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ABSTRACT

A STUDY ON TRAVELING WAVE SOLUTIONS IN THE
SHALLOW-WATER-TYPE SYSTEMS

Ting Luo, Ph.D.

The University of Texas at Arlington, 2017

Supervising Professor: Yue Liu

The study of water waves reveals the physical principles of many phenomena of
scientific and engineering interest. In this dissertation I consider three models: two-
component Camassa-Holm system(2CH), generalized two-component Camassa-Holm
equation(g2CH) and rotation-Camassa-Holm equation(R-CH). In the first part, we
consider the stability of the Camassa-Holm peakons and antipeakons in the dynamics
of the two-component Camassa-Holm system. The second part shows that the train
of N-smooth traveling waves of this system is dynamically stable to perturbations in
energy space with a range of parameters. In the third part, we formally derive the
simplified phenomenological models with the Coriolis effect due to the Earth’s rotation
and justify rigorously that the solutions of these models are well approximated by
the solutions of the rotation-Camassa-Holm equation. Furthermore, we demonstrate
nonexistence of the Camassa-Holm-type peaked solution and classify various localized

traveling-wave solutions to the rotation-Camassa-Holm equation.
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CHAPTER 1
INTRODUCTION

This dissertation is composed of some results on traveling-wave solution of three
different models: two-component Camassa-Holm equation, generalized two-component
Camassa-Holm equation, rotation-Camassa-Holm equation. I will introduce these

models and their problem setting in this chapter.

1.1 Two-component Camassa-Holm system.
The two-component Camassa-Holm (2CH) system arising from the shallow-
water waves with a background of constant vorticity [20, 54, 57] has the following

form

Up — Uzt + KUy + 3UlUy — (2UpUpy + Ulgry) + ppe =0, t>0,2 € Rk € R,

pi+ (pu), =0, t>0,z R,
(1.1)

where u(t, ) represents the horizontal velocity component and p(¢,z) is related
to the free surface elevation. The interaction between the free surface and the
horizontal velocity component causes the wave-breaking phenomena, see for example
[12, 30, 34, 35, 36, 37, 38, 59]. It was also shown in [53, 59] that the system captures
smooth traveling wave with a single crest profile and presenting exponential decay at
spatial infinity.

It is known that the 2CH system is formally integrable [42, 57]. Through the
integrability, system (1.1) can be written as a compatibility condition of two linear

systems (Lax pair) with a spectral parameter ¢, that is
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1 1
Vo = |:_(2p2 + C (U — Ugy + g) + Z:| \Ij; v, = (_ - u) v, + éufﬂ\ll?

and has a bi-Hamiltonian structure corresponding to the following Hamiltonian

functionals
Hi(u,p) = / (u* +u2 + p?) du, Hy(u, p) = / (v + wu? + up® + ku?) da.

By using the functional Hs, system (1.1) has the following abstract Hamiltonian form:

u
Oy = JH)(u, p), (1.2)

p
where H}(u,p) = (6H,/du, 6H,/8p)" represents the variational derivative of the

functional Hy and J is a closed skew symmetric operator performing as

1| —-0.(1-9*"1 0
jo L[
0 -0y
Also system (1.1) admits two Casimirs: [ pdz and [(u — uy,) dz.
While letting p = 0, the 2CH system (1.1) reduces to the classical Camassa-Holm

(CH) equation |8, 31]
Up — Ugat + KUy + 3UUy — 2UpUpy — Ulgry = 0, (1.3)

which is a model proposed for the unidirectional propagation of long water waves in
the shallow-water approximation to the Euler equations of inviscid incompressible fluid
flow [8, 21, 44]. Equation (1.3) is completely integrable using the inverse scattering
transformation [15, 19, 22| and it has bi-Hamiltonian structure [8, 54]. This model
has attracted so much attention in more than two decades since it employs two

remarkable features. One feature is that the CH equation (1.3) has wave breaking
2



phenomena [8, 14, 17, 18, 49|, i.e. the solution remains bounded while its slope
becomes unbounded in finite time [58]. In [5] and [6], the authors showed that the
solutions can be uniquely continued after breaking as either global conservative or
global dissipative weak solution. Another important feature is that it admits peaked
traveling waves [8, 46, 47], when x = 0. The wave profile of so-called “peakon” is
shaped like . (t,x) = ce™1*=l ¢ > 0. In particular, when ¢ < 0, it is recognized as
“antipeakon”. The first derivative of such peaked wave is smooth except at the peak,
where it has a jump discontinuity.
In view of the CH equation (1.3), when x = 0 and p!,--- ,p% > 0 and ¢ <
-++ < %, the 2CH system (1.1) possesses the multi-peakons profile (¢ (t,z),0) on R
with
N
W(t,x) = Zpi(t)e*\w*qi(t)\’
i=1
where p;(t) and ¢;(t) satisfy the Hamiltonian system
. N .
Di = Z pip;sign(g; — Qj)€_|qi_qj|>
=1 (1.4)

N
Qi — Z pj€_|Qi_Qj|’
j=1
with the corresponding initial data p;(0) = p? and ¢;(0) = ¢?, i = 1,--- ,N. In
[3] (see also [4, 41]), the asymptotic behavior of the multipeakons is investigated,
including the limits as t tends to +oo and —oo of p;(t) and ¢;(t) as well as the
qualitative properties. If p, - - -, p{ are negative real numbers and p)_,,---,p% are
positive real numbers, it admits the multi-antipeakon-peakons profile (J(t, z),0),
where ¥(t,x) = Zi]ilpi(t)e*W*qZ'(t)‘, pi(t) and ¢;(t) satisfy the Hamiltonian system
(1.4), pa(t),---, pe(t) <0, prs1(t), - ,pn(t) > 0 and ¢ (t) < -+ < qn(t). It is
worthwhile to mention that (¢(¢,z),0) and (9(t,x),0) are not classical solutions of
the 2CH system (1.1) due to non-smoothness. They should be regarded as weak

solutions, since system (1.1) with £ = 0 can be written in the following form
3



Up + Uty + Opp * <u2 + 2u + %p2> =0,
(1.5)

pr+ (pu)z =0,
where p(z) = eIl /2 is the corresponding kernel of the convolution operator (1 — 82) .

The associated Hamiltonian functionals for (1.5) are

E(u,p) :/(u2—|—ui—l—p2) dr and F(u,p):/(ug—i—uui—i—u,ﬁ) dx. (1.6)

Inspired by the similarity between the 2CH system (1.5) and the CH equation
(1.3) with k = 0, we are wondering how much the dynamical properties of a variety
of the CH traveling waves under the 2CH evolution processing has in common with
those in the scalar equation, especially on the stability issue. The orbital stability of
the CH peakons ¢, (t, z) [23, 24, 25], multi-peakons ¢ (¢, x) [27] and multi-antipeakon-
peakons V(t, z) [28] seems to suggest the analogous result to the wave profiles (¢, 0),
(¢,0) and (¢,0) for the 2CH system (1.5). However, the interaction between two
components u and p in (1.5) and (1.6) makes it non-trivial to verify. To extend
the theory from a scalar equation to a system we have the following difficulties.
Firstly, the parameter p may affect the translation of the N-peakons while using
the modulation argument. Secondly, with two components, the energy functional
has different formula, which provides the challenge to show the almost monotonicity.
Thirdly, it is complicate to extend local and global estimates from a scalar to a
vector. By using the two conservation laws and a fine analysis carefully, we overcome
these difficulties with suitable initial condition. It is worth noticing that in [12], the
variational characterization and the orbital stability of the wave patterns (¢, 0) in
the dynamics of the 2CH system are established. In this article, we are concerned
with the orbital stability of multi-wave patterns (,0) and (¢,0) under the 2CH

dynamics.



According to the collision theory between two peakons [4, 8, 9, 41], it follows
that the multipeakons finally will be well ordered. Therefore, with well-posedness
results, we focus on the stability of ordered trains of the N-CH-peakons (Zfil ©e;5 0)
first. The case for (¢,0) can be treated similarly. It is worth recalling that the general
framework for the proof of the stability of the N-smooth traveling waves has two
principal ingredients [26, 29, 50, 51|: one is the almost monotonicity of the functionals
which describe the energy at the right of ¢th bump, for © = 1,2,--- | N, the other one
is the local coercivity of the Hessian operator of ¢;E; — F; around (¢,,0), where E;
and F; are localized conservation laws (defined in (2.31)). In [50], the orbital stability
of the trains of N smooth traveling waves of the 2CH system was proved. However,
the proof of the stability of the trains of the N-CH-peakons does not fit into the
general framework, due to the non-differentiability of (¢, 0), which fails the spectral
analysis.

The method that we adopt here to prove the orbital stability of the trains of
ordered N-CH-peakons has the flavor in the Lyapunov sense. This direct approach is
initially introduced in [24] for the stability of single peakon solution to CH equation
(1.3). In view of the conservation law F in (1.6), we expect the orbital stability
of these kind wave pattern in the energy space X = H'(R) x L*(R) with small
perturbation. To fill the gap mentioned above, we construct a so-called localized
Lyapunov function P(M;;u, p), where M; = max, u is the local maximum near i-th
bump. Furthermore, P(M;;u, p) gives the following estimate

(M; +26)(M; = ) S 51 (Euu, p) — Bilipe,0)) Ml + S1Fi(u,p) — Filie,, 0
After applying the almost monotonicity of the localized energy functions and the
conservation laws E and F, we achieve that 3.~ | ¢;|M; — ¢;] is small enough, which
implies the stability result. As to the CH-multi-antipeakon-peakons, by taking

advantage of the invariance of the system with respect to the change of u(z,t) —
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—u(—=x,t), p(x,t) — —p(—x,t), we apply the same approach to the N-CH-peakons
and N-CH-antipeakons separately, then combine them together to prove the orbital

stability of the ordered trains of the N-CH-antipeakon-peakons.

1.2 Generalized two-component Camassa-Holm system.
The generalized two-component Camassa-Holm (g2CH) system arising from
the shallow-water theory with nonzero constant vorticity [11, 42] can be written in

the form

Up — Uz — Aty + vty — 0 (2upllyy + Wlhger) + ppe =0, >0, € R,
(1.7)

pi+ (pu), =0, t>0,z R,

where u(z,t) is connected with the horizontal velocity and p(z,t) is related to the free
surface elevation from equilibrium (or scalar density) with the boundary conditions
u— 0and p — 1 as || — oo. The scalar constant A > 0 features a linear underlying
shear flow, which implies the system (1.7) describes the interaction between surface
gravity wave and a mean flow. The parameter o, a real dimensionless constant,
provides the competition in the fluid convection between nonlinear steepening and
the amplification due to stretching.

Our motivation is to investigate the stability issue for multi-solitary waves to
system (1.7) with an effect of the parameter o. It was shown in [13] that there exist
smooth traveling waves ¢, (defined in Definition 3.1.1, Chapter 3) of system (1.7)

—_AJ“ém and these single traveling waves are orbitally

if the parameter o <1, ¢ >
stable in the energy space by spectral analysis. Inspired by an approach in [29] to
deal with stability of N-smooth traveling waves of the CH equation, our goal in this

chapter is to study the orbital stability of a train of N-smooth traveling waves in the

dynamics of the g2CH system.



For integrability, we will adopt another form of the g2CH system (1.7), where

n d:efp — 1, that is,

Up — Uz — Aty + 3uty — 0 (2upllyy + Ullger) + (1 + 1) ne = 0,

(1.8)
m+ (L +n)u), = 0.
In view of the conservation laws for system (1.8),
1
E(u,n) = 5/ (u* +u2 +1n?) da, (1.9)
R
1 .
F(u,m) = 5 / (v + ouu? + 2un + un® — Au®) dx, (1.10)
R

we expect the orbital stability of N-smooth traveling waves of the g2CH system
in the sense of the energy space X = H'(R) x L?*(R). Note that existence for the
smooth traveling waves and their stability naturally rely on the particular ¢ and A.
By choosing o = 1, the orbital stability of N-smooth traveling waves for system (1.1)
is included while discussing the same topic on the g2CH system.

To establish the stability result for N-smooth traveling waves of the g2CH
system, we develop the approaches employed in [29] for the CH equation and combine
with the general strategy initiated in [51] for generalized KdV case. It is worth
recalling that the general framework requires three principal ingredients: modulation
argument, almost monotonicity and local coercivity. Note that the stability issue of
the multi-solitons of system (1.8) is more subtle than the CH case, because of the
interaction between the two components u and 7 of solution w in system (1.8). To deal
with these difficulties, one needs to provide a new and effective approach to control
the superposition of the error terms with respect to the solution w and each smooth
traveling wave ¢, in the local energy space. Intrigued by the classical method, we
expect to find the orbit of N-smooth traveling waves by the modulation argument, i.e.

for each instant t there exist a series of translation {#;}¥, such that 3% ., (z — ;)
7



lies close to u(z) in X-norm under certain assumptions. Fortunately, the implicit
function theorem, which is crucial to the modulation argument, works regardless of
the dimension of the space and it also provides a new orthogonal condition connected
with both elements in the remaining term of the solution. For the property of almost
monotonicity, a more delicate work is needed to compare with the CH equation, not
only because the energy function is in terms of both v and 7, but also because it
depends on the two parameters o and A > 0. As to the local coercivity, we focus
on the second differential operator of cE' — F' around a traveling wave ¢, which is a
2 x 2 matrix. In order to apply the spectral analysis to this operator, restriction on
o is required. Hence, as long as one can extend the proof of these ingredients from
a scalar to a vector, and choose the parameters properly, it is possible to establish

Theorem 3.1.6.

1.3 Rotation-Camassa-Holm equation.

It is observed that in certain ranges of scales in the geophysical water waves
fluid dynamics is primarily influenced by the interaction of gravity and the Earth’s
rotation. Consider now that water flows are incompressible and inviscid with a
constant density p and no surface tension, and the interface between the air and the
water is a free surface. Then such a motion of water flow occupying a domain {2,
in R? under the influence of the gravity ¢ and the Coriolis force due to the Earth’s

rotation can be described by the Euler’s equations [32], namely,

ﬁt+(ﬁ-V)ﬁ+QQxﬁ:—%VP+§, z €,

V-i=0, z€, (1.11)

=g = uy, x € o,
\



where @ = (u,v,w)T is the fluid velocity, P(t,z,y,z) is the pressure in the fluid,
G = (0,0,—¢)T with g ~ 9.8m/s? the constant gravitational acceleration at the
Earth’s surface, and ) = (0, Qgcos ¢, Qsin )T, with the rotational frequency
0y ~ 73 -107%rad/s and the local latitude ¢, is the angular velocity vector which
is directed along the axis of rotation of the rotating reference frame. We adopt a
rotating framework with the origin located at a point on the Earth’s surface, with
the z-axis chosen horizontally due east, the y-axis horizontally due north and the
z-axis upward. We now focus on two-dimensional flows, moving in the zonal direction
along the equator independent of the y-coordinate, in other words, v = 0 throughout
the flow. In 2D case, consider here waves at the surface of water with a flat bed, and
assume that ; = {(z,2) : 0 < z < hg + n(t, )}, where hy is the typical depth of the
water and 7(t, ) measures the deviation from the average level. Under the f-plane
approximation (sin¢ ~ 0, ¢ < 1), the motion of inviscid irrotational fluid near the
Equator in the region 0 < z < hg + n(t, z) with a constant density p is described by

the Euler’s equations in two dimensions [16, 32],

Uy + iy + wu, + 2Qow = —LP,,

’ (1.12)
Wy + ww, + ww, — 2Qou = —%PZ —-q,
the incompressibility of the fluid,
Uy +w, =0, (1.13)
and the irrotational condition,
U, —w, = 0. (1.14)

The pressure is written as

P(t,x,z) = P, + pg(ho — 2) + p(t, x, 2),

9



where P, is the constant atmosphere pressure, and p is a pressure variable measuring
the hydrostatic pressure distribution.
The dynamic condition posed on the surface z = hy + 7 yields P = P,. Then

there appears that
D = pgn-. (1.15)

Meanwhile, the kinematic condition on the surface is given by
w=mn +un,, when z=ho+n(t x). (1.16)
Finally, we pose "no-flow” condition at the flat bottom z = 0, that is,
w|,—o = 0. (1.17)

There are many shallow water models as appropriate approximations to the full
Euler dynamics when the water depth is small compared to the horizontal wavelength
scale [2, 21]. We denote the amplitude parameter ¢ and the shallowness parameter
respectively by

e =a/hy, p=hi/\* (1.18)

where a is the typical amplitude of the wave and A is the typical wavelength. It is
known that the KdV and BBM models provide good asymptotic approximations of
unidirectional solutions of the irrotational two-dimensional water waves problem in
(1.11) without the Coriolis effect on the Boussinesq regime p < 1, e = O(u) [1]. To
describe more accurately the motion of these unidirectional waves, it is shown in
[21] that the Camassa-Holm (CH) equation in the Camassa-Holm scaling, p < 1,
e = O(y/1), could be valid higher order approximations to the governing equation
for full water waves in the long time scaling O(%). The CH equation [8, 31] (see also
[21, 43]) has brought up much attention recently, since it is completely integrable with

infinity conservation laws [8, 31] and can present the phenomenon of wave breaking
10



[14, 18] (i.e. the solution remains bounded, but its slope becomes unbounded in finite
time).

Analogous to the CH equation, there is a model equation with the Coriolis
effect called the rotation-Camassa-Holm (R-CH) equation which is recently derived
from the irrotational two-dimensional shallow water [40].

According to the magnitude of the physical quantities, we introduce dimension-

less quantities as follows

xr—= v, z—>hyz, n—an, t— t,

A
Vgho
and

u— \/ghou, w —~/pghow, p— pghop.

And under the influence of the Earth rotation, we introduce

0= ,/@QO. (1.19)
g

Furthermore, considering whenever ¢ — 0,
u—0, w—0, p—0,

that is, u,w and p are proportional to the wave amplitude. In this case, we choose a
scaling

U — U, W —ewW, p-—rEep. (1.20)

Therefore the governing equations become

g + e(uuy, + wu,) + 2Quw = —p, in 0<z<1+en(tx), (1.21a)
p(wy + e(uw, +ww,)) — 2Qu = —p, in 0<z<l1+en(ta), (1.21D)
Uy +w, =0 in 0<z<14en(tx), (1.21c¢)
U, — pw, =0 in 0<z<1+entx), (1.21d)

11



p=n on z=1+en(tx), (1.21e)
W =1 + eun, on z=1+en(t x), (1.21f)

w =0 on z=0. (1.21g)

Choosing the suitable independent variables & dof 5%(95 —ct), T aof 5%15, where ¢ &
V14 Q2 —Q, it was derived in [40], after a double asymptotic expansion with respect
Y

to € and p, that the free surface n = n(7,€) is governed by the equation

2
C
2(Q + c)n, + 3cPnme + 3 e + Aen®ne + Ase®n’ne + Ase’n'ne (1.22)

= ept| Agnenee + Aamgee | + O(*, 1%)

def 3c2(c2-2) def  c2(2—c?)(8—7c*4-5c2—5) def —c2(9¢*+16¢%—2) def —c?(3c¢t48c2—-1)
with A; = (@11)2 Ay = — (117 , Az 3(c211)2 Ay = 3102
A def c?(c?—2)(3¢194-228¢8 — 5405 —180c* —13c2442)

5 12(c2+1)8

, and the function n = n(7,{) with respect

to the horizontal component of the velocity v under the Camassa-Holm regime

e = O(\/p) is given by

1
n=—u + yeu? + Yoe?u® + yetut + yuepuge + O(e*, 1?), (1.23)
—c? 2-1)(c?=2)(2c2+1 2-1)2(c2-2)(21c*+16c% +4
Whel“e ’Yl - 2022(02+1)7 72 - ( 2)0(3(02+)1()3 + )7 73 — _( ) (804(22(+1)5+ s )7 and
Y4 = %. By this crucial relation between the velocity component v and the

free surface component 7, it then enables us to formally derive the R-CH equation

[40] in the form

/ 2,2 3,3
Ou — Bz, + cuy + 3acuu, — B fgper + W1 U UL + Woe U U,

= afep(2uztiyy + Uliyyy ), (1.24)
def (2 y def c(ct+6c2-1) def 3cty8c2—1 def —3c(c2—1)(c2-2) def
where o = 155, 8 = G2 B = TUQ’ w1 = —yarap s andwy =
2 oV\(2 1\2(_2_
(e 2)§‘E1+2)§80 D satisfying ¢ — 1, 8 — 2, B = 1, wi, ws = 0 and @ — 5 when
Q—0.

12



Let m & (1 — Bpd*)u. We now rewrite the above equation in terms of the

evolution of m, namely,
om + as(umyg + 2muy) + cuy — B fitlgey + wie2uuy + weedutu, = 0, (1.25)

which has the following two conserved quantities

1
E(u) = - / u® + B’ dr,
2 Jr
and
1 2 3 oy wig? g wee’ o 2
F(u) == | cu” + acu’ + [ pu; + —u” + u’ + affepuu; do.
2 Ja 6 10
Denote that
def 2
By = 0,(1 — Buo;), and
def c c b3 2 o -1
By = 0,((aem + 5)) + (cem + 5)895 — B'poy, + Wi Oy (w0, (udy))
5
+ gwgegax(u%(?;l(u%@x-)).

A simple calculation then reveals that the R-CH equation (1.24) can be written as

me=—Bio— =By,

om om

where B; and Bj are two skew-symmetric operators. It is shown in [40] that the
solutions of the R-CH equation (1.24) are uniformly bounded in suitable Sobolev
norms for all small values of & and y defined in (1.18) with a valid time scale O(21).

It is the first subject of present study to investigate whether or not the R-CH
equation is a valid approximating model to the governing equations for water waves
with the Coriolis effect. Our aim is to prove the relevance of the R-CH equation as
a good model for the propagation of shallow-water waves with effect of the Coriolis
forcing. To this end, we first use formal asymptotic procedures to derive the Green-

Naghdi equations with the Coriolis effect in the shallow-water scaling (u < 1, without
13



any assumptions on ¢) from the governing equations of water waves (1.12) for one-
dimensional surfaces and flat bottoms. This enables us to derive the KdV and BBM
equations with effect of the Earth’s rotation in the long-wave regime (¢ = O(p)). Our
investigation will first focus on the study that under what conditions the unidirectional
solutions of the rotational KdV-type equation is well approximated by the solutions
of the R-CH equation. To justify the R-CH approximation, one can use the solution
of the R-CH equation to rewrite the corresponding rotation-KdV equation with the
residual term, then show rigorously that the approximation error to the difference of
the two solutions remains small up to O(p?) in the solution space over a long time
scale. The argument can be approached by establishing the uniform boundedness
of the solution up to the long time scaling O(2). On the other hand, we will give a
rigorous justification of solution of the classical CH as an approximation to that of the
R-CH equations in a long time scale when the effect of the Earth’s rotation vanishes.
This can be done by showing that, for any given time interval, solutions of the R-CH
equation are the Cauchy sequences in terms of the small rotation parameters using
the conservation laws and the uniform bounded estimates of the solution.

Anther interesting issue to investigate here is concerned with the traveling-wave
solutions of (4.55) in the form u(t,z) = ¢,(x — ot), 0 € R for the function ¢, :
R — R such that ¢, — 0 as |z| — co. It is known that the traveling-wave solution
of the classical CH equation appears to be a weakly peaked soliton [8], which is one
of interesting features for the CH-type equation. It was also found that the mCH
equation, as the dual equation of the mKdV equation, admits peaked solitons [39].
As one can see that the R-CH equation (4.55) can be regarded as a perturbation of
the CH equation by the weak Coriolis forcing. A natural question remains that how
the Coriolis forcing affects the propagation of the traveling waves, in particular, the

peaked solitons. To this end, it is of interest to study and classify the traveling wave
14



solutions of (1.24), leading to some new types of nonanalytic traveling wave solutions,
but nonexistence of the classical CH-type peaked solitons.

