %E[Z (a—)}
1

i=1 i=1

— % (1) ="l 2
=—(n-1)=—o

where
n —
X; — X,)?
z( i 2n) =1
3 O-x
i=1
62 is a biased estimator. The bias of 62 is
Bias(6¢,07) = E(67) — 0f = —;0;?

The bias vanishes as n — oo.

If we define

Then

n
E(S&) = EE(@?) = o}

S2, is an unbiased estimator for 2.

The variance of 62 is

11

(2 - 25)

(2 - 26)

@2 -27)

(2 - 28)

(2 - 29)



Var(6%) —Var{—Z(X -X) ]——Var{Z(X X,)? }_0—_4Var[z(xi;7;(")2]

— %o —1) = 2D 5a (2 - 30)

n2 n2 X

The mean squared error for 62 is

MSE(6%) = E(62 — 02)? = Var(62) + [Bias(62,02)]?

2(n 1) 4_ +i2 ;? _ (2n-1) O_;Cl, (2 _ 31)

n2 n?

The distribution of 62 is the Chi-Square distribution and

~~x*(n—-1)

2.2.3 Estimator of the Regression Coefficient

Since the formula for g involves X and Y, we will derive the conditional
expectation and variance of # given X = x first, then we derive its unconditional
expectation and variance.

The conditional expectation of 8 given X = x is

TRl t) Tt

;'n=1(xj — Xm j=1(x1 xm)z

E(Blx) = E

_ E{Z] 1 ](x] J?m) |x}

~ 2
j=1(xi - xm)

521 1("] xm)

Y= 1("} xm)

=B (2-32)

where

E(Y12) = uy + B(%) — 1) (2-33)

12



BT 60— ) [} = DBV, (5 = 5) 131 = ) [EC; 10 (5 = )]
j=1 j=1

= Z{[[,ly + B = 1) 1(% = T )}
j=1

m

= Myi(x]- - fm) + [s’ixj(xj - J?m) —ﬁ#xz (xj - fm)

]':1 j:l j:l

= ﬁz % (% = %)
=1

5 -5’
=1

The unconditional expectation of j is
E(B) = E[E(BIX)] = 8
£ is an unbiased estimator.

Similarly, the conditional variance of £ given X = x is

Var(,[?lx) = Var

S = %)’

_ Var{Z}"zl Y (% — %) |x} _ Z}-’L1Var[1/j(xj — X )12 ]
- 2 - 2
[ (g — %)’ |2, (g = )]

B Z}’Ll(x]- - fm)ZVar(lex) B Z}’;l(xj - fm)zcrez

X7 (% — %) 12 7 (= %) 12

_ ol ;n=1(xj - JZm)z

I (- %) TP

aé

I (—Em)

Zﬁl(yj - Ym)(xj — %) |x] — Var {271:1 YJ’(xj - fm) Ix

(= %)’

(2 - 34)

(2 - 35)

To obtain the unconditional variance of 8, we use the Law of Total Variance

13



var(8) = E (Var(B|x) ) + Var(E(B|X))

var (E(f1X)) = Var(g) = 0
E Var(ﬁ|X) =E<0—62_2>=U—§E<0—3_2>
( ) (X —Xm)) % \ZL (X — Xm)

2
In order to obtain E ( %) let
Zj=1(Xj_Xm)

= %
Then
U~x*(m-1)
So
E(l) J‘“l 1 m-1_, _Ed
— ) = — 2 2
U o U lﬂ(m—l)zm_‘lu e sau
2
f‘” 1 1 L=
= . u 2 e 2du
m—3 m— 3\ .13
o T2 r(T)2
1 f‘” 1 L=
= —Uu 2 e 2du
m—3J, (m—3)2mT3
2
= ! >3
=3 for m
Hence, we have
2 2 2
A o; (1 O 1 o
E (Var(B|Xx =—E(—):— =
( ar(| )) o \U/ ¢ m—3 (m-—3)o?

The unconditional variance of § is

14



o? o2
J 0 ¢ > for m>3 (2 - 36)

Varlf) = =0z T 0~ G- 3ye

2.2.3.1 The Density Function of 3
According to Kendall and Stuart (1945) , the density function of g is

m m-—1 _ Z)m—_l 2 .
e B+ (5-52)]

f(ﬁ) = AT (mT_l) i

_ F(j) - <ﬁ;ﬁ)zl_%

o ()
= ! B_B)zl_% 2-37
ez o
where
% 3 m-11_I(*z)r()

b=py » a= [ F B( 2 'E)_ r(2) (2-38)

It is Pearson Type VII distribution, symmetrical about the point § = p? .

By (2-6),(2—-36),and (2 — 38), we have

o? 2) a?
B — (2-39)

. oy —B%a 1 cr_f_
var(‘g)_(m—3)0,?_(m—3)0,?_m—3<

a5

Let
2 2
__“ (2 - 40)

_m 2 _ ¢
k=g, o =Valf) = —5=53

If # and o are held constant as k — o, we have

15



27 -k

ey 1 p-B
lim f(B) = lim 1 +( )
k—co ( ) k—»momB(k_%’%)[ ov2k—3 |

e

|
= lim lim [1+-——2—
o e nl ™|

(2 - 41)

This is the density of a normal distribution with mean g and variance o2 . So,

has an asymptotically normal distribution when sample is large.

A o?
ﬁ~N<ﬁ'(m—3>o%>

2.2.3.2 Plot of the Density Function of

Suppose we have the following bivariate normal distribution:
Hy\ (2
() =)

2
= (Uy ?;y) - (g 166)

Oy
Then
Oy _ Oxy
=p2="2__"_0375
g 'Dax o 16
a 4 (6)2 V7
= |[2- —— (=) ==-=03307
a=1527F= 16" 1e) =5
For given m, we have
B(m_ll)—B(49 1)—03599 = 50
2 2) " 7\22) 7" form =

16

(2-42)

(2 -43)



B(m_l 1)—3(69 1)—03029 =70
5= 55) =0 form =

Beta

Densty of Bata

2
B(m—ll)_B(S‘) 1)—02664 =90
> 5) = 55) =0 form =
So
i R 27-25
) - L[, (B-0375 o
)= 51190 0.3307 form =
i . 2-35
)= L[, (B-0375 form =70
= 0.1002 0.3307 orm=
i A 9—45
) - L[, (80375 o0
FB) = 5081 0.3307 form =

Sample size=100 m=90

Figure 2-1 Density plots for £ when m=50,70 and 90, respectively

— |-

B
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2.2.4 Estimator of the Mean of Y

As we do for 3, we will derive the conditional expectation and variance of Ay

given X = x first, then we derive its unconditional expectation and variance.
The conditional expectation of 4, given X = x is
E(Ay 1) = E{[Y — B — T)]lx} = E(V|%) — (% — T)E(Blx)
=ty + B — thy) — B (X — %)

=#y+ﬁ(fn _#x)

where

m m

|x] = Z E(Y |x]) Z[.uy + ﬁ(xj - .ux)]
j=1

j=1 j=1

_ 1
E(Flx) =B —

1
j=1
The unconditional expectation of £, is
E(ﬁy) = E(E(ﬂylx)) = E[.uy + ﬁ(Xn — )] = My + IB[E(Xn) — Hy]

=“y+.8(.ux_.ux) = Uy

A, is an unbiased estimator.

The conditional variance of 4, given X = x is
Var(fi, |x) = Var{[V;, — B(x,, — %,)]|x}
= Var(Y;, |x) + Var[(%,, — %) (B1x)] — 2%, — %,)Cov[(V, B)|x]
= Var(Ty |x) + (% — %,)?Var[(81x)] - 0

0.82 Ze 4 z(fm - fn)z

m - 1(X )

where

18
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2

_ 1 1< 1,
Var(¥,,|x) = Var Ez Yilx; | = Wz Var(Y;|x;) = 3 moe =—- (2 -48)
Jj=1 Jj=1

0-92 (fm - fn)z

Z}:n=1(xj - JEm)2

Var[(fm - fn)(ﬁlx)] = (fm - J?n)zvar(ﬁlx) = (2 - 49)

Cov[(%n, B)|x] =0 (See Appendix C)
To obtain the unconditional variance of ji,, we use the Law of Total Variance

Var(g,) = E[Var(i,|X)] + Var[E(4,1X)]

now

2.2
Var[E(i, |1X)] = Var[w, + B(X, — 1x)] = B?Var(X,,) = f na" (2 - 50)

E[Var(i,|X)] = E <0_9+M> _%e 02E (M)

moym (X=X, ™ m (X = K)

o o2 _ _
To obtain E (%) we need to find out the distribution for (X, — X,,).
Z:j:1(Xi_X‘m)
Since
n m n
_ _ _ 1 _ 1
Xy — X, =X, —EZXL- = X —~ ZXi + Z X
i=1 i=1 je=m+1
_ 1 _ _ n—m _ _
=Xm — E [me + (- m)Xn—m] = T(Xm = Xn-m) (2-51)

X,, and X,,_,, are independent and normally distributed, so we have

E(Xm - )?n—m) = E()?m) - E(Xn—m) =fy— Uy =0 (2-52)
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_ _ _ _ n
Var(X,, — Xp—m) = Var(X,) + Var(X,_,) = max

LI TP S . — 2-53
“m’x n—ma"_m(n—m)a" (2-53)
Let
1 m
= 2
sgmsz(xj—xm) (2 - 54)
=

It is known that X,, and S%,, are independent, so (X,, — X,,_,,) and S2,, are

independent too. Hence, we have

()?m - _n)z n — my? <(X n— m) )
E = E
(Z‘;-nzl(Xj - Xm)2> ( n ) (m - 1)Sxm

( (Xm _Xn m) ‘\
n —my? n m(n m)
(5 }
n mn —m)
)

[(m - 1Sz,

where

U=

(Xm - Xn—m)z/ n ‘ ~x (1)
m(n — m)

=[S/ ] e

Let
po 1
v/
(m-1)
Then
F~F(1,m-1)

20



So

X, —X,)? n-m 1 n-m 1 m—1
E (m n_) | = . E(F)Z . .
71=1(Xj_Xm) mn m-—1 mn m-—-1 m-3

n—m

= >3
mn(m — 3) form
Hence
2 2 2
N o, (m—-m)og o; n—m
E(Var(ﬂyl)())—aﬁ‘m—z 1+m form>3

By (2 — 50) and (2 — 55), the unconditional variance of f, is

Var(fi,) = E[Var(d,|X)] + Var[E(d,|X)]

a? n—m 252
=<1+ +'B a form>3
m n(m — 3) n

A, has an asymptotically normal distribution when sample is large

o2 n—-m 262
‘ay'NN(,uy,Ee[1+ +ﬁ x)

n(m — 3) n

2.2.4.1 Comparison of the Variances

(2 - 55)

(2 - 56)

(2 - 57)

When we do not consider the extra information X,,, .1, X;n42,--- X, , and only use

the first m observations, the unconditional variance of f, is given in Appendix (4 — 16)

2 2.2 2

o; Poy oy

Var(j =—+ = —=
(My)no m m

From (2 — 56), we have

2

A 0-8
Var(d,) = pros [1 +

n-m | g fol ol
+ + —
n(m — 3) n m m
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o? 252 n—m n—-m
=£+ﬂmx mn(m—3)ae  mn Blox
oy n—m -m )
“m mn(m—3)0€_ mn (oy = 0e)

o2 n—-m 1
ZHyJ’ mn (1+m—3)092_03%]
=J—;+n_m (1+ ! )az(l—pz)—oz]
m mn m—3/)"7 Y

n
= Var(.uy)no + mn(

m—3)

oy[1 - (m - 2)p?]

since o = gy (1= p?)

n—m
= Var(i {1+71—m—2 2} 2-58
(y)no Y C— [1-( )P’ ( )
Hence, if 1 — (m — 2)p® < 0, then Var(j,) < Var(fy)n,. i-€.,
2> ! (2-59)
P m-—2
Define
Var(g,) n—m
ratio = 27 = [1—(m—2)p?]
Var(ﬂy)no n(m - 3)
We have the following two tables:
Table 2-1 Variance Ratio for Sample Size = 100
n m p* | ratio n m p? | ratio n m p? | ratio
01 | 0.9596 0.1 | 0.9740 01 | 0.9910
0.2 | 0.9085 0.2 | 0.9436 0.2 | 0.9809
0.3 | 0.8574 0.3 | 09131 0.3 | 0.9708
0.4 | 0.8064 0.4 | 0.8827 0.4 | 0.9607
100 50 0.5 0.7553 100 70 0.5 0.8522 100 90 0.5 0.9506
0.6 | 0.7043 0.6 | 0.8218 0.6 | 0.9405
0.7 | 0.6532 0.7 | 0.7913 0.7 | 0.9303
0.8 | 0.6021 0.8 | 0.7609 0.8 | 0.9202
0.9 | 0.5511 0.9 | 0.7304 0.9 | 0.9101
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Table 2-2 Variance Ratio for Sample Size = 200

n m p ratio n m p? ratio n m p ratio
0.1 | 0.9546 0.1 | 0.9720 0.1 | 0.9905
0.2 | 0.9041 0.2 | 0.9418 0.2 | 0.9805
0.3 | 0.8536 0.3 | 0.9115 0.3 | 0.9704
04 | 0.8031 0.4 | 0.8813 0.4 | 0.9603

200 100 0.5 0.7526 200 140 0.5 0.8511 200 180 | 0.5 0.9503
0.6 | 0.7021 0.6 | 0.8209 0.6 | 0.9402
0.7 | 0.6515 0.7 | 0.7907 0.7 | 0.9302
0.8 | 0.6010 0.8 | 0.7604 0.8 | 0.9201
0.9 | 0.5505 0.9 | 0.7302 0.9 | 0.9101

We can see the more correlated and the more missing, the smaller the ratio, i.e.,

Var(fi,) is smaller than Var(fi,) -

2.2.4.2 Simulation on Variances

From (2 — 56), we have

var(gy) = %2[1 + n?m_—m3) Eznaf
The estimated variance of 4, is
var(a,) = % |1+ n?m__m3)] +F : (2 - 60)
where
m
2= I ~ F) = B~ K (2-61)
j=1

and SZ, is given in (2 — 28).
If we do not consider extra information X,,,,, X;n42, ---, X, @and only use the first m
observations,

0.2 BZO.Z
Var(ﬂy)no == -

m

The estimated variance is
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. S2 | B*Sim
Var(uy)no=a+ —

2-62)

where S2,, is given in (2 — 54) and S2 is given in (2 — 61).

