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ABSTRACT

A STUDY ON THE NONLOCAL SHALLOW-WATER MODEL ARISING FROM
THE FULL WATER WAVES WITH THE CORIOLIS EFFECT

Junwei Sun, Ph.D.

The University of Texas at Arlington, 2017

Supervising Professor: Yue Liu

The Equatorial Undercurrent is a significant feature of the geophysical waves
near the equator, which is one of the key factors to explain El Nino phenomenon.
However, based on S-plane approximation, the classical theory of geophysical waves
ignored the vertical structure of the Equatorial Undercurrent.

To obtain a better description of the equatorial waves, in this dissertation, I
study the rotational-Camassa-Holm (R-CH) equation, which is a mathematical model
of long-crested water waves near the equator, propagating mainly in one direction with
the effect of Earth’s rotation under the f-plane approximation. R-CH equation can
be derived by following the formal asymptotic procedures. Such a model equation is
analogous to the Camassa-Holm approximation of the two-dimensional incompress-
ible and irrotational Euler equations and has a formal bi-Hamiltonian structure. Its
solutions corresponding to physically relevant initial perturbations is more accurate
on a much longer time scale. It is shown that the deviation of the free surface can be
determined by the horizontal velocity at a certain depth in the second-order approx-

imation. The effects of the Coriolis force caused by the Earth rotation and nonlocal



higher nonlinearities on blow-up criteria and wave-breaking phenomena are also in-

vestigated.

vi



TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . .. . ... ..
ABSTRACT . . . e
LIST OF ILLUSTRATIONS . . . . . . . .. o
Chapter

1. BACKGROUND . . . . .

1.1 El Nino and equatorial waves . . . . . ... ... ... ........
1.2 Early Developments of solitary shallow waves . . . . .. .. ... ..
1.3 The Camassa-Holm equation . . . . . .. .. . .. ... ... .....
. THE ROTATION-CAMASSA-HOLM EQUATION . . . .. ... ... ..
2.1 Introduction . . . . . . .. ..
2.2 Derivation of RCH equation . . . . ... ... ... .. .. ......
2.3 Some other forms of R-CH equation . . . . . . .. ... ... ... ..

2.3.1  Weak forms of R-CH equation . . . . . .. ... ... .. ...

2.3.2 A simplified form of R-CH equation . . . . . . ... ... ...

2.3.3 Some more discussions . . . . . ...
. LOCAL WELL POSEDNESS OF R-CH EQUATIONS . . . .. ... ...
3.1 Imtroduction . . . . . . . ...
3.2 First three conservation laws . . . . . . . . . .. ... ... ...
3.3 Hamiltonian format . . . . . .. ... ... oo
3.4 Preliminaries . . . . . . ...
3.5 Local well-posedness . . . . . . . . . ... ... ... .. ... ...,

3.6  Wake-breaking phenomena . . . . . ... ... o0

vil



REFERENCES

BIOGRAPHICAL STATEMENT . . . . . ... ... ... ... ...

viii



LIST OF ILLUSTRATIONS

Figure Page
1.1 The 1997-98 El Nino observed by TOPEX/Poseidon. The white areas
indicate the pool of warm water off the Tropical Western coasts of north-
ern South and all Central America as well as along the Central-eastern

equatorial and Southeastern Pacific Ocean . . . . . . . . . ... .. .. 2

1.2 Map showing Nino 3.4 and other index regions . . . . . .. ... ... 3
1.3 Soliton on the Scott Russell Aqueduct on the Union Canal near Heriot-

Watt University, 12 July 1995 . . . . . . . . . . .. ... ... ... 6

X



CHAPTER 1
BACKGROUND

1.1 El Nino and equatorial waves

El Nino is associated with a band of warm ocean water that develops in the
central and east-central equatorial Pacific (between approximately the International
Date Line and 120°W), including off the Pacific coast of South America (See Figure
1.1). Fishermen off the west coast of South America were the first to notice appear-
ances of unusually warm water that occurred at year’s end. The phenomenon became
known as El Nino because of its tendency to occur around Christmas time. El Nino
is Spanish for "the boy child” and is named after the baby Jesus.

Most of early El Nino conditions were too weak to attracted people’s attention.
From the 19th century, some strong El Nino events were recorded gradually because
of their effect on those enterprises that depend on biological productivity of the sea.
Charles Todd, in 1888, suggested droughts in India and Australia tended to occur
at the same time [18]; Norman Lockyer noted the same in 1904 [29]. An El Nifo
connection with flooding was reported in 1894 by Vctor Eguiguren (1852-1919) and
in 1895 by Federico Alfonso Pezet (1859-1929) [17, 31]. In 1924, Gilbert Walker
coined the term ”Southern Oscillation” [37]. He and others are generally credited
with identifying the El Nino effect.

Now, El Nino is widely regarded as a phenomenon affecting the global climate
and disrupts normal weather patterns, which as a result can lead to intense storms

in some places and droughts in others. Currently, a number of studies show that the



sea surface temperature near the equator, especially Nino 3.4 and Nino 3 (See Figure

1.1), play an important role in constituting an El Nifio event.

Figure 1.1. The 1997-98 El Nino observed by TOPEX/Poseidon. The white areas
indicate the pool of warm water off the Tropical Western coasts of northern South and
all Central America as well as along the Central-eastern equatorial and Southeastern
Pacific Ocean.

The United States Climate Prediction Center and the International Research

Institute for Climate and Society claims that an El Nino event is under way when



the sea surface temperatures index in the central Pacific (the Nifio 3.4 region) equal
or exceed +0.5°C for several seasons in a row [19]. While in another research, the
Japan Meteorological Agency declares that an El Nino event has started when the
average 5 month sea surface temperature deviation for the Nino 3 region, is over
+0.5°C warmer for six consecutive months or longer [25]. In these El Nifio regions,
an important feature is that the Equatorial Undercurrent. First discovered in 1951
[32], the flow reverses at a depth of several tens of meters while the surface flow is
generally directed westward because of the prevalence of winds that blow westward.
Because of the Equatorial Undercurrent, the inherent ocean adjustment influence the
surface ocean temperature. Therefore, one of the keys in explaining El Nino is to
model the Pacific Equatorial Undercurrent. Today, lots of researches shows that the
Pacific Equatorial Undercurrent is thin (less than 200 m deep [32]), symmetric (from
5°S latitude to 5°N latitude) and remarkable long (about 13000 km, extending nearly

the whole ocean basin [24]) such that it can be taken as a shallow water layer.
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Figure 1.2. Map showing Nino 3.4 and other index regions.

The classical model of equatorial waves are eastward propagating Kelvin waves,
which predicted theoretically by using a S-plane approximation to the governing equa-

tions in the shallow water regime of a one-layer reduced-gravity model [15]. Unfor-



tunately, this theory ignored vertical variations of the flow but the fact is that the
vertical stratification of the Coriolis force on the ocean is greater than anywhere else.
Meanwhile, the Coriolis parameter along the Equator vanish and the §-plane effect
on the planetary vorticity of the flow in these area amounts to less than 1.75%, which
implies f-plane approximation is reasonable. Recently, a shallow water model with
the f-plane approximation proposed by A. Constantin succeeded to capture these
features of the Equatorial Undercurrent [10]. However, it is just the simplest approx-
imation to the Euler dynamics such that more mathematical work is needed in the

future.

1.2 Early Developments of solitary shallow waves

In this section we review the historical development of nonlinear shallow water
wave theory following Ablowitz and Clarkson [1].

In 1834, a young engineer named John Scott Russel (1808-1882) made a remark-
able discovery when he was riding on horseback along a narrow canal near Edinburgh,
Scotland. He described it in his ”"Report on Waves” [33, 34].

"1 was observing the motion of a boat which was rapidly drawn along a narrow
channel by a pair of horses, when the boat suddenly stopped - not so the mass of
water in the channel which it had put in motion; it accumulated round the prow
of the vessel in a state of violent agitation, then suddenly leaving it behind, rolled
forward with great velocity, assuming the form of a large solitary elevation, a rounded,
smooth and well-defined heap of water, which continued its course along the channel
apparently without change of form or diminution of speed. I followed it on horseback,
and overtook it still rolling on at a rate of some eight or nine miles an hour, preserving
its original figure some thirty feet long and a foot to a foot and a half in height. Its

height gradually diminished, and after a chase of one or two miles I lost it in the
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windings of the channel. Such, in the month of August 1834, was my first chance
interview with that singular and beautiful phenomenon which I have called the Wave
of Translation.”

To confirm and study this phenomenon, he build an experimental tank, 20 feet
long and 1 foot wide, in his garden in August, 1837. He wanted to repeat the solitary
waves in his tank and he succeeded. Based on the data from these experiments, he
found that the speed of propagation c¢ of the solitary wave in a channel of depth h to
be

c=+vVg(h+ a),

where « is the amplitude of the wave and g the force due to gravity.

Unfortunately, Russel’s contemporaries, containing famous fluid mechanic George
Gabriel Stokes, ill-understood and doubted this discovery. And solitary waves was
forgotten by the times.

Until 1895, D. J. Korteweg and his student, G. de Vries, deduced the now

famous Korteweg-de Vries (KdV) equation

3 1
Up + Uy + éuux + éumx =0, (1.1)

under the long-wave and small-amplitude assumption[28]. And the traveling wave
solution they obtained from KdV equation, also named one-soliton solution later,
explain Russel’s phenomenon. In 1965, Kruskal and Zabusky gave Russel’s wave a
new name, soliton, after using digital computer and numerical simulation method
to research two-soliton solution[39]. Now, soliton, as a nonlinear mathematical and
physical theory, can describe so many phenomena from fiber optics, quantum me-
chanics to biology. To commemorate Russel’s contribution to soliton discovery, on

12 July 1995, an international gathering of scientists witnessed a re-creation of the



famous 1834 ’first’ sighting of a soliton or solitary wave on the Union Canal near

Edinburgh (see Figure 1.2).

Figure 1.3. Soliton on the Scott Russell Aqueduct on the Union Canal near Heriot-
Watt University, 12 July 1995.

1.3 The Camassa-Holm equation

In this section, we review the historical development of the Camssa-Holm equa-
tion.

It is known that many of the shallow water models as approximations to the
full Euler dynamics are only valid in the weakly nonlinear regime, for instance, the

classical Korteweg-de Vries (KdV) equation. However, the more interesting physical
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phenomena, such as wave breaking, waves of maxima height [2, 36], require a tran-
sition to full nonlinearity. The KdV equation is a simple mathematical model for
gravity waves in shallow water, but it fails to model fundamental physical phenom-
ena such as the extreme wave of Stokes [35] and does not include breaking waves (i.e.
wave profile remains bounded while its slope becomes unbounded in finite time). The
failure of weakly nonlinear shallow-water wave equations to model observed wave
phenomena in nature is prime motivation in the search for alternative models for
nonlinear shallow-water waves [34, 38]. The long-wave regime is usually character-
ized by presumptions of long wavelength A and small amplitude a with the amplitude

parameter € and the shallowness parameter u respectively by

a h?
— — «1 — 0
¢ ho<<’ a A2

< 1.
It is well understood that the KdV model provides a good asymptotic approximations
of unidirectional solutions of the irrotational two-dimensional water waves problem
on the Boussinesq regime u < 1, ¢ = O(u) [7, 14]. To describe more accurately the
motion of these unidirectional waves, it was shown in [13] that the Camassa-Holm
(CH) equation [8, 20] in the CH scaling, 1 < 1, ¢ = O(\/n), could be valid higher
order approximations to the governing equation for full water waves in the long time
scaling O(%) Like the KdV, the CH equation is integrable and have solitons, while
the CH equation models breaking waves and has peaked solitary waves [8, 12, 30].
It is also found that the Euler equation has breaking waves [4] and a traveling-wave
solution with the greatest height which has a corner at its crest [36].

The Camassa-Holm equation inspired the search for various generalization of
this equation with interesting properties and applications. Note that all nonlinear
terms in the CH equation is quadratic. It is then of great interest to find those

integrable equations with higher-power nonlinear terms.

7



CHAPTER 2
THE ROTATION-CAMASSA-HOLM EQUATION

2.1 Introduction

Our first main aim of this chapter is to formally derive a model equation with the
Coriolis effect from the incompressible and irrotational two-dimensional shallow water
in the equatorial region. This new model equation called the rotation-Camassa-Holm
(R-CH) equation has a cubic and even quartic nonlinearities and a formal Hamiltonian
structure. More precisely, the motion of the fluid is described by the scalar equation
in the form

Ot — Bulitigy + Clig + 3acuty — Pofttigee + wieu Uy + woe®udu,

(2.1)
= aﬂsu(?uxum + uuac;rz)a

where the parameter €2 is the constant rotational frequency due to the Coriolis effect.

The other constants appearing in the equation are defined by ¢ = v1+ Q2 — Q. « dof
def ¢(c*4+6c2—1) 4-‘,—602—1) def 30448:2_1 def —3¢(c2-1)(c?-2) def (c2-2)(c®—1)?(8¢%-1)
1+02, Bo = To(ET1)Z b= %, W1 = Taiagey o ndwy = 211 c2)

satisfying ¢ — 1, g — E> Bo — Zv wi, wy — 0 and oo — % when Q — 0.
The solution u of (2.1) represents the horizontal velocity field at height zy, and

after the re-scaling, it is required that 0 < zy < 1, where

1 2 1 41
o= - = = : 2.2
VT3 3@ 1) (22)

Since it is also natural to require that the constant S > 0, it must be the case

1
0<Q< \/6(1—1—2\/1_9)%1.273,

1—2\/1
0 9~0984

and

| /\

Sl



In particular, when Q = 0, z5 = \/Li is corresponding to the case of classical CH

equation.