Later Lenells [46, 47] used a suitable framework for weak solutions to classify
all weak traveling waves of the CH equation. However it is unclear whether the
R-CH equation (1.24) with the weak Coriolis effect supports traveling waves with
singularities. Using a natural weak formulation of (1.24), we can define exactly in
what sense the peaked and cusped traveling waves are solutions. In fact, it turns out
that the equation for ¢ takes the form ¢? = R(p), where R is a rational function. A
standard phase-plane analysis determines the behavior of solution near the zeros and
poles of R. In fact, peaked traveling waves exist when R has a removable pole and
cusped traveling waves correspond to when R has a non-removable pole. Due to the
added rotational term, the numerator of R contains cubic polynomial f(¢) whose
root distribution is quite complicated. By analyzing each possible case carefully, we
show here peaked and cusped traveling waves do exist for (1.24), but the CH-type

peakon does not exist.
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CHAPTER 2

STABILITY OF THE CAMASSA-HOLM MULTI-PEAKONS IN
TWO-COMPONENT CAMASSA-HOLM SYSTEM

2.1 Stability of multipeakons
2.1.1 Basic definitions and results
In this chapter, we focus on the following Cauchy problem for system (1.5)

written as )

Uy + Uty + Opp * <u2 + %ui + %p2> =0,

N pe+ (pu), =0, teR, z €R, (2.1)

u(0,z) = uo(x), p(0, ) = po(z), r € R,

Prior to a discussion of the stability issue should be the well-posedness results.
Actually, the local and global well-posedness results in varies cases were established
in [30, 35, 37]. Hence, we recall the following result without proof, which suffices to
develop the stability theory here.

Proposition 2.1.1. [37] Let (ug,po) € H*(R) x H*"'Y(R),s > 3/2. Then there
exists a time T > 0 such that the initial-value problem of system (2.1) has a unique
solution (u,p) € C([0,T); H*(R) x H*"}(R)) N C([0,T); H*1(R) x H**(R)) with
(u(0), p(0)) = (ug, po). The solution (u,p) depends continuously on the initial value
(uo, po) and the mazimal time of existence T > 0 is independent of s. If po(x) > 0
for all x € R, then T = 400 and the solution (u,p) is global. In additional, the
functionals E(u, p) and F(u, p) defined in (1.6) are independent of the existence time

L.
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The following definition of the orbital stability of a single traveling wave solution
to the 2CH system was introduced in [12].
Definition 2.1.1. Let (¢.,%.) be a traveling wave of (1.5) with speed ¢ > 0. Then
(pe, 1) is orbitally stable if for all € > 0 there exists a 6 > 0 such that for any
(uo, po) € H*(R) x H"Y(R), s > 3/2, with ||(uo, po) — (e, Ye)|l mrryxr2®) < 0, the

corresponding solution (u(t), p(t)) of (1.5) with initial data (ug, po) satisfies

sup inf [[(u(t, ), p(t, ) = (@el- = 7) e = )l @yxr2m < €
0<t<T 7€

where 7' is the maximal existence time.

One of the main purpose in this chapter is to prove the orbital stability of the
N-peaked traveling waves (Zfil ey 0) = (Zf\il cie”171.0) of system (1.5) in energy
space H'(R) x L?(R) with small perturbation.

Theorem 2.1.2. Let ¢q,--- ,cy be N wvelocities such that 0 < ¢; < --- < cn. There
exist A >0, Ly > 0 and g9 > 0 such that if (ug, po) € H*(R) x H*"Y(R) for s > 3/2

and
o — Z% = 2@ + llpoll 2@ < €2, (2.2)

for some 0 < & < gy and 20 — 20 | > L, where L > Ly, then for the corresponding
solution (u, p) € C([0,T); H*(R) x Hs_l(R)) NCY[0,T); H*~Y(R) x H*"%(R)) of the
Cauchy problem for the 2CH system (1.5) with initial data (u, p)|i=o = (uo, po), there
exist £ (t), -+ ,En(t) € R, such that

sup <Hu Zsocl )l +Hp(t,-)HL2<R>>§A\/5, (2.3)

0<t<T
where §(t) — &_1(t) > L/2 and T depends only on initial data (ug, po).
Remark 1. Notice that it is not a regular proof of Lyapunov stability [55]. A direct
computation infers that the difference between |jug— S~ | @, (- — 29) szql(R) + ||,00||ig(R)
anc [u(t.) = S = &0V e+ 008 ey 5 35 0 = il The estimate
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on Lyapunov function P(M;;u, p) shows that Zfil ¢i|M; — ¢;| = O(e) if the initial
distance is bounded by O(e?). Hence, the later distance is bounded by O(/2). No
matter what the order is for the initial data, the later distance should always be
controlled by the i of the initial order.”.

Due to the collision theory between two peakons, stability of the trains of
peakons provides the stability result on multipeakons.
Corollary 2.1.3. Let p{,--- ,p% be N positive real numbers, and ¢ < --- < ¢%. For

any € > 0 there exists 6 > 0 such that if (uo, po) € H*(R) x H*'(R), s > 2 satisfies

N
—q0
o — Zp;’el S iy + |lpoll ) < 6, and  po(x) > 0, (2.4)
=1
then
Vt € R, inf [ ij “Ul ey + ollew <&, (2:5)

0<p1<-<pN,q1<--<gN

where p;(t) and ¢;(t) satisfy the Hamiltonian system (1.4).

Moreover, there exists T' > 0, such that

t>T inf )\ = 9
v - ql<1-r}<qN ||u ; 6 ||H1(R +||p||L2(]R ( 6)

and
vts T, bl ZANH L g+ lollrw <& (27)

where 0 < Ay < --- < Ay are the eigenvalues of the matrix <p?e_|ql 9 |/2) .
1<ij<N

2.1.2  Preliminary lemmas

Inspired by the idea adopted in [24, 27], we present the general strategy of the
proof to establish Theorem 2.1.2 as follows. For o > 0 and L > 0, we define the
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following neighborhood of (vazl ©e;, 0) with spatial shifts x; that satisfies z;—x;_1 > L

fori=1,---,N,

N
o0y = {2, i (=3 =l + o) < o)

T;—T;—1>

The purpose is to prove that there exist A > 0, Ly > 0 and g9 > 0 such that for any
L > Ly, 0 < & < g9 and any initial data (ug, pg) € H*(R)x H*"!(R), s > 3/2 satisfying
(2.2), then the corresponding solution (u(t), p(t)) belongs to U (A(y/e + L~'/#), L/2)
for all t € [0,T"), where T is the maximal existence time and A is independent of
time.

By the continuity of the map t — (u(t), p(t)) from [0, T) into H*(R) x H*"'(R)
where H*(R) x H*"1(R) ¢ H'(R) x L*(R), to prove Theorem 2.1.2 is sufficient to

prove that if (ug, po) satisfies (2.2) and if for some 0 < t* < T,
(u(t), (1) € U (A(VE+L7V%), L)2), ¥t e 0,), (2.8)

then

(u(t),plt")) € U <§<ﬁ+ L, %) . (2.9)

Henceforth, we assume (2.8) holds for some 0 < ¢ < g9 and L > Ly, where A, g9 and
Ly are specified later, and demonstrate (2.9).

The proof of Theorem 2.1.2 relies on a series of lemmas. Firstly, we will show
that the solution (u, p) of system (1.5) satisfying (2.8) has the following properties:
u(t) remains close to the sum of N modulated peakons in H'(R) where each peakon
is away from others for ¢ € [0,¢*] by using a modulation argument, and p(t) is around

0 in L*(R) according to the conservation law (1.6).
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Lemma 2.1.4. Let the initial data (ug, po) satisfy the assumption (2.2) in Theorem
2.1.2. There exist ag > 0 and Ly > 0 depending only on {c;}Y, such that if 0 < a < g

and L > Lg, the corresponding solution (u(t), p(t)) satisfies for some 0 < t* < T

(u(t), p(t)) € U (a, g) Wt € [0,t7], (2.10)

then there exist unique C' functions Z;(t) : [0,t*] = R,i=1,--- | N, such that denote
v(t,z) by
N
() =u(t) = Y Ri(t), where Ri(t,-) = @e,(- — (1)),
i=1
we have the orthogonal condition as

/ (D)0, Rit) dz = 0. (2.11)

and the following properties for all i € {1,2,--- N} and t € [0,t*] :

[o(6) ey < O(Va), (212)
|%:(t) — ei] <O(Va) +O(L™), (2.13)
Fi(t) — Foa(t) > % + w ti>2. (2.14)

Furthermore, defining J;(t) = [yi(t), yir1(t)], with

Y1 = —00, YN41 = +0O0 and yl(t) = 9 ) 2227 7N7 (215)
it holds
&i(t) — ()| = O(1), (2.16)
where &(t) are any points such that
u(t,&(t)) = max u(t,xz), te€[0,t],i=1,---,N. (2.17)

z€Ji(t)
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Proof. We use the standard modulation argument to discover the translations of
N-peakons. Let Z = (z1,---,2y) € RY be fixed such that z; — z;_; > L/2 for some

L>0.Set Ry(-) =N, @, (- — z). For 0 < d < 1, we define the function
N
Y : H(—(So,(so) X BHl (Rz,(S()) — RN,
i=1

(ylv"' >yN7u) — (Yl(y17"' ayNau)v"' 7YN(y1>"' avau))?

with

N
Yj(yla"' 7yN7u) :/ (“_Z%i('—zi—yi)) &Egocj(-—zj—yj)d:v,
R i=1

where Bpi(Rz,d) is the ball in H'(R) with center Rz and radius d,. Notice that,
due to p is around ground state, its effect on the translations of N-peakons can
be neglected. To apply the implicit function theorem, two facts are needed. One
fact is that function Y should be C' mapping which can be proved by dominated
convergence theorem. The other fact is that the matrix of the first partial derivatives
at (0,---,0, Rz) should be invertible. For j =1,--- /N

oY =
a—y(yh--- 7Z/N>U):/R Uz — Z 0upe, (- — 2 — Y1) | Owpe, (- — 25 — ;) dz,
J

i=1,i#j

%}y/j W, ) = /Raa:%i(' — 2i — i) Oupe, (- — zj —y;) dz,  where i # j.
Hence,
%%““"QRﬂ=H%%mang,
and

oY
Oy

Thus, there exists Lo > 0 such that if L > Ly, we have

<m~mﬁ@:/m%«wmm%m—wmsowh.
R

Dy gy (0,-+ ,0,R.) = D + P,
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where D is an invertible diagonal matrix with |[D7!|| < (¢;)72 and ||P|| < O(e™1/4),
which implies Dy, ... y,)Y(0,---,0, Rz) is invertible with an inverse matrix of norm
smaller than 2(c;)~2. Therefore, by the implicit function theorem, there exist 0 <
By < dp and C! functions (y;(u),--- ,yn(u)) from Byi(Ryz, o) to a neighborhood of

(0,---,0) which are uniquely determined, such that

Y(:Ul(“)» e 7yN(u)7u) = 07 Vu € BH1<RZ750)'

Moreover, there exists Ky > 0 such that if u € Byi1(Rz, f) with 0 < 8 < [y, then

Z lys(w)| < Ko, (2.18)

where Ky and (y depends on ¢; and Lg. For u € Byi(Ryz, Bo), setting Z;(t) = z; + y;
and Sy < min{Ly/(8Ky),dp} infers

Ti(u) — Tima(u) = 2 — zim + yi(w) — i1 (u) >

N

L
— 2Ky > 7. (2.19)

Then, we define the modulation of (u,p) € U(a, L/2) for L > Ly and 0 < o < a at

a fix time t. Indeed, for 0 < a < o, U(cr, L/2) can be covered as follows

L
U (Oé,5> C U BHI(Rz,QO./) X BLQ(O, 20[)

ZERN zj—z;_1>%
Additionally, the modulation of u is uniquely defined due to the uniqueness in the
implicit function theorem.
Thus, we can define the modulation of the solution (u(t),p(t)) of the 2CH
system satisfying (u(t), p(t)) € U(a, L/2) for all t € [0,¢*] by setting i =1,--- , N
and

Zi(t) = Zi(u(t),  o(t) = ult) - Z e, (- — Zi(t)),

where v satisfies the orthogonal condition (v,0,R;)g-1 g1 = 0, that is

/R (W) - i Pei (- = fii(t))>az¢ci<' —&(t)de =0, i=1,---,N.
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According to the translation z;(t) defined above, using (2.18), triangle inequality,

the following estimate holds

o) m @) < [lu(?) Z@cz —2i) @) + Z o (- = 2i1) = e (- — 2 — yi) | mw)

<o+ Z ( e (- — HHl(R + e (- — 2 — yi)“%{l(R)
9 / el — )P (- — 2 — yi) da
R

- 2/ axgpcl -z mgpcl( — 2 — yz) dl’)

§a+2210i"y¢ |2

N

< O(Va).

Attention is now turn to the speed of Z;. In order to show it stays close to ¢;,

we adopt the following property of a single peakon
O2R;(t) = Ry (1) — 2¢;0(5(1)). (2.20)

Differentiating orthogonality condition with respect to t, we derive that

/ Utaa:Ri = 97,3(89%1%2, U>H—1,H1 = *%Z<RZ — 201(5(.%1(75)), U)H—I’Hl
R

< #O0(|v ]l ) (2.21)
< (# — c)O([v]lmmy) + O(lvll i =)).

Substituting u by v + Zfil R; in the first equation of system (1.5) leads to

N
(1= v+ (1—-32)0R

i=1

;(1—82 (v—i—ZR ) (v—i—ZR vm—kzaR —l—;p)
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Since (R;,0) is a solution to system (1.5), there holds
. 1
OR; + (T — ¢)0, Ry + RiO Ry + (1 — 92) 710, (Rf + 5(@1-@)?) = 0.

Combining the two identities mentioned above, we infer that v satisfies the following

condition on [0, t*],

N ] N N
Ut—Z(l;‘i—Ci>axRi:—§ I(U+ZRZ)2_ZR> (1—82 (U%ZR 2

=1 =1 =1
—ZR2 vx—l—28R -

Taking the L?-inner product with 9, R;, then using integration by parts, the exponen-

M| =
Mz

@) ) - (10 0.l 57).

=1

tial decay of R; and its first order derivative, we deduce
R
:/vtﬁRda:—/Z ) 0. R; - 0, R; du

J#i

+ /(1 _ o2, ((v + Z R =SB4 St Y 0R)P (222)

s
Il
—

We intend now to estimate Vi, V5 and V5 in the following steps. Firstly, considering

N
V= %/ 0, <(v + Z R;)? — Z Rf) - 0, R; dx, we denote
R i=1 i=1
N N 2 N
Q1 =0+ QUZR]' + (Z Rj) — Z R?. (2.23)
j=1 Jj=1 Jj=1
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Using integration by parts and (2.20), there holds

2‘/1 = 201@1 t ZL‘Z /Ql (224)

According to the following embedding formula

V2
lolle@ < - lvllm@ < O(Va),

we know that @); and fR Q1R;(t) dr can be estimated as
Q1] < (0(Va) + 0(1)) O(v/a) + O(e™ %),
[ @iRittyds < (0(a) + 0(1) OVa) + Ofe ).

Hence,
Vi < (O(va) + 0(1)) O(Va) + O(c™%).
Secondly, for V5, using integration by parts and the decay of R; and its first order

derivative, it performs as

In this case, let

=+ R ZR2 vm—l—Z(‘?R Z(@R)

=1

From (2.12) and (1 — §2)"'P = le~I*l x P, which along with Hoder’s inequality give
rise to

V2| =

/Ri (=)' P-P|d

1
SC/ (v + Ry + =02 + vRXx> dx + O(L™1)
R

27 (2.25)

< O([v]l @) +O(L™)

<O(Wa)+O(L™).
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Finally, the bound for V3 is determined as follows
vy — /Ru _ ag)-lax(%p%axm iz < C/Rp2 dz < O(a?). (2.26)
Combining (2.21) and (2.24)-(2.26), we obtain
3 = il (19:Bil32s) + O(Va) ) < O(Va) +O(e ).

Taking o small enough and L large enough, it infers that |Z; — ¢;| < O(y/a) + O(e™b).

Furthermore, in light of z{ — 2 ; > L, there obtains

= ZZ‘Z(O) — :i,_l(O) + (fZ(S) — G + Ci—1 — .%L'i_l(S)) t + (Ci — Ci_l)t
> % + 1( e )t
=y 2 & Ci—1)t,

which yields the estimate (2.14).

Let z = Z;(t). From (2.12) and (2.14), we deduce

S 3lcil

Jut, Z3(2))] = |eil + O(Va) + O(e™4) > =

On the other hand, for @ € [%;(t) — £, &;(t) + £]\ (2;(t) — 2,2(¢) + 2), the following

estimate holds
|ci

fu(t,2)] < lele™ + O(Va) +0( 1) < .

In conclusion, & belongs to [Z;(t) — 2, %;(¢) + 2]. This completes the proof of Lemma

2.1.4. ]

Then effort is devoted to show functionals describing the energy at the right
side of ¢-th bump are almost monotonic, for ¢ = 1,--- , N. To prove this property, we

start with the introduction of weight functions. Let W be a C'*° function, such that

0<V¥(z) <1, V() >0, zeR,
(2.27)

0 (2)] < 109/ (z), =€ [-1,1],
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and

el T < —1,
U(x) = (2.28)
1—elol x> 1.

Set Vg = U(-/K), K > 0. Define the weight functions ®; = ®,(¢, x), by
¢ =1- Yy, Oy =Yy i, o=V, xk -V, 1=2,---,N—1,

where W, o = W (z —y;(t)) with y;(t) defined in (2.15). Obviously, S0, @,(t,z) = 1,

for t € [0,¢*]. Taking L > 0 and L/K > 0 large enough, we have

11— & <4e" ik, on {ii—g,i’i—i—%}, (2.29)
and
1@;| < de™3%, on {:zj - %,:ﬁj + ﬂ . for j 1. (2.30)
Then, we introduce the localized conservation laws of E and F' in terms of
weight functions, fori=1,--- | N,

Ei(u,p) = / (v +u +p°) ®ydz, and Fi(u,p) = / (v’ + wul + up?) @, du.
R R

(2.31)
Moreover, for simplicity, we set
r .
00 = min(cy, co — ¢1, -+ ,CN — CN_1)- (2.32)

Lemma 2.1.5. Let (u,p) be a solution of system (1.5) such that (u,p) € U(a, )
on [0,t*] where {Z;(t)}X, are defined in Lemma 2.1.4. Then there exist ag > 0
and Lo > 0 only depending on {c;}Y., such that if 0 < a < ag and L > Ly, for

4 < K = O(L'?), it follows that

_ L

3
2
L (®) = 1 (0) < € (Iuolly gy + lloolFaqey ) ek, (2.33)

for j=42,--- N} and t € [0,t*], where I; k() = [ (u* + u2 + p*) ¥, k da.
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Proof. We know system (1.5) can be written as the following abstract Hamiltonian

form
u 1| —0,(1—-0>"1 0 F!
- (1-5) , (2.34)
p 0 —0, r
t
where
F, = 3u® —ul — 2uug, + p°, and F, = 2up. (2.35)

Fixing j, differentiating I; - with respect to ¢ and using (2.34), we get

4
dt

[j,K(t> = — yj /(U2 + Ui + pz)ax\llj,[( dx + 2/ U(Ut — utxx)\ljj,K dx
R R
— Q/Ruutxamllljﬂ dx + 2/Rp,0t\11j7K dx
= — /(u2 +u2 + p*)0, Y, i dr — / uV; 0, F, dx
R R
= — yj /(u2 + Ui + p2>8x‘11j,]( dxr + / uz\Ifj,KF; dz
R R
—_— / (2 412+ )0, T, da + Ti(8) + Ja(t) + To(t) + Ja(t).
R
(2.36)
Substituting (2.35) into (2.36) and using integration by parts, J;(t), Jo(t), J3(t) and

J4(t) become
Ji(t) = / u W i (3u? — ul — 2uug, + p°) da
R
S / 8x\I/j,Ku3 dx + / 8xqu7Kuui dx + / \I/j7Kuxp2 dz,
R R R
Jo(t) :/ udp U (1= 02)7" (3u? — ul — 2uuy, + p°) da
R
= / 0,V gu® do + / udp U (1= 02)7" (2u® 4+ u? + p?) du,
R R

J3(t) = 2/ PV gup de = — / \I/j,Kupr dx — / &E\Ilj,KupZ dz,
R R R
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Ju(t) = 2/ POV gup dx = 2/ 0,V gup® da.
R R

Combining Jy(t), Ja(t), J3(t) and Jy(t), we can rewrite (2.36) as follows

d d
%[j’[{(t> dt/(u +U +p )\I/Lde

R R

+ / (up®) 0,0 i d + / w0,V k(1 —02)7" (20 + 2 + p?) da.
R R

In view of (2.9), y,(t) employs the following estimate

Tit) ¢ apalt) —cia gt

< - 9LTY L o(@) oL < -,
which implies
d
Skt < -2 / (v + 2+ p?) 0,V k do + / uu? - 0,V g dx

+ / up? - 0,V i dx + / w0,V (1 —92)7" (20 +ul + p?) da
R R

= —62—1 (u? +uf + p%) 0V i da + Qu(t) + Qa(1), (2.38)
R

where Q1 (t) = [ u(u2+p*)0,V; k dz, Qa(t) = [ u-0,V; k(1-02)71 (2u® + u2 + p?) dx.

For further estimates, we define the interval D; by
Dj = [fj—l(t) + %) — -

and divide R by R = D; U Dj. The two crucial estimates related to D; and Dj are

listed in the following. For x € Dj;,

[ () ZH% HLooD)JrHu—Z% Zi(0) [z (py)

< 0(e %) + O(Va). (2.39)
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For x € Df, by using (2.13), (2.15) and the definition of ¥; x, we know

Fi(t)—Fa(t) L (c;—c; )t L L
_ . > J J _ > N0 977 T -
[z =40 2 2 1= 1 tyg=olty

which implies, for K = O(v/L) and sufficiently large Lo,

L
LU—yj(t) > Uot+ 3
> 1.
K - K
Hence, there holds
1 —yi(t 1
0,V k(t,x) = ?\P;,K(xTy]()) < Xe_%(“(’”%), x € DL (2.40)

Firstly, let us consider Q1 (¢) by splitting the domain into two parts. For z € D,

from the Sobolev embedding H'(R) < L>(R) and (2.40), we deduce that

[ e+ 0,00 dn < e KD gy [ (02457 da
D7 D7
% . e—%(got-&-%).

< <Hu0||12L11(R)+HIO0||%2(R))

Q==

For x € D;, by (2.39) we know

/ u(ui + p2)8m\11j,K dx S HuHLoo(Dj) . / (ui =+ p2)8z\11j,K dx
D; D;
< (0(e7%) + O(Va) (s + p*) 0,V .
Thus, for « < 1 and L > 1, one obtains
c C 3 _ 1 g4l
Qi(t) < Zl/ (u? +uf + p*) 0.9, i d + E(Huoﬂfm(m) + | poll22y)? - e RS,
R

(2.41)

Secondly, in order to analyze (Q3(t), a method similar to the previous case is

applied here. For x € Dj, by the property of convolution and (2.40), we know

/ w0,V (1 —02)7" (20 + 2 + p?) da
D¢
J
<l - KO0 [ =) (4l 7)o
D¢
J
< |u|l oo m) - e~ w (o0t E) . / eIl « (2u® + u + p°) da
D¢
J

— % (oot+%§)

C 3
< ?(Huo‘ﬁ{l([&) + [lpoll72@)? - € :
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For x € D;, by the assumption (2.27), it is deduced that
1 x —y,;(t) 10
2 _ j
which implies, for K > 4,

u—@w@%xmwgo—%% 0.9, (£, 7).

Hence, for K > 4 and ¥'(z) > 0, we have

/ u((1=02)""2u 4+ ul + p?)) 0,V k du
D

J

< 2||u||Loo(Dj) / (u2 + ui + p2) (1-— 65)_18361'ij dx
R

< (0(va) + O(e%)) / (o + 42+ %) 0,0,  do
R
< — “a (u* +u2 + p?) 0,7, i du.