By R Studio and the following bivariate normal distributions - both meet (2 — 59):

Low correlatio (Y) ~N, <(540),[970 600 ) (a)

X 420/°Ll600 3450
(2 -63)
, , Y 540 970 1200
High correlatio (X) N, <(420), 1200 3450]> (b)
n = 40,m = 20,28,36
We have the following results by simulating 10,000 times:
Table 2-3 Simulation Results on Variance
Low Correlation High Correlation
n m V/Er(ﬁ}’) ﬁr(ﬁy)no VEr(ﬁy) ﬁr (ﬂy)no
Mean SD Mean SD Mean SD Mean SD
40 | 20(Miss 50%) 48.40 15.39 50.76 16.48 39.63 11.41 49.85 16.15
40 | 28(Miss 30%) 34.76 9.34 35.85 9.82 30.93 7.72 35.41 9.67
40 | 36(Miss 10%) 27.41 6.53 27.70 6.66 26.26 6.09 27.41 6.57

Low Correlation High Correlation
55.00
50.00
45.00
40.00
35.00
30.00

2500
20 28 36 20 28 36

AllData —— No Extra Data AllData —— No Extra Data

Figure 2-2 Comparison of Variance with and without Extra Information
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The variance considering all information is smaller. That means the confidence

interval is shorter with extra information than without extra information.

2.2.5 Estimator of the Conditional Variance of Y given x

Since

m
32 == 101 = T) = B8 = KT
j=1
does not involve extra information X, , 1, X;n42, -, Xn, it is same for both with and without
extra information. So, we consider the situation for no extra information.
By (2 —4),
EYlx) =py +B(xj—1y), j=12,..,m (2 - 64)

For given x;, we may write (2 — 64) as

Yi=u,+B(x—m)+e j=12,..,m (2 - 65)
where
Var(¥|x;) = Var(g;) = o7
E(g) = E(Yla) —py — By — ) =0
Rewrite (2 — 65) as
=B +B(xj—%n)+g, Jj=12,..,m (2 - 66)
where

,3* = Uy +,8(fm _Hx)-

(2 — 66) is the mean corrected form of the regression model.

Let
Y1 1 X1 _fm B &1
Y, - X * 3
r=|7 X = 1x2; " ﬁc=['“] e=|7
Yin 1 xp, — X, g Em
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(2 — 66) can be written as

Y=XB.+¢ (2-67)
By Results 7.1, Results 7.2 and Results 7,4 in Johnson and Wichern (1998), the

least square estimators are

ﬁc = (XICXC)_lxlcY (2 - 68)
e=Y-Y=[-X.(X.X.)'X.]ly (2-69)

and
E'e~0lXp-2 (2-70)

From (2 — 69), we have

e=[I- XC(XICXC)_lxlc]Y

( [1 0’ 1)

o lm I8
=41_[1:Xc2] 1 |[X’cz]¥y
L L S~ )] J

_ { 3 11’ _ X2 X2 ]
m Z,—1(xj fm)
Y, Yo 17 Xm
|l le_ﬁ Xy — Xy
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[Y1_Ym_[’3(x1_fm)]
:I Yz_Ym_ﬁ(xz_fm)I
|

So,

The conditional expectation of 82 given X = x is
m
s 1 — A = 12 1
E@210) = —E| Y [(% = T) = BCG = Kn) 1| = —E @)
j=1

-2
o7

=—:(m-2)o? =
m

Then the unconditional expectation of 62 is

E(6?) = BIE@20) = B[ 20?1 =" 2o

62 is a biased estimator. The bias of 62 is
an o 2, 2
Bias(6%) = E(6%2) —of =E —Oc )= 0¢

The bias vanishes as m — oo.

The conditional variance of 62 given X =x is

- 1 1 . 2m-2) ,
Var(6¢|x) = WVar(s 8 = e 2(m —2)a) = — 7 O

By the Law of Total Variance, we have the unconditional variance of 6?2

Var(62) = E(Var(62|X)) + Var(E(62|X))

27
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2(m —2)o2 2(m —2)o2
= [(—2)9]4_0:(—2)9 (2-76)
m m
The mean squared error for 62 is
2 2
MSE(6%) = E(6% — 62)? = Var(62) + [Bias(6%)]?> = Var(6}) + E (—Ecrf)
_ 4 4 4
_ 2(m — 2)a} N 40, _ 20, @-77)
m2 m? m
Since the conditional distribution
mé? 5
2 |x ~Xm-2
e
ie.,
més
> ~Xm—2 (2-78)
O-e

2.3 Fisher Information Matrix
Upon taking the negative expectation of the second partial derivatives with
respect to parameters in (2 — 8) (See Appendix B), we obtain the following Fisher

Information Matrix

[Iliy#y Iﬂyﬂx Iﬂyﬁ [ﬂyaa% Iﬂyo'g ]

Iﬂx#y Iﬂx#x [ﬂxﬁ [ﬂx(ff Il‘xaez
Iﬁuy Iﬁux Ieg 1poz Ipoz
1,2 o2B I 2 1 2 2

‘Txx‘fx Ox0¢

Iozp o2z 1

Ue Ux Ug Ug

I(y, iy, B, 02, 02) =

af Hy Ux Hx

e —

I
| !
l Ue#y Ue#x
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m m
— - p 0 0 0
o2 o2
mpB mB? n
— —f ﬁz — 0 0 0
o_e O—e O—X
2
=l o 0o X 0 (2-79)
O—e
0 0 0 I 0
20¢
0 0 O 0 m
20} |

The inverse of the Fisher Information Matrix is

»0.2 20.2 0.2
% Bo  fo 0 0 0
m n n
pox % 0 0 0
n
-1 2 2 g
I'*(uy, B0, 02)=| 0 0 —3 0 (2 - 80)
pe
204
0 0 0 n" 0
202
0 0 0 0 —

Denote the elements on the diagonal of (2 — 80) as

2 2.2
N o PBfox
Var(”y)Fisher =—+ n

0%

Var(fy) pisher = —

2
. 02
Var(B)risher = m_

o}
204
~2 _ x
Var(o*x )Fisher -
n
20}

Var(6e2)Fisher =

respectively, we will compare them with the variance of each parameter.
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1) Var(4,) vs Var(dy)risher

Since
2 2,2
O n—m B ox 1-6
va@) _ml tamemlt S a5
Varci) o = 52 Blo? = 2+622—>1asm—>oo
ar(/'ly)Flsher _e+ X O¢ ﬁ Oy
m n

where § = % = constant . S0 fi, is an asymptotically efficient estimator.

2) Var(ﬁx) \E Var(.ax)Fisher

Since
. g
Var) T _
var(ﬁx)Fisher O-_J?
n
So [, is an efficient estimator.
3) Var(ﬁ) Vs Var(ﬁ)Fisher
Since
R aé
Var — 3)o2
Vv A(‘B_) = m Uz)ox =m_3—>1asm—>oo
ar(ﬁ)ﬂsher e
moz

So f is an asymptotically efficient estimator.

2
dE(&> .
¢ ZX)] Var (O-Q?)Fisher
do%

4) Var(6%)vs

The expectation of 62 is

n—1
E(6}) ="

and its derivative on o2 is

dE(67) n—1
do?  n
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We have

Z(Tl — 1) 4
Var(62) "z % n
: P _ n1224= 1—>1asn—>°°
dE (6. n- g "
( X)] Var(ax)Flsher ( n ) Tx

So, 62 is an asymptotically efficient estimator.

R dEGD)? ~
5) Var(62) vs [ da;] Var(62) risher

Since the expectation of 62 is

m-—2
F

E(87) =

and its derivative on ¢2 is

dE(82) m -2

do? m

We have

~ 2(m —2)o}
Var(62) _ mr o lasm o o
dE (62 m—2\?2g¢ m-—2
( e)] Var (o-e )Fzsher ( m ) me

So, 62 is an asymptotically efficient estimator.

2.4 Prediction

Suppose we have a future observation (X,, Y;) with a bivariate normal distribution

el ) o

We have the following three kinds of prediction interval for Y;:
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1) Usual prediction interval for Y, — conditioning on X = x and X, = x,
2) Prediction interval for Y; — unconditional on X, but conditioning on X, = x,

3) Unconditional prediction interval for Y,

2.4.1Usual prediction interval

— Conditioning on X = x and X, = x,

The prediction value of Y; given X = x and X, = x, is
?le: Xo = .ay + .é(xo - fn) (2 - 82)

By (2 —32), (2 — 35) and our assumption (2 — 81), the distribution of (3|x) is

(Blx)~N (ﬁ,—% ) (2 - 83)

Z;rlzl(xj - J?m)z

By (2 —44), (2 — 47) and our assumption (2 — 81), the distribution of (1, |x) is

(aylx) ~N (uy + B, — ux)%ez + M) (2 - 84)
Tea (%5 — %)
and (fi,, B) are independent of (X, ¥p).
So, by (2 —83) and (2 — 84), the expectation of ¥, |x, x, is
E(To|x, x0) = E(dy|x, x0) + E(B|x, x0) (xo — %)
= E(ﬁy x) + E(,[?|x)(x0 — Xp)
=y + B — ) + B(xo — Xn) = 1y + B (xo — phy) (2-85)

The variance of ¥|x, x, is
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Var(?olx, xo) = Var(ﬁy|x) + (x — J?n)zVar(mx) + 2(xy — fn)Cov[(ﬂy,[?Nx]
Jez Jezz (Xm — fn)z Uzaz (xo — JZn)z 20'92 (0 — %) (B — %)

TSy En) Sy ) Ty~ Fu)

Jezz Jezz[(xo - fn) - (fm - fn)]z

m ST (% = Fm)

_0d  03(xg — Xy)® - 86

Cmoym (= %)

where

Cov[(ﬁy,ﬁ)lx] = Cov|[(Vm — B(Fm — %n), B) x|
= Cov(Ym, B)|x — (% — %) Cov(B, B)|x

0.82 (fm - J?n) (2 ) 87)

T (% — fm)z

By assumption, we have

YO |x! Xo ~ N(nuy + .B(xo - .ux)' O-ez) (2 - 88)
By (2 — 85) and (2 — 88), the expectation of (Y, — ¥,)|x, x, is
E(YO - ?O)IX,XO = E(Yolx, xO) - E(?le, xO)
::uy+ﬂ(x0_.ux)_[.uy+,8(x0_.ux)]:0 (2'89)
By (2 — 86) and (2 — 88), the variance of (Y, — ¥)|x, x, is
Var(Yy — Yo)lx, xo = Var(Yo)|x, xo + Var(¥)|x, xo — 2Cov(¥y, Yo) %, xo
2 2 =32
= O-ez + e o-e(xo—x:")z —-2-0
m Zﬁl(xi - xm)
Xo — X )?
(xo — Xm) (- 90)

m Z;.”:l(xj - J?m)z
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where
Cov(¥p, Yo)|x, xo = Cov[a, + B(xo — %,), Vo] |, 60 = 0
Since Y, and ¥, are normal, so Y, — ¥, is normal, then

(YO - ?0)|X, xo - E(YO - ?0)|X, xo

Z= ~N(0,1)
— ¥ 2
a2 |1+ % + %
jzl(xj — Xm)
By (2 - 78),
A2
_ mo, 2
U - o_ez ~Xm—2
and Z and U are independent, so
T = z t
JU/m=-2) "7
ie.,
(YO - ?0)|X, Xo - 0
— 2
Jag LS SO A
j=1(Xi - xm) _ (Yo - Yo)|x; X0

T = =

mao2 mé¢é
(m —2)o¢ m—2

The 95% prediction interval for Yy given X = x and X, = x, IS

m ;n=1(xi

~2 Y
- maé 1 (%o — %)
Yolx, %o % to.025m—2 [

m=2[" mooym (g -%,)"

2.4.2 Prediction interval

— Unconditional on X, but conditioning on X, = x,
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1+ l + (x0 xm_) 2]
— xm)
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The prediction value of Y, given X, = x, is
Polxo =y + Bxo — i) (2-92)
By (2 — 34) and (2 — 46), the expectation of Y |x, is
E(Tolxo) = E(yIx0) + E[B(xo — i) 1o]
= E(fy) + xE(B) — E(Bf)
=y + B(xo — Uy) (2-93)
where
E(Ba) = E[E(Bi) Ix] = B[ E(B)Ix] = BEG) = By (2-94)
/i, and f are not correlated, and by assumptions (4,, #) are independent of (Xo, ¥p).

We derive the variance of Y, |x, by the A-Method. Let

Z] (A
Z=\2,| =i (2 - 95)

Z and X, are independent. The expectation and covariance of Z given X, = x, are

E(Zl) E(ﬂy) Hy
E(Z|xo) =E(Z) =pz = |E(Z)| = |E() | = lux (2 - 96)
E(Z3) EB®) B

and

Var(Z,) Cov(Zy,Z,) Cov(Z,Z3)
Cov(Zy,Z5) Var(Z,) Cov(Z,,Z3)
COU(Z]_,Z3) COU(Zz,Z3) VaT(Z3)

Cov(Z|x,) = Cov(Z) = E[Z —E(Z)][Z — E(Z)] =

a_ez[ L nom p?c? Po? 0
m n(m—3) n n
2 2

- pox % 0 2-97)

n n

2

Ge
0 0

(m — 3)d2l

35



where, by (2 — 56), we have

2

g,
Var(Z,) = Var(4,) = Ee [1 +-

(m—3)
by (2 — 25),
o2
Var(Z;) = Var(fl,) = —
n
by (2 - 36),
. ol
Var(Z3) = Var(ﬁ) = W

By Appendix C, we have

A A 1 2
Cov(Zy,Zy) = COU(,Lly, “x) = E,Bo'x
Cov(Z,,Z3) = Cov(f,, ) =0

Cov(Z,,Z3) = Cov(fi,, f) =0

In terms of z, we have

Volxo = 21 + 23 (x, — 23)

By the A-method,

3
Polto =~ sty + BCxo = 1) + D Fiyl0) (7 = tz))

j=1
where
_%_

Iy 0z,
Yo1lxo 3o [
Xo

[UnN

V' Xn = T X = |— =
V'o1%0 Yoz1%o 97,

%o
(025

Vo3 lxo

TzZ=pg

Hence, the expectation of ¥,|x, is
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3
E(folxo) =ty + BCo = 1) + ) Digl¥0)E(Z = iz)) =y + Bt — ) (2-101)

Jj=1

The variance of ¥;|x, is

5 2
Var(f’0|x0) = E[?0|x0 - E(?0|x0)]2 ~E Z(%ﬂxo)(Zj - .qu)‘

j=1

3 3 3
=D (@] Var@) +2) > Gulao) Byl Cov(Z 7))
=1

i=1 j=1,i#j

= 1*Var(Z,) + (—=p)*Var(Zy) + (xo — u)?Var(Zs) + 2 - 1- (=B)Cov(Zy, Z,)

= 12Var(f,) + (-R)?Var(,) + (o — u)*Var(B) + 2+ 1+ (=)Cov(@y, i)

2 2,2 2,2
o, n—m o. o.

o2 02 po
m n(m — 3)

(m - 3)O-xx n

+ (xo - Mx)z

1 n—m (o = 1)

=0 [E + mn(m — 3) + (m— 3)0,?] (2-102)

By assumptions,

Yolxo ~ N(py + B(xo — ty), 0Z) (2-103)

So, the expectation of (Y, — ¥5)|x, is
E(Yo - 170)|xo = E(Ylxo) — E(?0|x0)

zﬂy+ﬂ(x0_,ux)_[ﬂy+ﬁ(x0_#x)]=0 (2-104)
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The variance of (Y, — ¥ )|x, is
Var(Yy — Yo)lxe = Var(Ye)|xo + Var(¥,)|xe — 2Cov(Yy, Yo)| %o

1 n—m (0 — 1)®
=0+ 0=+ + -2-0
% T % mn(m—3) (m-—3)o?