The starting point of our derivation of the R-CH model in (2.1) is the paper
[26] where the classical CH equation was derived. The R-CH equation in (2.1) is
established by showing that after a double asymptotic expansion with respect to ¢
and p, the free surface n = n(7, &) under the field variable (n,¢) defined in (2.5) in
2D Euler’s dynamics (2.6) (see Section 2), is governed by the equation

62

7 Hieee + Avenne + Ase®n’ne + Ase®n'ne

2(Q + ¢)ny + 3Pnme +

=cu [A:a'f]g'flgg + Aﬂ]ﬁgsg] + O(e*, 11?),

def 3c2(c2—2 def  ¢2(2—c?)(S—7c*+5c2—5 def —c2(9¢*4+16¢2—2
where the constants A; = W, Ay = — )(CQ+1)4 ), Az = W,

A def —c2(3ct+8c2-1) A def ¢2(c?—2)(3¢194228¢8—540c5 —180c* —13c?+42)
4 = 3202 0 5 T 12(c2+1)6 :

The free surface n
with respect to the horizontal component of the velocity u at z = 2z, under the CH

regime ¢ = O(,/p1) is also given by

1
N = —ut+ e’ + e’ + e’ + yaspuge + O, 1),

where the constants in the expression are given by 7, = Wil)’ 9 = (02_12)0(36 (2;?1()236 1) 5
2_1)2(c2—2)(21c2+16¢2 44 2 2 —(3c*+6¢%—5 .
7y = —EECAG TN and gy = 2 — EEEL = ZBeeD) (here the height

parameter zp is determined by (2.2)).
Denote m < (1 — Bud?)u, one can rewrite the above equation in terms of the

evolution of the momentum density m, namely,

2 3

om + as(umyg + 2muy) + cty — Boftiges + w1 Ut Uy + woetuPu, = 0. (2.3)
2.2 Derivation of RCH equation

The formal derivation of the Camassa-Holm model equation with the Coriolis

effect is the topic of the present section. Attention is given here is the so-called long-
9



wave limit. in this setting, it is assumed that water flows are incompressible and
inviscid with a constant density p and no surface tension, and the interface between
the air and the water is a free surface. Then such a motion of water flow occupying
a domain €, in R3 under the influence of the gravity g and the Coriolis force due to

the Earth’s rotation can be described by the Euler equations [21], viz.
i+ (@- V)T +20 x @ = —ivP+3§ weq,
V-u= 07 S Qt;

=g = uy, x € §y,

0
where @ = (u,v,w)” is the fluid velocity, P(t,z,y,z) is the pressure in the fluid,
G = (0,0,—g)7 with g ~ 9.8m/s? the constant gravitational acceleration at the
Earth’s surface, and 0= (0, Qg cos @, Qgsin )T, with the rotational frequency Qo ~
73 - 107%rad/s and the local latitude ¢, is the angular velocity vector which is di-
rected along the axis of rotation of the rotating reference frame. We adopt a rotating
framework with the origin located at a point on the Earth’s surface, with the z-axis
chosen horizontally due east, the y-axis horizontally due north and the z-axis up-
ward. We consider here waves at the surface of water with a flat bed, and assume
that Q, = {(z,v,2) : 0 < z < hg +n(t,z,y)}, where hg is the typical depth of the
water and 7(¢, x, y) measures the deviation from the average level. Under the f-plane
approximation (sin¢ =~ 0, ¢ < 1), the motion of inviscid irrotational fluid near the
Equator in the region 0 < z < hg + n(t, z,y) with a constant density p is described

by the Euler equations [10, 21] in the form

(

U + Uy + VU + WU, + 2Qpw = —%Pz,

Uy + UV; + VU + WU, = —%Py,
Wy + uwy + vwy + ww, — 2Qpu = —%PZ —q,

\

10



the incompressibility of the fluid,
Uy + vy +w, =0,
and the irrotational condition,
(wy — Vs, u, — Wy, vy — uy)" = (0,0,0)".
The pressure is written as
P(t,x,2) = P+ pg(ho — 2) + p(t, 2.y, 2),

where P, is the constant atmosphere pressure, and p is a pressure variable measuring
the hydrostatic pressure distribution.

The dynamic condition posed on the surface z = hg + n yields P = P,. Then
there appears that

p = pgmn.

Meanwhile, the kinematic condition on the surface is given by
w = +un, +vn,, when z=ho+nt z,vy).
Finally, we pose "no-flow” condition at the flat bottom z = 0, that is,
w|,—g = 0.

Consider the two-dimensional flows, moving in the zonal direction along the
equator independent of the y-coordinate, in other words, v = 0 throughout the flow,
the irrotational condition will be simplified as u, —w, = 0. According to the magni-
tude of the physical quantities, we introduce dimensionless quantities as follows

A
xr—Ax, z—hyz, n—an, t— —=t,
gho

11



which implies

u =~/ ghou, w — ~/pughow, p— pghop.

And under the influence of the Earth rotation, we introduce

h

O =/ —=20.

g

Furthermore, considering whenever € — 0,
u—0, w—0, p—0,
that is, v, w and p are proportional to the wave amplitude so that we require a scaling
U — U, W —EwW, p—Ep.

Therefore the governing equations become

(

up + e(uu, + wu,) + 2Quw = —p, in 0<z<1+en(tx),
p{ws + e(uw, + ww,)} —2Qu=—p, in 0<z<1+en(t ),
Uy +w, =0 in 0<z<l1+en(tz),
\ U — pw, =0 in 0<z<l1l+en(t ), (2.4)
p=n on z=1+en(t x),
w = 1n; + eun, on z=1+en(tx),
\w:O on z=0.

To derive the R-CH equation for shallow water waves,, we first introduce a
suitable scale and a double asymptotic expansion to get equations in groups with
respect to € and p independent on each other, where ¢, u < 1.

Let ¢ be the group speed of water waves. We can apply a suitable far field
variable together with a propagation problem [26, 27]

E=eV(x—ct), T=2e", (2.5)
12



which implies, for consistency from the equation of mass conservation, that we also

transform
w = eW.

Then the governing equations (2.4) become

—cue + e(ur +uue + Wu,) +2QW = —p in 0 < z2<1+en,
ep{—cWe + (W, +uWe + WIW,)} —2Qu = —p, in 0<z<1l4en,
u+W,=0 in 0<z<1l+en,
u, —epWe =0 in 0<z<1l+en, (2.6)
p=n on z=1+4e¢en,
W =—cne+e(n, +une) on z=1+en,
W=0 on z=0.
A double asymptotic expansion is introduced to seek a solution of the system (2.6),

g~ Y Y Gum

n=0 m=0
as ¢ = 0,4 — 0, where ¢ will be taken the scale functions w, W, p and 7, and all
the functions g, satisfiy the far field conditions ¢, — 0 as |{|] — oo for every
n,m=0,1,2,3,....

Substituting the asymptotic expansions of w, W, p, n into (2.6), we check all

the coefficients of the order O(e'y/) (i, j = 0,1,2,3,...).

13



From the order O(e°u®) terms of (2.6) we obtain

;

—cugo e +2QWoo = —pooe in 0 <2z <1,

2Quoo = poo,» in 0<z<1,

ugo,e + Woo. =0 in 0<z<1,

ugo.. = 0 in 0<z<1, (2.7)
Poo = Too on z=1,

Woo = —cnooe on z=1,

Wopo =0 on z=020.

\

To solve the system (2.7), we first obtain from the fourth equation in (2.7) that ugg

is independent of z, that is,
oo = ugo(T; §).

Thanks to the third equation in (2.7) and the boundary condition of W on z = 0, we
get
W()() == W00|z:0 + / Wgo,z/dz/ = —/ Upo,e dZ/ = —RUpo,¢, (28)
0 0

which along with the boundary condition of W on z = 1 implies

Uoo,g(T, f) = 07700,5(7, f)- (2-9)

Thereore, we have

oo (7, &) = cnoo(7,€),  Woo = —cznooc, (2.10)

here use has been made of the far field conditions ugg, 799 — 0 as || — oco.

On the other hand, from the second equation in (2.7), there appears that

z

Poo = pOOlz:l + / Poo, = dZ/ = Too + 29/ Uoo dZ, = Too + 2Q(Z — 1)u00, (211)
1 1
14



which along with (2.9) implies
1
Poog = (E +20(z — 1)) ugo,e, (2.12)
Combining (2.12) with (2.8) and the first equation in (2.7) gives rise to
(¢® +2Qc — Dugoe = 0,

which follows that

& +20c—1=0, (2.13)

if we assume that ugy is an non-trivial velocity. Therefore, when consider the waves

move towards to the right side, we may obtain
c=V1+Q2-Q. (2.14)

Vanishing the order O(' %) terms of (2.6), we obtain from the second equation

in (2.16) and the Taylor expansion
" (1) (2.15)
that

—CU10,¢ + Ugo,r + Ugoloo,e + 2QWip = —pioe in 0< 2z <1,

2Qu1p = o,z in 0<z<l1,

ui0,e + Wi, =0 in 0<z<1,

U0, = 0 in 0<z<1, (2.16)
D10 + Poo,zM00 = Tho on z=1,

Wio + 1o0Woo,- = —¢niog + Moo,r + UooNoo,e on 2z =1,

Wio=0 on z=0.

15



From the fourth equation in (2.16), we know that ujo is independent to z, that is,
u1p = u19(7,€). Thanks to the third equation in (2.16) and the boundary conditions

of Wonz=0and z=1, we get
Wio = Wigl=0 + / Wiod2' = —zuige (2.17)
0

and

Wiolz=1 = —cMiog + Moo.r + (%oom00)e-
Hence, we obtain from the third equation in (2.7) and (2.10) that
U0, = Mo, — Moo,r — (UooToo)e (2.18)

and then

Wio = z(Uoo,r + 2677007700,5 - 07710,6)-

On the other hand, thanks to the second equation in (2.16) and (2.10), we deduce

that

P10 = D1ols=1 + / plO,z/dZ/ = 1o — 2QueonNoo + 292z — 1)uqo,
1

and then

P1o.e = Moe — 22(uooNo0)e + 22z — 1uqoe. (2.19)
Taking account of the first equation in (2.16), (2.10), and (2.10), it must be
—Prog = —Cliog + Cloor + CNoomon.e — 2Q22U10 ¢,
which along with (2.19) and (2.18) implies

0=— (c+2Q)ui0¢ + Moe + cNoo,r + Noomoo.e — 2€2(oo700 )

:C(UQ()UO()>§ — (C2 + 2Qc — 1)7710,5 + 2(0 + Q)TIOO,T + C277007]00?£.
16



Hence, it follows from (2.10) and (2.13) that
2(Q + )noo.r + 3¢*N0oM00.e = 0.

Defining

def 3c? 3c3
Cl = — = —

42+ ¢) 2(c2 +1)’

we may rewrite (2.20) as
Moo, = €1(70 )¢

which, together with (2.18), implies

uoe = (o — (c+ 01)77(2)0)5-

(2.20)

(2.21)

(2.22)

(2.23)

Therefore, we get from the far field conditions w9, 100, 710 — 0 as || — oo that

U1 = o — (€ + ¢1)Mgy,

which follows from (2.22) that

Ur0,r = CMo,r — 4(0 + 01)0177307700,5-

(2.24)

(2.25)

Similarly, vanishing the order O(¢’u') terms of (2.6), we obtain from the second

equation in (2.7) and the Taylor expansion (2.15) that

p

17

—cuore + 2QWo1 = —poie in 0<z<1,
2Quo1 = po1,» in 0<z<1,
uor,e + Wor . =0 in 0<z<1,
up1,. =0 in 0<z<1,
Po1 = No1 on z=1,
Wor = —cnor ¢ on z=1,
\ng =0 on z=0.



From this, we may readily get from the above argument that

ugr = cnor = cnor(7,§), Wor = —cznore, por = [2Qc(z — 1) 4 1]no1. (2.26)

For the order O(g?u°) terms of (2.6), we obtain from the Taylor expansion

(2.15) that

/

—ClUgo e + Ut + (Uoot10)e + 2QWag = —paoe n 0<z<l,

—QQUQO = —D20,z in 0<z<1,
Ug,e + Wa . =0 in 0<z<l,
U, = 0 in 0<z<l1,
(2.27)
D20 + NooP10,2 + M10Poo,z = 120 on z=1,

Wao + nooWho,» + 110Woo 2

= —CN20,¢ + Mo,r + UooT10,6 + U10M00,¢ on z=1,

Woo =0 on z=0.
\
From the fourth equation in (2.27), we know that ugg is independent of z, that is,
U20 = U20(T, 5)7

which along with the third equation in (2.27) and the boundary condition of Wa at
z = 0 implies that

Wao = —2ugpe. (2.28)
Combining (2.28) with the boundary condition of Wy, at z = 1, we get from the

equations of Wy , and Wi, that

U0 = Clao,e — Mio,r — (UooT10 + U10700 )¢

that is,

Uno,e = CT20,e — Mo,r — 2¢(Moomo)e + (€4 1) (Mo )e- (2.29)
18



While from the second equation in (2.27) and the boundary condition of pyg at z = 1,

we get

P20 = Da2olz=1 + / P20, dz" = Nao — (NooPr0.2 + MoPoo.z) + QQ/ ug dz’
1 1

= 120 — 2Q2(Moou10 + Totoo) + 282(z — 1)us,

which leads to

P20,e = M20,e — 282(Noot10 + Miotoo)e + 282(2 — 1)ugg ¢.