4 Jr

Consequently, for a << 1 and L > 1, there holds

C 3
Qa(t) < —/ (v* +ul + p°) 0,V g do + g(HUOqul + [lpoll7z @ )3 '
R

Moreover, through (2.38), (2.41) and (2.42), one obtain

d C
E[j’K(t) < E(H“o”?ﬁ(u&) + HpOH%Q(R))

% . 67%(Uot+§).

By Gronwall’s inequality on [0, ¢*], we know the following estimate holds

C s [1
L () = 1. (0) <= (lluollirs gy + llpollz2 R))2/0

c .

3 _
UO(HUOH?W(R) + HpOH%%R))Z@ 8K

®

<

This completes the proof of Lemma 2.1.5.

—%(905+%) g

w\~

)a%K@@

(oot+L% )

(2.42)

O

Three lemmas regarding to the local and global estimates of the traveling waves

to system (1.5) are introduced in the following. The first lemma is to show the relation

between the localized conservation laws E;, F; defined in (2.31) and the localized

maximum of u at a fixed time.
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Lemma 2.1.6. Given N real numbers T, < --- < Ty with &; — Z;_1 > 3L/4. Define
interval J; as in (2.15). Assume for any fived function (u,p) € H*(R) x H*}(R)

with s > 3/2, there exists & € J;, where i =1,--- | N, such that

u(&) = max u(z) = M,; and | — 3] = O(1).

Then, for each i =1,--- N, it holds

3
2

2 _1
Fi(u, p) < MiE;i(u, p) — M7 + (|luolli gy + lpollZ2) > O(L 7). (2.43)

3

Proof. Let i € {1,---, N} be fixed. Following with the strategy in [24], we define

u(z) —ug(x), z<§E,
g(x) =
u(z) +ug(x), x>¢&.

Using the integration by parts, we derive that

/Rg2(:c)<1>i(:c) dr = /& (U — uy )*®; do + /Oo(u + ug)2®; dx

—o0 &
&
— / (v 4 u?) ©;dv — 2M7P;(&;) + / u?0,®; dx
R —00
—/ u?0,®; dz,
&i

/Ru(x)gz(x)@(x) dz = /& (v — )2, dz + /OO (s + 1,)2®; da

—00 &i
3 2 4. 3 2 [ 3
= (u + uum) O, de — = M; (&) + = u’0,®; dr
R 3 3 —00
2 (o]
- = / w20, P; d.
3 &
Then the localized conservation laws F; and F; have the following forms
&i oo
Ei(u,p) = / (92 + ,02) ®; dx + 2M2d;(&;) — / u?0,P; dx +/ u?0,®; dr,
R —00 &

and

4 2 [t 2 [™
Fi(u,p) = / u(g® + p*) ®ide + gMzg(I’z(&) - g/ u?0,®; dx + g/ u?0,®; dx.
R

—00 &
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According to the definition of M, and integration by parts, a direct computation

shows that
Fi(u, p) —/ u(g® + p*) ®; da +/ u(g® + p*) @ da
Ji Jf

4 4 2 (5 2 (™,
+ o MP (&) — - u0,®; dv + = u30,®; dx
3 3/ e 3 &i

gMi/(g2+p2)<I>,;dx+/ u(g®+p°) ®;de
R N

4 4 2 (% A
3 3/ 3 /.,

&i 00
< M; (Ez(u, p) — 2M2®; (&) + / u?0,®; dor — / u?0,®; dx)
—00 &i

4 2 [% R
+ / u(g® +p*) ©dr + - MPD;(&) — = / w0, ®; dr + = / w20, ®; dx
. 3 3 ) 3 e

2) &i
< MiEi(u, p) — gMiSCPi(fi) +/ u(g®+ p°) ®; dw + Mz/ u’0,P; dx

\71'0

e 9 [&i 9 [
— M, u?0,®; dr — 3 / w30, ®; dr + 3 / w20, ®; dx. (2.44)
& —00 &i

Due to the construction of ®; and the exponential decay of ¥, taking K = v/L /8,
there exists a constant C' > 0, such that |0,®;| < C/K = O(L"2). On the other

hand, |§ — %;| = O(1) implies
11— ®,(&)| < 4e” ik < O(L73).

Hence, in view of the conserved quantities £ and F' defined in (1.6), we have

2 3 _1
Fi(u, p) < M;Ei(u, p) — 3 D4 (luollF gy + ool Z2my) 2 O(L™2),

which completes the proof of Lemma 2.1.6. [

Next, we present a global identity to show the difference between the smooth
traveling wave (u, p) and N peaked traveling waves (3°~ | ¢..,0) to system (1.5) in

energy space H'(R) x L*(R).
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Lemma 2.1.7. Let (21, -+ ,2y) € RY such that z; — 2,y > L/2 with L > 0,i =
1,---,N. Then for any solution (u,p) € H*(R) x H*"'(R),s > 2 to system (1.5) ,
there holds

N
E(u, p) ZE s 0) = lul@) =Y Ry (@) 3y 1l 72y +4 ) calu(zi) =€) +0(e 7).
i=1 '

Proof. With the integration by parts, it is deduced that

[u(z ZRZZ i@ + 1ol

-/ <u<m>—ZRzi<x>) + (u(m)—Zszx)) +(pla))” do

=1

:/R(UQ—l—ui—i—p da:~|—/ (ZRZZ )2+<iRzz(3§)>2+02 dx

i=1

— 22/ UPe; (- — 2i) + uzOzipe, (- — 2;)) da
N
i=1 i=1 /R
N o N
+ 22/ Uz pe, (+ — 2;) dax — 22/ Uzpe, (+ — 2;) dx
i=1 Y% i=1 "7

= E(u,p) + E(Z R..,0) — 4Zciu(zi). (2.46)

Notice that we have the facts [, R + (R.,)2 dx = 2¢7 and z; — 2z, > £, which infer
that

E(XN: R.,.0) = ZN: E(R.,,0)+ 0 (e*%) —9 XN: 2+ 0 (e*%> . (2.47)

In conclusion, combining (2.46) and (2.47), there obtains the identity

N

E(u, p) ZE% — fJu(z ZRZZ D)y ]2 ) +4 Y exulz) —e)+0 (e

=1

Mh
N—

]
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In view of the identity (2.45), one key to establish the stability result is to
control of the difference between the localized solution u(z;) and the maximum of
each single peakon, where the translation z; will be determined as &; later.

Lemma 2.1.8. Let (u, p) be the solution of system (1.5) such that (u, p) € U(a, %)

N

on [0, t*] with initial data (ug, po) satisfying HUO_Z 0o, (- —2)) | @) + |l pol 2wy < €2
i=1

Forie{l,--- N}, set

M;(t) = rengé)u(t,x) =u(t,&(t)), Vte[0,t7].

Then, we have the estimate

N
> IMi— o <O(e) + O(L71), Ve 0,t], (2.48)
=1

where the constant O(-) depend on (¢;)X., and (||u0||§{1(R) + ||p0||%2(R))%.

Proof. Since Rzo = SN e, (- — 29) and |Jug — Ryollm@) + llpollzem < €2, it is
deduced from Minkowski inequality that
|E(uo, po) — E(Rz0,0)| = |HUOH%{1(R) + HpOH%P(]R) - ||RZOH12Hl(R)|
<luo = Rao |3y + lpoll7e@) < O (7)),
which implies
E(uv p) = E(“Oa pO) < |E(u0,p0) - E(RZO7 0)| + E<RZO> 0)
(2.49)

<

-

E(¢,,0)+0 (%) + O (e’%) :

=1

According to Lemma 2.1.6, the following inequality holds, fori=1,--- | N

3

3 3 _1
M = SMEi(u, p) + SF(u,p) < (ol e + Iollde) ) O (27F) . (2:50)

Define a cubic polynomial P with respect to y € R, for (u,p) € H* x H*™' s > %,
3 3 3
Pl p) =} = S0 p) + S, p). (251)
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In particular, for E;(¢,,0) = 2¢2 and Fi(g.,,0) = 3¢5, we obtain

3 3
SYBi (P 0) + S Filpe;, 0) = v} — 3yici + 2¢]. (2.52)

P(yi; ¢, 0) =y — 5 5

Taking v;(t) = M; = u(t, &(t)) in (2.51) and (2.52), a direct calculation gives rise to

§ Fl(u, p) - E(‘pcw O)) :

—|—§ Ei(“a p) - Ei(gocwo)) Mi_z (

(Mi_cz‘)2<Mi+2€¢) = P(MiS u, p) 5 (

Taking summation from ¢ = 1 to N and using the estimate (2.50), there appears the

inequality
N N 3 N 3
Z(Mi_cz) M +202 §Z§ 90017 Mz 25 (SDCNO))
=1 =1 =1
3 _1
+<||uo||%p + llpoll32)) 70 (L 2)
_3 3
Y 0, FO a \W0, PO) — Lvi\¥Fei» 7
<3 Ei(uo, po)) My + 5 ) (Ei(uo, po) = Ei(pe,, 0)) M
i=1 =1
N
3 2 2 3 _1
= S (B, ) = Fi(9es0) + (ol gy + lollFe) 20 (272)
=1
= K+ Ko+ Ko+ (luolf g + lpolae) 20 (L74) (2.53)

In view of (2.53), to proceed the proof of (2.48), attention is now given to the
estimates on K7, Ky and K3. Let us start with K;. Using the Abel transformation

and conservation law E, we deduce that

5 Z Ei(uo, po)) M, < i Eji(uo, Po)))

i=1
N—

3 ]
- 5 Mj — Z (u, p) = Ei(uo, po))

H

oW
Zw
LH

(M1 — Mj) - (Ljy1,x(t) = Ljy1,x(0)) .

<.
I

Since N peakons are ordered, by the definition of M;, we know Z ( i1 — M;) is

positive and bounded above. Let K = L'/2/8. From Lemma 2.1.5, it is derived that

N|=

|Ki| < O(e™5k) = O(L~
36
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For K, from the assumption in Lemma 2.1.8, the exponential decay of ¢., and ®;

and the definition of F;, we know
N
Z|E¢(U07P0) — Ei(c;, 0)]

+O(L73)

IN

Y KRRV KRR L

IN

M=M=

+O0(2) + O(L2)

ol 7y — llope Iz

N N
<HuO —> e = Dl +2 \/203)
1 i=1 Jj=1

N N
_1
([luo —Z%i(' —ZZQ)HHl(JZ-(o)) + Z [oe; |71 (7i(0))) +0(e?) + O(L™2)
=1

=1,

Hl

-
Il
—

M-

7

< O(?) + O(L2). (2.55)

On the other hand, M;(t) is bounded for any ¢ = 1--- , N, since

N
1
ME(t) < [lult, 2) |2y < 5 E (o, po) < ZE £e.,0) + O() + O(e7¥) < ;cf.
(2.56)
Associating (2.54) with (2.56), there holds
3 N
K| < 5 - max M; - > " |Ei(ug, po) — Ei(ge,,0)] < O(?) + O(L72). (2.57)

=1

As to K3, from the Sobolev embedding theorem and conservation law F, it is deduced

that
Flup) = P = 0.0

- \ / b o v = (3 = D) = (e~ AN e = )2
Z% == do+ [ Juvi, - Z%Z DN pul = 2| da
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+ [ s do

</ uO—Z% - uo+uOZ% —aD) + (= D))
/ UO_ZSOCZ - uox Z‘Pcl - u(]g; Z('OCZ _Z

e
R

N N
3
<luo =D e - = 2) |l - 5 Rug + Qe —2) da
i=1 i=1
N
-/ <uo—2¢ci<~—z?>>u3,x
/ N

UO;t Zﬁocl,:c _Z u0x+zwcz - i
+ ol =ce / i de

3
QHUO—Z%Z = )llp=e (HU0HL2+HZ%% Dl

dx

)| dx

dx

)| dx

+ ||luo — Z% — )| oo luol 1 )

+||ZSDCZ -z N zeemlluo.e — ZSOCZI ||L2(]R ||U0z+290w ZZQ)H%%R)

+ ||u0||L°°(R)||p0||%2(R)

Due to the Sobolev embedding H'(R) < L>(R) and ug, S~ | @, are in H'(R), by

(2.2) and (2.12), we derive that

| F(uo, po) Z% —2/),0)| <O(%),

which along with 2? — 20 | > L/2 gives rise to

K| <= )Z( <gocz,o>)\
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IA
l\DIOO

Fuo, po) (Z% s 0>‘+§)F<;s@ci(._z?),0>—F(;wci,())‘

O(?) + O(e™7) (2.58)

IN

Consequently, substituting (2.54),(2.57) and (2.58) into (2.53), we have

N

i=1
Then the desired result in Lemma 2.1.8 follows. O

2.1.3 Proof of stability theorem
With the preparation in the previous subsections, the proof of stability of
the trains of N-peakons in system (1.5) is provided as well as the conclusion on

multipeakons through the asymptotic analysis.

Proof of Theorem 2.1.2. In light of (2.9), it suffices to show that there exist
2 < -+ < zy satisfying z; — z;,_1 > L/2 and a constant C' > 0 independent of A at

t = t* such that

Ju(t*, 2) Z% = a(t) @ + ot D)@ < C(VE+L75).
Let z; = &;. By (2.14) and (2.16) in lemma 2.1.4, we have

§i(t7) = &a(t7) 2 (") — 2ia (F7) 4 [&(17) — 2:(8)| — [§i-a (7) — Tima (7))
8L L2

> —.
— 4 6 3
By (2.45) in Lemma 2.1.7 and (2.48) in Lemma 2.1.8, there holds

[[u(t* Z% Nl + 1o, 2) L2y

= E(u(t*), p(t*)) — Z E(pe,,0) — 4 Z i(M; — ¢;) + O(e™ 1)
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N N
< Elug, po) = Y Blpe,,0) +4 > ;| M; — ci + O(e™ 1)

i=1 i=1

<O0(%) +0(e) + O(L 1)

Al

<O0(e) + O(L7 7).

Hence, for 0 < € < g9, L > Ly where 0 < g9 < 1, Ly > 1 are depending only on

(c))XY,, we conclude that

u(t* Z% N i + 1ot ) 2w < C(VE + L75).

where C' is independent of A. Then taking A = 2C concludes the proof of Theorem
2.1.2. (]

Proof of Corollary 2.1.4. Since p{,--- ,p% are positive real numbers and ¢¥ <

- < q%, then we know that these relations hold for any time ¢ and different peakons
never overlap [41]. From the asymptotics of p; and ¢; [4], we deduce that there exists
T > 0 such that ¢;(T) — ¢;—1(T) > L and ¢;(—=T) — ¢;—1(=T) > L with L > L large
enough. Hence, according to the invariant transformation (¢, z) — (—t, —x) of system
(1.5) and the continuity argument while proving Theorem 2.1.2, there exists 6 > 0

such that if (ug, po) satisfies initial condition (2.4), then for any time ¢, it holds

e, ) - Zpe My + ot @)l < 57

which implies the orbital stability result (2.5). Furthermore, it is shown in [4] that

Jim pi(t) = lim g;(t) = A (2.59)
and
Jim pi(t) = hm gi(t) = Ava, (2.60)

where 0 < A\; < --- < Ay are the eigenvalues of the matrix (p;(0)e™14(®)~ qj(0)|/2>w'

Hence, it is straight forward to obtain (2.6) and (2.7). O
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2.2 Stability of multi-antipeakons-peakons
2.2.1 Basic definitions and results

As outlined in the introduction, equation (1.3) admits peakon as well as an-
tipeakon when x = 0. Inspired by the stability of N-antipeakon-peakons concerned
in [28], we now show the stability results of antipeakons and peakons in a dynamic
system (1.5).
Theorem 2.2.1. Let ¢y, -+ ,cy be N non-vanishing velocities such that ¢; < --- <
cr <0< gy < --- <cy. There exist A > 0, Ly > 0 and gy > 0 such that if
(u, p) € C([0,T); H(R) x H*Y(R)) N C([0,T); H*H(R) x H*"*(R)), for s > 2 isa

solution of the 2CH system (1.5) with initial data (u, p)|i=o = (uo, po) satisfying

o — Z 0o, (- = 2 lm@) + ool 2wy < €7, (2.61)

for some 0 < e < &g and 20—z | > L, with L > Lg, then there exist &1 (t), - -+ ,En(t) €

R, such that

sup (Hu Z%Z — &)@ + o, )||L2(R)) SA(VE+L7F), (262)

0<t<T
where &(t) — &_1(t) > £ and T depends only on initial data (uo, po).
Moreover, the analogue stability result of CH-multi-antipeakon-peakons for the
system (1.5) is discovered as well.
Corollary 2.2.2. Let p?,--- ,p) be k negative real numbers, pl,,--- ,p% be N —k
positive real numbers and ¢ < --- < q% be N real numbers. For any e > 0 there

exists & > 0 such that if (ug, po) € H*(R) x H* ' (R), s > 3 satisfies
N
luo = > 1Y exp(- — ¢l @ + llpoll 2w < 6, and  po(z) >0,
j=1
then

vt >0, inf Ju(t, ij exp(-—q;) | @)+l p(L, )l r2()

1< <P <O<Pp41 < <pN,q1 < <gN

41
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where p;(t) and q;(t) satisfy the Hamiltonian system (1.4).

Moreover, there exists T' > 0, such that

Ve>T, it s, erxp — )l + (e, e < <.

n<--<gnN

! q3|/2>

where \; < --- < Ay are the eigenvalues of the matrix (p e }
1<i,j<N

2.2.2  Preliminary lemmas

The proof of Theorem 2.2.1 will be based on a series of lemmas. Firstly, we
present the translation of each peakon and antipeakon analogous to Lemma 2.1.4.
The detailed proof refers to Lemma 2.1.4 as well.
Lemma 2.2.3. Let (ug, po) be the initial value to system (1.5) satisfying (2.61).
There exist g > 0 and Lo > 0 such that for all 0 < a < ag and 0 < Ly < L,
if (u,p) € Ula, £) on [0,t7] for some 0 < t* < T, then there exist C" functions

z1(t), -+ ,Zn(t) € R defined on [0,t*] such that for all t € [0,t"],
[[ut, Z%z )llm@ + ot )@ = OVa), (2.63)

2;(t) — ;| < O(Va) +O(L™Y), i=1,--- ,N, (2.64)

and
3L (Ci — Cifl)t

B(t) = Fia(t) 2 4 T iz (2.65)
Moreover, fori—=1,--- N, it holds
[&i(1) — i) = O(1). (2.66)
where &(t) € [Z;(t) — £,2;(t) + %] is any point such that
ut, &) = max - Ju(t)]. (2.67)



Secondly, we state the almost monotonicity of energy functionals which are
different with those in Lemma 2.1.5. Due to (2.43) is no longer hold, where M; = 0 for
antipeakon part, we will consider all positive bumps and negative bumps separately.

Define the energy functionals /; ,(¢) as follows

Lin(t) = Lixk(u,p) = / (v + 2+ p°) = A (v + wul +up®)| U kdz,  (2.68)
R

where V; x(t,2) = Vg (z —y;(t)), j =k+1,---, N, with y;(¢) defined by

Yri1(t) = Tpy1(0) + cpyat/2 — L/4, yn41(t) = +o0,

and
i1 (t) + z:(t)

5 Gi=k+2-- N

yi(t) =
To prove the almost monotonicity property, we start with the following lemma.

Lemma 2.2.4. Assume g is a smooth space function. Then there holds

d
p (u® + wul + up?®)gdx
R

1
:/(Zu4+u2ui)g’d:v+/ughg’dx+/(h2—hi)g’d:ﬁ%—/uzng’d:v,
R R R

R

(2.69)

where h = (1 — 82)7'(u® + 2u2 + $p?).

Proof. Since g is a smooth space function, using integration by parts and (2.34), we

obtain

d
g7 (u® + wul + up®)gdx
R

= /3u2utgdm—|—/utuigd:ﬁ—I—/2uu$umtgda:—|—/utp2gdx+/2upptgdx
R R R R R

2
= 2/ut(u2+%)gdx%—/(ut—utm)Ungx—/umuzg'dx—k/uthgdx
R 2 R R R
+ / 2upprgdx
R

o Uy P 2
=2 [ u(u”+ =+ =)gdr + | (up — U )u“gdr —
R 2 2 R

umugg'dx—k/Qupptgdm
R R

= [1+[2—|—]3+I4.
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Notice that (2.35) implies F,, = (1 — 02)u? 4 2u® 4+ u2 + p?. It follows that I; can be

written as:

From h = (1 —9?)~! <u + 733 + %), it is deduced that

u2 p2
L = — 2/ uum(u2 + =+ —)gdx - 2/ th(l - 8§)hd:c
R 2 2 R

= —2/u3uxgdm—/uuigd:p—/uuxpggdm—2/hhxgdm+2/hxhxxgdx
R R R R R

1
— - / utg'dr — / wul gda — / uugp’gda + / (h* = h3)g'dz.
2 R R R R

According to integration by parts and the abstract Hamiltonian structure (2.34) of

system (1.5), I performs as follows:

L= [ |20+ 0~ 30 - 367w

1 1 1
= —3/u3uzgdx——/am(ui)Ungx+—/8§(u2)u29dx——/(pz):mfgdx
R 2 Jr 2 2 Jr
1
= i/ g’dx—i—/uu gdx + 2/u2u29’da: /82( )0, (u?)gdx
R
——/32 Nulg'dr — /( M) ulgdr
1 1
= / gdx—i—/uu gdr + = /u2u29’da:—Z—L/(ax(uz))Qg’dx
R
1
/8 Juugg'dr + = /3 u?q"dx — 5/(p2)$u29dx
R
= / gdx—l—/uuxgdx—l— / gda:+/u2uig’dx
4 Jr R 2 Jr R
1
+2/u2uig'dx+/u3uxg”dx— —/(pQ)xUQde
R R 2 Jr

3 1 7 1
= —/u4g’d:r;——/u4g”’dx+—/u%ig'd:v—l—/uuigdw——/(pQ)xu2gdx.
4 Jr 4 Jr 2 Jr R 2 Jr
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Proceeding similarly, we derive that

1 1
I; = /855 {uum + (1 - 0270, <u2 u + =p )] u?g'dx
. 2%
2 1 2\—1 2 1 1 2 7
= x(uux)u gdr+ [ (1=07)0, | u 2ux+2p u“g'dx
R
" 2 2 1 1 / 21 1
= -2 [ vPuig'dx — uuxgdx— u? (u? + Zul + =p® | gdv + | u’hg'dx
R R 2 2 R
1 1
= /u ulg'dr + - /u4g"'dx—/u4g'dx— —/u utg'dr — /quQg’d:E
R R R 2 Jr 2 Jr
+/u2hg'dx
R
5 1 1
= — /u2u29’da:+—/u4g"'dx—/u4g’d:1:——/u2p2g'dw+/u2hg’daz.
2 Jr 4 Jr R 2 Jr R
From (2.35), I, employs the following structure

Iy= — / 2up(pu) gdx — 2/ up(puy + pyu)gdr = —2/ Uty p*gdr — 2/ u?ppygde
R R R R

= —/u2(p2)xgdx+/uQ(pQ)g'd:c—2/u2ppxgd:c:/u2p2g’da;.
R R R R

In conclusion, combining Iy, I, I3 and 14, one obtains

L+ + I3+ 1y

1
= —/u4g’dx—/uuigdaz‘—/uumegdx+/(h2—hi)g’d:c
2 Jr R R R
_ 3 4 7 . 1 4 _1m 7 2,2 1 3 _ 1 2 2
=— [ ugde—— | ug"de+ = | vuigde+ | uwu,gdr — = [ (p°).u’gdx
4 Jr 4 Jr 2 Jr R 2 Jr
) 1 1
——/uQuig’d:L'—i——/u4g”’d:c—/u4g’d:c——/u2p2g'd:c+/u2hg’dx
2 Jr 4 Jr R 2 Jr R
+/U2p2g/dl'
R
1
= —/u4g’d:c—|—/u2uig’da:+/u2p2g'd:1:—|—/u2hg’d:c+/(h2—hi)g’dx.
4 Jr R R R R
Hence, the proof of Lemma 2.2.4 is completed. O

Lemma 2.2.5. Let (u,p) € H(R) x H*(R) with s > 2 be a solution of system

(1.5) satisfying (2.63) on [0,t*]. There exist ag > 0 and Ly > 0 only depending on
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Cha1s Chpas - - Cn such that, if 0 < a < ag and L > Ly, then for any 4 < K = O(L'Y?)

and 0 < X\ < —2— there holds
Ck+1
Lax(t) — Lax(0) < O(e55), for je {k+1,--- ,N}and t € [0,'].  (2.70)

Proof. Similar to the almost monotonicity studied in previous section, the estimate

1 1
on 41, k(t) is crucial. Denote h = (1 —87)~'(uv* + §ui + §p2). Applying g = ¥, .,
j > k+1 to Lemma 2.2.4, which along with (2.37) gives rise to

d d
gpline = / U (0 +ug + p?) = Mo’ + wg + up?)] de
R

= — / Vi [(W+ul + p*) — A’ + uul + up®)] da
R
+ / uui&g\IfLde + / upzézllfj,de + 2/ uh@x\lf%;(dx
R R R
1
—A /(—u4 + w?u2) 0,V edx + / u?hd, ¥, gdx
R 4 ’ R 7
+/(h2 —hi)@x\llj,;(der/u2p28x\11j7;<dx}
R R
= — yj / 8I\Ifj7K(u2 -+ Ui + p2)dCC — /\/ 6$\I/j7K(h2 — hi)dl’
R R
+ / 0.V, k(2u — Mu®)hdx + / 0,V i [u(ui + %)
R R
1
+A <y'j(u3 + uu + up?) — (ZU4 + wtu + ugpz)) }da:
=Y / 835\1[]',[((“2 + Ui + ,02)da? + i+ S+ J3
R
< - % /Ram‘l’j,K(UQ +ul + pHdr + Jy + Jo + I,
where

Jp=— /\/ 0.V, k(h* — h)dx, Jp = / 0.V, i (2u — Mu?)hd,
R R

1
J3 :/ 0.V, i {u(ui + 0%+ A (yj(u3 + uu? 4+ up?) — (Zu4 + w?u + u2p2))} dx.
R
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By repeating the same procedure in Lemma 2.1.5, one obtain J3 < 0 and J; <

ER o V(U 4 ul + p?)da + Ce~w(@0ttL/8) where i = 1,2, which implies

DL < S (ol + loolaey ) e+ 0D,
Hence
Lk (t) = Ik (0) < O™ 55). (2.71)
This then completes the proof of Lemma 2.2.4. ]

Thirdly, we establish the local and global estimates analogous to Lemma 2.1.6,
Lemma 2.1.7 and Lemma 2.1.8.
Lemma 2.2.6. Given N — k real numbers ypq < -+ < yn with y; — yi1 > %,
fori=k+1,--- ,N. Define interval J; = (y; — %,yiﬂ + %) Assume for any
fized function (u,p) € H*(R) x H*"1(R) with s > 3/2, there exists & € J;, where

1=k+1,---, N, such that

u(&;) = max u(z):=M; and |&— 7| =0(1).