1+—+

[ nem o)
— e m mn(m-3) (m-3)o?

where

Cov(¥y, Yo)|xo = Cov[ay, + B(xo — i), Yo]|x0 = 0
When sample is large,
(Yo - 170)|x0 - E(Yo - ?0)|xo

— — 2
fﬁh+l+ nom . (o= f)

7 =

~ N(0,1)

m mn(m-—3) (m-—3)d?

The 95% prediction interval for Y, given X, = x, is

n—m (xO_)?n)z]

- 1
AT S2|11+—+ +
olxo X ZO.OZS\/ e [ m mn(m—3) (m-—3)S%,

where S2, and S2 are given in (2 — 28) and (2 — 61), respectively.

2.4.3 Unconditional prediction interval

By assumptions we have
Yo~ N(uy, 07)
XO ~ N(/,lx, O-J?)

The prediction value of Y, is
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Yo =0y + B(Xo — i) (2 - 109)
By (2 — 34) and (2 — 46), the expectation of ¥, is
E(Y%) =E(f,) +E[f(Xo — 0] = 1y (2-110)
where
E[B(X, — Ax)] = E(BXo) — E(Bix) = E(B)E(Xo) — E(B)E(Ax) = Bty — Bt = 0
fi, and f are not correlated by (2 — 94) , and by assumptions (4,, 5) are
independent of (X,,Yp).

We derive the variance of ¥, by the A-Method. Let

Zy Hy
zZ= Z:’Z‘ (2 -111)
Zy o
The expectation and covariance of Z are
ECZ)] [E@)]
E Ax X
EZ)l lExy)l "=

and

Var(Z,) Cov(Z,,Z,) Cov(Zy,Z3) Cov(Zi,Z,)

_ [Cov(Zl,Zz) Var(Z,) Cov(Z,,Z3) Cov(Zz,Z4)]

“|Cov(Z,,Zy) Cov(Zy2Z5) Var(Zs) Cov(Zs,Z,) |
Cov(Zy,Z,) Cov(Z,,Z,) Cov(Zs,Zy) Var(Zy)

Cov(Z) = E[Z - E@)][Z - E2)]
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2

[0 n—m p%c? po? 0‘
m n(m —3) n n
= n n (2-113)
0 0 092
— 2
0 0 (m —3)o;
0 0?2
In terms of z, we have
Vo=2z1+ 23(z4 — 23) (2-114)
By the A-method,
4
Yo~ uy+ Z%,-(uz)(zj — Uzj) (2 - 115)
j=1
where
_aﬂ_
0z,
%1(#2)] 9yo 1
~y _ Yo2(1z) _ |92, _|-B
9 (1z) P t)| = 930 0 (2 - 116)
Voa(lz) 0z, B
950
‘624‘z=uz
o)
4
ETo) ~ by + ) 9B (2 = 1azy) = by (2-117)

j=1

The variance of Y, is

2

Var(Y,) = E[Y; — E(?o)]z ~ E |z Voj(M)E(Zj — pizj)
=1

= B @l Var@y+2) > 9P )Cov(22)
j=1

i=1 j=1,i#]
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=12Var(Z,) + (=B)*Var(Z,) + 02 - Var(Z3) + B*Var(Z,) + 21 (=B)Cov(Z,Z,)

= 1%Var(a,) + (-B)*Var(i,) + 0% - Var(B) + p*Var(X,) +2- 1

2 2 2 2,2
o¢ p*a? ﬁ B ox
= — 0 2 2_2_
m n(m 3)] + thox n

2
0@
=1+ 2
n(m—3)] Bro:

The expectation and variance of (Y, — ¥;) are
E(Yo—Y)=E) —E(Y,) =y —p, =0

Var(Yy — Yy) = Var(Y,) + Var(¥,) — 2Cov (Y, Yp)

2 —
2, O [ n—m

+ +22_2,22
3] TR~ 2 B

=0y +%[1 n(m—3)] Brox

n—m

1
=c’1l4+—4+—-
ae[ +m+mn(m—3)

where
Cov(%y, Y) = Cov[a, + B(Xo — fx), Yol

= Cov(dy, Yy) + Cov(pXo, Yy) — Cov(Bfy, Yo)

=0+ E(BX,Y,) — E(BX,)E(Y,) — 0

= E(B)EXo¥o) = E(B)E (Xo)E (Yo)

= BLE(XoYo) — EX)E(Yo)] = oy, = B0y

When sample is large,
(oY) —E(Yo—Yo) . N(OD)

1 n—m
2 — -
\/o;_, [1+m+mn(m—3)
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The 95% prediction interval for Y, is

n—m

- 1
ot Zo.ozs\/Sg [1 ot mn(m —3) (2-122)

where S? is given in (2 — 61).
This is unconditional (not dependent on X,) prediction interval for Y, of a future

observation.

2.5 An Example for the Bivariate Situation
College Admission data (Table 1-1) is from Han and Li (2011). In this example,
we take TOEFL score as Y and GRE Verbal, Quantitative and Analytic as X, respectively
to estimate above 5 maximum likelihood estimators. Normality test shows that Y and X
are normally distributed.

If we consider all information X;, X, ..., X,,, the five estimators are

Table 2-4 Estimators with All Information

Considering the regression of Y on GRE Verbal

X fiy fy B 6¢ 7

Verbal 419.50 552.44 0.1727 11614.75 826.19

Considering the regression of Y on GRE Quantitative

X Ay Ay B 6¢ 7

Quantitative 646.50 540.98 -0.0301 11707.75 918.78

Considering the regression of Y on GRE Analytic

X iy Ay b 7 73

Analytic 523.00 541.62 0.0471 12239.75 898.47

If we do not consider extra information X,,,.1, X;42, ---, X, @and only consider first m

observations, the five estimators are
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Table 2-5 Estimators without Extra Information

Considering the regression of Y on GRE Verbal

X .ax no ﬁy_ﬂl) Bn() é-\)? no 6—\82 no

Verbal 342.00 539.05 0.1727 3276.00 826.19
Considering the regression of Y on GRE Quantitative

X .ax no ﬁy_ﬂl) Bn() é-\)? no 6—\82 no

Quantitative 710.50 539.05 -0.0301 5694.75 918.78
Considering the regression of Y on GRE Analytic

X .ax no ﬁy_ﬂl) Bn() é-\)? no 6—\82 no

Analytic 468.50 539.05 0.0471 11500.25 898.47
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Chapter 3
STATISTICAL ESTIMATION IN MULTIPLE REGRESSION MODEL

WITH A BLOCK OF MISSING OBSERVATIONS

Let [);] = [Xl,XZ, s Xp, Y]T have a multivariate normal distribution with mean

vector u and covariance matrix X

H T pX pX
#= ['u;] - [.le,,uxz, ---.,uxp,,lly] P 2= [szx G)g]

Suppose we have the following random sample with a block of missing Y values:

X11 X1,2 le Yl

XZ 1 X2,2 XZp YZ

Xml Xm,2 me Ym
Xm+1,1 Xm+1,2 Xm+1,p

an Xn,l an

Based on the data, we want to estimate the parameters. We can write the

multivariate normal probability density function (pdf) as

fxy) = gIx)h(x) (3-1)

where g(y|x) is the conditional pdf of Y given X = x, and h(x) is the marginal pdf of X.

_ a1 1 )
gvix(¥ilX5 by, iy, B, 02) = e P 207 lyi — E(yjlxy)]
e

1 1 , .
=m0'eexp{_2_0'g[yj_'uy_ﬁT(Xi_ux)] } ]=1,2,...,m (3_2)
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1 1
hX(Xi; My, 2:xx) = ——=———¢€Xp {_ B) (Xi - ﬂx)Tz;xl(Xi - ”x)} i=12..,n (3 - 3)
V2 E 2

where
E(yil%i) = iy + ZyxZat (%5 — p) = w1y + BT (x5 — 1) (3-4)
B=ZIyZy (3-9)
08 =05 —LpIgEy =0y — BTEB (3-6)

The joint likelihood function is

m n
L(p-y' Hx, B' Z"xx: 0‘23) = 1_[ 9y|x(}’j |Xj; uyv Hx, B: Gg) 1_[ hX(Xi; Hx, 2:xx)

j=1 i=1

+ 1 -
_n+m 2
L(Hy, Hx, B' 2:X)U O-g) = (ZT[) 2 Gemexp - ﬁZ[YJ —Hy — KT(Xi - ux)]
e~

Jj=1

n 1 "
|| Zexp {— EZ(XL- — ) Bl (X — llx)} (3-7)

i=1
We will derive the maximum likelihood estimators by maximizing the likelihood

function in the following section.

3.1 Maximum Likelihood Estimators
To obtain maximum likelihood estimators, we need to maximize following (3 — 8)

and (3 — 9) simultaneously

n
_n 1 _
|zxx| 2exp {_EZ(Xi - ”x)szxl (Xi - le) (3 - 8)
i=1
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m
_ 1 2
oa™ expd =5 > [y = iy = B7(x — )] (3-9)
Ue n
j=1
Let us consider the exponent and find the MLE of p,,, py and g to minimize
1w 1%
2 =
EZ[%’ ity = BT~ w5 D Ok = B (% — 1) (3- 10)
j=1 i=1

Since the sum of trace of the matrix is equal to the trace of sum of the matrix, we

have

n n

1 1

5 D k= ROTER (% = 1) = 5 ) er[(x = 1) Bl (% — 1)
i=1 i=1

1 n
= Ez tr Bl (% — ) (X3 — 1) ]

i=1

1 n
=5 tr {Z T (X — ) (% — Ile)T}

1 n
= EW {E;xl [Z(Xi — ) (x; — )" } (3-11)

let

n n n T
= — _ T
Xi1, Xigy ey xip = [an, Xn2, ...,an]
[ i=1

and rewrite each (x; — u,) as

X;—Ux = (Xi _)_(n) + ()_(n - le)

We have

n n
D o= IO = )T = ) (%= K+ Ry~ i) (K — K+ Ky — 1)
i=1 i=1
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= D = R = %)+ R — 1) R — )" (3-12)

i=1
where the cross-product terms

n

P ST [i(xi - xn)] R — 1" =0

i=1
and

n

PRCIETBICES SLEYCEE

i=1

n

Z(Xi - ’_(n)Tl =0

i=1

Replace Y1, (x; — 1) (X; — )7 in (3 — 11) with (3 — 12), we obtain

%Z(Xi — 1) I (X — ) = %tr {2;;(1 [Z(Xi -X)& —-%)" +nX, — )X, — 1)’

}

} + % ()_(n - ﬂx)TZ;xl (in - ﬂx) (3 - 13)

1 n
=5tr {Zixl [Z (x; — X)) (x; — X,)"

Similarly, let
m
=2,
Ym = m s Yj
Jj=1
m m m T
_ 1 o _ T
Xm = ;l inl ,inz, ey inp = [Xml' Xm2, ...,me]
i=1 i=1 i=1

Each [y; — u, — BT (x; — 1,)] can be written as
Vi — Hy — BT(Xi - ”x) = [yj —=Vm — ﬁT(Xi - im)] + [ym —Hy — ﬂr(im - I‘x)]

Then we get
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1 — 2
E;[y" — 1ty = BT (% — 1)

m

= {13y = = B0y = R + [ = by = BT R = )]}
e j=1

= 23)'% Z[YJ' —Vm — ﬂT(xi - )_(m)]z + _27::% [}_’m — Uy — BT (X, — [lx)]z (3-14)
j=1

where the cross-product term
Z[YJ —Vm— BT(Xj - )_(m)] [}_}m — Uy — BT(im - I‘x)] =0
j=1

So, if we minimize (3 — 13) and (3 — 14) simultaneously, (3 — 10) will be
minimized.