(2.30)

On the other hand, due to the first equation in (2.27), we deduce from (2.28) and

(2.29) that

—P20,e = —Clgoe + Ut + (UooU10)e — 222U ¢

Combining (2.30) with (2.31), we have

N20,e — 292(Moot10 + Motoo)e — (¢ + 2Q)ugg ¢ + w10, + (UooU10)e = 0.

Thanks to (2.9), (2.24), and (2.25), we obtain

4
2(c + Q)mior + 3¢ (Moomio)e — (2¢ + gcl)(c + c1)(160)e = 0,

which leads to

2¢1 + 3¢ 3
=2 AT -
Mo, c1(moomo)e + 3(c+ Q) (¢ + 1) (Moo e
Therefore, we have
2¢; — 392
Uso,e = Clpoe — 2(c+ c1)(moomio)e — M(C + ¢1) (100 )¢

which along with the far field conditions 799, 710, 720 — 0 as || — oo gives

201 — 30

201 — o3l 3
3(c + ) (¢4 c1)ngp-

Ugg = Moo — 2(¢ + ¢1)NooNo —

19

(2.31)

(2.32)

(2.33)

(2.34)



Thanks to (2.22) and (2.33), we deduce that

8cey + 42 + 22
Uso.r = CNaor — 4(c + e1)er (Moo )e — 2 —|-lQ) i (c+ Cl)(ﬁéo)g- (2.35)

For the order O(e'u!) terms of (2.6), we obtain from the Taylor expansion

(2.15) that

(

—CUi1,¢ + Up1,r + UgoUo1,¢ + UtoUoo,e + Woollor,2

+Wiouoo,- + 2QWi1 = —prie in 0<z<1,

—cWoo,e — 2Quiys = —p11- in 0<z<1,

une + Wi, =0 in 0<z<1,

11, — Woge = 0 in 0<z<1, (2.306)
P11 = M1 — (MooPo1,= + Mo1Poo,z) on z=1,

Wi1 + Woo,2m01 + Wor 2100

= —CM1¢e + No1,r + UooNo1,e + Uo1M00,¢ on z=1,

Wi =0 on z=0.

Thanks to (2.10) and the fourth equation of (2.36), we have

Uil,z = —CZNoo,e¢,
and then
c
U = —5227700,55 + 43 (7,€) (2.37)

for some arbitrary smooth function ®1;(7, &) independent of z. While from the third

equation in (2.36) with Wi|,—o = 0, it follows that

# c
Wi = Wiil.—o +/ Wi d2 = 6237700,5& — 20:P11 (7, £), (2.38)
0

20



which, along with the equations of Wy, , and Wy; ., and the boundary condition of

W11 on {z = 1}, implies

C

—0cP14(7,€) 67700,555 + (u0oMo1 + Mooo1)e — CMh1e + No1,r- (2.39)

Hence, in view of (2.38), (2.10), (2.26), and (2.9), we obtain
c
Wi = EZ(Z2 — 1)noo,eec + z( — e + No1r + (Uoonor + ﬁooum)g)- (2.40)

Due to (2.10), (2.26), (2.37), and the boundary condition of p;; in (2.36), we deduce

from the second equation of (2.36) that

P11 = Pitle=1 + / P11, A2 = pi1|a=1 + / (cWoo e + 2Quqy) d2’
1 1

c? Qc
=M1 — 29(1/4]07701 + T]()ouOl) — <5(22 — 1) + ?(23 — 1)) 7700755 + 2Q(Z — 1)(1311,
which implies
c? Qc
Pire = Mie — 2Q2(uooMNo1 + Moolto1)e — <5(22 - 1)+ ?(23 - 1))”00,555
(2.41)

+ QQ(Z - 1)6&‘1311.

Combining (2.41) and the first equation in (2.36), it follows from (2.10), (2.26), and
(2.37) that

— cuyr g + cnorr + ¢ (Moomor)e + 2QWit + mire — 4Qc(noonon )e

2 Qe (2.42)
- (5(22 — 1) + ?(2’3 — 1))7’]00’5& + QQ(Z — 1)85@11 = 0.

Substituting (2.37) and (2.39) into (2.42), we obtain
2 c?

2(Q2 + ¢)no1» + 3¢ (Moonor )e + 3 Moogee = 0, (2.43)

that is,
201
Nor,r = 2¢1(MooMo1)e + ?ﬂoo,ggg, (2.44)

21



which, together with (2.39), (2.40), and (2.37), leads to

2c1 ¢

—0¢ P11 (7,6) = (7 - 6)7700,555 + 2(c+ 1) (Moono1 )e — e,

and then

2c c
W= (?1 +5(2° - 1)) 2100,gee +2(¢+ 1) 2 (Toomon )¢ — €2 Mg

and
c 2 c
Uy = (— -t §z2) Noo,ee + CN11 — 2(0 + 01)77007701, (2-45)

where use has been made by the far field conditions w11, noo.¢e, 700, Mo1, 11 — 0 as
Thanks to (2.22) and (2.44), we obtain

ce; 22 ey
Uil =Ci,r + (? - ?1 - 722> (7780)656
(2.46)

201

—2(c+ ) (201 (77307701)5 + ?77007700,555)-

For the order O(g3u°) terms of (2.6), we obtain from the Taylor expansion

(2.15) that

(
—CUgp,¢e + U0, + (Uoougo + %U%O)f + 2QWs3y = —DP30,¢ in 0<z<1,
—2Qus3y = —P30,2 in 0<z<1,
uzo,e + Wap. =0 in 0<z<l1,
Usp,z = 0 in 0<z<l1,

(2.47)
P30 + NooP20,> T NoP1o,z + M20P00,2 = 730 on z=1,
Wso + nooWao,2 + m1oWhio,z + 120Woo,2
= —CN30,¢ + M20,7 + 00720, + Ur0710,6 T U207)00,¢ on z=1,

Wgo =0 on z=020.

\
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From the fourth equation in (2.47), we know that usg is independent of z, that is,

Uzp = U30(7, 5):

which along with the third equation in (2.47) and the boundary condition of W3, at
z = 0 implies that

Wgo == —ZU307§.
Combining (2.28) with the boundary condition of Why at z = 1, we have
Us0,e = CN30,e — M20,» — (UooT20 + 10710 + U20700 )¢ - (2.48)

While from the second equation in (2.47) and the boundary condition of p3g at z = 1,

we get
P30 = p30|z:1 + / P30,/ d7
1
= 130 — (MooP20,= + MoP1o.z + N20Poo,z) + QQ/ Uso d2’
1

= 130 — 2Q(ugom20 + U10710 + U20M00) + 202(2 — 1)uso,
which leads to
P30.¢ = N30, — 282 (o020 + U10M10 + U20M00)e + 282(2 — 1)uge. (2.49)

On the other hand, from the first equation in (2.47), we have
1, 9
—P30,e = —CU30,¢ T+ U0,r T (uooum + §u10)5 - 2Qzu307§. ( -50)
Combining (2.49) with (2.50), we get

1
0 = n30,e — 2Q2(uooN20 + U10M10 + U20M00)e — (€ + 2Q)us0 ¢ + 20+ + (UooU20 + 5“%0)&-

(2.51)
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Substituting (2.48) and (2.35) into (2.51), we obtain

3¢?
2(c+ Q)20+ + 3¢ (Moon20)e + 7(77%0)5 —2(2c1 + 3¢)(c + 1) (memo)e
(64cc; + 24c¢2 + 45¢2 — 15)( e )e = 0 (2.52)
- c+e =
that is,
2¢1 4+ 3¢
M20,r = 2¢1(1oon20)¢ + c1(nfo)e + Ot e (¢4 1) (mhomo)e
(64cey + 24¢2 + 45¢* — 15)( + o)) (2.53)
c+ec )
24(c + Q)2 Vo
Thanks to (2.48) again, we have
2¢1 — 302
uso,e =cnzo.e — 2(c+ c1)(noom20)e — (¢ + ¢1)(M5y)e — ;Z—JFC(C + c1) (emo)e
(64cey + 24c¢2 + 45¢% + 2402 — 3) 4
24(C—|—Q)2 (C+Cl)(n00)f7
which implies
2¢1 — 312
Uso =cmz0 — 2(c + c1)(moomeo) — (¢ + 1) (7o) — ;Z—JFC(C + 1) (13omo)
2.54)
64ccy + 24¢2 + 45¢% + 2402 — 3 (
_ (Bderr + 244 J(c+ ).

24(c + Q)2
Therefore, due to (2.22), (2.33), and (2.53), we have

2(3¢? + 5eey + 4c? — 30y
( (12 - ) (¢ + c1)(mgomo)e
+c (2.55)
— ey (e + 1) (moonio)e — 4ei(e+ 1) (monz0)e — Bimgomoo.e

Uzo,r =CN30,r —

with
B def (¢ + ¢1)%(82ccy + 36¢7 4 45¢ — 18Q¢; — 27Qc — 15)
b 3(Q+c)?
N c1(c+ c1)(64ce; + 24¢3 + 45¢% + 2402 — 3)
3(Q+ ¢)? '

24



For the terms of (2.6) at order O(g*1°), it is inferred from the Taylor expansion (2.15)

that
)
—Cugo ¢ + Uso,r + (UooUso + UroUz0)e + 2QWiao = —pao e in 0<z<l,
—2Qu40 = —pao,- in 0<z<1,
Ugoe + Wi, =0 in 0<z<1,
Ugg,, =0 in 0<z<l,
P40 + MooP30,2 + N10P20,2 + M20P10,2 + 1130P00,2 = 140 on z=1,

Wi + nooWso, 2 + moWao 2 + 120Wio,z + 130Woo,-

= —CNao,e + N30,r + U00M30,6 + U10720,¢ + U20710,6 + U30700,¢ on z=1,

W40 =0 on z=0.
(2.56)

From the fourth equation in (2.47), we know that w4 is independent of z, that
is,
Ugg = Ugo(T, ),
which along with the third equation in (2.56) and the boundary condition of Wy, at
z = 0 implies that
Wy = —2ugpe. (2.57)

Combining (2.57) with the boundary condition of Wy, at z = 1, we have

U0, = CNaoge — M30,» — (UooT30 + U10720 + 20710 + U30T00 )¢ (2.58)
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From the second equation in (2.56) and the boundary condition of p3y at z = 1, we

get

P10 = Paol-=1 +/ Pao, Az’
1
= 110 — (Mo0P30,= + MoP20,= + M20P10,2 + N30Po0,z) + 2Q/ Ugo d2’
1

= N0 — 282(uooM30 + U10M20 + U20M10 + UsoMoo) + 22(2 — 1),
which implies
Paog = —Maoge — 22(uooMz0 + 10720 + Uz0Mio + Usonoo)e + 22z — Dugge.  (2.59)

On the other hand, from the first equation in (2.56), we have

—Paoe = —Claoe + Uz, + (UooUso + UroUao)e + 2QW o,
which along with (2.57) and (2.59) gives rise to

0= — (c+2Q)ua0¢ + uso,r + (UooUso + UroUao)e

(2.60)
+ Nao,e — 2Q(ugon30 + w1020 + U070 + U30M00 )¢
Substituting (2.58) and (2.55) into (2.60), we obtain
2(c + Q)30+ + 3¢* (10030 + Mon20)e — 2(3¢ + 2¢1) (e + 1) (gm0 + Moo e
2.61)
(64cey + 242 + 45¢* — 15) (
- 3(61 Q) (¢ + ¢1)(16omo)e — Ba(150)e = 0
with
def 1 (c+c1)*(2c1 — 3Q)  2¢(c+ c1)(64cey + 2463 + 45¢ + 2402 — 3)
B, -B, -
5 3(Q+c¢) 12(24¢)?
(2 — *)(3c!0 + 228¢% — 540c® — 180c* — 13¢? + 42)

60(c? 4+ 1)6
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For the terms in (2.6) at order O(g?u'), we have

(
—CUgy ¢ + Ur1r + (UooUrr + urotor)e + Wooutnr,. + 2QWo1 = —poi ¢ in 0<z<l,

—cWioe + Woo,r + uooWoo,e + WooWoo,. — 2Quz1 = —pa - in 0<z<1,
Ugr e +Wai, =0 in 0<z<l1,
U1, — Wige =0 in 0<z<1,
P21 + ToPo1,z + Mo1P10,2 + NooP11,z T T11P00,z = 721 on z=1,

War + 11oWor 2 + 101 Whoz + 1ooWii,z + 111 Woo,-

= —CN21,¢ + N1, + UooNi1,e + U17oo,e + Ur07Mo1,¢ + Uo170,¢ on z=1,
Wor =0 on z=20.
\
(2.62)

We now first derive from (2.17), (2.23), and the fourth equation in (2.62) that

U1z = Wige = 2 (2(0 + 1) (Mho.c + MooToo.ee) — cmo,sg),

which gives

2 2

z z
a1t = o (2(0 +¢1) (B0, + Mootloo,ee) — C7710,£§> + Oo1(7,§) = EHl + @21(7,€)

for some smooth function ®9;(7, &) independent of z, where we denote

def
Hy = 2(c+ ¢1) (150, + Noo"loo.ge) — CMhoee-

Hence, we have

2

z
Ugt e = ?Hli + 35@21(7, f)