Then, for each i =k+1,--- N, there holds

3
2

2 _1
Fi(u, p) < MiE;(u, p) — =M + (|luolli gy + lpollZ2) > O(L 7). (2.72)

3
Lemma 2.2.7. For any (&, ,&n) € RY, with & < yri1 — % and & — &_1 > %,

i=k+1,--- N, and any (u,p) € H*(R) x H*"}(R),s > 2, we have

bR
E; (u, p)—E (¢¢;,0) = E; (u — Rx, p)+4c; (M; — Ci)+<||u||%11(R) + ||P||%2(R)> O(L™?).

(2.73)
Lemma 2.2.8. Let (u,p) be the solution of system (1.5) such that (u,p) € U(a, £)

on [0,t*], with initial data (ug, po) satisfying (2.61). Denote M;(t) = max u(t,x) =

€T (t)
u(t,&(t)), for allt € [0,t*] andi € k+1,--- ,N. Then we have
N
37 6| M —c| < O() + O(L™H), forall t € [0,t7], (2.74)
i=k+1
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3

where O(+) depends on (ci)£k+1 and (||u||§{1(R) + ||p||%2(R)> :

2.2.3 Proof of stability theorem

The following presents the detail proof of Theorem 2.2.1.

Proof of Theorem 2.2.1. In view of the continuity argument, our attention will
focus on the estimate at ¢ = t* in the following procedure. Let K = +/L/8. Taking

summation for ¢ from k + 1 to N of (2.73), from Lemma 2.2.8, it is deduced that

N N
[k-i-l,O(t*) - Z E(@cm 0) = Z Ez (u(t*) - RX(t*)>p(t*) - O) + O(E) + O(e_%)'
i=k+1 i=k+1
(2.75)
The monotonicity of Ij410(t*) respect to ¢ ensures that
N N i
Y Ei(ult’) = Ry, p(t7) = 0) < Tes1o(0) = > E(pe;,0) + O(e) + O(e™ 7).
i=k+1 i=k+1
In view of (2.63), we reveal
N L
> Ei(u(t') = Ry, p(t7) = 0) < O(e) + O(e™ ). (2.76)
i=k+1
Finally, following (2.75) and (2.76), it is deduced that
N
Tino(t) = D7 Epe,0) + O() + 0 5), (2.77)
i=k+1

It is worth noticing that the system (1.5) is invariant by the change of u(x,t) —
—u(—x,t) and p(x,t) — —p(—x,t). Then for any (u,p) € H*(R) x H*"}(R), there
holds

Lo (1) 2=/R‘I’(yk(t*)—x)[u2($)+U§(f€)+p2($>] dr, ye(t") = Tx(0) +cxt” /24 L/4,

where u describes only negative bumps. With the same process used above, we

establish the following two estimates

k
D Biu(t?) = Rxgey, p(t) = 0) £ O(e) + O(e™7), (2.78)
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and
I,(t) = Z E(@e,,0) + O(e) + O(e™ ). (2.79)

Hence, from (2.77) and (2.79), it is derived that

Lo(t) + L o(t7) = Z E(@e,,0) + O(e) + O(e™ %) = E(ug, po) + O(g) + Oe™ 1)

i=1

E(u(t*), p(t*)) + O(e) + O(e™ %),

which implies

/R [1— U(y(t*) — ) — Uz — g1 ()] (0 + uZ + p*) dx = O(e) + O(e_%).

It is worth to remark that the way how we construct ¥ infers |1 — W(y,(t*) — x) —
U(z — yepa (1)) < O(e™ %) for z € (—o0, yp — L1U [yk1 + £, +00). In addition, the

exponential decay of ¢, and Lemma 2.2.3 lead to

Yr+1+L/4 L
/ |Rx|? + |0, Rx|*dv < O(e™ 7).
y

w—L/4

Hence, we obatin
J (1= #t) = 0) = 0o = ) (0= R+ (1 = 0B+ (5 = 0) do
= 0(e) + O(e™1).
(2.80)

By using (2.76), (2.78) and (2.80), we conclude
E(u(t') = Rx(ey, p(t") = 0) = Cle +¢7¥),

where the positive C' depends only on {¢;}¥, and E(ug, po), not on A. Consequently,

the theorem is proved by choosing A = 2C. ]

With Theorem 2.2.1 in hand, by repeating the asymptotic analysis in the proof
of Corollary 2.1.3, we may readily prove Corollary 2.2.2. We omit the details of the

proof of this result.
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CHAPTER 3

STABILITY OF THE TRAINS OF N-SMOOTH TRAVELING WAVE TO THE
GENERALIZED TWO-COMPONENT CAMASSA-HOLM SYSTEM

3.1 Basic definition and results

In this chapter, we mainly consider the Cauchy problem of the two-component

CH system on the real line, that is

;

Up — Uy — Aty + 3uty — 0 (2Uuplyy + Ullger) + (1 + 1) ne = 0,

m+(I+n)u),=0, t>0, 2R, (3.1)

(U(%O)an($70)) = (Uo($)7770(9€))~

\

Denote
1
p(z) = Ee_m reR
Then for all f € L*(R),
(1-)'f=p*f (3.2)

where ‘*’ denotes the spatial convolution. Using this notation, system (1.8) can be
now written in the following form

wp + oty + Opp x (—Au+ E2u? + Su2 + 1 (1+19)?) =0, 33)

m+ ((L+n)u), =0.
Logically, prior to a discussion of stability as formulated above in terms of
perturbations of the initial data should be a theory for the initial-valued problem
itself. This is a subject that has attracted a lot of attention and it is not our purpose

to provide a survey of results. The following local existence result suffices for the
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stability theory developed here (see [11]). More subtle results are available in some
cases but these do not concern us here.

Proposition 3.1.1. [11] Let (ug,no) € H*x H*™*, s > 3. Then there exist a mazimal
time T = T (ug,no) > 0 and a unique solution (u,n) of (3.1) in C([0,T); H* x H*~1)N
CH[0,T); H= x H*™2). Moreover, the solution depends continuously on the initial
data and T is independent of s. In addition, the functionals E(u,n) and F(u,n)
defined in (1.9) and (1.10) are independent of the existence time t.

In the case 0 = 0, we have the following global existence of the solutions.
Proposition 3.1.2. [13] Let 0 = 0. If (ug,m0) € H*x H*" with s > 2, then there ex-
ist a unique global solution (u,n) of (3.1) in C ([0, 00); H® x H*1)NC([0,00); H*™1x
H*7%). Moreover, the solution depends continuously on the initial data. In addition,
the functionals E(u,n) and F(u,n) defined in (1.9) and (1.10) are independent of the
existence time t.

Next, we provide the definition of traveling wave of system (3.3) and the
condition for existence of traveling waves.

Definition 3.1.1. A vector function is a traveling wave of (3.3) if it has the form
@o(T,t) = (po(x — ct),Ye(x — ct)) € H'(R) x H'(R), c€R

with ¢. and ¢, vanishing at infinity along with their first and second derivatives.

One can check that a traveling wave of (3.3) satisfies

(—cgo+%so2+p*(—Aso+3%"902+%%03+%(1+w)2)>x:0’ (3.4)
(—cw+(1+w)w>x = 0.

Integrating the above system and applying (1 — 9?) to the first equation, we have

—(c+ A)p + o + 20% = 0904 + 502 — (1 +9)% + 3, 5

—cp+ (1 +)p =0.
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The following result on existence of traveling waves of (3.3) was given in [13].
Proposition 3.1.3. [13] Let 0 <1 and assume ¢ > %m. Then there exists a
smooth traveling wave @. = (pe, ) of (3.3), which decays exponentially to zero at
infinity.

Remark 2. The smooth traveling wave ¢, exists either ¢ > Ay or ¢ < Ay, where A
and A, are two roots of the equation y? + Ay — 1 = 0. Without loss of generality, we

—A+VA%2+4
2

only consider the case ¢ > Ay = in this article.

Moreover, we introduce those results associated with the stability of single
smooth traveling wave of (3.3). Begin with the dual space of X: X* = H~}(R)x L*(R),

we can define a natural isomorphism I from X to X*

- 0
I =

0 1

Then combining the map I and the definition of H!(R) norm and L*(R) norm, the

pair (-,-) between X and X* can be presented as

(lu,v) = (%U)Hl(R) + (777w)L2(R)7

where u = (u,n) € X,v = (v,w) € X*.
According to the definition of norm in X, the quantity E(w), which is an

invariant functional of (3.1) with respect to time, can be written as

1 1
Blu) =5 (wu) = 5 Jul}, we X,

Furthermore, taking advantage of the conservation law F'(u), system (3.3) has

following abstract Hamiltonian form:

Ou = JF' (u), (3.6)
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where J is a closed skew symmetric operator given by

—0,(1-9%)"1 0
o[ ey |
0 —0,

and F'(u) : X — X* is the variational derivative of F'in X at u.

Attention is now given to the definition of orbital stability of a single traveling
wave.
Definition 3.1.2. The traveling wave . of (3.3) is stable in X if for any ¢ > 0,

there exists d > 0 and sy € R such that for any uy € X satisfying

[0 = pe(- = s0)llx <0,

and if uw € C'([0,T); X) for some 0 < T < oo is a solution of (3.3) with w(0) = uy,
then

inf [|[u(t) — @.(- — s)||x <e, Vte[0,T).

seR
Otherwise, the traveling wave ¢, is said to be unstable in X.

One key to the stability of a single traveling wave is the coercivity of H, which
is the second differential operator of cE — F around single traveling wave ¢.. We
here rephrase their results and refer the readers to [13] for details.

Lemma 3.1.4. [13]. Assume o <1 and ¢ > A;. Let ¢ (x,t) be a smooth traveling

wave of (3.3). Then there exists a constant k = k(c) > 0 such that
(He(9), ) > K[|l (37)

for all € X satisfying (¢e, ) = (1 35) = 0.
Lemma 3.1.5. [13]. Let 0 < 1 and ¢ > Ay. All those smooth traveling waves of

(3.3) are orbitally stable in the enerqy space X.
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Remark 3. The exactly form of H, in (3.7) is

L. —(1 +
H, = cE" () — F" (ip) = SR
—(I4+n) c—¢

where

L.=-0,((c—0p)dy) —3p+ 0@ +c+ A.

The proofs of Lemma 3.1.4 and Lemma 3.1.5 are based on the spectrum analysis of H..
and the convexity of d(c) = cE(¢.) — F(p.) both requiring o < 1. In the following
section, we will show the property of local coercivity via Lemma 3.1.4. Therefore,
o <1 is a prerequisite to establish the stability of the train of N-smooth traveling
waves.

The goal of this chapter is to show the orbital stability of the trains of N-smooth
traveling waves with the assumption on initial profile which guarantees the existence
of solution.

The N-smooth traveling waves 31, ., of system (1.8) can be shown to be
orbitally stable in the energy space X, which is the principal result of the present
paper.

Theorem 3.1.6. (Main Result) Suppose o < 1. Let ¢1,¢q,--+ ,cn be N speeds, such

that 0 < max{=4EVA2H ALVATY ¢ < <oy, Let s > 2. If M >0, Ly > 0

and g9 > 0, such that for any wo = (ug,m0) € H*(R) x H*"Y(R) satisfies

N

T S

=1

<e

— Y

(3.8)

H(R)x L2(R)
for some 0 < € < gy and z? — z?_l > L with L > Ly, then for the correspond-

ing solution uw = (u,n) € C([0,T); H* x H*Y) N CY([0,T); H*' x H*2) of the
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Cauchy problem for the g2CH system (1.8) with initial data u|,—9 = ug, there exist

T1(t), Z2(t), - ,Zn(t) € R, such that

N
sup |lu(t,) = Y (- — &(t)) < M(vVE+L73), (3.9)
0<t<T i1 HL(R)x L2(R)

where T depends only on initial data ug.

Remark 4. It is noted that the assumptions in Theorem 3.1.6 ensures that the train
of N-smooth traveling waves of different speeds is arranged in increasing order and
sufficiently decoupled and as time goes by the phase between two traveling waves will
be enlarged.

Remark 5. In Theorem 3.1.6, the life-time span T may be infinite if o = 0, since we

have the global solution in that situation according to Proposition 3.1.2.

3.2 Preliminary lemmas
For a« > 0 and L > 0, we define the following neighborhood of N-smooth

traveling waves Zf\il ., with spatial shifts z; that satisfies z; — x;_1 > L for every

N
u—Zgoci(-—xi) <a}.
=1 X

We want to prove that there exist M > 0, Ly > 0 and ¢ > 0 such that for any L > Ly,

i=1,---,N,

ri—xi—1>L

Ula, L) = {u € H'(R) x L*(R), inf

0 < € < g9 and any initial data uy € H*(R) x H*"}(R), s > 2 satisfies initial condition
(3.8), then the corresponding solution u(t) belongs to U <M(\/5 + Ls), %) for all
t € [0,T), where T is the maximal existence time and M is independent of time
t. By the continuity of the map ¢ — w(t) from [0,7) into H*(R) x H**(R) where
H*(R) x H*"YR) ¢ HY(R) x L*(R), one can demonstrate Theorem 3.1.6 as long as

the following proposition is proved.
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Proposition 3.2.1. Let o,cy,co,--- ,cy meet the assumption in Theorem 5.1.6.
There exist M > 0, Ly > 0 and g9 > 0 such that for any ug € H*(R) x H*'(R) with

5>%,z’f
N

w - Yl

=1

<e

)

X
for some 0 < e < ey and 2¥ — 2, > L with L > Lo and if for some 0 < t* < T, the
J Jj—1

solution uw € C([0,T); H* x H*=1)NnCY([0,T); H*~' x H*?) of Cauchy problem (3.1)

with initial value w|—g = wq satisfies
1. L .
u(t) e U (M(\/Z+ L 8)’5) , Vtelo,t], (3.10)

then

u(t) e U (%(\/EJr L7%), %) . (3.11)

where M, Ly and gy are independent of t*.

We briefly prove that Proposition 3.2.1 implies the stability result in The-
orem 3.1.6. Let M, Lg,e9 be chosen as in Proposition 3.2.1 and let ug satisfy
the initial condition (3.8). Then, by continuity of u(t) € H® x H* ! we have

u(t) e U (M(\/E—F L7s), %) for t € [0, k] for some k > 0. Let

t* = sup {t >0,u(t')eU (M(\/E+ L%), g) S [O,t]}.

Assume t* < T. According to Proposition 3.2.1, we have Vit € [0,t*],u(t) €
U <%(\/E~I— L), %) By continuity, there exists 7 > 0 such that V¢ € [0,¢* +
Tl u(t) e U <%(\/E + Ls), %), which contradicts the definition of ¢*. Hence, we
conclude t* > T which implies the stability consequence of the trains of N-smooth
traveling waves.

In this part, three properties of system (3.3) are established. We start with the

modulation argument that as long as w stays in the neighborhood U(a, é) of the sum
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of N modulated traveling waves, where o = O(/e + L’é), it can be decomposed as
the sum of N modulated traveling waves plus a vector function v = (v, w) which is

an infinitesimal in H'(R) x L?(R), that is,

u(t? :[) = Ziil Spci(. - jl(t)) + ’U(t, l’),
77(15733) = Zf\il QZ]CZ( - i%(t)) + w(t,x).
Lemma 3.2.2. Let ag > 0 and Ly > 0. For any 0 < a < a9 and L > Ly, if the

initial data wy = (ug,no) satisfies the assumption (3.8) given in Theorem 3.1.6 and

the solution u € U(a, %) on [0,¢*], then there ewist C* functions ;(t) : [0,t*] —

R,i=1,--- N andt € [0,t*], such that

/v(t)(l — 010, Ry(t) d + / w(t)0, Py(t) de =0, (3.12)

R

where Ri(t,x) = (Ry(t,x), P.(t, 1)) = (0o, (2 — (1)), Yo (2 — £(1))) = i(t, ),

lo(t)]lx <OWa), (3.13)

|2,(t) — ¢i| < O(Va) + O(L7Y), (3.14)
Fi(t) — T (t) > % v % P> 2, (3.15)

where Z;(t) means the derivative of Z;(t) respect to time t.

Proof. We use the standard modulation argument to discover the translations of N-
smooth traveling waves. Let Z = (21, ,2n) € RY be fixed such that z; — z;_; > %

and set Rz(-) = SN .. (- — z). For 0 < §, < 1, we define the function
N
Y : H(—(So,éo) X BH1<R2750) X BL2<P2750) — RN,
i=1

(y17"' a?JNaUﬂ?) — (Yl(y17"' ayN7u?n)7”' aYN(y17"' 7yNau777))7
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with
‘ N
Yj(yh o 7yN7u7n) :/ (U - Z§002< — &= yl)) (1 - a§>aﬂ7g051( 2 y]) dx
R i=1

+/]R <77 - Zzlqvbcl( —Zi = yz)) achj-(' Iz yj) dx.

where Bpi(Ryz,d0) is the ball in H*(R) with center Rz and radius &, Br2(Pz,d)
is the ball in L*(R) with center Pz and radius dy. To apply the implicit function
theorem, two facts are needed. One fact is that function Y should be C'* mapping
which can be proved by dominated convergence theorem. The other fact is that the
matrix of all first-order partial derivatives of function Y at (0,--- ,0, Rz, Pz) should
be invertible. For j =1,--- | N,

Y al ,
_<y17"' ,yN,U,T]) :/R Ug — Z 8w(pcz(_zz_yz) (1_ax)8$§06j('_zj_yj)dx

9yj i=1,i#]

N
+/R (% - Z axqu)cl( —Z = yz)) achj'(' . yj) dZE,

i=Li#j

(yh Tt ;yN7u77]> _/ ax@@( — 2 — yz)(l - ai)axgpcj( —Zj — yj) dx
Oy R

+ / Oute, (- — 2zi — ¥i) O, (- — 2j — y;) dw, where i # j,
R

g 9
a—(yl, csynsu,n) = [ (1= 0;)0pc,(- — 25 — ;) du,
u R
oYy7
a_(yla e 7yN7u’77) = / ax¢6j(' —Z y]) dx.
n R
Hence,
oYy7
6_y(0’ o ,0,Rz, Pz) = ||3x90cj||%11(u§) + ||@x¢cj||%2(R)a
J

oY
8y (07 e )07 RZ: PZ) = (axcpci( - Zi); 8$Q00j(' - Zj))Hl(R)

+ <8x¢01( - 21'), 8zwcj(' - Zj))LQ(R) .
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Furthermore, there exists Ly > 0 such that if L > Ly large enough, we have

Dy gy Y (0,--+ 0, R., Py) = D + P #0,

1,7 YN

where D is an invertible diagonal matrix with

107 < min (19500, g + 1020wy
and P is a matrix with
|Pll < O(e™1),

which implies Dy, ... y)Y (0,---,0, Rz, Pz) is invertible. Therefore, by the implicit
function theorem, there exist 0 < 8y < § and C* functions (y;(u,n), -+ ,yn(u,n))
from B(Ryz,dy) to a neighborhood of (0,--- ,0) which are uniquely determined, such

that

Y(yl(u’n)v e >yN(u>77)au777) = 07 V(U,n) € BHl(RZ7BO) X BL2<PZ>BO)'

Moreover, there exists Ky > 0 such that if (u,n) € Bgi(Rz, fo) X Br2(Pz, fo) with

0 < B < By the following holds,

N N
> lyi(u Z yi(u,m)| < KoB, (3.16)
=1 =1

where Ky and fy depends on ¢; and Ly. For (u,n) € Byi(Ryz, 5y) X Br2(Pz, bo),

setting #;(u) = 2 + y;(u) and By < min{ Lo i , 0o} infers

Ti(w) — Tioi(w) = 2z — zi +yi(w) —yio1(u) >

no | B

— 2Ky >

|

(3.17)

Then, we define the modulation of u = (u,n) € U(a, £) for L > Ly and 0 < a < ay
at a fix time ¢. Indeed, for 0 < a < a, Ul %) can be covered as follows

L
U (a, —) C U By (Ry,2a) x By2(Py,2a).

ZEeRN zij—zi_1 >§
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Additionally, the modulation of w is uniquely defined due to the uniqueness in the
implicit function theorem.
Thus, we define the modulation of the solution w(t) = (u(t),n(t)) of system

(3.3) satisfying u(t) € U(a, &) for all t € [0,¢*] by setting i =1,--- , N and

Zi(t) = Zi(u(t)),  o(t) = u(t) - Z P, (- — Ti(t)),

where v satisfies the orthogonal condition

/v(t)(l — 010, R;(t) dr + / w(t)0,Pi(t) de =0,

R

According to the translation z;(¢) defined above, using (3.16), triangle inequality

and the smoothness of .., the following estimate holds

[o(®)llx <[lu(t) Z%L IIX+ZII% Pe. (- — zi —wi(u(t)))l x

<o+ Z <4E<u> 2 [ pul = 2l - wlul) o
9 / Oepe (- = 20)0ape, (- — 2 — ya(u(t))) du

N

9 / Gor- = 22 (- »—yz-<u<t>>>do:)

<O‘+OZ|ZJ1 % ) < O(Va).