First, let us consider (3 — 13). Since X! is positive definite, each term in (3 — 13)
is greater than or equal to zero. The second term n(xX,, — u,) 25 (X,, — 1,)/2 can be
minimized if we set p, = X,,, S0 we have MLE for p,

i, =X, (3-15)

Second, let us consider (3 — 14). Both terms in it are non-negative, to minimize

the first term in (3 — 14),i.e.,
m
. _ _ 2
min Z[yf — Im — B (% - m)]
j=1

We take derivative with respect to g first, then set the derivative to zero, and
obtain the MLE for B which makes the above minimum. By method in Petersen and

Pedersen (2012),

azmzl ‘__m_ﬂT i — Xm ’ N — T = d T =
J [y] Y 3B (X] X )] =—ZZ(YJ'_YM_B (Xi_xm)>ﬁ{ﬂ (Xi_xm)}

j=1
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ORI

j=1

and set above to 0, we have
m
Z (y,- — m — B (% - im)) (X —Xm) = 0
j=1

Solve above equation, we have

ﬁ = S;xlmsxym (3-16)
where
Sy = ) (% = En) (% — K)” (3-17)
j=1
Sum = ) (= T (% = %) 3-18)
j=1

By minimizing the second term in (3 — 14) to give
_ — 2
[ym — Uy — BT(Xm - ux)] =0
We have MLE for u, by solving above equation:
.ay =ym_ET(im_ﬁx) (3' 19)
Now back to maximize (3 — 8) and (3 — 9) simultaneously. When fi, = X,,,

(3 —8) isreduced to

- AN Ty—1
Bl 2 exp{ =2 > (% — )T ER (ki — )

=1
= |Zxx|_12_lexp —%tr {Z;xl [Z(X,- - X,)(x; — )_(n)Tl} (3-20)

By Results 4.10 in Johnson and Wichern (1998), (3 — 20) reaches maximum

when
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B = 0 O~ TG = %) 3-21)

Similarly, when 4, = ¥,, — BT (X, — fiy) and fiy = X,, (3 —9)isreduced to

m

1 2

o.Mexp i — 202 Z (yj — Uy — BT(Xj - le))
j=1

m
1 ~
= oz Mexp _ﬁtrZ[Yj — Vm — BT(xi — )_(m)]z (3-22)
e j=1

So, by Results 4.10 in Johnson and Wichern (1998), (3 — 22) reaches maximum

when
o1 N = AT = 1%
6 = — > [y) — I — B (x) = %] (3-23)
j=1

In summary, we have the following 5 maximum likelihood estimators:

ﬁx = )_(n (3 - 24)
ﬁy = 17m - ﬁT()_(m - )_(n) (3 - 25)
B = SzinSxym (3 - 26)
. 1v _ _
%:;;uﬁ&M&—af 3-27)
1w L w2
ot = [~ T = BT (X~ %) (3-28)
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Similarly, if we do not consider extra information X,,; X4» ..., X, and only use

the first m observations, we have

ﬁx_no = )_(m

3.2 Properties of the Maximum Likelihood Estimators
3.2.1 Estimator of the Mean Vector of X

The expectation of fi, is
~ < - = 1T = = = 1T
E(ﬂx) = E(Xn) = E[antXnZI ,an] = [E(an)t E(Xn2), o) E(an)]
T
= [#xlf Hx2, --'ﬁuxp] = By

So i, is an unbiased estimator. The covariance of fi, is

n

- - - 1 C
Covii) = Cov(Xy) = B — k)®n — )T = —1 3" > EX) — ) (X — )"

n
j=11=1
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n

1 o1
= ﬁz E(Xj — 1) (X~ 1) = ~Ze (3 - 35)

Jj=1

By assumptions, X ~ N, (uy, Z4), SO fi; has a p-variate normal distribution too,

1
Hx ~ Np (M‘X’ E o)

3.2.2 Estimator of the Covariance Matrix of X
Since X, X, ..., X, is a random sample of size n from a p-variate normal
distribution with mean p, and covariance matrix X,,, SO

Z(Xi - )_(n)(Xi - Xn)T ~ VVp(EXXIn - 1)

i=1

where W, ( Z4,n — 1) is Wishart distribution with (n — 1) degree of freedom.

We have
n
-~ 1 _ o 7
Z"xx = E Z(Xl - Xn)(Xi - Xn)
i=1
So
nf:xx ~ VVp( LM — 1)
By Nydick (2012), we have
E(nf:xx) = (Tl - 1)zxx
Var(nfij) = (n - 1)(2121 + Z”Z”), l,] = 1,2, e P
So, the expectation of £, is

E(ZXX) = ZXX (3 - 36)

.. is a biased estimator.
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o n—1
Var(Eij) = —nz (212] + E”Z”) (3 - 37)
If we define

n
n . 1 - -
Sn = =Ty = —— > (K= X)X, — X" (3-38)
i=1

n— 1 XX
Then we have
n -
E(an) = mE(zxx) =Xy

S«n is an unbiased estimator for Z,,.

3.2.3 Estimator of the Regression Coefficient Vector

In this section, we will derive the conditional expectation and covariance matrix of

B given X = x first, then derive the unconditional expectation and covariance matrix of

the estimator.

m
EB1X) = ESiinSaym[X) = SsnESxym0) = SghE] D (% = %) (1) = Tyl

Jj=1

m m

=Sl Z(xi — )_(m)E(Y} [x) = Si, Z(xi - Xm) [,uy + (Xi - ux)TB]

j=1 j=1

m m
— — _ _ _ T
= Sxxlm Z(Xi - Xm) X]Tﬁ = SXle Z(Xi - Xm) (Xi - Xm) B
j=1 j=1

= s;xlmsxxmﬂ = B (3 - 39)

So the unconditional expectation of 8 is
E(B) =E[E(BX)] =E®B) =B (3 - 40)

B is an unbiased estimator.
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Similarly, we derive the conditional covariance first, then by the

Law of Total Covariance to obtain the unconditional covariance.

COV(B|X) = COV(S;xlmsxym|X) = S;leCOV(SXym|X) (S;XIm T

m
= S;xlrncov Z(xj - )_(m)(yj - Ym)lx S;xlm
j=1

= St ] (% = Zn)Var[0Ix] (x; = %) Sichn

j=1

m
= S;le Z(Xj - )_(m)o-ez (Xj - )_(m)T S;le
=1

m
_ — - \T _ _
= Sxxlmo-e2 Z(Xi - Xm) (Xi - Xm) Sxxlm = O-ezsxxlm (3 - 41)

J=1

By the Law of Total Covariance and by Nydick (2012), we have

Cov(fi’) =F [Cov(mx)] + Cov[E(mx)] = E[02Sg,] + Cov(B)

2

o; 1
= 3-42
] m_p_zzxx ( )

= 0ZE[Sqim
where S;1. has an inverse Wishart distribution
Siom ~ INVW, (Zgg, m — 1) (3-43)

When sample is large, ﬁ has an asymptotically p-variate normal distribution.

3.2.4 Estimator of the Mean of Y
As we do in 3.2.3, in this section, we will derive the conditional expectation and
variance of fi,, given X = x first, then derive the unconditional expectation and variance of

the estimator.
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E(ﬁylx) = E{[Ym - ET()_(m - in)]lx} = E(lex) - E(ﬁTlx)()_(m - )_(n)

= Uy + ﬂT()_(m - ﬂx) - ﬂT()_(m - )_(n) = Uy + BT()_(n - ”'x)

where
m m m
_ 1 1 1 .
ETub) = E| 2D ¥l | = 0> E(lx) = 0> [y + 67 (% — )
j=1 Jj=1 Jj=1
m
1 T T(g
zamﬂy'i_ﬁ ij_mﬂx zluy+ﬂ (xm_ﬂx)
j=1
So, we have

E(ﬁy) = E(E(ﬁylx)) = E[ﬂy + BT()_(n - ux)] = Uy + ﬁT(ux —Hy) = Uy
A, is an unbiased estimator.

Since

m m
_ 1 1 ol
Var(Yy|x) = Var %Z YiIx; | = Wz Var(Yj|xj) =
j=1

Var[B" Ry — X,)IX] = Var[ X, — %) BIX] = Xy, — X,) Var(B|x) (X, — X,)

= o-ez Xm — in)TS;xlm(im —Xp)

(3 - 44)

(3-45)

(3 - 46)

(3-47)

(3 - 48)

COV[va ﬁT()_(m - in)]lx = COV[(Ym: ET)lx] ()_(m - )_(n)T = [COV(Ym'.BA]T)lX]()_(m - )_(n)T =0

So, the conditional variance of 4, is

Var(.aylx) = Var{[?m - BT(im - in)]lx}

= Var(Vy|x) + Var[BT Xy, — X,)|x] — 2Cov[ ¥, BT (X — X)X
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2
a,
= Ee + 0'92 ()_(m - )_(n)TS;le(im - )_(n) (3 - 49)

To obtain the unconditional variance of /i,,, we use the Law of Total Variance

Var(i,) = Var[E(ﬁylx)] + E[Var(ﬁylx)]

now
_ — 1
Var[E (i, |x)] = Var[p, + BT X, — u)] = B"Var(X,)B = - B I B (3-50)
To obtain E[Var(ji,|x)], we need to find out the distribution of (X,, — X,,) first.
- — - 1 _ - n—-m _ -
X —Xn =X — n (mXp + (n —m)Xp ) = T Xm — Xn-m) (3-51)
X,, and X,,_,, are independent and normally distributed, and since
E()_(m - )_(n—m) = E()_(m) - E()_(n—m) =Ux— Ux = 0 (3 - 52)
- = - - n
Cov(Xyn — Xp—m) = Cov(Xy,) + Cov(Xy,_pp) = mzxx (3-53)
So, we have
— — n
Xm = Xn-m P <0'm(n —m) XX)
Replace (X,, — X,,) with X,,, — X,,_.),
_ — _ — n—m\2 _ _ _ _
(xm - Xn)Ts;xlm (Xm - Xn) = (T) (xm - Xn—m)TS;xlm(Xm - Xn—m)
_ (n - m)z . n ) 1 Xp— )_(n—m)T < Sxxm >_1 X — Xpom)
B n mn—-m) m—1 n m-—1 n
mn —m) m(n —m)
__ 7Moo 54
mn(m-—1) P! (3-54)

where

T2 ()_(m - )_(n—m)T ( Sxxm )_1 ()_(m B )_(n—m)

,,_m_1=\/m N e
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Hence,

2
0 = = = =
E[Var(iy )] = E |+ 02 Xin = Xn) " Sigion Ko — Xn)

2 2
o (m—m)o;
=4+ - ° F(T?
m  mn(m-—1) Tom-1)

of (-m)g (m—-1p

“m mn(m—l).m—p—Z

ol (n—m)p
_E[l-i-n(m—p—Z)]

where
(m—-1p

(m-Dp m-p _ (m-1p

E(sz.m—l) = E(Fp.m—p) =

m-—p

Using (3 —50) and (3 — 55), we have the unconditional variance of j,,

Var(ay) = =

i, has an asymptotically normal distribution when sample is large.

3.2.5 Estimator of the Conditional Variance of Y given x

We use similar idea for the bivariate normal distribution. Since

E(Y1x;) = uy + BT (% — 1x),

For given x;, we may write

Y; =y, + BT (x —m)+g, j=12,..,m

where

E(g) = E(Ylx;) =y = BT(x) = ) = 0

Var(Y;|x;) = Var(g;) = o2

57

m—-p—2 m-—p-—2

02[ N (n—m)p

1 Ty
n(m—p—Z)]-l_EB wbP

(3 - 55)

(3 - 56)
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Then we have

§ =Y, — [, _BT(XJ' _ﬁx)

Y = [T = BT R — X)] = B7(X; — X,,)

Hence
m
2 1 _ T — 2 1 AT o
G2l = 23 (= T = BT, = K)) = 22 -39
. m
Jj=1
We may rewrite (3 —57) as
G=B B (= %Xn)+g  j=12.m (3-59)

where
B.=tty + B (X — ”x)
Equation (3 — 59) is the mean corrected form of the multiple regression model.
By Results 7.2 and Results 7,4 in Johnson and Wichern (1998),

oT o 2.2
€ E€~0¢ Xm—p-1

So
B =20z Ve =2 2= Do
Hence, we have
E(@?) = EIEG2] = T2 (3-60)
62 is a biased estimator. The bias of 62 is
Bias(62,02) = E(6%) — 0?2 = —melaez

The bias vanishes as m — oo.

The unconditional variance of 62 is
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2(m-p-1) ,
2

Var(6%) = Var[E(6%|x)] + E[Var(62|x)] = ol (3-61)

. oT o . Y
Since € “3/02 does not depend on X, so the unconditional € '9/(72 also has
e e

Xm-p-1 distribution, i.e.,

mé? )
~ Xm-p-1
o2 m=p

The mean square error for 62 is
MSE(6%) = E(6% — 62)? = Var(62) + [Bias(62,52)]?

:2(m—p—1)0'e+(P+1) Ue=2m+(P+1)(P_1)O_4 (3 - 62)

e

m2 m2 m2

3.3 Prediction

Suppose we have a future observation (Xoy, Xo2, ..., Xop» Yy),

X ZXX ZX
()1(/;) ) ~Np+1 <[uy] ' [zyx gyzyD (3-63)

Where X, is a p — dimensional vector.

We have following three kinds of prediction interval for Y;:

1) Usual prediction interval for Y,— conditioning on X = x and X, = X,

2) Prediction interval for Y,— unconditional on X, but conditioning on X, = x,

3) Unconditional prediction interval for Y,

3.3.1 Usual prediction interval

— Conditioning on X = x and X, = x,
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The prediction value of Y, given X = x and X, = X, is
Yolx, xo = iy, + BT (xo — Xp,) (3-64)
By our assumption, (4, B) are independent of (X,, ;). By equation
(3 —26), (3 — 39), (3 — 41) and since (Y|x) is normal, the distribution of (B|x) is
(Blx) ~ Ny (B, 025k (3-65)
By equation (3 — 25), (3 — 44), (3 — 49) and since (Y|x) and (B|x) are normal,

the distribution of (4, |x) is

(Ay|x) ~ N (uy +B" (X — ux)%"z + 02 R — %n)" Sicin Ko — in)> (3-66)
So, we have
E(Yo|x,x0) = E(fy|%, %) + E(BT|%,%0) (X0 — X)
= E(4,|x) + E(B"|x) (xo — X,,)
=ty + B (Rn — 1) + BT (X — Xn)
=ty + B (%o — 1) (3-67)
By our assumption,
Yolx,Xo ~ N(uy + BT (Xg — y), 02) (3-68)
Then we have conditional variance of ¥, as follows:

Var(%|x,%0) = Var(i,|x) + (xo — X,)"Cov(B|x)(xo — X,) + 2Cov[(4y, BT)|x](xo — X))

2
g _ _ 1 - _ _ _ —
= + Gez (Xm - Xn)Tsxxlm(Xm - Xn) + 0.92 (XO - Xn)TSXle(XO - Xn)

- 2062 ()_(m - )_(n)TS;xlm(XO - )_(n)
% L g2 % )Ts-1 % 3-69
= E + 05 (Xo — Xm)" Sixm (Xo — Xim) (3-69)

where

Cov[(ﬁy,BT)lx] = Cov|[(Yy, — R — X)"B, B")Ix]
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= =X — X)) Cov(B|x) = =02 (Xm — %)  Sam (3-70)
By (3 — 67) and (3 — 68), the expectation (¥, — ¥;) given X = x and X, = X, is

E(Y, — %)Ix xo = E(Y,lx,%0) — E(Yo|x,%0) = 0 (3-71)
By (3 — 68) and (3 — 69), the variance (Y, — ¥,) given X = xand X, = x, is

VaT'(YO - ?0)|X, XO = Var(Yo)lx, XO + Var(?o)lx, XO - ZCOU(?O, Y0)|X, XO

2
O_ j— —_ j—
= Jez + Ee + O'ez(Xo - Xm)TSxxlm(XO X)) —2-0

1
= 0 |1+ —+ (X = %) S (X0 — %) (3-72)
where
Cov(%,,Y5)|x,xo = Cov|[at, + BT (xo — X,), Yo]|x, X, = 0