On the other hand, thanks to the third equation in (2.62) and the boundary condition

of Wy on {z = 0}, we get

z z 23
Wa = W21‘z:0 + / WQl,z’ dz' = —/ U21.¢ dz' = _ng,ﬁ - 25’5@21(7, 5);
0 0
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which along with the boundary condition of W, on {z = 1} leads to

1

—6H1,§ — 0cPo1 (1,€) = —Cnare + M1 + (wooth1 + w1100 + Ui0Mo1 + Uo1710)e] =1

= —CN21¢ + N1+ H2,§|z:17
where we denote

def
Hy = ugonin + u11mo0 + w10Mo1 + Uo1710-

It then follows that

1
Oc D21 (7,€) = M1 g — e — éHl,g — Hog|.—1, (2.63)
which implies
221
U21e = CM21¢ — Miir + (5 - E)Hl,ﬁ - H2,§’z:1 (2'64>
and
2(1 =22
Wo = : 6 )Hl,s — cznore + 21 + 2(Haglo—1). (2.65)

Substituting the expressions of W -, uoo, Woo.e, Woo, Woo,z, and Wig ¢ into the second

equation in (2.62), we obtain
P21,z = 29U21 - 0227710755 + C(C + 401)277307§ + C(3C + 461)2’7’]007700755. (266)

While from the boundary condition of py; on z = 1, we have

P21]z=1 = N1 + 0277007]00,55 — 2QH,|,—1,
which along with (2.66) leads to

z
P21 = Da1|2=1 +/ po1 o dz’
1

2

=1 — 2QH2’Z:1 + 29/ U21 dz — %(2’2 — 1)7]10,& (267)
1

c(3c+4c)
(2* — 1)7780,5 + (02 + T(ZQ — 1)> 100700,£¢ »

28
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and then
2

# c
Pare = Mg — 2QHa¢|.—1 + 29/ Upy ¢ dz' — 5(22 — 1)710,¢ee
1

c(c+ 4eq)

G = o) + (4

2(22 = 1) c?
= —20zHs¢|,01 + 2z — 1) | a1 — 1r | + 5 Hy¢ — 5(2 — D)no,ece
c(c+4c) c(3c +4cq)
+ o1 ¢ + T(ZQ — D)(M50e)e + <02 + T(ZQ — 1) ) (Noonoo ¢ )e-
(2.68)
Thanks to the first equation in (2.62), (2.65), and (2.10), we get
—Po1g = — Clgr ¢ + U1, + (UooUr1 + UroUo1 )e + 02227700,57]00,55 (2.69)
0 )
+ gz(l — zZ)HLf — 2Qczna ¢ + 2Q2m1, + 2Q2Ho ¢ 2.
Combining (2.69) with (2.67), we get
c? c(c+ 4c
0 = —cugi ¢ + w1,y + (UooUr1 + UroUor)e + (522 + %(32 - 1)) (M00.6)¢
Q 2(22 -1 c?
+ §Z(1 — ZQ)Hl’g + (1 — 296)772175 + 297]11,7 + %Hl,g — 5(22 — 1)7]107555
c(3c+ 4c
+ (02 + %(22 - 1)) (Mo00Mo00,¢¢ )e-
(2.70)
Notice that
(U110 + UgoUt1)e
2 2cc 222
= (o110 + Moom1)e + (g - Tl - T) (Moo7o0.c¢)e — 3e(e + c1) (15701 )e
and
) A 2 )
Hy¢|.=1 = 3¢ (no1mo + Moo )e — 3t 5 (moomo0.¢¢)e — 3c(c + 1) (MooTor e

We substitute (2.64) and (2.46) into (2.70) to get

62

2(Q+ )mrr + 3¢ (Moo + momor)e — 2(c + ¢1) (3¢ + 2¢1) (MGonon ) + 5 Mho.ce

2 10cc 22 2 20cc; 8
- (g + 9 + ?1) (7730@)& - (g + 9 + ﬁ) (MooMo0.c¢)e = 0.

29
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Taking 7 := 100 + €710 + €120 + €*130 + pior + epmy + O(e*, p*). Multiplying
the equations (2.20), (2.32), (2.43), (2.52), (2.61), and (2.71) by 1, €, u, €%, €, and
e, respectively, and then summating the results, we get the equation of n up to the

order O(e*, ?) that

2
C
2(Q 4 ¢)n, + 3 + < Hlese + eAin’ne + € Aon’ne — BBy’ ne

(2.72)
= e (A377577§§ + Aﬂmgsg) +0(eh, 1?),
3¢3 . . def 3c?(c?-2)
where ¢, = — 5T I defined in (2.21), A1 = —2(3c + 2¢1)(c + 1) = R CESR
def cc c? c?— c2(2—c2) (B —7ct4+5c2— def o cc 3
gy I ) SO sn g a2y 4]
—c2(9c* +16c%—2) def (2 20cc 8c?  —c2(3c*+8c2—1)
3(cZ+1)2 Ay = Tt T35 = 3(c2+1)2

On the other hand, notice that ugy = cnog, w10 = cnro — (€1 + ¢)N2g, Uo1r = CTox,

c 2c1

u1y = e — 2(c1 + ¢)noonor + (5 -5 — %) Nooce» Uz0 = €20 — 2(¢ 4 €1)(Noo10) —

Sty (e 4 c1) (1), and

261 — 30

uso = cnzo — 2(c + 1) (Nooto) — (¢ + ¢1)(n3) — (¢ + c1)(mgomo)

Q+c
(64cey + 242 + 45c? + 2402 — 3) 4
— c+c ,
we obtain
1 1 , 1 1 ,
Moo = o0, Tho = ~U10 + Y1Uyos Mo1 = ZUons 7o = 20 + 271u00t10 + Y2Ugo,
1
30 = U0 + My + 271ugotiag + 3y2uetiro + Y3ty
= Cun + 271u00Uo1 + YaUoo g,
def ¢i1c def 2(c4-c1)? c1— ctc def 5(ctc1)? c1— c+cp)?
where 3 & e, o, U Bepl | il Sl | s |
(64ccl+2;:§;2ji§;2492_3) (c+ci), % — <é — 2 ;—i), or it is the same,
3 (= 1)(c* —2)(2¢* + 1)
Nn="521p 127 3( 2 3 ’
2(c2+1) 2c3(c2 4+ 1) (2.73)
(= 1)*(* — 2)(21c* + 16¢* + 4) 22 3 +1 '
7= 8ct(c?2+1)5 T 6c(c? +1)
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Therefore, it follows that

n = 1Moo + €Mio + M0 + N + €130 + ey + 0(547 MQ)
1

1 1
— EUOO + € (Eulo + ’ylu(2)0> —+ 62 (EUQO + 2’71“0071/10 + ’Ygugo)
1 1
+ p- o +ep Zun + 2v1upouor + Yalloo,ee
1
+&° (Eui’)o + 71”?0 + 271up0u20 + 372“30%0 + 73“30) + O(eh, 1i?).
which along with u = ugg + euyg + £2usg + ptgy + 3uszg + epury + O(et, p?) yields

c1+c¢

1
n= Eu + = eu? + yoe?u? 4 yaedut + V4E g + O(e*, 11?), (2.74)
where ¢; = —Q(EQCL) and v; (1 = 1,2,3,4) are defined in (2.73) and the parameter
z € [0,1].

Remark 2.2.1. From the above derivation, we know that, in the free-surface incom-
pressible irrotational Euler equations, the relation between the free surface n and the
horizontal velocity u formally obeys the equation (2.74), with or without Coriollis
effect. It also illustrates that, all the classical models, such as the classical KdV equa-
tion, the BBM equation, or the (improved) Boussinesq equation, can be also formally
derived from relation (2.74) in the KdV regime ¢ = O(pu).

In the following steps, we will derive the equation for u from express (2.72).

In view of (2.74), we have

(04 oy, =201, HOFNOTD (o) 4o 4 i), -

+2(Q + ) yae’ (uh)r + 2(Q + )nacpurge + O(e*, 1),

and

3/ 1 e +c
3ctme = — <(Eu + 103 eu? 4+ yoe®u® + y3tut)? + 746,uu§5) + O, 1?)
3

2

3¢ (1 5 2(c+ce)

ci+c)? 2 2
(IT) + 272)€2u4 + E’Y4,U£uu§§

2 2(c1 + ¢
+ (273 + %72)531?) +O(e*, 1i?).
3
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Similarly, we may get

c? c? (1 n c1 + c
R e f— —U
3,1“7655 SM p

u?)eee + O(e, 1),

As Ay
EH (A377577£5 + A4777755£) =&l <§U£U£E + C—QUU&&) + 0(64’ #2),

A 1 3 3 2 3
Aenne = Ze | S + Sl to) eut + (—(C1 —7#0) + 5)etu’| 4+ O 1),
3 P c c ¢
A2 AQ(Cl + C)
Ase?ine = 227 (e + — e (@)e + O(eh,41%),
and

By
—5Bye"n" e = =" (u)e + O, 1),

Hence, we deduce from the equation (2.72) that

2(c1 +¢) 2,2 3,3 3¢
+ 2 EUUr + OY2CE U Ur + V4CEUUree + AY3CE U UL + 20+ )

+ 6—1456211/310 + igu?u + C—2 u + 6—147
20+ "o T s oM T ot o)
CAg CAg

Q(Q T C)ufu& +

’U/U/g
Sutug  (2.76)

+( )UU&&)W = O(e", &%, 1),

2(Q+c

where As Cl+c) + 1207, + Hulata) 2

€24+ 42, Ag = (01+C) + 44, As = 3eu +

Acat)) %, Ag = 3oy + 295D — & and Az = 5|56 (2ys + 28 y) + 41 (B (e +

C

cd

o) + 5yp) + 22GH — &} .
Hence, we obtain

£ £ 20er + C)s + Bpee?uPu, 4+ ——t + es
Uy = —EU| ——=——cul, ce“u Uy + ————uu —_
e 2 2Q+¢c) T2 +0)

52u3u5
cA 2

6 2 4 2 2
__6 _c +0
+ 200 c>5u Ug + o C),LLU§§§) (€%, e, 1),

which implies

2 3 A
cul(1+ 2D et Juo = e e+ g g
2
&

cA
muu&£> +O0(h, €%, 1),

6 2
+ 2(Q+c)€u Ug +
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This follows that

2 2 3
EUL, = —EU {1 — (%su + 3ygce?u?) + (%w)ﬂ {Q(Q—j_c)m%
cAs 5 4 cAg 9 o 4 9
s _6 - o)
+2<Q+C)5uu5+2(9+c)5u u§—|—6<9+0),uu§5§ + O(e*, u*),
and then
. . 3¢ N c? N 2 Ag —6(cy + c)8 )
Uy = —EU| —————UlUg + ———— utu
20Q+c) ° 6(Q+ c)” s 2¢(2 + ¢) ¢ 2.77)
R P IV
2¢(Q + ¢) e SR
2A6— 6
2utu, = — 2’ [Q(Q ‘ )uu§ + < SC(Q :fl ;— J 5u2u§} + O(e*, e, 11?),
Sudu, = — Legu‘lu + O(e*, 1?),  epiree = —Lsu(uu) + O(e*, 1)
T 2(Q+¢) ¢ ARG Tt 2(Q+¢) se ’

(2.78)

Decompose e pitirge into ep(l —v)uree +€pvurge for some constant v (to be determined

later), we may get from (2.78) that

3cv
EpUree = (1 — V)Uree — mfw(uus)& + O(e*, 1?). (2.79)

Substituting (2.77)-(2.79) into (2.76), we obtain that

el — V)t + 3¢ N c? 9%y 5 5
ur +c — V) UEU, ———UUg + ————— WUt — —————
% Al T o1 o™ T+ oM T 2t o)

2(c1 4 ¢) 3¢, N c?
5 utug + ————puu
? 2Q+¢c) ¢ 6(Q+c0) Hlltect

3ty
— m/ﬁ(uu&)éf +

?Ag—6(c1 +¢) 4 cAs
2e(2 1 o) EUW]+mQ+@

2 3 CAﬁ
3 uu5+—2<Q+C)

cAg cAyg 3 4 4 2
—_— —_— A pumm
+M6(2(Q oy teuee 2(Q+C)UU§£5) + Awe’ulug = +0(e7, 17),
where
A, (c1 + ¢ (C2A5 —2A¢(c1 +¢) + 302(4@2%)2 — 3720))
Ao = —
o+ o) A3(Q+c)
- 3’}/2(02146 — 6(01 + C)) + 1262")/3

2(Q+¢) ’
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which implies

? o 9
Ur + C2—Huu§ + mﬂ“&g + 674(1 — V),ué“ufgg + Ajeu Ug
(2.80)
+ A12€2U3U§ -+ A1053u4u§ + ue A13UU§£§ + A14u5u§§ = 0(64, 52,11,, ,u2).
where A, — c2Ag—6(c1+c) _ —3c(c?—1)(c?—2) Ay = cAs 9c2o _ 2(c1+c) c2Ag—6(c1+c)
117 79cQ+c) 2(c2+1)3 M2 T 34 2(Q+0) 2 2c(Q+c) T
(2 =1)?(c®~2)(8c*~1) . _CcA 3c2yav ci+c 33 c2(3ct+8c2-1) L
2(c241)° , Aug = Q(ch) o 2(912) B 3(slz+c) - (02311)(1 —v)+ 3(c21)3 Aug =
cA 9cy4v _ 3c3 c2(6c*+19c%+4)
2(ch) o 2(09110) - (c2+1)74(1 o 3V) + 3(c2+1)3

. . _1 _3 _3
Consider the transformation x = 72§ +ce 27, t=¢c 27, we have

0 _1 0
T — € 8:1:7 E

o€ =e 2(cOp + Oy).