Attention is now turn to the speed of Z;(¢). In order to show it stays close to

¢;, we differentiate the orthogonality condition with respect to t,

; ( / o1 — VPR d + / WP, da;)
R R

|z:| O[]l x)

R

R

IN

IN

% — i Ollvll ) + O(lv]l ). (3.18)
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Substituting v by v + Zf\il R; in the system (3.3) leads to

(1—092)v + Z(l — POR; = —%(1 — 030, ((v + Zl Ri)2>

=1

N N N

3 —

_ax(—A(HE R)+ =50+ Y R+ 50, + Y R’
i=1 i=1 i=1

+(w+ZPi)+%(w+ZP,~)2>, (3.19)

and

we+ Y 0P = —8$<(U+ZR,~) + (U-f-ZRi)(w—I—ZPi)). (3.20)

Since R; satisfies (3.4), i.e.

(1= AR+ (B — )1 — )R, = — T(1~ 92)0u(B) + AD, R, — T, ()
- 5(0,R)’ = 0,P, - PO, P, (3.21)

and
OuP; + (& — ¢)0p Py + 0, R; + 0p(R; P)) = 0, (3.22)

combining (3.19)-(3.22), we infer that v(t) = (v(t),w(t)) satisfies the following

conditions on [0, t*],

N

(1—2)v — > (# — e)(1 - ), Ri = —%(1 — 9%,

N N
(0+ > R)*=) R
i=1 i=1 i=1

3 _ o N N o N
—ax[ 9 ((U+ZRZ)2—ZR3)—AU+§<(Um+ZamRz)2
=1 =1 i=1

N 1 N LN
- Z(@Ri)z) tw gwt > Py - 5 > P2, (3.23)
i=1 i=1 i=1
and
N N N N
wy — Z(@ —¢;)0. P = =0, (U + (v + Z R;)(w + Z P) — Z RiPi> . (3.24)
1=1 i=1 i=1 i=1
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Taking L*inner product for (3.23) with 9, R; and (3.24) with 8, P, respectively, then
using integration by parts, the exponential decay of R; and its derivatives to simplify
these two equations. By (3.13),(3.17) and (3.18), letting ag small enough and Ly > o2

large enough, there holds
[7; — il (|0.Ril x + O(a)) < O(Va) + O(e™™).

Consequently, we demonstrate (3.14).

Furthermore, by the assumption 2§ — 27 | > L given in Theorem 3.1.6, it is

deduced that

= .f?l(()) — fl_l(O) + (532(8) —Ci+¢Ci—1— fci_l(s)) t+ (Ci — Ci_l)t

3L 1
Z I + 5(02 — Ci,1>t.
Hence, we complete the proof of Lemma 3.2.2. O]

Next, we prove the almost monotonicity of the functionals which describe the
energy at the right of ith bump, for © =1,2,--- , N. To construct these functionals,
we begin with the introduction of weight functions.

Let U be a C'*° function, such that

0<V¥(z) <1, V(z) >0, zeR,

(3.25)
(U (2)] < 10¥(z), = e€[-11],
and
e"”"‘, r < —1,
U(z) = (3.26)
1—e ol x> 1.

Set Vi = V(-/K), K > 0. Define the weight functions ®; = ®,(¢, x), by

O =1-¥y, Oy =Uyk, O =V, xk—Vip1x, 1=2,---,N—-1. (3.27)
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where U, i = Vi (z — y;(t)) with y;(¢) defined

Y1 = —00, Yn41=+oo and y(t) = 1 )2 )

,i=2,---,N. (3.28)

Obviously, Zf\il O, (t,x) =1, for t € [0,¢*]. Taking L > 0 and L/K > 0 large enough,

we have
L L
11— ®;| <de ik, on |&i— —, %+ —|, (3.29)
4 4
and
L L
|D;| < de”i% on [ftj — Z,i:j + Z] , forj #1. (3.30)
Then, we introduce the localized conservation laws of E and F' in terms of
weight functions, fori=1,---, N,
1
Ei(u) = Ej(u,n) = 5 / (v* +u2 +n?) ®; d, (3.31)
R
1
Fy(u) = Fi(u,n) = 5/ (v’ + ouwl + 2un + unp® — Au®) @; dz. (3.32)
R
Moreover, for simplicity, we set
0= min(cy,ca —¢1, -+ ,CN — CN_1). (3.33)

Lemma 3.2.3. Let u be the solution of the system (3.3) such that u € U(a, %)
on [0,t*] where {Z;(t)}}X, are defined in Lemma 3.2.2. There exist ag > 0 and
Lo > 0 depending on {c¢;}Y, and o such that if 0 < a < oy and L > Ly, for

max{4, 0%} < K = O(LY?), it follows that
L (t) — I x(0) < O(e73k), (3.34)
forallj=2,--- N and t € [0,t*], where I; x = 5 [ (u* +uZ +n*) U, k dx.

Proof. We know system (3.3) can be written in abstract Hamiltonian form as (3.6),

that is

u -0,(1-0*"1 0 F!
- , (3.35)
n 0 —0, FT;
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where
)3 9 T o Ly /
F = U UG — TUlgy — Au+n+ Ul Fy = u+un. (3.36)
Fixing j, differentiating I; j with respect to ¢ and using (3.35), we get
d Y

%Ij’K(t) = 5 /(U2 + Ui + 7]2)8quij dx + / U('th — Uth)\I’j’K dx
R R

— / w0V i da + / ¥k do
R R

- _ &/(uQ +ul 4+ 172)0, Y, ¢ dr — / uV; 0, F, dx
2 R R
+/uax\1/j,K(1 — OO OPF! dx—/nq/maxF?; dx (3.37)
R R
= — %/( 2 + ui + 7]2)(933‘1/]"[( dr + / uz\Pj’KF,; dx
R R

+ /Rué?xllfj,K(l — 85)_1F7: dx + /Rnx\pj’KFé dx + /RT]ax\I’],KF;] dx
-5 / (12 412+ 1P2)0 Y, ¢ dx + T (8) + Tot) + Jo(t) + Ja(t).
R

Substituting (3.36) into (3.37) and using integration by parts, Ji(t), Jo(t), J5(t) and

J4(t) become

3 o

1
Ji(t) = / u U i (—u — gui — OUUgy — Au+ 1 + —772) dx
R T A\2 2 2

1 A
= — E/&gllj,KuB d:z:—l—%/@xllfj,;(uui dx + E/Gx\lfjﬂuz +/\Ilj,Kux77 dx
R R R R

1
+_/\I]]Ku$772 d!E,
2/ 7
o1 (3 2 O 9 1,
Jo(t) = [ w0,V x(1—07)" | su? — sul — outy, — Au+n+=n° ) dx
R ’ 2 2 2
3 1
:/ 0, V(1= 027 (Su? 4 S — 2 (u%)e — Aut g+ 50 ) da
R 2 2 2 2

3 — 1
= /u@i\Iij(l—Og)_l ( Uu2+zui—Au+n+—772) dx
. : 2 2 2

+z/3$\I/JKu3 de,
2 Jr '

Jo(t) = / e, g (1 + ) do
R
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1 1
= —/\I’j,KUﬂ? dx—/@xlllj,Kun d:zc—é/llfj,;(uzn2 dw—ﬁ/ﬁx\I/%KunQ dz,
R R R R
Ju(t) :/nax\llj,K (u+ un) da::/&r\lfj’Kun da:+/8x\lfj’Kun2 dz.
R R R

Combining J;(t), Jo(t), J3(t) and Jy(t), we can simplify J(t) = Jy(t) + Ja(t) + J5(t) +
Ju(t) as follows
A 9 2\—1
J(t)== [ w0, V;kdr —A | w0, V;x(1—0;) udx
2 Jr R
1
+ = / u@I\IIJ-’K((a — Du® + oul + 772) dx + / w0,V (1 —02)"'n dz
R R

2
3—o0

1
- / w0,V (1 — 93 ( w?+ 22 _772) dx (3.38)
R ’ 2 2 2

A
=3 / w20, i d — A/ ud,Vj (1 — 02)'u da + Q1(t) + Qa(t) + Qs(1).
R R

To deal with the first two terms in (3.38), we adopt the same trick in [29].

Setting h = (1 — 9%)~'u infers
—A/ w0,V (1 — 02 tu do = — A/ ho, ¥, k(1 — 02)h dx
R R
A
= — A/(h2 + h2)0, Y, i dr + = / R,k dx.
R ’ 2 Jr ’
According to the definition of h, the following identity holds
/UQII/]‘7K dr = /(h2 + him + 2hi)@$\1[]7[( dx — / h28§)\11j,[( dzx.
R R R
Then for m > é, we have
R R
A 2 2
—(m+ 5 (h + hx) ax\I/ij dx
R
A A
< <—— +m) /u28x\IIjK dz + (—— +m) .
2 e : 2

A
/ W2V, i d — (m + 5) / (h* + h2) 0,  du,
R R
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which implies

A
_A/MNMQ_@erg@5+m/ﬁﬁ%xm+m/M@%Km
R R R

A
- (m + 5) / hQaz\IfjJ( dzx.
R

It follows from (3.25) that for K > 0, if

10m A 10m
— < —) K >
Kz Smt3) “\/m+

I

(1B

then
A

[0 (1= ) tude < (<5 4 m) [P0

(3.39)

To consider the upper bound for Q1, @2 and ()3, we divide R into two parts:

D; U Dj?, where D; = [i’j,l + %, Tj— %] The two crucial estimates related to D; and

D5 are listed in the following. For x € Dy,

N
[Ju( ”LOO(D Z lpe; (- — ||L°°(D + Ju— Z Pei (-
=1
< 0(e™%) + 0(va),

Ti(t))| 2= (D))

(3.40)

For x € Df, taking advantage of (3.14), (3.28) and the definition of W; x, we know

‘l’ . yj( )‘ > T (t) — ‘%j—1<t) L (Cj B Cj—l)t

which implies, for K = O(v/L) and sufficiently large Ly,

> 1.

v —yi(t)]  oot+§
K |~ K

Hence, there holds

%Wyt ) = f\I};K(xTyJ()) < Ee‘%(%tﬂ%)’

> +L>
2 1= 1 g =7

(3.41)

For o > 0 small enough and Ly > o large enough, since 9,V x,u? u2,n* are

all positive, then

D

2
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1
+ 5/ w0V, K <(U — Du® + ou? + 772> dx

—_

< gmax{le = 11 1o] 1 alimgoy | 0o (u 02 4 07) da
J

[\

1

+ 5 max{|o — 1|, |of, 1} [[u(t)]| po pey SUp |02V (2 = y;(8))]-
2 7 weDs

/ u? +ud + 772> dz

C’ oot+ &

— w3 e Ry S 8m\Iij<u2 +u2 +772> dx.

K 8 Jr ’

For Q»(t), by Cauchy inequality and Hélder’s inequality we know

/ w0V (1 —92) ' de = /uax\llj,Kp x 1 dz
R R

1
S % uzﬁx\IJﬂ( dx + g / ax\I/j,K(p * 77)2 dz (342)

I/\

20, u@llijdx—l— /8\11]Kp*7])d

where

2
e " (y) dy}
R

/R el dy) ( /]R e (y) dy)
x17°) ().

For z € D$, by the property of convolution and (3.41), the following inequality holds

DO | =
\

I
1

(p*n)° (2)

(VAN
N — | =
VRS

—~
S

0xWjkp*n” do < sup |0,V k| P (v +u2 +n?) da
Dy weDC
J

S—sup |0, \IJ]K|/ ||dx/ +ud+n?) de o (3.43)

wEDC

ol e
- |[Wol|x € .
K

IN

By the given condition (3.25), we have

(1-92) 0,9, > (1 — [1(0) 0.V, k.
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which is equivalent to
~1
(1-8)7"0,0,x < (1 — —) 0.V, for K >4. (3.44)
Hence, for x € D;,

/ 0.V i (p * 772) dx < / n? (1 — ai)_l 0.V, k dy
D; Dj - (3.45)

Combining (3.42), (3.43) and (3.45), we obtain

1 10 C 2 _ﬁ
Qa2(t) < 2—/R W0,V i dr + — 1 (1 — ﬁ) /anaﬂ?\ljj7K dx + K o[l e %

a

Qs3(t) can be treated with the same process. For z € D, we deduce from (3.41)

that
1 (3—0 1
/Cuazq/j,K(l_ag) ( 74 T x+2n)dx
1
< e[ = ol ol 1}l st 0:9;(x — 0 [ o5 (a4 P)
1
= gmax(3 = ol ol 1) ull - sup 10t WO [ e ()
C 7Uot+
< o) e

For 2 € D;, using equation (3.40) and taking Lo > o2 large enough, we infer

1 {3 - 1
U (1—0%)" d
/Du&,; J7K( 836) ( 5 u+2 x+277) T

J

1 —
< gmax{(3—ol.lo 1 fulle [ 00 (1=8) " (i + 2+ 7P) da
D;j

IN

1
Juac((3 = ol o] 1 full o [ 2uWjaee 5 (4 a2 4 ) da
R

IN

— [ 0.9,k <u2 +uZ + 772> dz.
8 Jr

Thus, the estimates on Df and D; guarantee that

oot+L
Q) < L lwoll e ™5+ 2 [ owne(ul + a2 47 do
R
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Substituting the estimates of Q1(t), Q2(t), and Q3(¢) and (3.39) into (3.38), we

derive that

oot+& 09
K _—

C 3 2\ o
J(t) <% (o ()% + luo(t)] ) € 4

1 ) a 10\ [,

For ag > 0 small enough and Ly > o large enough, by the definition of o in (3.33)

0.V K <u2 + ui + n2) dx
R

and equation (3.14), we have

() _ _:i;j,l(t) —Cjio1 2(t) — ¢ _Gate o atoo
4 4 4 - 2

Associating the above estimate with J(¢) and (3.37), there obtains the inequality

d C _UOHL g
—Lic(t) < = (luo®I% + luo(®)) e % =20 [ 0,0 (u? + 02+ ) da
R

+ Cl+&(1 10)1 / 20,0, d
—_—— p— _—— 77 o .7 l’
2 4 K2 " P

Let m and a satisfy the following conditions

c1 1 c, a 10\ " A
- —+—<0, ——+-|1-—= <0 > —. 3.46
Moyt =Y 2+4< K2) =0 M (3.46)
Then
d C _00t+% o)
%I]’,K(ﬂ < Ee K — Z/Rax\pj’[( (u2 + Ui + 7]2) dx.
The desired results (3.34) now follows by applying Gronwall’s inequality. [

Remark 6. We can find such m and a to meet the conditions in (3.46) as follows. Let

f(x):A+x+\/(A+x)2+2
5 .

Since ¢; > 4EVAE2 — £(0) and f(z) is increasing for « > 0, then there exists ¢y > 0
such that
C1 — A
f(0> < f(Eo) < cC1, 0<e < 5 , €0 — 0.
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Choose m = é + €, then from the first two condition in (3.46), to find such a, we
need to show the following inequality is true

1 10

— < 2¢(1 — —).
Cl—A—2€0 - Cl( KQ)

Actually, since ¢; > AJ“T‘/AT“, taking K > %, we have the inequality
mentioned above holds, which implies such m and a exist.

In the next lemma, we present another version of Lemma 3.7 in [13], where
the assumption is not strictly orthogonal. This is helpful while proving the local
coercivity of the linear operator H,: X — X* at ¢, Vc € {¢;} Y.

Lemma 3.2.4. Assume § > 0,0 <1 and ¢, = (¢, V.) is a smooth traveling wave

of (3.3). There exists a constant Cs > 0 such that

(H£,¢) > Cs ¢l

for all ¢ € X satisfying (¢, V)| + (¢, 0.v)| <6 [C]l , where v = ((1 — 02) pe, Ye).

Proof. According to the spectrum analysis of H,, let d.¢ be decomposed into agx +
bo’ + agpo with ag > 0, where x is the eigenvector of negative eigenvalue, i.e
H.x = — |\ x, ¢ is the eigenvector of eigenvalue 0, i.e. H.¢' = 0, po is the positive

subspace of H.. Without loss of generality, we assume ||x|| = 1. Therefore,
(HeOep, 0ctp) =(He (aox + bo" + aopo) , aoX + bo’ + aopo)
= ag(Hex, X) + ag(Hepo, Po)

= - ag |A1] + a§<Hcp07po>'

Since (H. 0., 0.¢p) = —d"(c) < 0, then (H.po, po) < |\1]. Let € > 0, such that

1
(Hcpo, Po) < T2 |A1] -

By the assumption we know | (¢, @) gixr2|+|(¢, @) mixrz| = [{(,v)|+](C, 0.v)| <

d||¢|| - Then there exists € = ¢(d) such that ¢ has the decomposition ax + ¢’ + p1
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with p; in the positive subspace of H.. If a = 0, then ( = ¢’ + p;. It is easily to
check that (H.(,¢) > Cs HCH?X If a # 0, then ¢ = ax + ¢’ + ap with p in the
positive subspace of H.. Differentiating (cE'(¢.) — f'(¥.),{) = 0 with respect to c,

we have (H.0.p,C) + (E'(¢.),¢) =0, i.e.

(H.0.4,C) = (—ag | M| x + aoHepo, ax + ¢’ + ap),

which implies

5
(Hopo,p)] < 2| + LSl

laag|

Consequently,

<HCC7 C> = <Hc (CLX + 54,0/ + (Ip) ,ax + 850/ + ap>

= —a ’)‘1’ + CL2<HCp,p>

(H.po, p)*

2 —a2])\1]+a2<HpO p0>

> ea® M| = e [ A flax[k -
In fact, the function I'(f, g) = (H.f, g) is a nonnegative sesquilinear form on positive

subspace of H.. Thus, we have the Cauchy-Schwarz inequality

T (f, 9)° < (H.f, f){H.g,9).

On the other hand, in view of p in the positive subspace of H,, there exists A3 > 0,

such that (H.p,p) > A3 ||p||§( for all p orthogonal to x and ¢’, which implies

(HeC, €)= = Ml llax[ + s llapll
Then, it follows that for k = & min{|\[, Az},

(H,¢) >k (lax|% + llapl) -

Since ¢ and § are small enough comparing with k, we obtain

(H(,¢) > Cs €%,
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which completes the proof of this lemma. O

Now, it remains to show the last property in this subsection. Taking advantage
of Lemma 3.2.4, we will prove that H,, is a local coercive operator as follows.
Lemma 3.2.5. There existc <1, 6 >0, Cs > 0 and C > 0 depending only on cy,

such that for all ¢ > ¢, © € C*(R) > 0 and ¢ = (,€) € X satisfying
(VO v)| + |(VBc.om)| < 81l

and
1

S
+C|U@/‘ + ‘7

‘ (©)*
40

< min E,L O,
47 4(c+ clo])

where v = ((1 — 92) p, ¥.), it holds

C

/R [9 ((c = 00e) (02)” + (=3P + 0caa + ¢+ A) ¢*) = 20——(¢

c—p

(3.47)
+ 0 (c— )&%+ J@’C%paz] dx > C’/R@ (C+E+&) du

Proof. Following with the strategy in [29], we have

HANOENOC s — (HAE | | vE | ¢ |y
¢ 3
< (=0: (¢ = 00c)0r) = 3pe + 0eaa + ¢+ A) VO — VO YC >
= s L2x L2
VO + (e — 9) VOE VO¢
B / © [(C - 0900) (6x§)2 + (_3900 + 0Pe e +CH+ A) CQ} dz + / — (@/)2<2 dr
R r 4 e

—i—/R(c—agpc)@’C&UC dx—Z/]R@

).

+00'Cp. .

C%gg dat+/R@(c—<pc)§2 daz

C
C— Q¢

@/ 2 @//
dx+/R {(c— TPe) ((4@) — 7) — %gow@’} ¢ dx
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o[ N - 8+ a0y (o) o

X
_ 2 2 2 (@,)2_@_” 2
_/R@(ng(axc) +§)dm—|—/R(4@ Q)Cdx.

Due to Lemma 3.2.4, there exist 6 > 0 and Cs > 0, such that if for ¢ > ¢;

|<C7V>L2><L2| + |<C78xV>L2><L2| < 0 ||C||X7 where v = ((1 - az) S%%) ) (348)

then

(Ho¢, C)roxrr = Cs |IC]I% - (3.49)

Hence, taking ¢ = v/O(, integrating with the conditions that ¢, is bounded by
0 and ¢ — Ay, |¢L] is bounded by ¢ — A; and

(©)? 1 Cs
< - T
’ SN et eflol) [

"

©
+C|O‘@,| + ‘7

40

we deduce the following inequality

¢ . 1 C
A+Z6/R@C2 dmZCfs/R@(CQ—l—(@zCP—i—f?) dm—mln{Z,MTaUD}/R@@dx,

which implies there exists C' such that

A> 0/ O (¢ + (0:0)* + &%) d.
R
This completes the proof of Lemma 3.2.5. [

According to Proposition 3.2.1, to prove the main theorem is to prove inequality
(3.11), where z;(t) are taken as 7;(¢) in Lemma 3.2.2 and M will be determined later.

Indeed, the following three lemmas contribute to the estimate of v at time t = t*.
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When there is no ambiguity, we write v = wu(t*), X = (T, - ,Zn) =

(Z1(t%), -+, Zn(t7)), Ei(w) = Ej(u(t?)), Fi(u) = E;(u(t*)) and so forth. Define

wi = (pi,7) € X, fori=1,2,--- /N, by
u = (1+ a;)Rx + i, satisfying (E/(Rx), t;)r2xr2 = 0,

where

N N

Ry =(Rx, Px) =Y Ri=(3_Ri(), Y Pi()

= (Z QPCZ-(' - ‘%Z(t*»? Z¢Cz( - jl(t*») ’

By (3.29) and (3.30), and the exponential decay of ¢.,, we have

L

(Ei(Rx), Rx) =(Ei(¢c,), pc;) +0(e™ 1)

T O0()

= |lee;
1 2
SIS

which implies p; (i = 1,...,N) are well defined.

(3.50)

(3.51)

We also set v = (v,w) = uw — Rx. The goal of this subsection is to show

vl < O(Ve + e §). If vl < Ve+ ¢, then we can set M = 2 to reach the

conclusion (3.11). Hence, we subsequently assume ||v| >/ + e %,

By computing the variational derivatives of localized conservation laws E; and

F;, we know
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and

(

(FZ)ZU = (3u — ou 0y — OUgy — auﬁg —A) D, — o (u, P, + ud; + 9,),

(Fy)yy = (F)y, = (n+1) @,

un

\(Fi);’n = ud;.

Then the localized Hessian operator H., has following form:

LCZ' _él 1 + wci
He, = CiEH(QOCi) — F (chi) = ( ) ) (3.52)
_(I)i<1 + wcz) q)i (Ci - 9061‘)

where

L., = =0, (®i(c; — 0¢c,)0r) + Qi (—3¢c, + 00e; a0 + Ci + A) + 00,0,

7

For abbreviation, we use H; instead of H,,, L; instead of L,.