Since Y, and Y, are normal, so Y, — Y, is normal, then

Z _ (YO - ?0)|X, XO - E(YO - ?0)|X,X0 _ (YO - ?0)|X,X0 - 0 - N(O'l)
\/V“T(Yo - 170)|x, Xo \/Uez [1 + % + (Xo — X)) S (X0 — ’_(m)]
Since
mé?
U= O'eze szn—p—l

and Z and U are independent, so

~
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(YO - ?0)|X,X0 - O

1 _ _
\/O‘ez [1 + m + (X0 — X)) Sohn (X0 — Xm)]
maé?
(m—p—1)aoé

mo? 1 _ _ _
m— pe_ 1 [1 + m + (XO - Xm)TSxxlm(XO - Xm)]

T =

(YO - ?0) |X, XO

~ tm—p—l

Hence, the 95% prediction interval for Y, given X = xand X, = X, is

mao? 1
|14+ (o = TSm0 )| (3-73)

Yolx, %o £ to.ozs,m—p—l\/m

3.3.2 Prediction interval

— Unconditional on X, but conditioning on X, = x,

In this situation, the prediction value of Y; given X, = x, is
Tolxo = 1y + BT (X0 — ) (3-74)
By (3 —42) and (3 — 46), the expectation of ¥, given X, = x; is
E(Yy|x0) = E(fy|x0) + E[B" (xo — i) 1Xo]
= E(y) + EB")Xo — E(B"Ry)
=ty + BT (Xo — 1) (3-75)
where
E(B") = E[E(uLB)Ix] = E[WIE(B)IX] = BTE,) = BTh, (3-76)

fi, and BT are not correlated. By our assumption,
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Yolxo ~ N(uy + BT (X0 — Hy), 02) (3-77)

We derive the variance of Y|x, by the A-Method. Let

AL
Z=|Zy| = |Px (3-798)
Zs Z‘;
Z and X, are independent. So
EZ)] [E@I]  ray
E(Z|xo) = E(Z) = p; = [E(Z2)| = |E(fy) | = | Mx (3-79
E(Z3) EP) B

Var(Z,) Cov(Zy,Z,) Cov(Zy,Z3)
Cov(Z,,Z;) Var(Z,) Cov(Z,,Z3)
Cov(Z;,Zy) Cov(Z;,Z,) Var(Zs)

Cov(Z|xy) = Cov(Z) = E[Z —E(2)][Z - E(Z2)] =

(62 (n—m)p 1 . 1 .
— - —p'z 0
m n(m—p—Z)]+nB ol nﬁ xx
1 1
= szxﬂ EZXX 0 (3-80)
0 0 % x!
m-—p-—2
where, by (3 — 56), we have
.0} (n—m)p 1
Var(Z,) = Var(,) = He[ + m] + ;ﬂszxB
By (3 — 35), we have
N 1
Var(Zy) = Cov(fy) = — Ex
By (3 — 42), we have
~ a2 4
Var(Z3) = COV(ﬁ) = m_—p_z XX
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Cov(Zy,Zy) = Cov(fy, Ay) = Cov|[Vy — BT (X — Xn), X

= Cov (Y, Xp) — Cov[BT (X — X1), X

= E(Y,Xh) — EG)EXE) — E[B" X — X)X4| + E[BT (X — X0)|E(XT)

= E{[#y + ﬁT()_(m - ﬂx)])_(g} - ,uy”';c - BTE[()_(m - )_(n))_(;rl] +0

- — - 1
= _BT”xﬂg + ﬁTE(XnXZ) = _ﬁTﬂxﬂ;C + BT[Var(Xn) + Hx”zc‘] = EBTExx

Cov(fi,, B) =0 - Cov(Zy,Z5) = Cov(ii,,BT) =0 (1xp)
Cov(f, B) =0 — Cov(ZyZ5) = Cov(, B") =0 (pxp)
In terms of z, we have

Polxo = 21 + 25 (X — 2;)

By the Delta-method,

3
Dolxo = tty + B (o = ) + ) [9; (a0 (5 = bz)

j=1
Where

,%,

Vo1 (1z1X0) 1
)A"O(I«lz|xo) = [Po2(uz1x0) | =[5> =| -B
Vo3 (Bz1%0) X

Tz=pgz

Hence the expectation of Y|x, is

3
E(?0|X0) = Uy + BT (xo — 1) + Z[ﬁéj(ﬂz|xo)]E(zj —Hzj) = Wy + BT (X0 — Iy)

j=1
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The variance of ¥,|x, is

Var(?0|x0) = E[?0|Xo - E(?0|X0)]2
2

~ B [90 (rlx0)] () = 17))
j=1

= > 9y alxo)| Varz) [9,Guslxo)] +2 ) > Baumalx)lT Cov(Zi, 2)) [95; (ks 1xo)]
j=1

i=1 j=1,i#j

=Var(Zy) + (=B")Var(Z)(=B) + (xo — w)"Var(Z3)(Xe — py) + 2 - 1Cov(Zy, Z,) (—P)
= Var(ﬁy) + (_BT)COU(ﬁx)(_B) + (XO - ux)TCOV(ﬁ)(XO - ux) +2-1- COU(ﬁy, ﬁx)(_ﬁ)

2 (n—-m)p 1 . 1 r 0C 4 2 .
= 1+m]+gﬂ ZB + - B B + (Xo — 1) m_ip_zzxx(xo_ﬂx)_aﬂ ZuB

_ 0'32 [i (n - m)p (XO - Mx)T}:;xl(XO - le) (3 ) 84)
m mn(m-—p-—2) m-—p-—2
By (3 —77) and (3 — 83), the expectation of (Y, — ¥;) given X, = x, is
E(Y, — Y)Ixo = E(Y,lx0) — E(Yy|x,) = 0 (3-85)

The variance of (Y, — ¥,) given X, = x, is
Var(Yy — %)% = Var(Yp)|xo + Var(%,)|xe — 2Cov (¥, Yo) %o
(Tl - m)P (XO - ”x)Tz;xl(XO - I"x)

1
— 52 2| -2:0
o + 0 m+mn(m—p—2)+ m—p—2
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1 n—m X — m) " Et (%o —
=0'62 1+—+ ( )p ( 0 ﬂx) xx( 0 Hx)
m mn(m—p-—2) m—p—2

where

COV(?O, Y0)|XO = COV[ﬁy + ET(XO - ﬁx), Y0]|XO =0

When sample is large and by (3 — 85) and (3 — 86)

Z _ (YO _?0)|X0_0

mn(m—p —2) m—p—2

— — Ty-1 _
j"g[” Ly Gemp G0 "SRl )

The 95% prediction interval for Y, given X, = X, IS

(n - m)p (XO - )_(n)TS;nl(XO - )_(n)

~ 1
Polxo + s2|1+—+
0|X0—ZO.025\/6[ m mn(m-—p-—2) m—p-—2

Where

m
1 = < 12
Se = m‘—p‘l;{yj = Vo = BT (X; = Xn)}

S«n IS givenin (3 —38) as

1
n—1

Sun =

D K= %) (X=X

3.3.3 Unconditional prediction interval

By assumptions in (3 — 63) , we have
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Yo ~N(uy, 07)
Xo~ Np(ﬂxv 2:xx)
The prediction value of Y; is

Y= Ay, + B" (X, — i)

Let
A [ﬁy]l
_ |z _|Bx
Z=z7 8]
Zy lXOJ
We have
E(Z) [E(ﬁy)]
_ o _|E@E)| _|E@)| _
E@ =12= 5z = | ey |~
Ez)l el
[ Var(Zy)
_ ICOU(ZZIzl)

Cov(Z) = E[Z-E(2)][Z - E@D)]"

Var(Z,)
~|cov(Zs,2,) Cov(Zs,Z,) Var(Zs)

Uy
Hx

B
Hx

Cov(Z4,Zy) Cov(Zy,Z),)

z (n—m)p
—= —B'x —p’x
- n(m —p —2) BixB —BLx O
1

— _Zxxﬁ %zxx 0

0 0

0 0
0

In terms of z, we have
50— T
Vo=2z1+ 23(24, — 2,)

By the Delta-method,
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(3 - 90)

(3-91)

(3-92)

(3-93)

Cov(Zy,Z,) Cov(Zy,Z3) Cov(Zl,Z4)]
Cov(Z,y,Z3) Cov(Zy, Z,)|
Cov(Zs,Z,) |

Cov(Zy,Z3) Var(Z,)

(3-94)

(3 - 95)



4
Po = bty + Y 94,7 = Hz))

j=1
where
_%_
0z,
[Yo1(n)] 9% 1
S _|Po2(mz)| _ |02, _|-B
¥ ouz) D) |~ |30 0 (3 - 96)
l3764(uZ)J 0z, B
9%,
10z,1,_,
so, the expectation of Yy is
4
B(R) =ty + ) 9y (IECZ) = ) = 1y (3-97)

=1

The variance of Y, is

Var(%,) = E[7, — E(%,)]*
~E |Z Voj(ME(Zj — MZj)‘
j=1

= > [Pyl Var@) 5o, ezlx)] +2 )" D Dialbezleo)] Cov(Z,2)) [94; (ke 1x0)]
j=1

i=1 j=1,i#j

=Var(Z) + (—=BT)Var(Z,)(—B) + 0 -Var(Z3) + BTVar(Z)B + 21 Cov(Z1,Z,)(—B)
=Var(ay) + (=B Cov(@)(—B) + 0 - Cov(B) + BT Cov(Xo)B + 2 - 1- Cov(fy, fi) (—B)

_0; n—m)p 1 1 2
- E 1 +m + ;lﬁszxﬁ +EBTZXXB +0+ ﬁszxB _;ﬁszxﬂ
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_a (n—m)p
e o) + B B (3-98)

By (3 —89) and (3 — 97), the expectation of (Y, — ¥,) is
E(Y,-Y%)=EW)—-E(Y)=0 (3-99)
By (3 —6),(3 —63),(3 —89) and (3 — 98), the variance of (Y, — ¥;) is

Var(Yy = Yy) = Var(Y,) + Var(¥,) — 2Cov (Y, Yp)

2+—[ o )pz)]w%ﬁ 2 BT 2B

n(m—p

o2 (n—m Ty
e o= R

nim—p—

1 (n—m)p
=oe [1+E+nm(m p—Z)]

(3 - 100)
Where
Cov(%y, Y) = Cov[a, + BT (X, — ), Yo ]

= Cov(4,, Y,) + Cov(BTX,, Y,) — Cov(BT Ry, Vo)

=0+E(B"X,Y,) — E(B"X,)E(Y,) — 0

=E(BTEX,Y,) — E(BTE(X,)E(Y,)

= BT[EX,Yp) — EXEY)] = BTZyy = B'EZB (3-101)

When sample is large,

(Yo — %) -0

R e

~ N(0,1)

The 95% prediction interval for Y, is

" 1, (=mp
+ —_t 3-102
ot ZO'OZS\/S [1 + m nm(m p—2) ( )

where S2 is given in (3 — 88) as
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m
1 _ —~ — \12
Se=T,o1 El{Yf = Y = BT(X; — X))}
]:

This is unconditional (not dependent on X)) prediction interval for Y, of a future

observation.

3.4 An example for multiple regression model
We use the data from Han and Li (2011) to estimate those 5 MLE estimators
(data in Table 1 — 1). In this example, we take TOEFL score as Y, GRE Verbal, GRE
Quantitative and GRE Analytic as X;, X, and X5, respectively.

GRE Quantitative
GRE Analytic

X =

GRE Verbal
l y = TOEFL

Normality test shows that Y and x = [x;,x, ,x3]" are normally distributed.

The five estimators are:

419.5 _[0.1776
iy = |646.5 fiy = 563 B =(-01122
523 0.0513
~ 11614.75 —4656.75 5825.25
2« = |—4656.75 11707.75 1510.5 85 =776
5825.25 1510.5 12239.75
If we do not consider extra information, we have
[ 342 _[0.1776
o = 710.5] ﬁy = 539.05 B = [—0.1122]
[468.5 0.0513
~ [ 3276 1324 2585.5
S = | 25855 569475 4525.75 &2 =776
[5825.25 4525.75 11500.25
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Chapter 4
STATISTICAL ESTIMATION IN MULTIVARIATE REGRESSION MODEL

WITH A BLOCK OF MISSING OBSERVATIONS

Let [ﬂ have a multivariate normal distribution with mean vector [Z;] and

covariance matrix

To I
z — [ XX Xy]
T I

where X isap x 1 vectorand Y is a g x 1 vector.

Suppose the following random sample with a block of missing Y values are

obtained:
Xi1 X1z Xl,p Vi1 Vi qu
X21 XZZ XZ,p Y21 Y22 YZq
Xml sz Xm.p le sz qu
Xm+1,1 Xm+1,2 Xm+1,p
an Xn,l an

Based on the data, We want to estimate the parameters. We can write the

multivariate normal probability density function (pdf) as

f&xy) =g@xhx)

where g(y|x) is the conditional pdf of Y given X = x, and h(x) is the marginal pdf of X.
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1
exp {— > [Yj - E(Y1|Xj)]TZ;1 [Yj - E(lexj)]}

1
Irix(¥1%; 1y, 1y B, Ze) = N
e

1 1 To_
= ———exn {5y m B - E Dy - - B (-l @2)
V21| 2]
Py B D) = e {2 ()" B G 1) @3
xXi; My 2xx) = ————€XP 1= 5 (Xj — Uy) 2xx (Xj — My 4-3
V2mEg| 2
where
E(lexj) = H’y + z"'yxz)?xl(xj - ux) = H’y + BT(xj - I‘x) (4 - 4)
B =2 xZy (4 -5)
I, = 2:yy - 2:yxz):xlzxy = 2:yy - BTZXXK (4-6)

The joint likelihood function is

m n
L(uy' Hx, B' z:xx' ze) = 1_[ gY|X(Yj |X'; uy' Hx, 3' ze) 1_[ hX(Xi; Hx, 2:xx)
j i=1

J=1

L(py, ty B Zxx, Ze)

+m

n m 1< T
= (Zn)_leel_ieXp _EZ[yj —Hy— ﬁT(xj - I‘x)] 2:e_l[yj —Hy— ﬁT(xj - ﬂx)]
j=1

n
_n 1 _
' |Zxx| 2exp {_ EZ(Xi - ux)TZX)(l (Xi - ux) (4 - 7)
i=1

4.1 Maximum Likelihood Estimators
To obtain maximum likelihood estimators, we need to maximize the following

(4 — 8) and (4 — 9) simultaneously.
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n

_n 1
|zxx| 2exp [_ EZ(xi - ﬂx)Tz;xl (xi - ”x) (4 - 8)

i=1

m 1 =
Bl Zexpd =2 > [y — 1y — B7(x; — )] 2 [y — by — B7(x — )] (4-9)
j=1

Let us consider the exponent first and find the MLE of p,,, p, and B to minimize

1 m
Ez[”f 1y =B (x — )] 2 [y — iy — BT (3 — )]
H (4- 10)

n

1 L — Ty=1(y. —
+ 2 ('xl ﬂx) XX (xl I‘x)

i=1
Since the sum of trace of the matrix is equal to the trace of sum of the matrix, we

have

n

1% 1
EZ("" — "B O~ ) =5 )l — 1) B O — )]

i=1

1 r n
= 2 tr Zl Z;xl (x; — ) (x; — llx)T
=_tr Z T = %) + (B — ) — %) + (X — 12)]”

n

= —tr z;xl Z(x, - fn)(xi - 7n)T

i=1

Y S e
+ 2 (xn ﬂx) 2:xx (xn ”x) (4 - 11)

where

n n T

1 c o

Xn = " qu Z Xigy we s in,, = [xnl, X2 ...,xm,] (4-12)
i i i=1

and cross-product terms

Z(Xi - in)(in - ﬂx)T = [Z(Xi - in)l (in - I"x)T =0
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PYCETHICES SUEICETN] HYCES SU R
Similarly, we have
1 9 T
5D =iy = B — )] 2 v — by — BT (2 — )]
j=1
1 9 T
= Str {2y -y = (- )]y -y — B7(xy - )]
j=1
1 m
=564 > 25 [y = Y = B7 (%) = F) |13 = T — B7 (x5 = %))
j=1
m. T (= Te-1[% T (g
+E[ym_uy_ﬁ (xm_ux)] 2:e [Ym_uy_ﬁ (Xm_ux)] (4'13)

where

T
1. | m S
Xm = E Z Xi1 »Z Xi2y s Z Xip| = [xml, Xm2, ---'me] (4-14)

i=1 i=1 i=1

T
_ 1 m o o
Ym = — ZYM :Zyj'z, ey Z}/jq = [yml,ymz, ...,qu] (4 - 15)
4 <

i[yi —Vm— BT (xj—%p)] =0

Hence, minimizing (4 — 11) and (4 — 13) simultaneously will minimize (4 — 10).