Hence, according to this transformation, the equation (2.80) can be written as

2

dpu + cOpu + — n 16uux + Ape*utu, + Ape®uPuy + eyl — ) ity
c
3
+ <——02 1—1/) Ugaw + 1€ | Ar3ttlyry + Arstiptg, | = O, 1?).

In order to get the R-CH equation, we need

2c?
mC’M(l — V) = 21413 = A14,
which yields
2¢3 =3¢t +6¢2 - 5) (2.81)
@+ T 6@ty ‘
and then
2c? —*(3c* + 8¢ — 1)

074(1 — V) = 21413 = A14 =

(2+1) 3(c?+1)3
Therefore, it enables us to derive the R-CH equation in the form

Ou — Bl + cuy + 3acuu, — Bolitipre + wie2uuy + waeduPu,

= afep(2uptpy + Uliyyy ).
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Combining (2.81) and (2.73), it is found that the height parameter z in 7, may take

the value

(2.82)

2.3 Some other forms of R-CH equation
In this section, I state some more forms of R-CH equation, which will help us

in later analysis.

2.3.1 Weak forms of R-CH equation

Recall rotation-Camassa-Holm equation as follow,

2 3,3

/ 2
Uy — BUllgzr + CUy + 3acutly — B flpre + W1E U U, + woe U U,

= afep(2uztyy + Ullyyy ).

We may rewrite it as follow,
/
B
/
+ CUuyp — — Uy + 20Ul + APEUUL UL, + W1iE

p

Up — Blper + acUly — afepi(BUglipy + Wlpey) + Uz — B [illage

2 3,3

uzux + W U Uy,

Since (Uly)ze = SUplpy + Ullyyy, We get

/
(1 — Bud?)u; + (1 — Bud?)acuu, + (1 — Bud?)—u,
g
6/
+ (c — E) Uy + 20Uty + ettty + wie”u?u, + wee’ulu, = 0.

e _ﬂ
Denote p,(z) o #@e Vi, x € R, then (1—Bud2) ' f =p,* f for all f € L*(R) and

pu* (u— Buug,) = u, where x denotes convolution with respect to the spatial variable

35



x. With this notation, Therefore, equation (2.1) can also be equivalently rewritten
as the following nonlocal form:

/
U + QEUUY, + — Uy

B
P _E’ 2 1 2 Lo 1o 34|
pux0z 4 | c 5 u+aeu +2ﬁuum +3w18 U+ waetu =0. (2.83)

or what is the same,

Uy + —ux + asuu, + 0, P =0,

— = (c — Z)u + acu” + sapeuus + Feu® + Ze’u”.
(1= Bud)P = (c =) 2+ pafep; + getu’ + et

2.3.2 A simplified form of R-CH equation
To get some convenience in mathematical analysis, We eliminate ¢ and p in

R-CH equation (2.1) by a transformation

W' (1) = asu(\/But,\/Bu ). (2.84)

In fact, choosing point (v/But,v/Bux) in (2.1), this transformation gives us that

c 3ae B i
———u, () ——=ul, (', 2 ————==u' (', )l (¢, ) —————ul, o (U )
ae\/ ! asy/Bu a%e2\/Bp ae/Bi’

ﬁ,u / (“)152 /2( / /) / w2€3 3( /

— (7)) + ———u u,(t',2) + ———
ag\/m:; aca:t( ) a3€3\/m x( ) a4€4\/_
afep

= 5 (2 (', 2" )y (¢, 2) ' (8, 2 Yty (', 2))

a2e?/Bu’

After some simplification, we have

g (t', 2)

/
/ / /o1 / / 1/2/ 2/3/
ut/+CUz/+3UU$/—_U////—U//t/‘|‘_u /"‘

Oé

5 rxrxr

where we take equation at point (#,z’). For convenience, we still use u(t, z) instead

/
= 20Uy + U Uy,

of u/(t',2'), then we obtain a simplified R-CH, that is,

!/

Up + CUy + Uy, — Eumm — Uggt + Eu
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Uy + 20Uy = QUplyy + Uy (2.85)
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2.3.3 Some more discussions

In the case that the Coriolis effect vanishes (2 = 0), the coefficients in the
higher-power nonlinearities w; = 0 and wy = 0. Using the scaling transformation
u(t,r) — aeu(y/But, /B x) and then the Galilean transformation u(t, z) — u(t, z —

3t) 4+ 1, the R-CH equation (2.3) is then reduced to the classical CH equation
U — Ugyt + 3SUU; = 2UpUpy + Ulpge-

On the other hand, if we take formally f = 0 and wy = 0 in (2.3), then we get the

following integrable Gardner equation [22]

Up + cuy + 3acut, — Bolilpe, + wietutu, = 0.
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CHAPTER 3
LOCAL WELL POSEDNESS OF R-CH EQUATIONS

3.1 Introduction

Our attention in this chapter is now turned to the local-posedness issue for
the R-CH equation. Recall the R-CH equation (2.1) in terms of the evolution of m,
namely, the equation (2.3). Applying the transformation u. (¢, 2) = acu(v/But, /Bux)

0 (2.3), we know that w. ,(¢,z) solves

/BO Wa 5

Up — Ugqt + CUy + 3““95 - 6 — Ugzx + U Uy + Oé_u Uy = zumuw:v + UlUggy,

3

and its corresponding three conserved quantities (still denoted by I(u), E(u), and

/u—l—udx
R
602 w1

1 w2 2
F(u) = Q/RCU +ud + = 5l —1—6 5 +WU + uu dx.

F(u)) are as follows

N)I}—t

I(u) = /R wde, E(u)=

and

And we also have two more forms of equations,

my + um, + 2u,m + cu, — %Oumx + Lutu, + Ludu, =0,

m=1Uu— Ugy,
and

1
ut—l—uu;p+%u$+p*&r{( ﬁﬁ)u—l—u +2ux+3 3+%u4}20. (3.1)

where p = 1e7lel.
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Define that

def

By = 0,(1 — Bud?), and

B, Y O ((aem + g)) + (aem + g)&f — Bopd? + §w15281(u8x1(u8x‘))

5 .
+ ngg?’am(u%a;l(u%ax-)).
A simple calculation then reveals that the R-CH equation (2.1) has the formal bi-

Hamiltonian structure, that is,

my 15m 25m7

where B; and B, are two Hamiltonian operators, which provides the recursion oper-
ator R = Byo By,

The class of evolution equations (2.1) are all formally models for small ampli-
tude, long waves on the surface of water over a flat bottom. It is our expectation
that these equations approximate solutions of the full water-wave problem with the
Coriolis effect for an ideal fluid with an error that is of order O(u?t) over a CH time
scale at least of order O(s™!). Rigorous theory to this effect is available in [9, 23] (see
also [13] for the case without the Coriolis effect).

It is also found that the consideration of the Coriolis effect gives rise to a higher
power nonlinear term into the R-CH model, which has interesting implications for
the fluid motion, particular in the relation to the wave breaking phenomena and
the permanent waves. On the other hand, it is also our goal in the present paper
to investigate from this model how the Coriolis forcing due to the Earth rotation
with the higher power nonlinearities affects the wave breaking phenomena and what
conditions can ensure the occurrence of the wave-breaking phenomena or permanent
waves.

The dynamics of the blow-up quantity along the characteristics in the R-CH

equation actually involves the interaction among three parts: a local nonlinearity, a
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nonlocal term, and a term stemming from the weak Coriolis forcing. It is observed
that the nonlocal (smoothing) effect can help maintain the regularity while waves
propagate and hence prevent them from blowing up, even when dispersion is weak or
absent. See, for example, the Benjamin-Bona-Mahoney (BBM) equation [3]. As the
local nonlinearity becomes stronger and dominates over the dispersion and nonlocal
effects singularities may occur in the sense of wave-breaking. Examples can be found
in the Whitham equation [12, 38|, Camassa-Holm (CH) equation [8, 13, 20]. It is also
found that the Coriolis effect will spread out waves and make them decay in time,
delaying the onset of wave-breaking. Understanding the wave-breaking mechanism
such as when a singularity can form and what the nature of it is not only presents
fundamental importance from mathematical point of view but also is of great physical
interest, since it would help provide a key-mechanism for localizing energy in conser-
vative systems by forming one or several small-scale spots. For instance, in fluid
dynamics, the possible phenomenon of finite time breakdown for the incompressible
Euler equations signifies the onset of turbulence in high Reynolds number flows.
The R-CH equation with a nonlocal structure can be reformulated in a weak
form of nonlinear nonlocal transport type. From the transport theory, the blow-up
criteria assert that singularities are caused by the focusing of characteristics, which
involve the information on the gradient u,. The dynamics of the wave-breaking quan-
tity along the characteristics is established by the Riccati-type differential inequality.
The argument is then approached by a refined analysis on evolution of the solution
u and its gradient u,. Recently Brandolese and Cortez [5] introduced a new type
of blow-up criteria in the study of the classical CH equation. It is shown how local
structure of the solution affects the blow-ups. Their argument relies heavily on the
fact that the convolution terms are quadratic and positively definite. As for the R-

CH equation, the convolution contains cubic even quartic nonlinearities which do not
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have a lower bound in terms of the local terms. Hence the higher-power nonlinearities
in the equation makes it difficult to obtain a purely local condition on the initial data
can generate finite-time wave-breaking. In our case, the blow-up can be deduced by
the interplay between u and u,. More precisely, this motivates us to carry out a re-
fined analysis of the characteristic dynamics of M = v —u, +c¢; and N = u+ u, + co.

The estimates of M and N can be closed in the form of
M'(t) > —eMN +Ni, N'(t) < cMN + A,

where the nonlocal terms N; (i = 1,2) can be bounded in terms of certain order
conservation laws. From these Riccati-type differential inequalities the monotonicity
of M and N can be established, and hence the finite-time wave-breaking follows.
The present contribution proceeds in the following. In the next section, the R-
CH model equation is formally derived from the incompressible and irrotational full
water wave equations with the Coriolis effect considered, which is an asymptotic model
in the CH regime to the f-plane geophysical governing equations in the equatorial
region. Sections 3.5.1 is devoted to the local well-posedness and blow-up criteria. In
the last section, Section 3.6, the wave-breaking criteria are established in Theorem

3.6.1 and the breakdown mechanisms are set up in Theorem 3.6.2.

Notation. In the sequel, we denote by * the convolution. For 1 < p < oo, the norms
1

in the Lebesgue space LP(R) is || f]l, = (fR ]f(x)]pdx> ", the space L®(R) consists

of all essentially bounded, Lebesgue measurable functions f equipped with the norm

£ lloo = (ir;fo sup |f(z)|. For a function f in the classical Sobolev spaces H*(R) (s >
He)=Y zeR\e
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0) the norm is denoted by || f|

w=. We denote p(z) = 1e717l the fundamental solution

of 1 — 92 on R, and define the two convolution operators p,, p_ as

2

p+=kf<x>=:€_$L/m & () dy

poef@) =5 [ iy

Then we have the relations p=p, +p_, p, =p_ —p,.

3.2 First three conservation laws

The first conservation law of R-CH is

I(u) = /R wdz. (3.2)

In fact, we rewrite (2.83) as
0 o1 L, p
au = "0 {ﬁaeu + Eu
1

! 1 1
+ P * {(c — %) u+ as(u® + iﬁ,uui) + §w1€2u3 + Zw253 4] } :

Because we assume that for any n € N, |07u| — 0 as |r| — oo, integrating this

equation on R, we find that

/udx
R

1 ! ! 1 1 1
= — /R % {§a5u2 + %u + Py * |:<C — %) U+ oz&?(u2 + 55/“%25) + §w152u3 + Z—lw253u4} } dx

= O’
which means I(u) is a conservation law.

The second conservation law of R-CH is

E(u) = %/Rif + B dx. (3.3)
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To show E(u) is a conservation law, first, we multiply v on (2.1), we obtain

2 /
uty — Bputiyyy = —{cuu, + 3acuu, — B putiy,,

+ wi1e2uu, + wredutu, — aBep(2uniy ey + Utte,) }

Then we integrate the equation on R, we get

/ Uy — Bty de = — / cut, + 3acuu, — B putt gy + wietuu,
R R

+ woetutuy, — aBep(2utiptyy + U ye,) AT

Since Utlygy = 0y (Utlyy — 3u2) and 2utytey + U Ugye = 05 (Ut ), We have

/ culy, + 30z5u2um — B'/Luumx + wl£2u3uaj + w2€3u4um
R

— afep(2utigtyy + U tygy) dT

0 (1 1 1 1
= /R% {50u2 + aeu® — B (uum — 51&) + 182u4 + 354u5 — aﬁsuugum} dz

As we assume that for any n € N, |0'u| — 0 as |z| — oo, we get
0 (1 1 1 1
/Ra_x {écuz + asu® — B (uum — 51@) + Z€2u4 + 5€4u5 — &ﬁe,uuzum} dx = 0.
So with the integration by parts, we obtain

/ Uy — Bty dr
R

= / uty + Bty de
R

01 9 9
_8t{2/IRu —|—ﬁuu$dx}

0
= EE(U)

=0.