The following lemma gives the estimate of a; and u; through the almost
monotonicity property.
Lemma 3.2.6. Letu = Rx+v = (1+a;)Rx + p; satisfy (E}(Rx), ;) = 0. Assume
vl > Ve+es. Thenfori=1,--- N,

jail < O(llvll%), (3.53)

and
il x ~ llvlly - (3.54)

Proof. From the definition of localized conservation laws (3.31) and (3.32) and the

property of ®; (3.29) and (3.30), we know

Lix (u(t?)) = ZE] (w(t*)), fori=2--- N, (3.55)
E(u(t?)) = ZEJ- (u(t?))- (3.56)



In light of Taylor formula and equation (3.50), we infer that for ¢ = ¢*

N

> Bj(w) =) Ej(Rx) +Z (E (Rx),v) + O(||v][%)

j=1

! (3.57)
= Y5 () + Yl (R R+ Ol

7j=1

Moreover, the way how we construct ¥; x implies

L
4

E;(Ry) <O(e™%), for j#k, and E;(R)=E (p.)+0(e%). (3.58)

Note that the conservation law E(wu) and almost monotonicity of I, x provide

L (u(t)) <L x(ug) + O(e™ 1) Z (pe;) +O(e™ %) + Oe),

N (3.59)
E (u(t*)) = E (ug) = Z E(p.) +0(e %) + 0(e).
Hence, from (3.55)-(3.59), we deduce
Za] ),Rx) <O(|Jv|%) i=1,---,N. (3.60)

Similarly, in view of conservation law F'(u) and Taylor’s formula, it follows that

for t = t*
)= Fi(u(t") =) F(Rx)+ Y (F (Rx),v) + O(|v]%)
e Ni:1 = (3.61)
= Y Fi(e) + D _(F (Rx) 0) + O([v][3) +O(e ),
and N
F(u(t*)) = F (ug) = ZF(cpcj) +0(e 1) + 0(e). (3.62)
Thus, from equation (3.61) and (3.62), there holds
Y (F (Rx),v) = O(|[v|[). (3.63)

=1
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On the other hand, by the identity F” (¢.) = cE' (¢.), (3.29) and (3.30), we know

IF! (i)~ c.E (Rex) O <o),

X* < HFI (roz') - CiE/ ((Pcz')|

which implies

ZW (Rx),v) =Z<F{ (Rx) — ¢iF; (Rx), +Z (c;E! (Ry) ,v)
= Z(E’/(RX) ¢ E (Rx), +Zczal ), Rx) (3.64)

1

-
Il

ciai(El (Rx), Rx) + O(||v|[%).

] =

=1

Hence, combining (3.63) and (3.64), we obtain

Zczaz ), Rx) = (HvHi()

Using the Abel Transformation, the above estimate yields

Y (ei—eim) ) ay(Ej (Rx). Rx) + 1 ) ai(E} (Rx), Rx) = O(||v][%). (3.65)

i=1 j=i =1

Furthermore, associating (3.60) with (3.65), we infer
a;(E! (Rx), Rx)| < O(||v|[%),¥i=1,--- , N,

which implies

jail < O([l0l%)-

Consequently, by (3.50), we have

il x ~ ol x -
This competes the proof of Lemma 3.2.6. O]

The lemma in the following shows that E;(u;) is bounded above by the property

of local coercivity of H;.
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Lemma 3.2.7. Let a; and p; satisfy Lemma 3.2.6. We have
(Hi(Rx)pi, i) > CsE; (pi), i=1,---,N, (3.66)
where E; and H; are defined in (3.31) and (3.52), respectively.

Proof. Notice that (3.66) is equivalent to (3.47) while letting © = ®;, ¢ = w,
= ((1—-9%)R;, P;) and H, = H; in Lemma 3.2.5. Hence, in order to apply this

lemma, we claim that for v = ((1 — 8?)R;, P;),

(VBipas, 00| + (Vi) < (OVE) + O(e™H)) il
In fact,

<\/ai/1'i’axl/>

(0o} + ( (VB =1) s 0o
<u 628R> < aP-> <(\/i—1)n,axpi>

(1
+ (V&= 1) iy (1= 02)0, )
- ai<Rl-, (1- 83)8xRi> - ai<Pi, axPi> n < (\/@ . 1) i, axpi>
(VO 1) (1= )0, R:).

Then, by (3.29) and (3.30), we deduce

(Vi 0.0)| < (O(VE) + O™ 6)) il
On the other hand, adopting the same method, we have
(Vi) = () = (V-1) o)
= (i, (1= )R )+ (7 P + ( (V&= 1) i, (1= 62)Ry)
(Va1 )

— (E/(Ry), i) —/Ru — @) (1R + Dupis, R+ 7 P) da

- 2/1 ®;) (iR + Oppti0, R + 73 P;) dx

J=1,j#i

+{( (VO 1) 1= Re) + ( (VO = 1) 7, ),
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which infers
{(Vaur)| < (0 + 0 )

Hence, according to Lemma 3.2.5, we know (3.66) holds, which implies the proof of

Lemma 3.2.7 is compete. O

In the last lemma, we prove that Zfil (H;(Rx) i, p;), which is the upper bound
of E;(w;), can be controlled by an infinitesimal with the application of conservation
laws and Taylor formula.

Lemma 3.2.8. Let a; and p; satisfy Lemma 3.2.6. If E;, F; are the two localized

conservation laws of system (3.3) and H; is defined in (3.52), then

N

Y (Hi(Rx) i, ) = O(|[v]%) + O™ %) + Oe). (3.67)

i=1
Proof. By Taylor formula, we know

N N N

> (eEi(u) = Fi(u)) =) (;Ei(Rx) — Fi(Rx)) + Y _(c:E{(Rx) — F/(Rx),v)
i=1 i=1 i=1

(B (Rx) — F{(Rx), v;)

»

+
DO | —
=

=3~ E(Rx) ~ F(Rx)) + 5 Y (! (Ry) - F(R). o)

O(|[v%) +O(e™ 7).

More precisely, the decomposition of v and (3.50) ensure

> (eFilw) = Fiw) =3 (0 Fi(Rx) = FRx) 5 3 (0 (R )

=1 =1 =1
N o
+Zaz i(Rx)Rx, p;) +;5 i(Rx)Rx, Rx)

+O(lv]lx) + Oe™ 7).
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which implies

SR i ) = 3 2 [ Fuw) — B R)] = 3 2 [F(w) — Fi R
— ) " 2a;(Hi(Rx)Rx, i) — Y _a(Hi(Rx)Rx, Rx) (3.68)

+O0(|[v]|%) + O(e ).

For the first term on the left side of (3.68), Abel’s transformation infers

i=1 =2

N

(Ci — Ci_1> Z Ej (U) —+ Z EJ(’U,)

j=1

WE

I
.MZ

(ci —cim1) Lt u(t”)) + a1 E(u(t"))

=2

(ci — ci1) 1:(0, o) + c1 E(ug) + O(e™ 1)

WE

2

-
[l

< (=) Y E(pe) e ) Blge,) +0(e75) +0(e)

ciB(pe,) + 0(e 1) + Ofe)

-

=1

<N GE/(Rx) +O0(e” 1)+ O(e). (3.69)

-

=1

For the second term on the left side of (3.68), by conservation law we obtain

D Filu) = Fiu) = Y F(Rx) +0(c ) +0(e). (3.70)

The estimates for the third term and fourth term on the left side of (3.68) follow

with Lemma 3.2.6,

> aiHi(Rx) Ry, i) = O([o]3) +O(e™%) + O(e), (3.71)
and N
> ai(Hi(Rx)Rx, Rx) = O([v[3) + O %) + O(e). (3.72)
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In consequence, substituting (3.69)-(3.72) into (3.68), we complete the proof of Lemma
3.2.8, .

3.3 Proof of stability theorem

Proof of Theorem 3.1.6. According to equation (3.66) and (3.67), we have

N N

> Eip) < (Hi(Rx) s, i) = O([0lf%) + O(e™ %) + O(e). (3.73)

i=1 i=1
Meanwhile, by the definition of u; (3.50) and the property of (3.53) the following

estimate holds

N N
D Eip) =) Eiw) + O(|lv]ly): (3.74)
i=1 i=1
Hence, in light of
N
Y Ei(v) = E(®) = ||, (3.75)
=1

there exists a constant C, such that
lvlly < O(e%) + O(ve) < Cle™ + VE). (3.76)

Let M be 2C in (3.10). This then concludes the result of Proposition 3.2.1. Conse-

quently, the proof of Theorem 3.1.6 is complete. O
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CHAPTER 4

A SHALLOW-WATER MODELING WITH THE CORIOLIS EFFECT AND
TRAVELING WAVES

4.1 Model equations in the rotational shallow water
In this chapter, we consider the incompressible geophysical fluid dynamics with
the Coriolis effect. We will first establish the Green-Naghdi equations with effect of

the Coriolis forcing in shallow water.

4.1.1 Derivation of the rotation-Green-Naghdi equations

It is known that the Green-Naghdi equations (or the Serre-Green-Naghdi
equations) [33, 56] are the first order approximation of the 2D governing water
wave equations in the shallow-water scaling (p < 1, = O(1)) [2, 33]. It is the
one-dimensional surface wave system coupled with free surface elevation 7 to the

vertically averaged horizontal component of the velocity @ in the form

ne+ (1 +en)u), =0,

Up + Ny + EUUZ = mig_n) (14 €n)?(tgr + €tliyy — €03)), + O(1?).

It is our purpose here to establish equations with the effect of the Earth rotation
analogous to the classical Green-Naghdi equations. This is the starting point our
derivation of other lower order approximation models with the Coriolis effect. These
equations, so called the rotation-Green-Naghdi (R-GN) equations, are now proposed

in the following.
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m+ (1 +en)u), =0,

at+-nx4—saax4—29nt::3uiaﬂ((14—snf%amt+-eaaxx——gainx—+()0ﬁ).

(4.1)
It is noted that the R-GN model in (4.1) (for the solution (1, )) is locally well-posed
in the Sobolev space H*(R) x H*™(R) with s > 2 [10], while the case of without
the Coliolis effect was studied in [48]. In what follows, we are going to formally
demonstrate derivation of the R-GN equations (4.1) in the above approximated from

the governing equations in the f-plane (1.12).

4.1.1.1 The first equation of the rotation-Green-Naghdi equations

This is the same as in the classical Green-Naghdi equations [33]. Let @ be the

average horizontal velocity,

1"
u(t, ) d:fﬁ/o u(t, z, z) dz, (4.2)

where h = h(t,z) = 1+ en(t,z). We multiply (4.2) by h and differentiate it with
respect to x to find

h
(ha), = / Uy dz + ENup,
0

where uj, = u(t, x, z)|,=,. According to (1.21¢), u, can be substituted by —w,. Then
with the information provided by (1.21f) and (1.21g), the above equation can be

written as

e+ (hit)z = 0, (4.3)

or

hy + e(ha), = 0. (4.4)
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4.1.1.2 The second equation of the rotation-Green-Naghdi equations

In this subsection, we will derive the second equation of the R-GN model
equations, where the assumptions on the pressure field play the crucial role. To this
end, we require the shallowness parameter p < 1, but without any assumption on ¢.

The process will be divided into two parts. Firstly, let
u(t,x,2) = uo(t, z, 2) + puy (t, z, 2) + O(u?). (4.5)

We are going to present u, w, p in terms of ug, h, z and find the equation related to
up and h only. For the linear problem (u — 0), the expression in (1.21d) implies
up. = 0. Hence, uy is a function independent of z, i.e. uy = up(x,t). From (1.21c)
and (1.21d), we have

HUgg + Uy, = 07

which implies

0. _
22 uO,zz _Oa

(4.6)

1. —
B Uz = —UL 2z-

Considering uy = ug(t, z), the equation of order u! implies
2

z
U = _5%’“ + 2V(t, x),

where U(t, x) is an arbitrary function. Therefore,
2

u=uy — M%Uo,m + p2V(t, ) + O(p?). (4.7)

Applying (4.7), (1.21c) and (1.21g) to the identity w = w|.— + [; w. dz’, we obtain

23 2

z
w=—zup, + Mglb()@xm — ,ug\llx(t, x) + O(u?). (4.8)

Now substituting « and w into (1.21b) gives

—ps = =2 (ot + EUGUYzo — EUG ;) — 2Dug + Q2 U0 5o — 2QuzV + O(1?).
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In light of this equation, (1.21e) and the identity p = p|.—p — th . dZ', we get

p=n— g(h2 — 28 (U 21 + EUGUQ 2 — eug,w) —2Q(h — 2)ug

+ %Q(h?’ — 2ug e — pQR? — 22)U 4+ O(1?).

So far the expressions of u, w, p are discovered. To find the equation related to uy and
h relies on these expressions and (1.21a). Actually, on the one hand, we differentiate
the equation above by x, which yields

1

Pz = TIx—E(h2 - Z2)(u0,:pt + EUQUY 2z — 5“(2),x)x — phhy, (Uo,zt + EUGUQ zx — 5“(2),;[:)
— 2Qh,up — 2Q(h — 2)up, + ththuom + %Q(h?’ — zg)uomx

— 2uQhh, U — pQU(h? — 22V, + O(p?).

On the other hand, we use (4.7) and (4.8) in (1.21a) to deduce

22 22

5 Uoaat + Wy + e, + €u§(uO,muO,m — UgU zz) + EpZUGY,

3

Q
—2Q0zug 5 + u?zuo,mx — Q22 = —p, + O(1?).

Combining the last two equations, we have

Ugt — K

ugs + 2V + ugug p + epzugV, + 1, = ghz(uo,u + EUGUo zp — EUG 4 )
+ phhy (g z + Etguoze — eug ;) + 2 haug + hugz) — QA Ryt 4o

- §Qh3u07xm + 2uQhh, U + 2T, + O(i?).

Then integrating the above equation with respect to z from 0 to h, we find the

equation related to ug,n, h, i.e.

h h
Uoys + ME\Dt + eugug  + suauolllz + N = ’gh2(u0,xt + Uy — suax)x

+ phhg (W pe + WU g — 5“3@) + 2Q(hyuo + hugz) — th2hxu0m

- gﬂh?’uo,m +2uQhh, U + pQh20, + O(12). (4.9)
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Secondly, to reveal this is the second equation of the R-GN equations, we will introduce

the average horizontal velocity « to replace u. The relation between u and uy is

~ h? h
e + ui\II +O(u?), (4.10)

which can be obtained by using the function u’s expression (4.7) in the definition of
u (4.2). Now we show more facts about @ and uy.

1. Invoking (4.10), we obtain

pi = pug + O (i), (4.11)
h? hh h h
Uy = up — MEUO,mct - ,u?tuo,m + ,uEt‘If + ugﬁlt +O0(u?). (4.12)

Similarly,

3ﬁh (W (s + eltliyg — €013)) = 3% (h*(uoat + EUgUo e — €Uf ) + O(1?).  (4.13)

2. Next, we show the fact that

hh h
EUly = EUYU5 + ,u?tuom - ué\lf + €/JJ§U0\I/$
h? 2 2
— ME(EUOU/O,:MU — Uy, )e + O(1°). (4.14)

To confirm this, we start with (4.10), which implies

o h? hh, -
Elllly = EUgllo,s — E~-FUoUo,zwr — EH 3~ UoUo a0 + Eugwﬂlf
+ auguolllx — EIU%ZUO@UQ’QH + euguw\lf + O(/ﬁ).
Now according to Eq.(4.4), we have
—u%\y = gxlf(ghza + ehily) = %”hmuoxlf + %uhuo,r\lf +O(1?). (4.15)

The form of suu, then becomes
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h2 hhx ht

EUU, = EUUQ,x — EU—UoUQ,zzx — EM

6 3 2
h 2
+epguoVe = epptio atio zr + O(1?),
which in turn implies that
- h? h? hhg
EUUg = EUQUQ,z — 5#?“0“0,3&:5 - €M§UO7$UO,$J} —Eu 3 Uo U0, zx
h? h h
+€MEUO,Z‘U’O,LL‘Z‘ - /'LEt\Ij + 5/,L§U0\I/$ + O(IMQ)
In addition, it is inferred from (4.4) that
hh h? hhg
u?tuoym = _Eﬂguﬂ,xuﬂ,xx — EuTuOUO,II + O(p?). (4.16)

Consequently, we get (4.14) by plugging (4.16) into the expression of eu,.
3. By (4.3) and (4.10), it is found that

—20m, = 2(hit), =2Q(hug)s — 1 hatio e — & QR sas
3 (4.17)

+ 2uQhh, U + RV, + O(p?).
With these facts in hand, we will establish the second equation in the R-GN equations

as follows. To this end, subtracting ’ghQ(uo,zt + EUYUY 2z — 8u%7x)m on both sides of

(4.9), we get
Hs o 2 h h
Ut — gh (Uo,0t + EUGUO we — EUG 1)z + /~L§‘1’t + EUpUp,x + 5M§U0‘1’x + N
_ Mo 2 2
=3h (U2t + EUGUO 2 — EUG )z + [WHI (U 2t + EVOUO 2w — €U )

+20(hug)y — Q2 hytig up — %Qh?’uo,m + 2uQhh, U + QR0 + O(13),

which is equivalent to

h? hh h h
Ut — /‘LEUO,IH - :u?tu[),xx + ﬂ?tqj + H’§\Ijt
hh h h h?
+ 6uOUO,ac + M?tuo,;m: - M?tlp + 6#5“’0\113,’ - ME(C‘UOUO,M - gu?),m)x + N

Hoo 2 2
= gh (UJO,xt + EUOUD,zx — gu(),x)x + ,U/hhx (UO,mt + EUVUO, za — €U07x>

+ 20(hug)y — pQUh2hytig 0 — %th”uow + 2uQhh, U + PR, + O(12).
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In light of (4.12), (4.13), (4.14) and (4.17), the second equation of R-GN equations

has the form as

Gy + o + Uy + 20, = —b 5 (14 ) (s + €ty = £3),, + O(),

3(1+en)
With the transport equation in (4.3), there appears the R-GN equations (4.1).
Remark 7. 1t is observed that presumably from the irrotational condition (1.21d),
(4.7) and (4.8), the function ¥ appeared in the expression of (4.10) could be zero.

For simplicity, we will drop the superscript ‘bar’ in @ in the following subsections.

4.1.2 The rotation-Korteweg-de Vries and the rotation-Benjamin-Bona-Mahony
equations

In view of the derivation of the R-GN equations in the previous subsection,

our attention is now to turned to the cases for the Korteweg-de Vries (KdV) and

the Benjamin-Bona-Mahony (BBM) equations. We derive the rotation-Korteweg-de

Vries (R-KdV) and the rotation-Benjamin-Bona-Mahony (R-BBM) equations in this

subsection. With the expression of ev and the second equation in (4.30), we obtain

3c? 2

U + cuy + 5m(u2)x —p >umt = O(e%, e, p?), (4.18)

3(c2+1
which is actually the R-BBM equation. Replacing t,,; by —ctyz.. + O(g, 1), it is the
R-KdV equation, namely

2 3

(u?)z + Mmumx = O(e?, ep, 1?). (4.19)

ut+cux—|—5§-02+1

4.1.2.1 Assume n = %u + ev and determine the expression of v

In view of the R-GN equations in (4.1), we readily check that the leading
order expansion with respect to two small independent parameters € and u gives the

following Boussinesq system with the Earth rotation
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ne+ (1 +en)u), =0,

(4.20)
U + 1o + ety + 20 = Sugy + O(ep, 11?).
Consider now the linear terms in (4.20) in terms of € and p given by

N+ Uy = 0(57 ,u)a
(4.21)

up + 1, + 201, = O(e, p).

This formula in turn implies that
Nt — Nex — 2977:01? = 0(5, ,u)7

(4.22)

Ut — Uy — 2Quyzy = O(, ).
Solving the second order linear partial differential equation, we have the following

relations

n=m(x—ct)+n(z+ (c+2Q)t) + O(e, p),
(4.23)

u=1wu(r —ct) +u(z+ (c+2Q)t) + O(e, p),
where ¢ = V1 + Q2 — Q. For simplicity, we only consider the waves move towards to

the right side, i.e.

n=mn(x—ct)+0(,p),

(4.24)
u=u(x—ct)+ O(e,p),
which implies
ne = —cne + O(e, ),
(4.25)
ur = —cug + O(g, p).
According to (4.21) and (4.24), we let
1
n=-u + ev. (4.26)

Since v = v(u, u,, - - - ), we conclude the relation between v, and v, from (4.25) by

v = —cvy + O(e, p). (4.27)
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Therefore, (4.20) can be converted to
(2utev), + (1 +e (Rutev))u) =02,
w+ (Lu+ 51})1, + cuu, — 2Q (1 +e(Ru+ev)) u)x — Bgay = O(ep, 11?).
(4.28)
Multiplying the first equation in (4.28) by ¢ and reorganizing the system with order

of parameters ¢ and p, we have

ug + cuy + € (cvp + (u?),) + e2c (w), = O(p?),
(4.29)

Up + CUy + £V, + EUU, — 6% (u?), —€*2Q (w), — Luge = O(ep, p?).
Using the relation between ¢ and 2, and truncating the system up to order of O(e, u),

the system (4.29) is then simplified as

up + cuy + € (cvp) + e (u?), = O(e2, 1?),
(4.30)

3c2—2 ¢, 2 _ 2 2
Uy + Cly + €V, + 7557 (U?), — EUgar = O(%, e, 11°).

We now derive the expression of ev. To this end, using the first equation in (4.30) to

subtract the second equation in (4.30) gives

2—¢?

ecve—vg) e 202 (u2)$ + %ummt = O(e?, ep, ). (4.31)
Plugging (4.27) into (4.31) yields
2
—e(P+1) v, +e 5oz (uz)x + %umt = O(e?, ep, 1?). (4.32)

Consequently, integrating (4.32) with respect to x, we have
2—-¢ H
B 8202(02 + l)u i 3(c2+1)
With the expression of ev and the second equation in (4.30), we obtain
1 2Q 9 !
2@+1) Ty 1)) (v), + 3(c2+1)

1 29
+e (5 - 7) <u2)gg - %uxzt = O<5275H7“2)'

ev Uyt + O(2, ep, ). (4.33)

ut—i—cum—l—g(

(4.34)
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which implies

BN B 200 Y (1)
T I 2T 2@ (@) e

(4.35)
= ! O(e%, e, 11?)
- S T 57 5 oy | Uzat = ) ) .
P\ 7 3(@+1)) als
This is actually the R-BBM equation
vote(2-S0) @) - O o). (430)
U+ cuy +€ | = u®) — ————— | Uy = O(%, €1, 1°). :
' 22+ 1 M\ 3@+ ol
If replace ugy by —Cuzee + O(g, p), it is the R-KdV equation in the following form
+cu, +¢ 5_c (v*) + ¢ O(e?, ep, 1) (4.37)
U Clyg = (% 57 0 1 | Uzzx = ) ) ) .
' 221 B EYEEy al

Adopting the system (4.30), taking derivative with respect to x of the first

equation, and taking derivative with respect to ¢ of the second equation, we have

Ugt + Cllgg + € (CUg) + € (u?),, = O(e2, epu, p?),
(4.38)

3c2—2 (2 I _ 2 2
Ugt + Cligy + €Vt + €553 (U%) y — BUaen = O(%, e, p1%).

After cancelling u,;, we deduce

3¢ —2

2c? (UZ):ct_gC (uz)a::v_ Humxtt—i_o(éﬂ? EM, :u2) (439)

3

2 2
Upp — C Uy +E (1 —c ) Vgt +€

Applying (4.25) and (4.33) to the above equation, one can also derive the following

rotation-improved-Boussinesq equation in the unidirectional case.
1-)(2—¢c2 1—c?
( )( ) ( 2)xt + i ( )

2
Ut — C Ugy + €

ux:p
2¢2(c* +1) 3(c2+1) (4.40)
3c2 —2 '
+e 2¢2 (u2)xt —ec (UQ)M - %u;tztt = 0(52, eu, /ﬁ).

4.2 Justification of the rotation-Camassa-Holm equation
4.2.1 Uniform estimates for the solutions of the Rotation-Camassa-Holm equation

Our attention in this section is now turned to the uniform boundedness of the
solution to the R-CH equation. Denote

def

= |71

2, where p > 0,3 > 0,

e+ w B ol
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and the KdV regime
ICCO7C(,),C(I)/ = {(Enuﬂ 0<Copu<e< C1(,)# < C[/),}>
for some given constants Cy, C{, C{/ > 0, and the Camassa-Holm regime

Puot ={(e, 1) | 0 < pp < o, 0 < e < M/},

for given constants pg, M > 0. The uniform estimate for the solution of the R-CH
equation (1.24) was established already in [21] for a more general CH equation.