First, let us consider (4 — 11). Since X! is positive definite, each term in (4 — 11)
is greater than or equal to zero. The second term n(X,, — u,) 2L (X,, — ) /2 can be
minimized if we set

no= Ty—1(=
5 (@~ ) I (F — ) = 0 -1
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Second, let us consider (4 — 13). Similarly, since ;1 is positive definite, each
term in (4 — 13) is greater than or equal to zero. To minimize the first term in (4 — 13),

ie.,
Minfser (S, 222 [3) = Fm = Bty = Za)l[3) = i = 87ty = Z)]
M- tr\ X1 e [V — Ym — B (X = X)) [|Yj = Y — B (X — Xy
We take derivative with respect to g first, then set the derivative to zero, and

obtain the MLE for B which makes the above minimum. We used the derivatives of trace

for the first and second order in Petersen and Pedersen (2012),

a";{ltmcez Z[y, T~ B7 (%~ Zm)[3; ~ I~ BT(X,—Xm)]}

N| =

a m
@{tmce Z 2y = Vm — BT (% — ) | [y — ¥ — BT (x; — ’_‘m)]T}

j=1

Nlb—\
m|°’

j=1

{ e Z DR [(Yi —¥m)(y; — Tm)T = BT (X — %m)(y; — 7m)T

— (3 = Im) (% — m) B + B (xj — Xm) (xj — ’_‘m)TB]}

NgE:

1
2 {0 - (Xi - ’_‘m)(yi - 7m)TZe_1 - (Xi - ’_(m)(yi - 7m)Tze_1 + (Xi - ’_‘m)(xi - ’_(m)TBZ;l

1

—
L}

+ [(Xi — %) (%; — ’_‘m)T]T 3[251]T}

m
- — \Toe - - \T pom
= D =05 = %) (3~ F) B + (3~ X (3, — %) B2 (4-17)
J=1
By equations (102) and (117) in Petersen and Pedersen (2012),
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% {traCe [ze_lﬁT(Xi - ’_(m)(yi - 7m)T]} = (Xi - )_‘m)(yi - ym)Tze_l

op {trace [Ee_l(yj — 7m)(xi - )‘(m)Tﬁ]}
{trace [Z Yy — V) (x5 — m)TB]T} tr(4) = tr(4")
{trace [BT (x - xm)(y] im)TZe‘l]}

{trace [Z BT (%) — &) (¥ — Fim) ]}

= (Xi - )_(m)(yi - ym)Tze_1

0 1T X )
B {trace [Z; BT (Xj — Xm) (Xj — Xm) ﬂ]}

= o7 {urace [B7 (5~ %) (5~ ) 227}

= (%) = %) (% = %) BZ" + (5 = %) (5 %) | BEZZ'T"

=2(xj — Xm) (xj — )‘(m)TﬁZe‘l

Set (4 —17) = 0 to give

D=0 = %) (55— Fn) e+ (% ) (%, — K) BT = 0 (4-18)

J=1
The second term m[ym — Ky - ﬁT(Em - H'x)]TZe_l [ym —Hy - ﬂT()_(m - ux)]/z

can be minimized if we set

= bty = B7 G — 1] 25 [T — ty = BT (o — )] = 0 (4-19)
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Simultaneously solving (4 — 16), (4 — 18) and (4 — 19), we obtain the MLE for

Ky, uyand B as follows:

ﬁx = )_(n (4 - 20)
Ay =Y, —B"Xn—X,) (4-21)
B = S;x1msxym (4 - 22)
where
m

Sxxm = Z(X] - )_(m)((X] - )_(m)T (4 - 23)

j=1

m
Sm = ) (X = Xn) (% = To)" (4-24)

j=1

Now back to maximize (4 — 8) and (4 — 9) simultaneously. Since when fi, = X,,,
(4 — 8) is reduced to

n 1 L
Bl exp {— 2 ) G~ )T ER i u,a]

i=1

= [Zql Zexp {— StrEE Y (xy— %) - x)} (4-25)

i=1

By Results 4.10 in Johnson and Wichern (1998), (4 — 25) reaches maximum

when
1 n
B = — > (X~ X)X~ X (4 - 26)
i=1
Similarly, when fi, = ¥, — BT (X;n — Xp) , By = X and B = SgkSxym, (4 —9) is
reduced to
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m
_m 1
272 expd =5 > [y — 1y = 7 (g — )2 v — 1y = B () — )]
j=1

m 1 = ~ —~
= |ze|_76xp _Etrz;l Z[Y] - ym - ﬂT(xj - im)][Yi - ym - BT(Xj - )_(m)]T (4 - 27)

j=1
Again, by Results 4.10 in Johnson and Wichern (1998), (4 — 27) reaches

maximum when

m

L1 L ~ o )
=1

In summary, we have following 5 maximum likelihood estimators:

B =Xy, (4 -29)
ﬁy = }_,m - ET(Xm - Xn) (4 - 30)
ﬁ = S):xlmsxym (4-31)
. 1Y% - _

Te = - ;(xi %) (% — X, (4-32)

< 1< = = - - = - \iT
B = D 10 = Vo= B0 = Ra)I[Y, = Vo = B7(X, ~ Ka)] 4-39)

Jj=1

Similarly, if we do not consider extra information X,,; X, ..., X, and only use
the first m observations, we have

ﬁx_no = Xm (4-34)
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_ 1w L _ L _
Lo o = EZ[YJ' =Y, - BT(XJ' - Xm)][yj =Y, - ﬁT(XJ' - Xm)]T
j=1

4.2 Properties of the Maximum Likelihood Estimators
4.2.1 Estimator of the Mean Vector of X

The expectation of @, is
~ < - = 1T = = = 1T
E(ﬂx) = E(Xn) = E[antXnZI ---,an] = [E(an)t E(Xn2), o) E(an)]
T
= [.uxli ,sz; ---,uxp] = ""x

So i, is an unbiased estimator. The covariance of fi, is

1

COV(ﬁX) = COV()_(n) = E()_(n - ux)()_(n - ux)T = F

n
j=11=1

n
1 r 1
= ;Zl E(Xj - ux)(xi - ux) = szx
j=

By our assumptions,
X~ Np (”xt 2:xx)

Hence fi, = X,, is distributed as
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(4-35)

(4 - 36)

(4-37)

(4 - 38)

(4 - 39)

(4 - 40)



1
ﬁx ~ Np (ux: ; z:xx)

4.2.2 Estimator of the Covariance Matrix of X
Since X, X, ..., X, is a random sample of size n from a p-variate normal
distribution with mean u, and covariance matrix X,,, SO

Z(Xi - )_(n)(Xi - )_(n)T ~ VVp(ZXX’n - 1)

i=1

where W, ( Z4,n — 1) is Wishart distribution with (n — 1) degree of freedom.

We have
n
- 1 - < 7
By =5 Y (K= X)X~ X,)
i=1

So
nfxx ~ Wp( Zyn—1)
Then by Nydick (2012), we have

E(nixx) = (Tl - 1)zxx

Var(ng;;) = (n — DEE + 2%

The expectation of Z,, is

- n—1
E(ZXX) = n Z"xx (4 - 41)
So ., is a biased estimator.
- n—1_,
Var(Sy;) = —5 (F + 2uZj)) (4-42)

If we define
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n

n 1 - -

an = ZXX = n—1 Z(Xl - Xn)(Xi - Xn)T (4 - 43)
i=1

n—1
Then we have
n —
E(an) = mE(zxx) = 2:xx

Syn IS an unbiased estimator for X,,.

4.2.3 Estimator of the Regression Coefficient Matrix
As we do in Chapter 3, we will derive the conditional expectation and covariance

matrix of B given X = x first, then derive the unconditional expectation and covariance

matrix of the estimator.

The conditional expectation of B given X = x is

m
PN _ _ _ _ = \T
E(ﬂ|X) = E(Sxxlmsxymlx) = SxxlmE(Sxymlx) = SxxlmE Z(Xi - Xm) (Y] - Ym) |X
j=1

= St Y (% = KBV 1%) = Sighn > (%5 = %) [ty + 87 (3, — )]
j=1 j=1

m

St o i - A

j=1

m m
— — _ _ _ T
= Sxxlm Z(Xi - Xm) X]TB = SXle Z(Xi - Xm)(xi - Xm) B
j=1 j=1

= s;xlmsxxmﬁ = B (4 - 44)
So we have the unconditional expectation of B
E(B)=E[E(B|x)]=EB) =8 (4 - 45)

B is an unbiased estimator.
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We use vec-operator to obtain the conditional covariance matrix of B given X =

X. Since

[Bll
B — |.821

B

SO

Pz B1q]
B?Z ﬁ?qlz [Bw iBey i B (4 - 46)
sz qu

vec(B) = [B11, Bovs s Bo1s Brzs s By o Brgs = Bpa] = By Bizy - Bioy)" (4-47)

Then by Loan (2009), we have

Cov[vec(B|x)] = Cov|[vec(SxinSxym|X)]

= Cov {vecz S (Xj — Xm) [(Y] - T(m)Tlx]}

m
= Cov {vec Soan(Xj — Xm) (YjT|X)}
=1

= Cov [1® sgi,
5

= > 1@ Sih(x; -
=1

= D [1® S, -
=1

=D 1@ Sih(x; -
=1

= > [1® Sk (x
=1

(xj — Xm) | vec(YjTlx)}
Xm)] Cov[vec(Y;" 0)][1 ® Sukn (x; — )‘(m)]T independent of Y;
Xm)| Cov(Y;|x) [I ® (x;— )‘(m)TS;le

)_(m)] X, [I ® (Xj - )_(m)TS;xlm

- )_(m)] [Ze ® (Xi - )_(m)TS;x1m
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m
= Z z:e‘ ® S;le(xj - )_(m)(xj - )_(m)TS;le
j=1
m
= 26 ® Z S;xlm(xj - )_(m)(xj - )_(m)TS;)(lm
j=1

m
= ze ® S;xlrn lz (xj - )_(m)(x - )_(m)T S;le
j=1

= Z, ® S (4-48)
where @ stands for Kronecker Product.
By the Law of Total Covariance and by Nydick (2012), the unconditional
covariance matrix of vec(B) is
Cov[vec(B)] = E{Cov [vec(B|x)]} + Cov{E[vec(B|x)]}
= E[Z, ® Suim] + Covlvec(B)]

=2, @ E(Szm ) +0

— -1 -
_m_p_zze®zxx (4 49)

Then we have

Tei) oo
Cov(Bwy, B(j)) = m—p—2 _e;]_ > ity (4 - 50)

Lj=12..,q

When sample is large, B is asymptotically normally distributed.

4.2.4 Estimator of the Mean Vector of ¥
As we do in 4.2.3, first we will derive the conditional expectation and covariance

matrix of f,, given X = x, then we derive the unconditional expectation and covariance

matrix of the estimator. The conditional expectation of f,, is
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E(.ﬁylx) = E{[}_’m - ET()_(m - in)]lx} = E(}_,mlx) - E(ﬁTlx)()_(m - )_(n)

Z”y+BT(im_”x) _BT(im_in) =”y+BT()_(n_ux) (4-51)
where
_ 1% 1w 1w
E(Yyu|X) =E <Ez Y; |Xj> = Ez E(Y)lx;) = EZ[Ily + BT (xj — py)]
=1 =1 =1
1 m
ZE muy+BT (ij _mﬂx> zﬂy+BT(im_ﬂx) (4'52)
=1
So the expectation of g, is
E(ﬁy) = E[E(ﬁylx)] = E[uy + BT()_(n - ux)] =Hy + BT(ux - le) =Hy (4 -53)

I, is an unbiased estimator.