Therefore, we know F(u) is a conservation law.
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The third conservation law is

1 1 1
F(u) = 3 /R cu® + aeu® + Bpul + 6w152u4 + 1—0w253u5 + afepuutdz (3.4)

To show F'(u) is a conservation law, we rewrite (2.1) as

2 / 2 2
- t T T TTT T
(1 — Bupo;)us + cuy + 3acuu, — [ gy + wie”u“u

—+ w253u3ux - aﬁé‘/ub<2umum: + Uum:m) = 0.

Since 2ugtiy, + Ullyey = (U2 + qum)z, we have

3 1
(1 — Bud*u, + 0, {cu + §a8u2 — B gy + §w182u3

1 1
+ngs3u4 — afep (éui + uum> } =0,

or

3 1 1 1
UHpu*0y {cu + §a5u2 — B pt gy + §w152u3 + Zw253u4 —aflep (5“?: + uum) } = 0.

For convenience, we define

3 1 1 1
Fy=cu+ §a€u2 — B gy + §w152u3 + Zw2€3u4 —afep (éui + uum> ,

thus we have u; = —p,, * 0, F1.
In fact, 0, is a skew-symmetric operator but p, is a symmetric operator, we

have

<F17pu * a:vF1> - 07

which implies (F},u;) = 0, that is,

3 1
/ cuuy + §a5u2ut — B gy + §w152u3ut
R

1 1
+ Zw253u4ut — afep <§uiut + uumut> dz =0. (3.5)
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By the integration by parts, we have

_ / — !
AMMMxAmM%mém/an

and

1
— aﬁe,u/ §u§ut + U gpuy dx
R

1
=—afsu <— / uiut + Ul Uy dx + / —uiut dx)
R R 2

1
:ﬂ&%/4ﬁmm+@mm
2 R
1
— §aﬁsu/(u2)xuxt + utuy da
R

1
:aﬁeu/uumumt—i— uzut dz
R 2

1 0 9
—50465#5/]1{1”% dz.

Therefore, from (3.5), we have

01 1 1
8752/cu + asu® + Buu? + G &% +1—Ow253u5+aﬁguuuidx:0,

which means F'(u) is a conservation law.

3.3 Hamiltonian format
Here I show that E(u) and F(u) satisfy Hamiltonian format, that is,

J0E  0F
ot du Oz u’
In fact, directly computation shows that

9E _ 90 1/ + d
ot ou _ Otou W PG

01

T ot2

0
5t(u — Blitazz)

—(2u — 2B puy,)

= U — Bllpy,
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and

0 oF
oxr du
0 o0 (1 1 1
=354 (5 /Rcu2 + aeu® + B'pu’ + 6w152u4 + 1—Ow283u5 + aBepun’ dx)
_ _21 2 op 2 o5, 1 5 2
= 2cu + 3acu’ — 20 g, + —wie U’ + —wee”u” + afep [ux 2(uux)x}
Oz 2 3 2
0 3 1 1 1
=5 {cu + 5045152 — B g, + §w152u3 + Z—lwzeguA‘ —afep <§ui + uum> }

/ 2 2 33
= —CUy — 3acUly + B gy — W1E U U, — Woe” U U, + B (2Uplyy + Ullyyy).

Therefore (2.1) implies
058 _ 04k
otou Oz da

3.4 Preliminaries

For convenience, we recall some useful properties of Sobolev space.
Lemma 3.4.1 (Commutator estimate). For all s > 3/2 and some C >0, if f and g

are smooth enough, then

IA°, flgllre < C (|1 f]

wellgllpee + 100 fll oo |9l 1r-1) (3.7)

Lemma 3.4.2. For all s > 3/2 and some C' > 0, if f and g are smooth enough, then

[ (A* (fOeg) , A°g) | < CIf| e (3.8)

Hs 9|

Proof. In fact, for all constant coefficient skew-symmetric differential polynomial P,

and f, g smooth enough, a commutator process gives
A (fPg) = fPN°g+ [N, f]Pg. (3.9)
Taking P = 0, and integration by parts we have
(0 (10.9). 809) = [ f0.N°g Nogdo+ [N 10,9 Nogda

1
- — —/fm (A%g)* dx—i—/[As,f]@myAsgdx.
2 R R
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On one hand,

1 1
5 [ 1o do] < JAlamInol,
R 1 (3.10)
= 5 felle=llgl:
On the other hand, by Lemma 3.4.1, we infer that
(A%, 1029, A°g)| < [|A°g][2[[A°, F10n9]| 2
< Cliglles ([ f 1m0zl + 1fzll 029/l 5= , (3.11)
< Cliglas (1f 121029l + [ fall oo gl =)
Combining (3.10) and (3.11), we obtain that
(A (f029) , A9 | < Ol fallz=llgllirs + I fllzzs gl 2+ 1029l ). (3.12)

Thanks to the Sobolev embedding theorem, Vs > 1/2, H*(R) < L*(R), we know

1091 < Cllul

Hs,S > 5

Therefore, (3.12) implies that

[(A*(f0:9) . A%g) | < Cll flellgllZe-

]

Lemma 3.4.3. Let ¢(t),1(t) be two positive function on [0,T)], for a non-negative,

absolutely continuous function n(-) on [0,T], if the differential inequality

d

E(HQ)(t) < o(t)n” + (),

holds for a.e. t, then

n(t) < e2 o #)dr {77(0) +% /0 t¢(7)d7} . (3.13)
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3.5 Local well-posedness

Now we are in a position to state the local well-posedness result of the fol-
lowing Cauchy problem, which may be similarly obtained as in [16] (up to a slight

modification).

2
U — Ugat + Cly + 3uux - %)umxw + w%u Uy + wg UBUJ: - QUxex + Ulggq,

(3.14)

Ult:() = Ug-
Theorem 3.5.1. Let up € H*(R) with s > 3. Then there exist a positive time
T > 0 and a unique solution u € C([0,T]; H*(R))NC*([0,T]; H"1(R)) to the Cauchy
problem (3.14) with u(0) = ug. Moreover, the solution u depends continuously on the

mitial value ug.

Proof. We prove the Theorem 3.5.1 by six steps. In fact, the Cauchy problem has a

weak form as

ut+uum+%°uz+p*3r{( B>u+u+1u2+3a2u+43u} 0. 5.15)
3.15

ul4=o = up.
Step 1: Approximation solution. We use a standard iterative process to
construct a solution of (3.15). Not lose the generation, we define u(® = 0, then a
sequence of approximation solutions {u(”) }n oy 18 build as solving the following linear

transport equation,

(

O™ (Mg 1 [% + (c - %) p*} Opumth)
= —px0, {u<n>2 +Lul g0 g (e )4} . (316

w0, 2) = uf" ™ (@) = Snyruo,

\

where

—

5n+1uo(§) = 1|§|<2x2n+2(f)d0(§)-
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By the theory of the linear evolution, Vn € N, there is a unique smooth solution
u™Y of (3.16) and u™tV) € CY(R; H®(R)).

Then, we show that the sequence {u(”)} converges. Because of the com-

neN
pactness of Sobolev space, we show two facts to release the convergence of {u(") }neN,
that {u<")}n€N is uniformly bounded and that {u(”)}neN is a Cauchy sequence.

Step 2: Uniform bounds. In this step, we show that the sequence {u(")}neN is

uniformly bounded in some Sobolev space. Applying the operator A® to the (3.16),

we get

s
1 1
— AS (m)? L Z,m?* . ), *2(n)
A (p*&w {u +2ux +3a2u +4a3u })

Multiply A*u(+1) and integrate on R, then we have

AU = —A® (uM D) — % A9, umHD) (C 50) A% (p * Byt

L a2, = (), Ay

_ <As (u(n)axu(n+1)) 7Asu(n+1)> . % <Asamu(n+1 As (n+1) >

—(c B;) <AS 23un+1 As n+1>

(o)) o )

S (7)) 5 ) )

In fact, A® is symmetric operator and 0, is skew-symmetric, so for all A smooth

enough, we have

(N*0,h, A°h) = (A*20,h, A°h) = 0. (3.17)
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Taking h = v we get

d 1) 112
4 e,

——_9 <As (u(n)axu(nJrl ) As (n+1) > ) <A37283r (u(n)2> 7Asu(n+1)>

< A20, ( ) A <n+1)> 27; < AS20, (u(n)s% Asu<n+l>>

3
As 28 < ) As n+1>
2a3<
=1+ Lo+ Lis+ Lia+ I15.

From Lemma 3.4.2, we have that

[ T | S Ilu™ e

Furthermore, we know that

= o (). )

S IAT20, () e | AU 1
S0 (@) o2l s

S Nl e llu™ V]

HS

S M ™D

Tg] = |(A20, (ul") At
< A0, () 2l | A"V

SN0l e ™+

Hs

S Nl e llu™ V]

HS

S M ™D
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(3.18)

(3.19)

(3.20)



|T14] =

20 (w2, (u) ,Asu<n+1>>\
(0]

SIAT20, () |2 A% 1o

(3.21)

SN0 o2 V)|

HS
S N e D s
S ™ e | s,
and
|I15] = 2 <AS_2833 (u(n)4> ,Asu("+1)>‘
203
< A 20, (u™) | o [ ATu ]

< 100 ™ | o2 |V s (3.22)

S M e ™

S N e ™|
Combining these equaitons, (3.18) - (3.22), we get

4
B+ Y [t
j=2

u(n+1)|

d n
i -

2 < Cy {||u(")||Hs||u("+1)| H} . (3.23)

Without loss of generation, we may assume Cy > 2. Let’s fix a T' > 0 such that

2o DT < 1. (3.24)

C? max(||ug|
Now we claim that Vn € N,

™ (t)]

e < Col|ug]

we, Ve[0T (3.25)

We prove this claim by an inductive argument.

i) For n = 0, from (3.16), noting u(*) = 0, we have

Opu®) + [% + (c - %) p*} du) =0,
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which implies that
4
di
2
- —%(Asﬁxu(l), AsuDy — 9 (c - %) (A*~28,u™, Asu V),

HU(I)H%@ = 2(0tASu(1), Asu(l))

Recalling (3.17), we get
(A*0,uM | AsuM) = (A*20,uM), AsuM) = 0,

which infers that

d
Loy, =0,
Along with uM(0,z) = Sjue(x), we get

uM(t, ) = Sug(z), VteER.

In fact, Vs > 0, as the definition of S,ug, for all n € R, we have

1Sl

it :/(1+|§\2)51£|<2~2n+2(§)’ﬁ0<5>’2d§
R
_ / (14 [€1%) o (€) IPde
gl <2 2m+2

(3.26)
< [+ iyt Pag
R
= [luol| -
Therefore, we have
[ulzs = [1S1uollas < llwollms < Colluol -
ii) For some fixed n, n € N, we assume
sup [|u™|| s < Colluo]| a5 (3.27)
0<t<T

Applying this assumption on (3.23), we have

o n Co ('
e < 2 o I haede <|rué”“>um+70 DI
j=2

92

%'{SdT)



By our assumption on u(™, (3.27), we have

4
i r j ]
Tl e <||ué”+”| et 3 2 Gl H>
=2
. (n+1) _
Since ||ug |l gs = [|Snrtol|ms < ||uol|ms, we have
Cg T > i+2 j
||u(n+1)||H5 < €7||UOHHST 1+ EZC%JF ||u0’ %{S ||u0| Hs- (328)
j=1
When |lugl|gs < 1, we have

02
™D || e < e2'T (1 +

N N

3
Cé”) [l s
=1

J

Thanks to (3.24), we have

2
n 363 1 j—2
Dl < <1+ 32 ) o
]:

Recalling Cy > 2, we get

HS.

15 1
[l < L ol < 2uolla < Colluolle

On the other hand, when ||ug|

s > 1, from (3.28), we have

Hs-

2
Ap 1 -
10D e < ¢ Lol <1 + 5ChlluollfT" G 2) o

J=0

Thanks to (3.24), we have

2
. 1 g
[u™ ) || < €2 (1 - QJ;JC(% 2) l|ol| s

< elu
—€ U
R 0

e < 2||u|

s < Col|uo]

HS
Therefore, we get

™Dz < Colluol |+,

which complete our induction. Hence, the sequence {u(™} is uniformly bounded in

C([0,T); H®). Thanks to (3.16), we get that {9,u(™*Y}, oy is uniformly bounded in
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C([0,7); H*).
Step 3 In this step, we want to prove that {u"},cy is a Cauchy sequence in C'([0, T]; H5™1).

From (3.16), for any n,m € N, we have

atu(m+n+1) + u(m—i—n)@xu(m—i-n—i-l) + [@ + <C . @) p*:| amu(m—i-n—i-l)

p B
1 w w
= —px 81: {u(m+n)2 + §U§Cm+n)2 + 37.[12u(m+n)3 + r;u(m-‘rnﬂ} : (329)

and

Du ™Y 4 MGt 1 [@ + (c — @) p*] dpulmty
g g
1 w

w
= —px* 0, {u(”)2 + §u§3")2 + ﬁu(")s + rjgu(”yL} . (3.30)

Taking difference between (3.29) and (3.30), and adopting

u(m—i—n)axu(m—l-n—i—l) . u(n)awu(n—l—l) _ u(m—l—n)@z(u(m—l-n—l—l) . u(n+l))

we have
8t(u(m+n+1) o u(n—l—l)) — u(m—l—n)ﬁz(u(m—kn—l—l) . u(n+1))

_ (@) g, D)

_ |:% + (C— %) p*:| ax(u(m-&-n-&-l) . u(n-i—l))

1
—px 0, {(u(m+n)2 —u™) 4 §(u(m+n)2 — u™?)