Proposition 4.2.1. ([21]) Assume that pg > 0, M > 0, s > 2, Q > 0, ¢ =

2

c(Q) = VI+Q2-Q, a = %, 8 > 0, 6—%3 = %ﬁ) , wi, we € R, and
ug € H*TY(R). Then there exists a positive time T > 0 and a unique family of
solutions {u="}(c, yep,, r to the Cauchy problem of the R-CH equation (1.24) with the
initial value u0 = uy bounded in C ([0, Z]; X5 (R)) N C* ([0, L]; X5(R)). Moreover,

there holds for all t € |0, %]

[[u"(2)]

we + [ug " (1))

Hs—1 S C;

with the constant C' independent of € and p.

In view of the proof of Proposition 4.2.1, one can establish the similar uniform
boundedness result for the R-KdV case.
Proposition 4.2.2. Assume that Cy > 0, Cj > 0, C] > 0, s > %, c=c¢Q) =
VI+2-Q,Q >0, andug € H**Y(R). Then there exists a unique family of solutions
{UE’M}(&M)G’CCO,%,%’ € C(R; H*™(R)) N CY(R; H*2(R)) to the Cauchy problem of the
R-KdV equation (4.37) with the initial value u(0) = wug. Moreover, there exists a

positive time T > 0 such that for all t € [0, L]

[u= @) goss + [lu” (@)]

Hs—2 S C;

with the constant C' independent of € and p.
92



We now turn next to the uniform boundedness of the solution to the R-CH
equation (1.24), which needs the following lemma.
Lemma 4.2.3 (Commutator estimates [45]). Let A® := (1 —02)"2 with s > 0. Then
the following two estimates are true:

(1) 1A%, flgll 2@y < CUL N as gl @) + [ fall L@ l9]

(i) 1A%, Algllz@y < Cllfoll o @llg]

where all the constants C's are independent of f and g.

Hs—l(R));

1w, VO0<s<q+1,q > %;

Lemma 4.2.4. Given e >0, n > 0. Let ug € X3"'(R) with s > 3. Assume that
u € C([0,T%); X5 (R)) N CH([0,T*); X3(R)) is the solution of the R-CH equation
(1.24) with initial data ug. Then there is a positive constant 3 >0 and 0 < Ty < T*

such that V 0 < Q < Qy andV 0 <t < Ty/e, there holds

CIIUo||X5+1 (1t fluoll? o1 )et
m

[u(@)l xz+1 < lluollxzrre : (4.41)

where the positive constant C' is independent of €2.

Proof. Notice that Spu(2uztizy + Wiyes) = Bud2(uu,) — 310, (u2). We rewrite the
R-CH equation (1.24) in the form,

3 2
O — Bty + cOpu + 25 ¢ Uty — B flgee + wreuuy + waedudu,
¢ +1 5 (4.42)
afe
— afBepd? (uu,) + 5 'u(ui)x =0.

Hence, applying the operator A® to equation (4.42) and then taking the L?-inner
product with A®u yield
1d
2dt
_ 3 ¢ /As(uu ) Nudr — /(w E2N5 (WP ) + weed A% (uPuy ) Au da
— C2 + 1 = T = 1 T 2 T (443)

(A2 + Bull0sA%ul|z2)

4
+ aeﬁu/ A*O% (uuy) - N dx + aﬁ;u / A (u2)Au, doe = ZL-.
R R —
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Thanks to the commutator process, we can estimate to obtain

‘/As(uux) - Nudx
R

- ‘/u[\saacu - Nudr + /[As,u]ux - Nudr
) R R (4.44)
< Sllualloe [ A%ulZe + A w2 l1A%ull 2 S [luel o [A*ullZ2,

where use has been made of the commutator estimates in Lemma 4.2.3 to deal with

the commutator term |[|[A® u]ug||z2. It thus transpires that
11| < Clfug || oo fullZ-
Similarly, we may get that for s > 3/2, n = 2,3,
/ (U)o (A*u)? da
R

< CllM)allzellullzrs + Clu" el zollulle < CllullE®.

1
‘/As(u”ux) ANudr| < 5 + || A%l g2 || [A®, u"|ug || 2
R

It thus follows that

[Ia] < Ce(]lul

o)l -

2 + l|ul ul

For I3, we deduce from integration by parts and Lemma 4.2.3 that

/A‘S@i(uux) -Nudr| < /As(ui) - Nu, dx
R R

+ ‘ / A (wttgy) - NMu, do
R
1
<[ A% g [ 2 | A ()] 22 + §||Ux||L°°||ASU:cH%2 + ([[A%, v (up) o] 2 [| A®us | 2

S Nt | e [ A g [72,

which gives rise to

15| < Cafep|ug||zo | Auall7> < Capeplus|lzs [ullm-
While for I4, applying Holder’s inequality gives
|I,| < CaBep|u||ms|uellms < CaBep|lug||Fs ||ull -

In consequence, it is found from all the estimates above that for s > 3/2,

i+) < Cellufl (1 + |lul
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2s). (4.45)

irs) (lull e + Bpllus|

%{S + B[ |

d
(]



Taking Tp > 0, such that v/2C||uq|

wr (14 2l

§(S+1)€To <In %, we claim that
i

lu(®)lzs + Bullus|

i < 2]uol%zi, VE € [0, To). (4.46)

By using the bootstrap argument, it thus follows from (4.45) that V¢ € [0, Ty],

Ce Jo U@ s +lulgrs) g

e+ Bullug(t))]

2
\/§C||u0||xﬁ+1 (1+2Huollxz+1 )et

[[u(?)]

< [luol

2 < llwoll e

3
§(3+1€ < §HU0| i(j“’

which implies (4.2.4). This completes the proof of Lemma 4.2.4. O

4.2.2 Justification of the approximation between the R-KdV equation and the R-CH
equation

This subsection contains two parts. The first part is to justify rigorously the
approximation between the solution of R-KdV equation and the solution of R-CH
equation (1.24). The second part concerns the limit issue as 2 — 0 for the R-CH
equation. The justification result could be stated in the following.
Theorem 4.2.5. Assume that py > 0, M > 0, Cy > 0, C| >0, CJ >0, >0,
6—%6’: 1_& c=c¢(Q) =vVI+2-Q, w>0a= %QLJFC, and €2 > 0. Let

3c2+1

ug € HSPS(R) with s > %

5, (6, 1) € Key,ep.on, and u™* and v** be the strong solutions

of the R-CH equation (1.24) and the R-KdV equation (4.37) with the same initial

value ug, respectively. Then there exists the time T > 0 such that
lus(t) — v ()| = < Cpi’t, (4.47)

forallt €[0,Z].

Proof. For fixed (e, p) € Keycn.cn, let r54(t) oo vER(t) — uSH(t), g = 0. Owing to

Propositions 4.2.1 and 4.2.2, it is noted that the guaranteed existence time for u**
is % for some positive time 7" independent of € and p. For simplicity, we drop the

indices € and p in u, v and 7.
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By the definition of r, it is observed that r(t) solves that

(
3

c? 3
ret cre + 3e g (ure + 102) + gy Tees + 18+ 5 ) teae

Bzt = wW12UA U, + wosSuPu, — ABep(2Uptpy + Ullyey ), (4.48)

T’|t:0 = 0.
\

Notice that u satisfies
2

c
Up + Cly = —?nfmuuz + B Uz + pBULze — (Wi Uy + woePuPuy)
c

+ afep(2uptiyy + Ulyyy) = F.

We then deduce from the identity 5 — % "= %% that

C3
M (ﬁ/ + m) Ugzs + ﬁ,uu:c:ct :Cﬂﬁuwzx + Mﬁumwt = ,uﬁ(ut + Cum):c:r = MB F:c;r

It then follows that

c? c3

(U?"m + Tl)x) + U< Tazx
2 2

= — B Fpp + wie2uPuy + woe®uPu, — aBepi(2uptipy + Uty ).

ri+cr, + 3¢

Energy estimate implies that ¥V s > %,

1d , 2 / / )
—— |A%r||7, =—3 A° ) - Norde + | A° (rvg) - A°rd
5% | A°r||7 502—1—1 ( s (ury) rdx s (rvg) rdx

— pB (N Fpp, Aor) 2 + <w1€2A8<u2ux) + wQe?’As(u?’ux), A°r) e

— afep(N® (2uptizy + Ulpyy) , A7) 2. (4.50)
Thanks to
/ A (ury) - Nrdx —/ uNr, - A°rdx + /[As,u]rm - Nrdx
R R R

1
= — —/ux (A®r)? de—F/[AS,u]T’x'AST’d{B,
2 Jr R

and Lemma 4.2.3, we can estimate as above that

2

Sluallp A TRIE: + |47 12 - [Jus]| we |7l

Tollas S lluall a7l

/ A (ury) - N°rdx
R
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On the other hand, the Hélder inequality and Moser-type estimate [52] show that

/AS (rvg) - Aor da| S rvall e 17 e S I el e

R

(A (uug ), Ar) o] S Nlu el go (171l e S Nl vellgs 17l s (forn = 2,3),
|<AS (2uzum + Ul 7A8T>L2| N (||u1,| Hs uw| s T ||u| Hs Ugpzz| HS) |T| Hs >

and

|<ASF:B907 AST>L2| 5 HT’

gs+2 T Humt’

e (21

Hst+2 + 8:u (Huz,

Hs+2 HUx| Hs+2 T Humw| Hs+2

).

+ &2 ull e llu| sis+2 [ ool oz + [l o (|t

It thus follows from Propositions 4.2.1 and 4.2.2 that
d

= 7]

dt

2
i+ < Oc(lul H

as+1) |7

(i

e+ (&2 + %) lIrl

o+ ol

provs + [ullzrees + [l

i)

= = 0, Gronwall’s inequality in turn implies that V¢ € [0, ]

+C(e* + )]

H5+4>

< C (=]

As ||ro]

2 2
el < ST 1) < CeFu + p2) < O + 42),

s <

where the constants C' and C” are independent of ¢ and p. This then allows the

conclusion from the definition of 75" that

) .

e SC(E+p)t<Cp’t, Vo<t <

Y

which gives rise to (4.47), and ends the proof of Theorem 4.2.5. O

A similar conclusion is also valid for the lower order approximations to the

R-BBM equation. This result is given in the following.

97



Corollary 4.2.6. Assume that po > 0, M >0, Cy > 0, Cj > 0, CJ >0, 8 > 0,
6_%6/2102 C:C(Q)2:\/1+Q2—Q7w1,w26R,a: c? and ©Q > 0. Let

32417 2117

ug € H* O(R) with s > 1

5, (6, 1) € Key,epon, and u™* and v** be the strong solutions

of the R-CH equation (1.24) and the R-BBM equation with the same initial data uy,

respectively. Then there exists T' > 0 such that

lus(t) — v (t)l| = < Cui’t, (4.51)

T
for all t € [0, Z].

Next, our attention will be turned to the limit issue as 2 — 0 for the R-CH
equation. In the case {2 = 0, the R-CH equation is reduced to the CH equation in

the following form,

5 3 1
(1-— Eu@i)ut + O0pU + —EUUy — — [lypy =

5
5 1 — e (2Up Uy + Ullgyy) (4.52)

24

We may get the convergence theorem of the R-CH equation (1.24) as follows.
Theorem 4.2.7. Let ug € H*(R) with s > 3. Assume that u® and u are solutions of
the R-CH equation (1.24)and the CH equation (4.52) with the same initial value uy.

Then, for any fized common existence time Ty > 0, there hold
u® — u weak x in L=([0,Ty]; H®), as Q — 0,

and

u® — uin C([0,Tp); H) (V0 < s’ < s) as Q — 0.

The following lemma is crucial to achieve the result in Theorem 4.2.7.
Lemma 4.2.8. Let ug € H*(R) with s > 3. Assume that two functions uV, u® €
C([0, To); H) N CH([0, Ty]; H™Y) for a positive time Ty > 0 are solutions of the R-CH
equation (1.24) with the same initial data ug and the different rotation parameters {0
and o respectively. Then there holds that

[u = u® @) legomgsam = O — ).
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Proof. Notice that u9, Vi = 1,2, solves the equation

. N\ 2 .
atu( - :uﬂz zmt + Gu (Z) + 35 Mﬂlu(zzm + (")162 (U(Z)> u(zl)

2 _|_ 1
-l (uw) ) = asfiep (2000 + ),
where ¢; = c(), B = B(%), Bi = B'(), wi = w1 (%), wh = wa() and a; = ().

Denote that u(1? % () — 4@ Tt is then found that

atu(1,2) _ /Lﬁlu;(r;’?) + cluil 2) Mﬂ/ (12) 4 h(1,2)u§cl,2) + hgcl,z)u(m)

m:m:

# (3B 0 2 - W+ h - D)) ul?
1 2

+ (Cl _02) ) _/’L<ﬁl 52) x:c:r; (ﬁ 52) x:ct

—alﬁleu(%(”) (1) 4 0y (,(L2) |, 2, (1) 4 @)y, (12))

:m:x 1E£E(E

+ 6#((041 - 042)51 + 042(51 - 52)) <2U(2) (2) + u®y :(m)x>7

with v |,_y = 0, where h(1?) = %Eccilv(l 2) wlTEQq(l’z) + 2= 2w with p1:2)
u® 4 @, g1 L )2 Ly My@ 4 ()2 and w®? L (uM)3 4 (u1)2@)
u® ()2 4 (D)3,

Taking the L?-inner product between (4.53) and «(%?), and then using integra-

tion by parts, we get

2 N2+ B )

(a1 — @)A1 + (b1 — B2))ep(2ulPu® + uPul2) ) — (¢ — cp)u (2)) (12) dy da

/N

R

+

|
5

5% = B+ (B o — 5 G G D )1

(52(@ — W (u?)?u® — 3wl — W) (w@)3u? |1 de

xT

/(u(l’z))zh(l’Z) dx + %alﬁlau/ ul? (u2)? — @ (u12)? da.
R R

N | —
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Using the uniform boundedness estimate of the solution in (4.2.4) with the parameters

Qq and €2y , it is then deduced that

CuC23s + a3

<CI% = Qal [ (1 + @) [l + Bopilulz2 )

O3 + a2 3 (1 4+ [ P+ 1 e + Bl )

<Co( 2|52 + U232 ) + Col6 = Qallu? .

Therefore, using Gronwall’s inequality for fixed T > 0 yields
[WOD DI + pi D O3 < I — P Vi 0.7
which follows that
lu" leompar < 0 — Qal.

We thus finish the proof of the lemma. O

Proof of Theorem 4.2.7. Thanks to Lemma 4.2.8, we deduce from the interpolation

inequality that V0 < s’ < s

s_ s /

lu') = | oo mpmery < Cllut™ =l i gy ) = w

C([0,T);H) (4.53)
<Cl — Q7

which in turn implies that
{u} g0 is a Cauchy net in C([0,T]; H*), as Q — 0, for any 0 < &' < s.
Therefore, there exists a function u € C([0,T]; H*') (with 0 < s’ < s), such that
w® — win C([0,T); H), asQ — 0.

Furthermore, by the Banach algebra estimate and uniform boundedness for v and u®
in H¥(R), we get for any 2 < s’ <'s

A .1
—uut — —uu
2+1 0 27"

Hs’fl
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c? o A .1
< CQ—FlHu (uz_ux)’HS/*1+ C2+1u _Eu Uy

N A .1
ut — =u | uy
Hs' -1 C2 + 1 2

< O(u]

a1 |[u” = ull g+l

e u” = ull o)

< Cllu® = ul g,

which yields

62

241

3e ucarucﬁgeu&cu in C([0,T; H*™Y), as Q—0.

Similarly,

cu® + wie? (u)?us + wye (u)>us = u, in C([0,T]; HS™Y), as Q— 0,

1 5
N/Blu;m + aBep(ugug, +uug,,) = < [Uprr + 52U Uy + Ulpes)

4 24
in C([0,T); H*7?), as Q—0,

which along with the R-CH equation (1.24) gives rise to

5 3 1 5
O’ — — (1 — E,uaz)*l (@Cu + §5uux — Zuumx — ﬁgu(Zumum + uumz))

(4.54)
in C([0,T]; H*), as Q—0.

On the other hand, from the R-CH equation, it is deduced that
{0yu} >0 is uniformly bounded in C([0,T]; H*™'), and
{u}q=0 is uniformly bounded in C([0,T]; H®),
which along with the Banach-Alaoglu Theorem yields that there is a subsequence
{0wu}52, (with ¢; = ¢(£2;) and ©; — 0) of {Jyu}qso and a function v* € L>([0,T]; H?)
such that
Oput — Jw* weakly * in L=([0,T); H*™'), and
u — v* weakly x in L>([0,T]; H®).

By the uniqueness of the distribution limit, we have v* = u, which along with

(4.54) implies that u € C([0,T]; H*') N L>=([0, T]; H?) solves the CH equation (4.52)
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with initial value u(0) = ug. By using a standard approximation argument and the
uniqueness of the solution to (4.52) (see also Proposition 4.2.1), we may get the limit
function v € C([0,T]; H*) N CY([0,T]; H*~') solves the CH equation (4.52). This

completes the proof of Theorem 4.2.7. ]

4.3 Traveling-wave solutions

It is known there are two prominent features on the CH equation, wave breaking
and wave peaking [8]. It is intriguing to know how these two effects manifest in
the R-CH model. Our attention in this section is now turned to analyzing smooth
and non-smooth localized traveling-wave solutions to the R-CH equation (1.24) with

certain Coriolis effect.

4.3.1 Nonexistence of single peaked solution

Applying the transformation
U (t, @) = acu(\/Ppt, / Burz) to (1.24), then wu,. ,(t, z) solves

Bo

w1 W2 3
U — Uggr + CUL + UL, — ?uxm + Eu

Uy + U Uy = 2Uglyy + Ullgag (4.55)
a

2

Our purpose here is to demonstrate the nonexistence of single CH-type peaked

solution to the R-CH equation (4.55), which particularly has the form
u(t,z) = a(o,t)e "7 5 € Rand a(o,t) € C(R x [0,T)). (4.56)

Note it is a weak function in H'(R). The weak solution of the R-CH equation (4.42)

is defined in distribution sense.
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Definition 4.3.1. Given initial data ug € H*(R), the function v € C([0,T); H'(R))

is said to be a weak solution to the initial-value problem

(

Up — Uyt + CUy + 3UU; — %umx + %u%x + %ui"ufv = 2Up Uz + Ulhgys,

§ u(0,2) = up(z), = €R, (4.57)

u— 0, as || — oo,
\

if it satisfies the following identity:

T
1, Bo ( Bo s 1, w1 3
/0 /Rl[ugpt"i_zu pr"i_ Bugpx"i_p* (C 6)u+u —|—2UI+3&2U
+4w7“23u4> -gpm}dxdth/Ruo(a:)(p(O,x)dm:O,

for any smooth test function ¢(t,z) € C°([0,7) x R). If u is a weak solution on
[0,T) for every T' > 0, then it is called a global weak solution.

Theorem 4.3.1. There is no any nonzero weak solution of (4.57) in the form (4.56).

Proof. The proof of this theorem contains two cases. If the rotation parameter
Q=0 (i.e. ¢ = 1), the equation only has smooth traveling-wave solutions only
[9]. We now consider the case of  # 0. We will give a proof in this case by
a contradictory argument. Suppose that the R-CH equation admits the peaked
solution in the form (4.56). Then, for all ¢ € R*, in the sense of distribution
and Oyu,(t,r) = —sign(z — ot)u,(t, x) belongs to L>*(R). For any test function
©(+) € C*(R), by using integration by parts, we have
0 +oo
/Rsign(y)e"yw(y)dyz/_oo —eyw(y)der/o e‘yw(y)dy=46‘y'w'(y)dy.

Note that

Oyug(t, ©) = ra(o, t)e™ " 4 osign(x — ot)uy(t, z) € L°(R) for all t > 0. (4.58)
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Hence, by integration by parts, we deduce that

/ / UgPr + Ua%g—i-@ua¢z>dxdt+/ua(O,x)go(O,x)dx
R

B
_ Bo
- gp atua + g - Opttg + —896%} dxdt

o Jr B
= _/ / go[sign(x — ot)ug - 0 + da(o, t)e”* —sign(z — ot)u?

o Jr

Bo .
— F -sign(z — Jt)ua} dxdt (4.59)

—/ / @ - sign(x — ot)u, - [a _b_ ua} + ¢ - Oya(o, t)e” T dxdt.
o Jr g

On the other hand, we know
—|=|

1
= (1—0%) " 'm = p*m, where p(z) = 3¢

«

x 7 denotes the convolution product on R, defined by

= /Rf(y)g(fv —y)dy
Hence,

/OOO/R[(l—aﬁ)‘l( —@)ua—l— 2yl L, +—u4>~(9mg0]dxdt

and the notation

6] 2 " 3a? Y 4
/m/[a ( I S TR B )]ddt
— - O * Ug + U Uy, — —u X
(4.60)
It is noted that d,p(z) = —3 sign(z)e™1*! for € R. A simple computation reveals
that
1
O * ((c — %)ua +u? + 2u” + %uz + %uﬁ) (t,x)
I ey Bo Cly—ot| | 2 _9ly—ot]
=3 sign(z — y)e Y. [(c — E)a(c, t)e W+ a* (o, t)e” W
+ 1signz(y — ot)a®(o, t)e 2ot 4 ia3(0' t)e 3=t
2 ’ 3a? ’
W2 4 —dly—at|
+ 105" (o, t)e W ]dy. (4.61)
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When = > ot, we split the right hand side of (4.61) into the following three

parts.

1
axp*<( 5)ua—|—u +2uax+;12u2+%;uﬁ>(t,x)

- / [+ /W ) sign(z — y)e - [(e - %Ma,we—'y—ot'

+ (O. t) 2|y O’t| + 2 Slgn (y _ O't) (0. t) 2|y O’tl + 3a 3(0_7 t)673|yfg-t|

+ r‘é?’a (o, t)e’A"y"’t'] dy

=1L+ L+ 1.

In the case that —oo <y < ot < z, it follows that

L[ —z+ Bo ot | 3 2 2(y—ot)
I =— 5 e vy [(c — E)Q(J’ t)e’ 7" + 3¢ (o,t)e”

—00

+ %ag’(a, t)e3v=ot) 4 %a‘l(a, t)e4(y"’t)] dy
1 ot 3 ot
=— 5(0 — %)a(a, t)ex"t/ e?dy — ZaQ(a, t)e”‘“%t/ edy
ot ot
— %ag(a, t)emg’“t/ edy — %a‘l(a, t)em‘l"t/ e dy
_ 1 Bo 2 w2 4 —a+tot
== (C—E)a(a,t)—i-a(a,t)%—(s—a (at)+@a (0,t) e :

For ot < y < x, a direct computation gives that

1 [ 3
I =— —/ e "ty [(c - %)a(a, t)e VTt 4 5(12(0, t)e2(-vtet

2 Jot
et 3(—y+ot) a’ 4(—y+ot)
+ 3a2a 3(o,t)ePvtot) 4 = 4@ (o,t)e™ ™ ]dy
1 /60 3 %1 W2 P
:[ - E(C - E)a(a, t) - (x—ot) — Zaz(a, t) — 12a2a3(0, t) — ma‘l(a, t)|etot
3
i ZaQ(U, t)e~2et20t 4 1‘*2“’;2 a3 (o, t)e 3050t 4 21";3 a(a, t)e 1o 10t
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For ot <z < y < 400, we have

1

— o =y | (o _ Po —ytot | 3 2 2(—y+ot)
I3 =3 e Y(c E)a(a, t)e + ¢ (o,t)e

Wi 3 3(—ytot) | Y2 4 4(—y+ot)
+ 352" (o,t)e’ ¥ + L (o,t)e™ ™Y dy

1 1
:Z(C - %)a(a, t)e "ot 4 ZaQ(a, t)e 2er2ot 4 %01[2@(07 £)e3utot
w2

4003

Combining I, Iy and I3, for z > ot, we have

+

a4(0_’ t)€74x+4ot.