The conditional covariance matrix of f,, is
Cov(fiy|x) = Cov{[Vr, — B" X — Xp)]Ix}
= Cov(¥n|x) + Cov[BT (R — X,) x| — 2Cov[Vp, BT (R — %) [X]
1
= —Ze + Zo [Rm — X)) Sioam (K — X)) (4-54)
where

_ 1
Cov(Yp|x) = Eze (4 - 55)

COV[ET()_(m - )_(n)lx] = Cov [(S;lesxym)T(im - )_(n)] |X = COV[(Syme;le ()_(m - in)]lx

m

Z(YJ - vm) (Xi - im)T‘ S;xlm()_(m - )_(n)lx
j=1

= Cov

= Cov {Z (%1%) (X; — Xm)' S (Ron — )‘(n)}
=1
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m
= Z Cov [(Y] Ix)(x; — )_(m)TS;)}m()_(m - )_(n)] independent of Y,
=1

(x; — )‘(m)TS;)}m (Xm — X,) is a scalar. Let
4 = (X — Xm) Sitn Zm — %)
Then
@ = [ (X — %) Son Fom — )‘(n)]T (% = %) St (Fon — %)
= [Rm = %) Sk (%) — %) [ (%) — %) Sk Fon — %)

Hence we have

Cov[BT(Xm — Xn)|x]| = Z Cov|[(Y;|x)a;] = Z a?Var|(Y;|x)] = Z a/Z, =X, Z a
j=1 j=1 j=1 j=1
= 2:e Z[(im - )_(n)Ts;xlm(xj - )_(m)] [(Xj - )_(m)Ts;le(im - )_(n)]
j=1
= 2"e ()_(m - )_(n)TS;xlm (X' - )_(m) (X' - )_(m)T S;xlm()_(m - )_(n)
le ) )

= Ze ()_(m - )_(n)TS;xlm()_(m - )_(n) (4 - 56)

Cov[V i, BT (X — X,)]|x = Cov|[(Ypm, BT) IX] R — X)T = 0 (4-57)

To obtain the unconditional covariance matrix of &1, we use the Law of Total
Covariance,
Cov(@,) = Cov[E(iiylx)] + E[Cov(ﬁylx)]

now

_ _ 1
Cov[E(ﬁylx)] = Cov[uy +B7(X,, — ux)] = BTCov(X,)B = EBTZXX[} (4 -58)
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To obtain E [(Xm — Xn)"Sein Xm — X,,)], We need to find the distribution of X, —

X,,. Since

n—-m _ —
(Xm - Xn—m) (4 - 59)

Xm — X, =
X,, and X,,_,, are independent and normally distributed, and

E()_(m - )_(n—m) =Hx —Hxy = 0 (4 - 60)

CovXyy — Xnem) = Cov(X,,) + Cov(X,—m)

_12 + ! Tix = e pX
T L, Xx_m(n_m) XX

(4 - 61)

So we have

Hence

n—m

2
Xm — xn)TS;xlm(Xm -X,) = ( n ) Xm — Xn—m)TS;xlm(Xm — Xn-m)

- (&= m)z n 1 K~ Xnem) ( S e )'1 K — Xnm)

n .m(n—m).m—l , n m-—1 , n
m(n —m) m(n —m)

_ (n - m)2 n 1_ . )

n .m(n—m).m

where

K Xw)' ( S xm ) K = Xnom)

Tpm-1 =
’ n m—1 n (4-62)

_ m-VDp m-p _(m-1p
m-—p m—-p m-—-p—-2 m-—-p-—2

and
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The expectation of the conditional covariance matrix of fi,, is
o 1 X X \Tg-1 (Y X
E[COV([,ly|X)] =E {E I, +%, [(xm - xn) Sxxm(xm - xn)]}

1 _ — _ _
= Eze + zeE [(Xm - xn)TS;le(Xm - Xn)]

1 n —my?2 n 1
=%, +Z, (—) o E(TEmos)

n -m(n—m)-m—

1 n — my2 n 1 (m—-1p
moe ™t e( ) mn-m) m—1 m—p—2

1 (n—m)p

Using (4 — 58) and (4 — 63), we have the unconditional covariance matrix of fi,
as

TGkl 2 % BTEB (4 - 64)

Covipy) = m n(m—p—2)

When sample is large, fi, is asymptotically normally distributed.

4.2.5 Estimator of the Conditional Covariance Matrix of Y given x
We use similar idea for the multiple regression model in Chapter 3. For given x;,
Yi=p, +B"(xj— ) + &,/ =12,...m (4 - 65)

where

T
Hy = [”ylfl‘yZ' "-'“yq]

[,811 Bar Bpl]
BT=|B12 ﬁzz ,szl

Bra Brg - ﬁ;qJ

81' = [Sjl’ sz, ...qu]T
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Cov(Y;j|x) = Cov(g;) = %,
E(e )= E(YIx) — 1y — B7(x;— ) = 0
We have
g =Y, —fiy— B"(x; — i)
=Y, = [V — B"(&m —%)| — B"(xj — %)
=Y, -V, —B"(x; — Xn)

Hence

m

o= ) [V~ Vo= Bty = 5)][Y, ~ Vo = Bty ~ 5)] =

Jj=1

&Te

3=

By Results 7.10 in Johnson and Wichern (1998),

mZ,|x = &g ~ Wq,m—p—l(ze)

where W, ,_,_1(Z,) is Wishart distribution with (m — p — 1) degree of freedom.

The conditional expectation of £, is

- m—-—p-—1
E(Z,|x) =— 5

and the conditional variance of ie(ij) is
- m—-p—1.,
Var(Seqplx) = — 7 [Zew) + ZeaZeqn]
Both E(Z,|x) and Var(E,;,|x) do not involve X, so
- - m-—p—
E(Z,) =E[E(E.Ix)] = — L

z.is a biased estimator for X,. If we define
1 m
S = m_—HZ[Y,- ~ Vo= BT (X; = Xn)I[Y) = Vo = B7(X; = X)]
j=1

Then

E(S.) =Z,
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(4-67)

(4 -68)

(4 - 69)

(4 - 70)

(4-71)

(4-72)

4-73)



S. is an unbiased estimator for Z,.

By the Law of the Total Variance, we have the unconditional variance of ie(ij) as

follows
Var(Leaj) = E[Var(Eeqp|x)] + Var[E(Zeq) x)]

m—-p—-1.,
= ——— B + ZeqiZein)]

Since mZ, |x = &7 does not depend on X, so

mfe ~ Wq,m—p—l (Ze)

4.3 Prediction
Suppose we have a future observation X, = [X,1, Xo.2, ...,Xolp]T, Y, =

T . . .
[Yo1, Yoz, -, Yoq] With mean vector p and covariance matrix X

To Z

x Xy
- z= [ ]
H [I‘y] z:yx 2:yy

(4-74)

(4 - 75)

As we do in Chapter 3, We have the following three kinds of prediction interval

for Yq:

3) Usual prediction interval for Y ,— conditioning on X = xand X, = X,

4) Prediction interval for Y ,— unconditional on X, but conditioning on X, = x,

5) Unconditional prediction interval for Y,

4.3.1 Usual prediction interval

— Conditioning on X = xand X, = x,

The prediction value of Y, given X = x and X, = X, is
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Yolx,xo = iy + B7 (X0 — X;,) (4 -76)
The ith response follows the multiple regression model in (3 — 64) in Chapter 3
YolX Xo = Byy + Bly(Xo —Xpn), i=12,..,q 4-77)

Hence, the 95% prediction interval for Y ;) given X = x and X, = X, follows

(3—73) too

Seii 1
_Meli) [1 + =+ (Xg — %,,)TSTL (X0 — %) (4-78)
1 m

Yo% Xo +t e
0(L)| 0 - L0.025m—p 1\/m_p_

i=12..q

4.3.2 Prediction interval

— Unconditional on X, but conditioning on X, = x,

The prediction value of Y, given X, = x, IS
Yolxo = iy, + B (xo — i) (4-79)
The ith response follows the multiple regression model in (3 — 74) in Chapter 3
Yo lXo = By + Bly(Xo — ), i =12,..,q (4 - 80)

The 95% prediction interval for Yy given X, = X, follows (3 — 87) as

- 1 n—m Xo — X)) Sxl (%9 — Xpp)
Yo(i)lxo + ZO.OZS\/Se(i) [1 + E + mn(m — 3) + r:l — ;n_ > n (4 - 81)
where
1 m
— —~ — 2
Se) = 21 Z{ij = ¥y = Bl (X; = Xm)} (4-82)
p j=1
]:

and S,, is given in (4 — 43).

90



4.3.3 Unconditional prediction interval

The prediction value of Y is
Yo =0, + B" (X, — iy (4-83)
The ith response follows the multiple regression model in (3 —91) in Chapter 3
Youy =By + Bly(Xo — By, i=12,...q (4 - 84)

Hence, the 95% prediction interval for ?O(i) follows (3 — 102) too

5 1 (m-mp
YO(L') + Zo_ozs\/se(i) [1 + E + m (4 - 85)

where S, ; is given in (4 — 82).
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Appendix A
Statistical Estimation in Bivariate Normal Distribution

without Missing Observations
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In this appendix, we will derive the MLE estimators and prediction interval for the

bivariate normal distribution without observations missing.

A.1 Maximum Likelihood Estimators
If do not consider extra information X, .1, X;nt2, - X, @and only use the first m

observations in Chapter 2, then the joint likelihood function is

L(uy, pr, B, 0%, 02)

m m
mo—m 1 z: 2 1 2
= (2m) mae mo.xm TeXpy— 5 (yj — Uy — B(xj - ﬂx)) - 2 § (xj —,le)
20¢ e 207 et
J= Jj=

The log of the joint likelihood function is

l(#y' Hx ﬂ' O')?, O.eZ) =-m ln(zn) - mln((fe) - mln(O'x)
1 2 1 )
ﬁz (v =1y =B =) —T,J?Z(xj—ﬂx) (A-1)
€= j=1

Similarly, by taking the derivatives of the likelihood function (A — 1) to each parameter,

then setting it to be zero, we have the following estimating equations:

Dl —ny =B -] =0 (A-2)
j=1
‘[g m 1 m
_a_gz:[yf_“y_ﬁ(xj_”x)]+G_J?Z(xj_n“x)=0 (A-3)
j=1 j=1
1 m
G—Z (7 =1y =By =) (5~ ) = 0 (A-4)
j=1
1 < 2
557t 303 ), (5 ) =0 (A-5)
j=1
1 “ 2
—Zr:eﬁzf,;Z(yj—uy—B(xj—ux)) =0 (A-6)
j=1
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Simultaneously solve estimating equations (4 — 2) to (4 — 6), we obtain the following

maximum likelihood estimators:

o ;n=1(yj B 17m)(Xj B Xm)

.B_no = 2
;n=1(Xj - Xm)
1 m
6)? no — EZ(X] _Xm)2
j=1

1% . _
6-\g_no = EZ[(Y} - Ym) - .B(Xj - Xm)]z
j=1

(A-7)

(A-8)

(A-9)

(A - 10)

(A-11)

Since only (4 — 7), (A — 8) and (4 — 10) are different from corresponding estimators

with extra information, and (A — 7) and (4 — 10) are straightforward to derive, so here we give

the derivation for (4 — 8).

The conditional expectation of /i, given x is

1 m m
E(nyX) = E{[Y |x} = mz |xJ = Z .uy + ,B(x] .ux)]
j=1 j=1
1 m
= m,uy+,82xj—mﬁux =y + B — 1y)

=1
Then we have
E(ﬁy) = E(E(ﬁylx)) = E[My + B(Xm — )] = Uy + By — Uy) = Uy

So, fi, is an unbiased estimator for u,,.
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Similarly, the conditional variance of i, given x is

o¢

1< 1,
Yix | = WZ Var(Yj|xj) =g mo; =_- (A-14)
j=1

3

_ 1
Var(i,|x) = Var(Y;,|x) = Var -
=1

-
1l

By the Law of Total Variance,

Var(iy) = E (Var(a, X)) + Var (E(ay X))

where
A _ 2 _ 2 4 _ Bzo_xx A _ 15
Var (E(@y X)) = Var (ity + B(Km — 1) = BVar(Ry) = — (A-15)
. _ (02 _ol
E(Var(ule)) = E( ) =
Hence
0-82 ﬁzo-xx
1) = —< A-16
Var(4,) - + - ( )
A.2 The prediction Interval
A.2.1 Usual prediction interval
The prediction value of Y is
Yolx, xo = Ay, + B(xo — %m) (A-17)
By (4 —12) and (4 — 16),
. _ o7
() ~ N ( 1y + B = 1)~ (A - 18)

So, the expectation of Yy |x, x, is
E(Yolx, x0) = E(Ay|x, x0) + E(B|x, x%0) (xo — %)

x) + E(ﬁ|x)(x0 — Xm)

=E(ﬁy
zﬂy +ﬂ(fm —,le) +ﬁ(x0 _fm)
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zﬂy+ﬂ(x0 _/'lx)

The variance of ¥ |x, x, is

Var(Yolx, xo) = Var(ﬁy|x) + (%o — Xm)?Var(B|x) + 2(x, — fm)Cov[(ﬁy, B)lx]
0_62 0.62 (xO - J?m)z

= — 3 0
m Z}nzi(xj - xm)

_ 0'_3 0.62 (xO - fm)z

m ;nzl(xl _fm)z

Hence, the expectation of (Y, — %,)|x, x, is
E(YO - ?0)|X,XO = E(Yolx, xO) - E(?0|x, xO)

Z:uy-l_ﬁ(xo_/’tx)_[.uy'i'ﬁ(xo_.ux)] =0

And the variance of (Y, — %) |x, x, is
Var(Yy — Yo)lx, xo = Var(Yy)|x, xo + Var(¥)|x, xo — 2Cov(¥y, Yo) %, xo

o; | 0¢(Xo = ¥m)®

=02+ 0 T 20
m ﬁl(xi_xm)
2 1 (xo_fm)z
mn ;'n=1(xj_xm)

Hence, the 95% prediction interval for Y, given X = x and X, = x, is

- maé¢ 1 (X0 — Xm)?
Yolx, %o & to.025m—2 [

m=2] moym (g —x,)°
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A.2.2 Prediction interval

Let
Zy fiy
Z= ZZ = ,[lx
Zsq g
Then

[o¢ +ﬁza§ Ba? o |
Im m m I
2 2
Cov(Z|xy) ——l fox o 0 J (A - 24)
m m
2
Ue
0 0
(m —3)a?

The variance of ¥;|x, is

2

3
Var(?0|x0) = E[?0|x0 - E(?o| 0)]2 ~FE Z(%ﬂxo)(zj - HZj)
j=1

3 3 3
=D (@] Var@) +2) " > Gulxo) Doyl Cov(Zi, 7))
=1

i=1 j=1,i#j
= 1?Var(Zy) + (=p)*Var(Zy) + (xo — 1)?Var(Zs) + 2+ 1+ (=p)Cov(Zy, Z,)

= 12Var(ﬁy) + (_.B)Zvar(ﬁx) + (xo - Hx)ZVaT(ﬁA) +2-1- (_,B)Cov(ﬁy: ﬁx)

I R S
m m m 0~ Hx (m — 3)0,, m
1 (xo _.ux)z
— 2| A-25
Ge [m + (m — 3)o? ( )

Hence, the variance of (Y, — ;) |x, is

Var(Yy — Yo)lxe = Var(Yy)|x, + Var(¥,)|xe — 2Cov(Y,, Yo)| %o
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(xo_.ux)z
=02+ 02| =42 2.0
% T O Iy (m — 3)o?