T

w1 m+n)3 n)3 W2 m~+n)? n)4
+@(u< +n) _“()HE‘»(“( +n) _U<>)}7

o4



which implies that w71 — 4+ solves

(
at<u(m+n+1) o u(n—f—l)) — _u(m—l—n)ax(u(m—kn—kl) o u(n-‘rl))

_(u(m—i-n) _ u(n))axu(n—f—l)
O Py
—px0, {(u(m+n)2 — ) 4 %(u(ern) ™)

o () gy ()*) e (g u<n>4)}

1 1 _
\ (u(m+n+ ) — Un+ )|t:0 = Sm+n+1U0 — Sn+1U0.

(3.31)
We adopt A*~! on (3.31), multiply A*~!(u™"*+! — u("*1) and integrate on R,

we have
<atAs—1(um+n+1 n+1)) AS™ 1( (m+n+1) u(n-{—l)))
- _ <A371(u(m+n)ax(u(m+n+l) . u (n+1) )) AS™ 1( (m4+n+1) u(n+1)>>
. <As—1((u(m+n) . u(n))a$u(n+l ) A 1( (m+n+1) _ (n+1))>

<As 38 ( (m+n)? u(n)2)7As—1(u(m+n+l) . u(n+1))>

2 2\ pse (3.32)
<AS 38 ( (m4n) (n) ) AS l(u(m+n+1) . u(n+1))>
2 Uy, )
3w12 (A5~ 30, ( (m+n)? _ u(”)3), As—l(u(m+n+l) _ u("+1)))
(0%

4 : <As 38 ( (m+n)* u(n)‘l)’ As—l(u(m+n+1) . u(n+1))>
0%

= Iy + Iog + o3 + Iog + o5 + Iog,

where we ignore two terms since we know that by (3.17),

o

ﬁ <As—1ax<u(m+n+1) n+1)) AS™ 1( (m4n+1) _ u(n+1))> _ O,

and

Y

. (C . %) <As—38x(u(m+n+1) . u(n-i—l))’As—l(u(m-kn-&-l) . u(n+1))> -0
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Thanks to Lemma 3.4.2, we get

| Iy | SJ ||u(m+n) ||H5*1 Hu(m—&-n-i—l) (n+1)|

2t (3.33)

Furthermore, a commutator process,

A371<<u(m+n) . u(n))azu(n+1)> :(u(ern) . u(n))Asflaxu(nJrl)

+ [ASTE ) ]9, D)
implies that
|Ioo| = |<A871((u(m4rn) _ u(n))azu(n+l))7Asfl(u(m+n+1) _ u(n+1))>|
< }((u("““”) - u("))AS—lgzu(nH)’ As—l(u(m+n+1) - u(n+1)>>|
+ ‘([As_l, um ) (]9, (D AT (g (mntD) u(n+1))>‘ ‘
On one hand, using the integration by parts and a fact from Soblev embedding the-

orem, that is,

||al-u||Loo § ||UHHO,\V/O- > 3/27
we get

‘((u(ern) . u(n))Asflamu(nJrl)’ Asfl<u(m+n+1) . u(n+1))>‘

< ||(u(m+n) . u("))AS_lawu(”“)HLz||u(m+”+1) . u(n+1)|

~Y

Hs—1

(m+n+1)

< Ha ( (m+n) u(”))HLooHu("H)] _u(n+1)‘

Hs—lHU Hs—1

< ||a ( (m+n) u(n))HHS*||u(n+1)HHS*1 ||u(m+n+1) . u(n+1)||Hsf1
S ™ = a0 o D | o D —

where s > 3/2.

On the other hand, from Lemma 3.4.1 we know
<[As—l’ u(m+n) . u(n)]aﬂgu(n—i-l))7 As—l<u(m+n+1) . u(n+1))>

< Hu(m—l—n) i (n+1)||HS—1 ||u(m+n+1) . u(n+1)||Hs—1

u™ | =1 ||u
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Therefore, we get
ool < (™™ — ™| e ™D | e ™D — Do

Also we have these estimates,

|123| = <AS 36( (m+n)? o ) A5~ 1( (m4+n+1) u(n+1))>
00 ) s D
S ||u(m+”)2 — u(n)2| pro—a || gy

N e A e T ] e

|I24| = <AS 38 ( (m+n)? gn)2)7As—1(u(m+n+1) . u(n+1))>

S ™ =l s Y —

S Nl 4l | groms [ul™ ™ = ul? [ gros [ Jut ) — alHD | o
< ™ 4w ™| goma | — ™| o ||um D — (D
|[25‘ _ ‘ As 38 ( (m+n)3 u(n)3)’A571(u(m+n+l) _ u(n+1)>>‘

< ™ — ) || e || () gy ()7

Hs—2

(m4n+1) u(nJrl)HHS_l

- u
|Io6| = 1o 3<As 30, (u (m4n)t _ u(n)4)’A371(u(m+n+1) . u(n+1)>>‘

< ™) — o ™) 4 )

Hs—2

. ||u(m+n)2 +u(n)2||Hs_2Hu(m+n+1) n+1 HHS L
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(3.35)

(3.36)

(3.37)

(3.38)



Combining these estimates, (3.33) - (3.38), we get

4
dt

< ||U(m+n)||H$*1 Hu<m+n+1) . u(n—l—l)’

) — 03

2
Hs—1

{1 = a )| [Ju D [ g [ D — D s
A [+ | s [ ™ — 4] g [JulmFHED — (D)

mantl) u(n+1)|

™ ™ || aa [ — 4] sl

Hs—1

Hs—2 ||u Hs—2
. Hu(m+n+1) . u(n+1)HHS_1
+ [l — ™| e ™ 4w o
. Hu(ern)2 + u(n)2| HS_QHU(m-i-n-i-l) _ u(n-&-l)‘ o
Since H® is Banach algebra, H*~! < H*"2 we get
d
EHu(m-l—n—i—l) _ u(n-i—l)l %1571
S g D — oD,
+ ) — Y || o [ o [ — D

O [ I O Y T SRV

) — ) (mebm)? g fmetm) ) g (2

Hs—1 ||u Hs—1

. Hu(m+n+1) _ u(n+1)HHS_1

+ ||u(m+n) _ u(n)| (m+n) 4 u(n)|

Hs—1 ||u Hs—1

m TL2 TL2 mTn n
T 7| e || — gy ()

Hs—1.

58



s for any n € N, we get

e < Collug]

Recalling ||u(™(t)]

i Hu(m—&-n-i—l) . u(n-‘rl) H %{kl

< ol grs— [Jul™ 4 — w012
+ [ @ = )| g o lu Y =l
+ Hu(m—&—n) . u(n)HHS*1 ||u0| %{871 ||u(m+n+1) n+1 “HS )

(m4+n+1) u(

+ a3 [Ju

(m+n+1) n+1)‘ 2

Hs—1

= [luoll st [lu —u

+ 2 ol (™ — ™) | [ D — Do

Thanks to Lemma 3.4.3, there is some C} > 0 such that

(b))

||u Hs—1

S (H’LL(()ern+l) _ uéﬂ+1

.e 2 f() ||U0||Hs 1dt

(m+n) n))‘

Hs— IH

Hs—1 dT)

e 1+—Z/ o |

Let M = 2t max(1, |lug||%.), we have

Hu(m-l—n—l—l) . U(n—H)HHS*l

t
S (\Iuém+”+” —uf g + M / (0 — u<">)||Hs_1dT)
0

oG I3 wollps—rdr
t
)| Hs—1 ‘l‘\/ ||(U(m+n) - u(n))| HsldT) 3
0

(m+n+1 (n+1)
) u || I use an iterative process to

Hs—1 dT) .

(3.40)

(3.39)

5 OT (||Uém+n+l) _ u(()n-H

where C'r depends on T" and M.
Before I show the estimate of Hu
estimate [[u™*Y) — (™| Fixing m = 1 in (3.39), we have

Ho-1 <OT (H (n+2) n+1)|HS 1+/ || (n+1) )>|

(m42) _ (1))

lu
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Furthermore, as the definition in (3.16),

u(()m-i—n—i—l) o u(()n-‘rl) _ Sn+m+1u0 — Sn+1u0 = 12,2n+2§|£‘§2.2m+n+2 (f)uo(f), (341)
we have the estimate,
g™ — a3

_ / (14 1€12) 0 (€)] Lones cecamsnsa (€)dE

_ / (1+ JE[2)* o &) [2de
2n+5§|€‘§2m+n+5
1
<o 21+ [€17)  ao () Pd
=53 1a) /Qn%lmw% €171+ [€]7)" ao(€)[7dE

1
<557 L+ [[2)%] o (€)[2d
— 22(n+3) /2n+3§|§§2m+n+3( 1€17)% |0 (£)7dE

1
sm / (1 + [€2)" o (€) e

which implies that

m+n m+n) 1
Hué +n+1) —U( + ”Hs 1 < 2n+1HU0”H (342)

Applying this estimate on (3.40), we have

1 t
0+ =Dl < Cr szl + [ 100 )
0

We claim that Vn > 1,

Hs_ldr) . (3.43)

n—1
N " 1 1 Co(Cr-T)
k=0
Let n = 0 in (3.43), recalling the fact V¢ € [0,T], [|[u®]z < Colluollms and
u® =0, we have
1 t
[u® — uM || ger <Cp (§||u0| He +/ | (u® — u@)] H51d7>
0
1 t
:CT (§||U0| Hs +/ ||U(1)| HsldT) (345)
0

1
<y (§r|uoum + Colluol
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which satisfy our claim.

Now we apply our assumption (3.44) on (3.43), we have

||u(n+2) _ u(n—i—l)H
1 t
<Cr (2n+1 |2o]| £rs +/ ||(u("+1) — u("))| HsldT)
0
<Cr {5y lluo -
t [n—1
11 Cy(Cop - T
+/0 (Z o=k (k + 1>!C§“+1Tk> [[wollrs + —a |wol| grs—1dT
k=0

Cr — 1 1 CoCiTm -t
< . Ck—i—QTk -t . T .
—2n+1||u0||H + oan—k (k+2)| T ||U0| Hs T (7’L+ 1)' ||U0| Hs—1

k=0

CT n—1 1 1 CO(CT . T)n—i—l
< s Ck+2Tk+1 . MO\ S .
—2n+1||u0||H + on—k (l{?+2)' T ||U0| He + (TL+ 1)' ||u0| Hs—1

k=0
n 1 1 OO(CT A T)n+1

= ChriT* s ——r o

(Z o gy O T | Mol + = s lwolles,

(3.46)

which prove our claim completely.

Furthermore, recalling the fact that ||ug||gs—1 < ||uol|ms, from (3.44), we infer

that Vn > 1,
n—1
1 1 Co(Cr - T)"
(n+1) _ ()| < Ch+1k L T2 .
o ”‘(Zk:o 2K k1) " )““O'H P el
n—1
1 (2T Cr)k (2TCr)"
<— C C s
=on kz:% T TG ) luoll
<Or
_2n7

where C%. depends on T, Cr and ||ug|| g
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Now, let m,n € N, then

(m+n+1) u(nJrl

[ -

:||u(m+n+1) . u(m—l—n) + u(m+n) . u(m+n—1) NS u(n+2) . u(n+1)| -

SHu(m—i—n—&-l) . u(m-i—n)' el 4+ Hu(n-i—?) . u(n—i—l)l

Hs—1

on+k+1

< Zm: Cr (3.47)
k=0

T~

- 2n+1 2k
k=0

_Cp

= on ,

which implies that as n — oo, [[u(m+F1) — ¢+1)]

go—1 — 0. Hence, {u™},cy is
a Cauchy sequence in C([0,7]; H*"'). By the completeness of the Banach Space
C([0,T); H™1), we get a limit u in C([0,T]; H*~') such that

u™ = in C([0,T]; HY).

Step 4 Passing to the limit. For any s’ € (s — 1, s), thanks to the fact that

{u(™}2  is uniformly bounded is C([0, T]; H*)NC*([0, T]; H*~') and the interpolation

inequality,
lull o < Cllullfg lJull3",
where 6 = s — s, we have
Hu(m+n+1) - u(n+1)‘ e SHu(ernJrl) . u(n+1)‘ %571 Hu(m+n+1) _ u(n+1)|H{;0
Slutm et — D)

which with (3.47), implies that {u(™}°% is a Cauchy sequence in C([0,T]; H*). So,

by the uniqueness of the limit, we have

u™ —u in C([0,T); H), (3.48)
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This yields that
u™ou™Y S udu in C([0,T); H ™Y,

which requires s > 3/2. Similarly, we have

{%—F (c— %)p*] dpumt — {%—F (C— @)p*] Oz

in C([0,T], H¥~'), where s’ > 3/2;

3a? 4o ! !

in C([0,T], H¥*'), where s’ > —1/2;

n)?
T

2
T

1
p* Op=u —>p>|<8x§u

DN | —

in C([0,T], H*), where s’ > 1/2. By (3.16), we know that {0,u(™}> is a Cauchy
sequence in C([0,T]; H*~'),¥s' > 3/2 and Jv € C([0,T]; H* ') s.t.

dul™ — v (3.49)

in C([0,T]; H*'-Y) for any s € [3/2,s]. On the other hand, from the fact that
{u™}  is uniformly bounded in C([0,T]; H*) N C*([0,T]; H*~') and (3.48), we
infer that

o™ — du (3.50)

in the sense of distribution, which along with (3.49) implies that
v=20m and u" — du (3.51)

in C([0,T]; H¥ 1), ¥3/2 < &' < s.
On the other hand, by the Banach-Alaoglu theorem, there is a subsequence

{u(nj)}jeN of {u(”)}jeN such that

u(”j)(t) — u*(t)
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weekly in L2([0,T); H®) and Vt € [0, T,
u™)(t) — u*(t) weekly in  H*

Ou™)(t) — du*(t) weekly in  H*!

which gives rise to

u=u* in L>([0,T]; H*) N Lip([0,T]; H*1).