_ 2 1 (xO_,ux)z
= Op |:1+E+mj| (A'26)

A.2.3 Unconditional prediction interval

Let
A fiy
z=|%|=|"
Zs I
Zy o
Then
Hy
U
E(Z2)=p; = Bx
Hx
02 B0 poi .
m m m
Pox %= 0
Cov(Z) = m m
0 0 022
_ 2
0 0 =3k
0 oy |

The variance of Y, is
2

Var(%o) = E[%o = E@)]" ~ B D" 94, (E(Z) - 1z))
j=1

i=1 j=1,i#]

= @l Var@+2) > 9P )Cov(22)
j=1

=12Var(Z,) + (=B)*Var(Z,) + 02 - Var(Z;3) + B*Var(Z,) + 2-1- (=B)Cov(Z,,Z;)
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= 1?Var(4,) + (-B)*Var(i,) + 0% - Var(B) + p?Var(X,) + 2 - 1- (=B)Cov(fiy, fiy)

0.2 20.2 20_2 20_2
_%e B Fo +0+[320§—zﬁ -
m m
_% g2 (A - 28)
=T h%ox
Hence, the variance of (Y, — ¥,) are
Var(Yy — Yy) = Var(Yy) + Var(¥,) — 2Cov (Y, Yp)
=02+U—g+,8202—2-,8202=02+0—ez—,8202=02[1+l] (A-29)
y m x x y m x e m

The 95% prediction interval for Y, is

A 1
Yo+ 2g025 }Sg (1 + E) (A-30)
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Appendix B

Fisher Information Matrix for Bivariate Normal Distribution
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Since we have five parameters, so the Fisher Information Matrix 1(6) is definedbya 5 x5
matrix, and the (j, k) entry of I(9) is given by

P (8 )
010 — 06,00,

Where
I(x,Y,0) = l(,uyv e, B O-)?! O-ez)

is the log of the joint likelihood function (2 — 8).
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m 2
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j=1
1 - 2
m
D)
j=1
m
m 1 2
~ 202 +a_eﬁzae
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204 of
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" 20f
Where

E(Y - by - B — 1)) 1)
=E {(Y] - ”y)z =20 —m)B(g — )+ (% — “x)z} |x
= E(Y) — 1) [ = 285 = B — )| + B2(x; — i)’

= Gez +ﬂ2(xj _:ux)z - Zﬁz(xj _.ux)z +ﬁz(xj _.ux)z
:o-ez

Hence

B((% w805 1)) =E[E((5 — 1~ B ~n)) [¥)] = B2 = o2

The Fisher Information Matrix is
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Appendix C

Some derivation used in the dissertation
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In this appendix, we derived some formula used in the dissertation.
m m
Z(J’j = Im) (% — %) = Z(yixi = Ym % = Yj¥n + Yn¥n)
j=1 j=1

m m m
= Zijj _ymzxj _fnzyj + myp i,
j=1 j=1 j=1

m
= Z ijj - ym Z xj - mfn)_’m + m:)_"mfn
j=1 j=1

m m m m
=Zijj—}_’mzxj =ij(}’j—}_’m) =Z)’j(xj—fm) (C-1)
Jj=1 j=1 j=1 j=1

m

m
—_ —_ _ 2 —_ —_ —_ —_
Z. (xj — X)) (xj — X)) = Z(xj — XmXj — XjXp + X Xp)
Jj=1 =
m m m
]:1 :1 ]:
m m
—sz—f Zx — MXp Xy + MEy X
- j m j ntm min
j=1 j=1
m m m m
= zxf - fmZx]- = ijz - mexJ ME gy Xy + My X
j=1 j=1 j=1
m m m m m
— 2 = = - = _ _ \2
= X=X ) X~ Xy ) X+ ) XXy = (x]- - xm) (C-2)
j=1 j=1 j=1 j=1 j=1
m m m m
X2 —mXg, Xy, = ) X} — ) X% xi(xj — ) Cc-3
j mim j j Am J\*j m ( )
j=1 j=1 j=1 j=1
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YT Y (% = %)

Cov[(lfj-,[?)|x] = Cov(Yj|x, > %)

Z}nzl(xj - J?m)
1

= —_ZCOV[Y}'lxv Yl(xl - J?m)lx + Yz(xz - fm)lx + - Yj(xj - fm)lx + - Ym(xm - JEm)lx]

Z?:i(xj ~ Xm
= —ZCOV[Yj|x, Y(xi — fm)|x] Y;|x, Y |x ae independent for j # k

271:1("}' - JZm)

= I
e T -

(g — %)’ m (%~ %)’

Cov[(7,B)[¥] = - Cov[talx + Vylx .. Y, ]

1% . 1w (xj — % )02 a2 Y (x — %)
=2 Colh Bl =2 ) == 2 = o z=0 (C-5)
mz : m,-zzlz;-tl(xj — %)’ I (g — E)

Hence,?|x and ﬁ|x are NOT correlated.
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R codes
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In this appendix, we list R codes for the example estimators and variance comparison.

D.1 R Code for the Estimators

install.packages("bayesSurv")  #install this package to calculate sample covariance
install.packages("MVN") #Multivariate normality test
install.packages("usdm") #Multicollinearity test

library(MVN)

varNames <- ¢ ("Y",

"GPA",
"GVerbal",
"GQuantitative",
"GAnalytic",
"TOEFL")

varFormats <- ¢ ("numeric", # Master GPA

"numeric"”, # Undergraduate GPA
"numeric", # GRE Verbal
"numeric”, # GRE Quantitative
"numeric", # GRE Analytic
"numeric") # TOEFL

directory <- "D:/PhD Research/Book data"
filename <- "GPA with Block Missing realdata.txt"
fullFile <- paste (directory, filename, sep ="/")

mydata <- read.csv (fullFile,

stringsAsFactors = FALSE,
nrow = -1,

col.names = varNames,
colClasses = varFormats,
sep ="\t")

mydatas <- head(subset.matrix(mydata,select=GVerbal: TOEFL,(!is.na(mydata[,4]))),40)  #Obtain the sample data

mydatas_m<-subset(mydatas, (lis.na(mydatas[,4]))) #lgnore TOEFL missing data

# Calculate 5 estimates - Multivariate case
one_n <- as.matrix(rep(1,40)) #vector one 40 by 1
one_m <- as.matrix(rep(1,20))

multi_xndata <- as.matrix(subset(mydatas,select=GVerbal:GAnalytic))

m_xn <- as.matrix(colMeans(multi_xndata))

diff_xn <- multi_xndata - one_n %*% t(m_xn)

ss0 <- diff_xn[1,] %*% t(diff_xn[1,])
ssn <- 0*ss0

for (i in 1:40) {
temp <- diff_xn[i,] %*% t(diff_xn[i,])
ssn <- temp + ssn

sigma_xxn <- ssn/n #sigma_xx_n
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library(bayesSurv)
s_xx_n0 <- (n-1)*sampleCovMat(multi_xndata)/n ~ #for check purpose

ym <- mydatas_m[,4]
y_bar_m <- sum(ym)/m

multi_xmdata <- as.matrix(subset(mydatas_m,select=GVerbal:GAnalytic))
m_xm <- as.matrix(colMeans(multi_xmdata))

diff_xm <- multi_xmdata - one_m %*% t(m_xm)
ssm <- 0*ssO

for (i in 1:20) {
temp <- diff_xml[i,] %*% t(diff_xml[i,])
ssm <- temp + ssm

}

sigma_xxm <- ssm/m #Sigma_xx_m

s_xx_m0 <- (m-1)*sampleCovMat(multi_xmdata)/m #Check

d <-m_xm-m_xn #difference between mean xm and mean xn
diff_ym <-ym-y_bar_m

sxy0 <- diff_ym[1]*diff_xm[1,]
sxy <- 0*sxy0
for (i in 1:20) {
temp <- diff_ym([i] *diff_xm[i,]
SXy <- temp + sxy

SXy_m <- as.matrix(sxy)
beta_hat <- solve(ssm) %*% sxy_m

mu_yhat <-y_bar_m - t(beta_hat) %*% d #mu_y hat

bm<-0

for (i in 1:20) {
temp <- (diff_yml[i] - t(beta_hat) %*% diff_xml[i,])"2
bm <- temp + bm

}
sigma_e_hat <- bm/m #Sigma_e"2

#check beta

fit <- Im(TOEFL ~ GVerbal + GQuantitative + GAnalytic, data=mydatas_m)
fit

beta <- coefficients(fit)

beta

B R
cov(mydatas_m[,1],mydatas_m[,4])

cor(mydatas_m[,1],mydatas_m[,4]) #rou=0.3252701 --selected since rou_square>1/18
cor(mydatas_m[,2],mydatas_m[,4]) #rou=-0.07477673
cor(mydatas_m[,3],mydatas_m[,4]) #rou=0.166066

#Calculate 5 estimates for bivariate cases

#1-Verbal score as x

bdata <- subset(mydatas,select=c(GVerbal, TOEFL))
n<-40

m<-20

xn <- bdata[,1]

x_bar_n <- sum(xn)/n
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bdata_m <- subset(bdata, (lis.na(bdata[,2])))
xm <- bdata_m[,1]

ym <- bdata_m[,2]

x_bar_m <- sum(xm)/m

y_bar_m <- sum(ym)/m

beta_num <- sum((ym-mean(ym))*(xm-mean(xm)))

beta_den <- sum((xm-mean(xm))"2)

beta <- beta_num/beta_den

muy_hat <-y_bar_m - beta*(x_bar_m - x_bar_n)

sigma_xx_hat_n <- sum((xn-mean(xn))*2)/n

sigma_xx_hat_m <- sum((xm-mean(xm))”2)/m

sigma_e_hat <- sum((ym - y_bar_m - beta*(xm - x_bar_m))"2)/m

biout <- data.frame(x_bar_n,muy_hat,beta,sigma_xx_hat_n,sigma_e_hat)
biout_no <- data.frame(x_bar_m, y_bar_m,beta,sigma_xx_hat_m,sigma_e_hat)

Similar codes for Quantitative score, Analytic score as x

#Bivariate normal test
mydatasl <- subset.matrix(mydatas_m,select=c(GVerbal TOEFL))

resl <- mardiaTest(mydatasl) #Henze-Zirkler's Multivariate Normality Test
mvnPlot(res, type = "persp", default = TRUE) # Perspective Plot
mvnPlot(res1, type = "contour”, default = TRUE) # Contour Plot

mydatas? <- subset.matrix(mydatas_m,select=c(GQuantitative, TOEFL))
res2 <- hzTest(mydatas2) #Henze-Zirkler's Multivariate Normality Test
mvnPlot(res2, type = "persp", default = TRUE)

mydatas3 <- subset.matrix(mydatas_m,select=c(GAnalytic, TOEFL))
res3 <- hzTest(mydatas3) #Henze-Zirkler's Multivariate Normality Test
mvnPlot(res3, type = "persp", default = TRUE)

##Multivariate normality test

hzTest(mydatas,cov = TRUE, qgplot = TRUE) #Henze-Zirkler's Multivariate Normality Test
mardiaTest(mydatas, cov = TRUE, qgplot = TRUE) #Mardia's Multivariate Normality Test
hzTest(multi_xndata,cov = TRUE, qgplot = FALSE) #Henze-Zirkler's Multivariate Normality Test
mardiaTest(multi_xndata, cov = TRUE, qqplot = TRUE) #Mardia's Multivariate Normality Test
#Collinearity test -- if VIF>4 then assume multicollinearity then remove

library(usdm)

xn_data <- data.frame(multi_xndata) #Have to use data frame to use VIF

vif(xn_data)

D.2 R Code of Simulation for Variance Comparison

library(MASS)

#1-Bivariate

mu <- ¢(420,540) #use GRE Verbal and TOEFL means

Sigma <- matrix(c(3450,600,600,970),2,2)  #Verbal and TOEFL covariance
n0 <- 2000

#Sigma <- matrix(c(3450,1200,1200,970),2,2)  #high correlation example

set.seed(2017612)

fobs <- mvrnorm(n0,mu=mu,Sigma=Sigma) #x0 and y0
cov(fobs)

X0 <- fobs[,1]

y0 <- fobs[,2]
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fob_head <- head(fobs,1)
x00 <- fob_head[,1]
y00 <- fob_head[,2]

#Obtain estimates
n<-40
m<-20  #m=20 - miss 50%; m=28 miss 30%; m=36 miss 10%;

sig_xx_n<-0
sig_xx_m<-0
xbar_m<-0
xbar_n<-0
ybar_ m<-0
mu_y<-0
beta <- 0
sig_e<-0

set.seed(20176132)
for (i in 1:10000)

simdata<- mvrnorm(n,mu=mu,Sigma=Sigma)
X <- simdata[,1]
y <- simdata[,2]

xbar_n[i] <- mean(x)
sig_xx_n[i] <- sum((x-mean(x))"2)/n

sub_data <- simdata[1:m,1:2]

xm <- sub_data[,1]

ym <- sub_data[,2]

sig_xx_ml[i] <- sum((xm-mean(xm))"2)/m

xbar_m[i] <- mean(xm)
ybar_ml[i] <- mean(ym)

beta_num <- sum((ym-mean(ym))*(xm-mean(xm)))
beta_den <- sum((xm-mean(xm))"2)

beta[i] <- beta_num/beta_den

mu_y[i] <- ybar_ml[i] - beta[i]*(xbar_m[i]-xbar_n[i])

sig_e[i] <- sum((ym - ybar_ml[i] - beta[i]*(xm - xbar_m[i]))"2)/m
}

beta_xbar_nCov <- cov(xbar_n,beta) #Check covariance
beta_xbar_mCov <- cov(xbar_m,beta)

mu_y_mu_X_cov <- cov(mu_y,xbar_n)

beta_mu_yCov <- cov(beta,mu_y)

#Comparison of variance mu_y_hat

€3 <- 1 + ((n-m)/(n*(m-3)))

var_muy_hat <- (c3*sig_e)/(m-2) + ((beta"2)*sig_xx_n)/(n-1)
var_muy_hat_m <- sig_e/(m-2) + ((beta”2)*sig_xx_m)/(m-1)

m_var_muy_hat <- mean(var_muy_hat)
var_muy_hat_sd <- (var(var_muy_hat))"0.5

m_var_muy_hat_m <- mean(var_muy_hat_m)
var_muy_hat_m_sd <- (var(var_muy_hat_m))"0.5

len_out_var <- data.frame(n,m,m_var_muy_hat,var_muy_hat_sd,m_var_muy_hat_m,var_muy_hat_m_sd)
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