Up to a subsequence, we get that for fixed ¢ € [0, T], limsup,, . ||u™ )|z >
|u(t)||zr=- Hence, we have
limsup [[u(t)([ s > [luol|m
t—0+
On the other hand, from u € C,,([0,T]; H*) and the fact that
[fllzrs = sup [(f, ®)prascr—],
WeH—s
we get that
im 1 > 5.
fim i (8] > ol
Therefore, we have
timminf [u(t)]| = ol -
which means ||[u(t)||gs is strongly right continuous at ¢ = 0. Similarly, ||u(t)| xs

is strongly left continuous at ¢ = 0. So |Ju(t)|/ g+ is continuous strongly at ¢ = 0.
Step 5 Uniqueness. It is easy to prove the uniqueness of the solution of the R-

CH equation. Assume that uy,uy € C([0,T; H¥']) N L>®([0,T]; H*) with du, Oyusy €
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C([0,T; H ') N L>®([0,T]; H*) where 3/2 < s < s and uy|—o = us|—o. Solve the

R-CH equation, then we have

at(ul - U2) = - ulaz(ul - Uz) - (Ul - U2)3mu2
B (2ot
1
“peofd )+ 50, -8
w W
o (=) + 5 — ud) |

Then by the similar process to the one in Step 3, we can prove the uniqueness of the
solution.
Step 6 Continuity. Back to the proof of the fact that u € C([0,T]; H®). We

have known that [|u(t)]

g+ is continuous at ¢ = 0, then VT; € [0, 7] and the solution

u(+, Tp), we obtain

o2
Hugb HHS < ||U(]||Hs€70”“0”HSTo’

where u(-,Ty) = ug’ € H*(R) at a fixed time Tj. So we take ul® as initial data
and construct a forward and backward-in-time solution by solving (3.16). We obtain

approximation solution «(™70(¢) and then its limit g, (£) which solves the R-CH equa-

tion with initial data ug, (t)|—o = ul® for some positive Ty > 0 and then ||ug, ()| -

is continuous at ¢t = 0. By the uniqueness, we get that
ur,(t) = u(t +Ty) on [Ip—T, 1o+ Thl,

which implies that wu(t) is continuous at ¢ = Ty. Therefore, we obtain that u €
C([0,T1; 7).

We have completed the proof of Theorem 3.5.1. n

Motivated to the method in [16], the following blow-up criterion can be also

derived, and we omit details of its proof.
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Theorem 3.5.2 (Blow-up criterion). Let s > g, ug € H® and u be the corresponding
solution to (3.14) as in Theorem 3.5.1. Assume Ty is the mazimal time of existence.
Then
3,
T, <oo = / |0zu(7)|| e dT = 00. (3.52)
0

Remark 3.5.1. The blow-up criterion (3.52) implies that the lifespan T); does not
depend on the reqularity index s of the initial data ug.

Now we return to the original R-CH (2.1), and let

2

lull%ser = llullfrs + pBl|0xul

For some 149 > 0 and M > 0, we define the Camassa-Holm regime P, » := {(e, i) :<
p < o, 0 < e < M,/p}. Then, we have the following corollary.

Corollary 3.5.1. ([11]) Let ug € H*"'(R), o > 0 and M > 0, s > 3. Then, there
exist T' > 0 and a unique family of solutions (ue ) | mep,, v 10 C ([0, a ;XS“(R))I’W
Ct ([0, %;XS(R)D to the Cauchy problem

(

O — Bty + cy + 3aeutly — Bofillyes + wie2uu, + woedudu,

= aﬁglu(Quzum + quxx)v

U|t:0 = Ug.

3.6 Wake-breaking phenomena
Using the energy estimates, we can further obtain the following wave breaking
criterion to the R-CH equation.

Theorem 3.6.1 (Wave breaking criterion). Let ug € H*(R) with s > 3,

and T >0

be the mazimal existence time of the solution u to the system (3.14) with initial data
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ug as i Theorem 3.5.1. Then the corresponding solution blows up in finite time if

and only if

t%lTrylglefRuw(t x) = —00. (3.6.1)

Proof. Applying Theorem 3.5.1, Remark 3.5.1, and a simple density argument, we
only need to show that Theorem 3.6.1 holds for some s > 3. Here we assume s = 3
to prove the above theorem.

Multiplying the first equation in (3.14) by u and integrating by parts, we get

1d

1 — 6.2
5 lullin =0, (3.6.2)

and then for any t € (0, T} )

» g

[u(@)[ = [luoll - (3.6.3)

On the other hand, multiplying the first equation in (3.14) by u,, and integrating by

parts again, we obtain

1d 3 w w
gaplelfn = =5 [+ atade— [ (Guu, + S, da

5 " (3.6.4)
2 31002 o .2
- _i/Rux(u +u2, da:+/ ‘2042 + 205t |(u2 + uZ,) da.
Assume that T); < +o0 and there exists M > 0 such that
u (t,z) > =M, V(t,x)e(0,T,;) xR (3.6.5)

It then follows from (3.6.2), (3.6.3), and (3.6.4) that

d 3 |wr | 2 |wa| 2 2
G [0 22 e < GO+ R + 5P ) [ (2 ) de

< OO+ M+ Juliy) / (w2 +42,) d,
R

(3.6.6)
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where we used the Sobolev embedding theorem H*(R) < L*(R) (with s > 1) in the

last inequaity. Applying Gronwall’s inequality to (3.6.6) yields for every t € [0, T}y )
()12 < 2ol 2pe ey e M TITE) < 2ug] 3o gy e oo M HIvOIE)  (3,6.7)

Differentiating the first equation in (3.14) with respect to z, and multiplying the
result equation by u..., then integrating by parts, we get
1d
2dt Jp

15 5} w w

2 2 12 23

=—— [ wpus, dr — = [ ugui, dv — (—2u Uy + —u Uy ) pUggy AT
2 Jr 2 Jr R Q «o

< C(L+ M+ Jlullze) /R(U?Cx + i) A2 + C([JullToe + [l 700) [t 1,

where we have used the assumption (3.6.5), which follows from the Sobolev embedding
3 1
theorem and the interpolation inequality || f{|za@) < Clfll 2|l foll 12, that

d
G k) de < M ) [ + i) do
R R

rTT
+ Clluol 3 (1 + ol ) [t |2

SC’(1+M—|—||u0H}?1)/(u§x+u2 ) d.

TTT
R

Hence, Gronwall’s inequality applied implies that for every ¢ € [0, T} )

2 2 C+M+|luoll ;)T 2 2
/(uxx + u:c:r:x)dx S € ol 0 <u0mc + uﬂrmc)d$7
R R

which, together with (3.6.7), yields that for every ¢ € [0, T} ),

w14 )T
Hu@)”%{S(R) < 3HU0H§{3(R)60(1+M"'” oll )T,

This contradicts the assumption the maximal existence time T}; < +o0.

Conversely, the Sobolev embedding theorem H*(R) < L*(R) (with s > 3)

implies that if (3.6.1) holds, the corresponding solution blows up in finite time, which

completes the proof of Theorem 3.6.1. O
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Recall the R-CH equation (3.1), namely,

ut—l—uux—i-%ux—l—px* ((c— %) u+u2+%ui+%u3+%u4> =0,
where p = %e‘m. The wave breaking phenomena could be now illustrated by choosing
certain the initial data.
Theorem 3.6.2 (Wave breaking data). Suppose ug € H® with s > 3/2. Let T > 0 be
the mazximal time of existence of the corresponding solution u(t,x) to (3.1) with the

mitial data ug. Assume these is xg € R such that

U,z (.Z'o) < —

w89

where Cy > 0 is defined by
3
— E¢ + —Eg, (3.6.8)
Q@

and

Then the solution u(t,x) breaks down at the time

2
\/Ug,m(%) - (Uo(xo) —3 (% - C>>2 — V20

Remark 3.6.1. In the case of the rotation frequency 2 = 0, or the wave speed ¢ = 1,

T <

the corresponding constant Cy in (3.6.8) must be zero, because the parameters wq
and wy vanish. The assumption on the wave breaking is then back to the case of the

classical CH equation.

Proof. Applying the translation u(t,z) — u(t,z — %t) to equation (3.1) yields the

equation in the form,

1 W) o W
U + Uy + Py * ((c - %) u+u® + iui + 374121[3 + ﬁu‘l) = 0. (3.6.9)
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Taking the derivative 0, to (3.6.9), we have

1
Ugt + Ulgy = — 2ux+u —I—(C—%) —|—3— —|—4—u4

6 1 w1 3 Wa 4
_p*((c_ﬁ U+ u +2 —|—32u +4a3u .

We introduce the associated Lagrangian scales of (3.6.9) as

%:u(t,q), 0<t<T,
q0,2) =z, z€R,
where v € C*([0,T), H*™') is the solution to equation (3.6.9) with initial data ug €

H?®, s> 3/2. Along with the trajectory of ¢(t, ), (3.6.9) and (3.6.10) become

aU(t,Q)_ _60 1 4
o px*<<c 6)u+u +2ux+3 +4 u ),

Ou,(t, 1
—u( 2 +u+( @>u+iu3+£u4
o

ot "ot

Denote now at (¢, q(t, z)),

M(t) = u(t,q) — g —uy(t,q) and N(t) =ul(t,q) — g + u,(t,q),

where k = %0 c. Recall the two convolution operators py, p_ as

peste) =5 [ @rw

pos i) =5 [ ety
and the relation
p=p++p-, Pz =DP- — P+
Applying [6, Lemma 3.1 (1)] with m = —k?/4 and K = 1 we have the following

convolution estimates

1 1 k?
Dt * <u2—ku~|—§ui) ZZ(UZ_IW_Z>'



It then follows that at (¢, ¢(t, xo)),

oM 1 2 2 W1 g Wa 4
ot 2 Y 3a2 4043

29”32 403

1 Wi 5 2 4 1 3, W2 4
= = GMN - 5wt — ot 2 (g5t o)
8N 1 w1 (09))
el k L3 e 4
o 5 I—l—u u—|—3a2u +4a3u
—op_ * [ —ku+u? —|—1u—|— uP 4 2y
B 2 ¢ 3a? 4o
1 E\? w w w w
2 1 3 2 4 1 3 2 9
= —§<“x—(“—§> >+@“ + et = 2w (35 + ')
1 W1 3 W2 4 W1 3 W2 4
:§MN+@U —i—r.;)u —2p,>k<@u +r.43u>
The terms with w; and wy in the right sides of the above estimates can be bounded
by
w1 w1 3 W2 4
s (e 250
30z2 +4 uF 2k 3a2u +4oz3u
< lwn] |wo| jwi] |ws|
< gzllu HLoo+ v 7+ llull o 3zl ulle )+ llulli @IIUIliz
< lwn] |oa| | 5
E2 =C5 >0,
2 2cy

where use has been made of the fact that

1
||piHL°° 9 ||piHL2 = ﬁ

In consequence, we have

a2 g MN =G (3.6.11)
d
& < IMN +C3.

By the assumptions on ug(xg), it is easy to see that

M(0) = Uo(iCo)—g—uo,x(iCo) >0, N(0) = uo(xo)—ﬁ+uo7x(xo) <0, %M(O)N(0)+C§ < 0.

2
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By the continuity of M(t) and N(t), it then ensures that

dM dN
> O’ -
dt

0. Vtelo.T)
dt <0, vte[0.T)

This in turn implies that
M(t) > M(0) >0, N(t)<N(0)<0, Vtel0,T).

Let h(t) = \/— . It then follows from (3.6.11) that

cm_waN@—M@M@>(ﬁMN—%M4W—M@MN+%)
dt 2h = 2h

M-N /[ 1 )
M (v -a3)).

Using the estimate & N > 1 and the fact that h+v/2Cy > h —/2C, > 0, we obtain

the following differential inequalities

%»%m 2 = (h V2Co)(h+V2Cy) > - <h V20y)2,

Solving this inequality gives

2
t < < oQ.

V0(0)2 = (uo(w0) — )2 = v2Co

This in turn implies there exists T < oo, such that

liminf d,u(t,z) = —oo,
Ty ,x€R

the desired result as indicated in Theorem 3.6.2. ]

Remark 3.6.2. Returning to the original scale, our assumption for the blow-up phe-

nomena becomes

\/_NUOm \/—xo \/—No)—%«g<@—c)
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Note that when ) increases, o and  decrease. It is then observed that with effect of
the Earth rotation, a worse initial data ug(xo) are required to make the breaking wave

happen. On the other hand, in the original scale, we have

T < 2

o (\/ﬁuuaz(\/@xo) — (o) — (2 — )~ ic)

where

3 2
lorlae® gy | 12l e i B(ug) =

Ct =
! 2 20

Eo(azuo(v/Buo)),

2:2
which also implies that a longer time is required for wave to break down when effect

of the Earth rotation is considered.
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