BO 1 w1 - [03))
O * ((c - E)ua +ul + QuM + @uj + @ui) (t,x)

1
= [- 5(0—%)@(0 ) (2= ot) = a(0,1) = T 5a*(0,) = a0, )| e+
—2x o wl —3x o CL)Q —4aX g
+ a*(o, t)e 22t 4 @ag(a, t)e 33t 1 —15a3a4(0, t)e dxtdot,

When z < ot, we split the right hand side of (4.61) into the following three

parts.

1
axp*((c—ﬁ—)ua—i- st Su M+;—1u3+4w3 ut)(t,2)

/ / /+°° 51gn z —y)e Tl [( %)a(a, pelv=o

+ a*(o, t)e 2= + 5 sign®(y — ot)a?(o, t)e 2ot 4 L 3@2 a3 (a, t)e= =0t
b2 (e dy

= IIl +IIQ+II3

For —oco < y < x < ot, a simple computation shows that

1 [ 3
Il =— 5/ e "y [(c — %)a(c, t)e! 7" + 5(12(0, t)e2v=ot)

—0o0

+ w—12a3(0, t)e3v=ob 4 ﬂa‘l(a, )= | dy

3o 4o
1 1
_ Z_1:(0 N %)G(U, t)eac—at i ZGQ(O_’ t)€2:v—2crt N 2:;2 a3(0_’ t) 3z—30t
Wz 4 do—dot
T (o,t)e
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For z < y < ot, it is found that

1 3
11, = [—(c - @m(a, t)- (ot —x) + Zaz(a, t) + 1;";2 a*(o,t) + %{igcﬁ(a, t)|e*

_ Wa _
CL3(O', t)€3x 3ot 24@3 (14 (0_7 t>e4m 40't.

3 5 20—20t
— Za (o,t)e ~ 1907

For x < ot <y < +00, it is easy to check that

1 Bo 1 W1 3 W2 4 z—ot
113 :[Z(C — E)(I(O’, t) + 4a (U t) + T@Qa (07 t) + MG <U7 t)]@ :

Combining 11, I1, and I13, in the case x < ot gives

1
&Cp*((c—é) +u ‘1”2%3:"’3_ +4—u>(tm)

:E@—%mewvaﬁWﬂ+§ﬂ%ﬁ+£¥“

— a¥(0,t)e 20t Wi 3(0, t)e~3v+80t _ W2 a(o, t)edrriot,

82" 1503

It is then inferred from these two cases that

(9mp*<( %)ua—l—u +;uax+3— +4—u>(tx)

([ 1(c - @)a(a, t) - (x — ot) — a*(o,t) — %ag’(a, t) — %a‘l(a, t)} e vt
B el %a‘l(a, t)e =9t if 1 > ot
) e = 2yao,0) - (0t — 2) + a2, 1) + L (0,0) + a0 1) e

L 30, t)e 330t _ %a‘*(a tle~daHiot if o < ot

3(07 t)€*3x+3a't 4

2 ~22+20t
\ —a“(o,t)e =T ~ %

On the other hand, we have

bo)a(o, t)e "t — a?(0?)e 229t if 1 > ot,

sign(x—ot)u, [0—%—%} (t,x) =
(0~ Bafo, 1er T+ aX(ot)eH,t < o
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If the function in the form (4.56) is a weak solution of equation (4.55), then

adding (4.59) to (4.60) together yields that

( [@a(a, t) — %(c — %)a(o, t) - (x—ot)+ (o0 — %)a(a, t) —a*(o,t) — %a?’(a, t)
- 1(;;3 a41(0, t) e "ot 4 %ag’(a, t)e Betdol 4 %aﬁ‘(a, t)e 4t = 0 if ¥ > ot,
[Buao 1) + 5(c %)a(a, B (ot —2) — (o — %)a(a, )+ a0,0) + ga(o,1)
| 1(;;3 a*(o, t)— e” ot — %ag(a, t)e 3ot %a‘l(a, t)e 4t — 0 if 2 < ot.

7£E+O't’ ea:fat 673x+3ot and €f4x+4ot’ the

By the linear independence of the functions e ,

above condition holds if and only if
a(o,t) =0,

which provides a trivial solution of equation (4.55), u,(t, ) = 0, thereby concluding

the proof of Theorem 4.3.1. ]

4.3.2 Classification of traveling-wave solutions
We now classify the traveling-wave solutions to the R-CH equation (4.55). For

a traveling wave solution ¢(t,x) = p(x — ot) with speed o, equation (4.55) takes the

form
Bo w1 w2
— 0Py + 0Pz + COz+ 300 — F@mm + @9029% + 59039093 = 203020 + PPz (4-62)
Integrating respect to spatial variable gives
3 9 Wi g Wr oy Bo 1 2
- a 5 9 - 2 - 5 )Pz — F\Px) — T — 07 4.63
(c—o)pt o9+ 59"+ 59 + (0 ﬂ)s@ 5 (P)” — g (4.63)

for |x| — 00, ¥, e, Pur — 0.

It is observed that

[(p—0o+ @)z]m = 202 + 20z — 2(0 — %)som.

B
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Equation (4.63) may take the following form

2
ﬂgog + w—23904 +2(c — o). (4.64)

Bo 2 2 2
- ) lxx — 3
/] R +3042 2a

(o =0+ 5

Inspired by the approach of classification of the traveling-wave solutions to
the classical Camassa-Holm equation [46], we can establish a similar result in the
following lemma, which is related to the regularity of the traveling waves.

Lemma 4.3.2. If ¢ is a traveling wave of equation (4.55) and ¢ € H'(R), then

(p—0o+ 50) cC'R\ ¢ o — @)) for k> 2J.
g B
Furthermore, we conclude
00 -1 50
peC*(R\yp (U_F))'

Proof. Let v=p —0+ % Then equation (4.64) infers

(UQ)M = U?c +p(v),
where p(v) is a polynomial in v, more precisely

= v a—@ v+o— foya Poys | w2 o——
p(0) = 2= o) o~ 2) 430040 D plvto =)

8
From the assumption, we know v € H} (R), which gives rise to v + p(v) € L} (R)

loc

Bo 4
) +@( V+0 — 0

and (v?),, € L. (R). Thus, (v?), € W,2'(R). This implies that (v?), is absolutely

loc loc

continuous, and v?, v* are belongs to C'(R \ v~!(0)). Moreover,

-1 o k 2 _ k 2 k —2/.2
(Uk):m: :[(Uk)ﬂc]w = [kmk Vgle = [5 vt (2vv,)], = E(Uk )z (v ) 5 (V%) e
—k(k — 2)v" 2% + ]; F202 + p(v)] = k(k — ;)) F=22 4 ;Cvk “p(v).

For k = 3, the right-hand side of the above equation is in L}

loc

(R). Therefore,

we have

v® € CHR) \ v (0)).
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Similarly, for k& > 4, we obtain (v%),, = £(k — 2)0"*[(v?),]? + 0¥ 2p(v). Since

v? € CYR) \ v7(0)), it follows that
o € C*(R)\ v (0)), k>4

For k > 8, we have v*~2p(v) € C?(R) \ v71(0)), by previous conclusion as well

as v!,vF* € C*(R) \ v71(0)). Since v* %02 = 1(v*), 75 ("), € CHR) \ v7(0)),

T Tk—4

we have

v" e C3(R)\ v 1(0)), k>8.
Extending these arguments to higher values of k, we prove that
vP e CI(R\ v 1(0)), for k>2.
This completes the proof of Lemma 4.3.2. O
We may rewrite equation (4.63) by multiplying by ¢, and integrating on (—oo, x]

Bo
(c—o)p* +¢* + 2¢+d03¢+( -gwi—wiza

(§%6%

which implies, if ¢ # o — %2 for all z,

w[a¢+—aw+w+®—0ﬂ 0 f(p
pf = e GaoT 7 = LU = F(p). (4.65)
p—o+F p—o+ 7

Applying the similar arguments as introduced in [46], we have the following
conclusion.
1. When ¢ approaches a simple zero m of F(y) so that F(m) = 0 and F'(m) # 0,

the solution ¢ of (4.65) satisfies
()0925 = (90 - m)F/(m) + O(((p - m)2>7 as ¢ —m, (466)

where f = O(g) as  — a means |%] is bounded in some interval [a — €, a + ¢] with

€ > 0. Then, we have

o(x) =m+ i(m — 20)°F'(m) + O((z — m0)*), as  — m, (4.67)
110



where p(z9) = m.
2. If F(p) has a double zero at ¢ = 0 such that F(0) = F’(0) = 0 and F”(0) > 0,
then

@2 =" F"(0) + O(¢"), as ¢ — 0. (4.68)
Hence,
w0 = O(exp(—\/F”(O)|m|)>, as |x| — oo, (4.69)
which implies ¢ — 0 exponentially as  — oo.

3. If ¢ approaches a simple pole ¢(xy) =0 — %0 of F(p), then

o _

5 Mz — 20?3+ O((x — x0)*?), as 2 — xo, (4.70)

p(r) —o+

%)\|x—x0\_1/3 +O((x — 20)?), as ] o, (4.71)
Pr = )
—2\z — 20| 2+ O((z — 20)/?), as =z 7w,

for some constant .
4. Peaked traveling waves occur when ¢ suddenly changes direction: ¢, — —p,
according to equation (4.65).

Based on discussion above on traveling wave solution of equation (4.55), we
will classify the various travelling-wave solutions to (4.65).

In view of the expression of the function of f, one should consider the following

three different cases.

V19 -4 1

1
<< —, —=<c<l1l and c=

1
3 V8 VB V8’
corresponding to wy < 0, wy > 0 and we = 0, respectively.

Let us start with

fle) = ase® + axp® +arp +ag,  as # 0,
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where

W2 Wi
agzm, GQZE’ CL1:1, ag = Cc — 0.
. 5 (67095} .
Define that n = ¢ + §T237 that is, ¢ =1 — 9 Then, by the property of cubic
)
polynomial [7], we can rewrite
(9)) 3
Flo) = fn) = 155" + 3pn + 29), (4.72)
where
poSwu—a 1007 Hatwy (4.73)
9as 3wy 8l w;
_ 28 St 4 Fogeo _ BT B )T
d4das 729 w; 9 wj Wy
The determinator of equation f(n) = 0 is defined by
1000 ®  625a8%w? 250 7
D:q2+p3:—a—3——a fl — -2 L;)l
27 wy 243 w; 9 ws
6 3 6 (4.75)
+1250( )oz w1+25( )2oz
c— c—0) —.
729 7L 7z
Case I: 4/ @ <c< \/Lg. The restriction on ¢ then yields that
a>0, [F<0, [B>0, w <0, wy>D0.
Consider D = 0 as a quadratic equation of ¢ — o, that is
Alc—0)?* +B(c—0)+C =0, (4.76)
where
A 250246’ B_ 1250 aﬁc:% B @oﬂc;l’ and O — 100004_2 625 OASZJ?
wj 729 w; 9 wy 27 wy 243 w,

It is obviously that A > 0. It is also observed from ¢ € (4/ @, \/ig) that 8—139¢? < 0

and 8¢ — 1 < 0. This then implies that
~ 2500%w; (8 —139¢%)

B ="
9 wi 18(c2+1)(82—1)
112
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For C, it is easy to see that

125 a® (128¢* — 21¢? + 10)

- 0.
27 w3 22+ (82 1)

Hence, the quadratic equation D = 0 has a negative solution y; and a positive solution

Y2, where

Saw, 25 wi
=2 - H VA <o,
N9 1292 VA

(50 w? 10aw1>2_4<@a_3_§a2w%>
729w2 9 we

2Twy 243 w?
In addition, we know
1), If y1 < ¢—0 <y, then D < 0;
2),If c— 0=y or¢c—0 =yy, then D = 0;
3),Ifc—0o <y orc—o >y, then D > 0.
The following theorem provides the classification of traveling wave solution to

equation (4.55) when D > 0 and W t << \/g, i.e. f(p) has exactly one real

root, which takes the form of n; = \/—q +/G@P+pd+ \/_q — /% + p3.
Theorem 4.3.3. Assume that \/@ <c< \/Lg.

(1) Suppose o > ¢ — y;.

o [fo—Bo—p — g% then there is a peaked traveling wave solution ¢ > 0
with max ¢ =1 — gaw_?
o [fo—2>mn — 8% then there is a smooth traveling wave solution ¢ > 0
5 aw
with T?ﬁ“p =m— g5t
o [fo—2<mn — g%, then there is a cusped traveling wave solution ¢ > 0
5 aw
with rgrcleaxgp =m-—g5t

(2) Suppose o < min{%,c —yo} and 7y = 1225(3%% — ;) > 0.

1003 \9 wo

o [fo— 2 —p — %a“’l then there is an antipeaked traveling wave solution

w2
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5 awr

© < 0 with mmgp—nl

9wy °
o Ifo—5 <y — 8‘2}—2 then there is a smooth traveling wave solution ¢ < 0
5 aw
with r;g{ggp m— 5%
o [fo— > m — go‘w—“;, then there is an anticusped traveling wave solution
© < 0 with mmgp =n — go(‘:‘;l.

Bo __ c(ct46c%—1)
B T 3ct48c2-1

Bo _ 2c3(241) V19-4 1
this implies c— % = m > 0, for ¢ € ( 3 ,75).

The decay of ¢(x) at infinity gives a necessary condition for the existence of traveling

Proof. Since

wave is
hm 1001390—’_ §0+90+(C_0->>0
|| =00 go—a—i—% -
which implies
c—o >0, c—o <0,
or
Bo _ Bo _
3 o >0, 5 o <0,

ie. 0<%0r020(whena=c,D<O).

By the property of cubic equation, it is thereby inferred from D > 0 that
f = 0 has one real root and two complex roots. Based on necessary condition for
the existence of traveling wave, we will discuss the following two cases for D > 0:

o>cand o < 2,

B
If o > ¢, then
_100®  250%w} 5o’ [ (91c* — 2) ~0
P= 8 81w 3w l@rn@e_1nl =

125 3w} 25 3

Bl B o)
25 adwy (8 — 139¢%) o?

_ = 5e—a) <0
9 w? L18(c2+1)(8¢2 — 1)] +5(c O)wg ’

where w; <0, wy >0,c—0 <0,82—1<0,91c> -2 >0 and 8 — 139¢* < 0, since

CE(\/@,\%).
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It then follows from the Cardano Formula that the real root of f(n) = 0 can be

expressed as

nf:V—¢+ ¥+p”+V—m—vf+m? (4.77)
Denote u = i/—q + /¢ +p3and v = {’/—q — +/q¢%> + p3. Then the other two roots

can be expressed as

Hence,

F) = Jomsn=m)n = ma)n = o).

where 1, > 0 and (7 — 12)(n — n3) > 0. Substituting n by ¢ + gaw—“;l implies

5 awq 5w 5 awi

(o + 9w m)(p + 9w n2) (¢ + 9w n3),

1003

f(p)

where 7 — 224 > 0 and (@ 4 294 — o) (@ + 224 — pq) > 0.

w2 9 wo 9 wa
Let
wy 50wy
= - — 0 4.78
and
Q) = (p 4+ 220 )+ 220 ) (4.79)
LN 9 wWa )\® 9 Wa 3)- '

Then equation (4.65) can be written as the following form

w! 2 5 aw
o Llme Q) e iRl
‘ p—o+ p—o+ 3 S

Hence, if 0 — ’%O = — gaw—“;l, then ¢ suddenly changes direction from ¢, to

—p, at o = 0 — % and ¢ — 0 exponentially as |x| — oo, which give rise to the
existence of a peaked traveling wave solution ¢ > 0 with maxy =1 — go;—“;l
Te
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Ifa——>n1—g%, then G1(y) has a simple zero at ¢ =1 — gaw—“; and a

double zero at ¢ = 0. In view of (4.66)-(4.69), there exists a smooth traveling wave

5 aws
9 wo

solution ¢ > 0 with maxp =1 — and ¢ — 0 exponentially as |z| — co.

Ifo—5 <p — g%, then G4(p) has a pole at ¢ =1 — 5% and a double
zero at ¢ = 0. It then implies from (4.68)-(4.71) that there exists a cusped traveling
wave solution ¢ > 0 with mMax ¢ =1 — 2 5t and ¢ — 0 exponentially as [z — oo.

In the case of o < % it is inferred from equation (4.72) that p < 0. From the

property of ¢ decaying at mﬁmty, we requir o > 0, which implies ¢ > 0.

Equation (4.65) then can be written as

w 5 aw
o2 = P s +1)Qp) _ T |#~ n =55 |Ql) o)
‘ 90—0+% p—o+ 2 S

where vy, = 1525 (5 - —mn)>0,m — 5 & <0, and 7, < 0 in this case.

awl

., then ¢ suddenly changes direction from ¢, to

Hence,ifa—goznl—g

—pg at = 0 — % and p — 0 exponentially as |x| — oo, which gives rise to the
existence of an antipeaked traveling wave solution ¢ < 0 with miﬂg =1 — g“w—f
HAS
Ifo—2 <n-— go‘w—?, then G1(¢) has a simple zero at ¢ = 1 — gaw_? and a

double zero at ¢ = 0. In view of (4.66)-(4.69), there exists a smooth traveling wave

awi
w2

solution ¢ < 0 with mingp =11 — 2% and ¢ — 0 exponentially as |z| — oo.

If o — &0 >nl—g%, then Gi(p) has a pole at ¢ = n — 224 and a double

w2

zero at ¢ = 0. It is then deduced from (4.68)-(4.71) that these is ¢ < 0 with

minp =17 — 5 2 and ¢ — 0 exponentially as |z| — oo. This completes the proof

zeR

of Theorem 4.3.3. O

Remark 8. Since the existence of peaked traveling wave solution requires ¢ > c—y; and

0250+77( ) — 50“"1 in Case (1). Duetoc> , which implies 0 < ¢+ (o) — 224

9 wo ?

then the necessary condition becomes ¢+ (o ) gaf; > c—1y1. As n is positive, the
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5 w
above condition can be simplified as y; > 5%, where y; = 50‘—“21 — %w—g — %\/Z
This requires
—50 W1
0<A< 0.2 ) (4.80)
2
Actually,
50 wi 503 (2 —2)(c*+1) (4.81)

729w2 ~ 54(—1)(8¢2 — 1)’
[ 50A(E=2)(E+1) 10 AE+1)
A= (_5_4<c2 “DEE -1 T3 @ DEE - 1))
80 (e +1) 25 ()
- (2_7 (@ 2)(@ - DPES 1) 27(@ — 1P(8c - 1>2> e

The leading order of A — (75209 :1> is (8¢ — 1)3 and it has the following form

500 ®(c? — 2)(c* + 1)? ~0 n N 1~
- when ¢ — —
162 (¢2 — 1)2(8¢2 — 1)3 ~ 7 NG

which implies (4.80) holds. This guarantees the existence of peaked traveling wave

solution.

Case II: i <c < 1. It is observed that the restriction on ¢ gives that « > 0, [y <
0, p> 0, wy < 0, and wy < 0. In this case, equation (4.76) has a negative solution
y; and a positive solution y,. We could follow the similar proof in Theorem 4.3.3 to
obtain the following results.

Theorem 4.3.4. Assume f <c<l1.

(1) If 0 > ¢ — y1, then there is a smooth traveling wave solution ¢ < 0 with rglcneiﬂrglgp =

10a 1002 where 3 = 1523 <g°‘w—“;1 — {’/—q + /¢ + p3— i/_q — V¢ +p3> and a cusped

Bo
3 -

traveling wave solution p > 0 with max g = o —
e

(2) If o < min{2, ¢ — y,} and v4 > 0, then there is a smooth traveling wave

solution ¢ > 0 with max ¢ = —10—“74, where 4 = 1625 (gaw—‘;l — i/—q +V@+pP+
f/—q — ¢ —i—p3) and an anticusped traveling wave solution ¢ < 0 with miﬂggp =

re
ot
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Proof. According to the decay of ¢(x) at infinity, a necessary condition for the
existence of traveling wave is that ¢ > c or 0 < %’, since ¢ > 5 Y for f < ¢ < 1. Note
that 0 = ¢ is not included since D < 0 when o = c.

Case (1). If 0 > ¢, we know p < 0 and ¢ > 0 from (4.73) and (4.74). Then equation
(4.65) has the following form

w! 2 5 aw
o2 — ©* (155 +73)Q() _ 6" | ¥ — (m — 5“_21) Qly) = Gs(p)
‘ p—o+ p—o+ 3 S

where 3 = 92, (29 _p)) <0, 9y — 50‘“’1 < 0, and n; < 0 in this case.

1003 \9 wo

Hence, for ¢ < 0, G3(¢) has a simple zero at ¢ =7 — 22 and a double zero
at ¢ = 0. According to (4.66), (4.67), (4.68), (4.69), there is a smooth traveling wave
solution ¢ < 0 with mmgp = —2 55t and ¢ — 0 exponentially as [z — oo.

For ¢ > 0, G3(p) has a pole at ¢ = 0 — % and a double zero at ¢ = 0. From

B

(4.68)-(4.71), there is a cusped traveling wave solution ¢ > 0 with max e = o — %

zeR
and ¢ — 0 exponentially as |z| — 0.
Case (2). If o < 60 , then we know p < 0 in (4.73). It then follows from the property
of ¢ decaying at infinity that

g <0and —2 <§%—\3/—q+\/q2+p3—{’/—q—\/q2+p3> >0

102 \9 w,

Similar to Case (1), we have

w 2 5 aw
s02 _ % (100[3()0 + 74)@(90) _ 10;3%0 |:<10 B (771 B §w_21):| Q(SO) . G (90)
i p—o+2 p—o+ P S

where v, = 18’;3(8% —m) <0, m — 5““’1 > 0, and 7; > 0 in this case.

Consequently, for ¢ > 0, G4(p) has a simple zero at ¢ = 1 — 5 <+ and a double

zero at ¢ = 0. From (4.66)-(4.69), there is a smooth traveling wave solution ¢ > 0

5 awl

with max o = n — 522 and ¢ — 0 exponentially as |z| — oco.
z€R w2
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For ¢ < 0, G4(p) has a pole at ¢ = 0 — 22 and a double zero at ¢ = 0. It is

then deduced from (4.68)-(4.71) there is a cusped traveling wave solution ¢ < 0 with

mlﬁRup =0 — @ and ¢ — 0 exponentially as |z| — oo. This completes the proof of
BAS
Theorem 4.3.4. O]

Case III: ¢ = \/ig. In this case, we have

5v/2 1 35v/2

w1 =

bo=-% "~ 1o TRl

w2:07

which implies
wi_ 35V2 V2 B 5V2
_— C = — _— = ——
6a2 6 4 B 4
Hence, equation (4.65) can be simplified as

s Pt -2y W2(VZ_ g

©p = ,
22[(0 + 242) — ¢

(4.83)

where f(p) = ¢? — 3;? o — %(‘f — o). The following discussion enlists all possible
distribution of the roots of f.

(a) f(¢) has no zeros: If o > %, then (%5)2 +4.32 (%2 _5) < 0. Hence,
flg) > 0.

(b) f(¢) has a double zero: If 0 = 19v2 then (3\f) +4-32.(¥2 _5) = 0. Hence,

70 0
(@) = (o — B2
(c) f(¢) has two simple zeros: If o < 19v2 then (3*[) 44342, (ﬁ —o0) > 0. Hence,

fle) = (¢ — My)(¢ — Ms), where

=g 5 (55 455 (F )
=gy (55) + 0 Bf(?— )

and My < My, M;+ My > 0. In addition, if o > V2 , then MMy > 0; If o = %, then

My =0, My =22 1f 0 < Y2, then M; M, < 0.
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In view of equation (4.83), it is found from decay of ¢ at infinity that a necessary
condition for the existence of traveling wave solution is
PP = B2 — 222 —g)
A )

>0

— Y

which implies 0 < — f or o > f
With the results established above, we are in the position to classify all traveling

waves of equation (4.55) when wy = 0 for various o.

1
Theorem 4.3.5. Let ¢ = 7

(1) If o < ——, i.e. f(p) has a negative root and a positive root, then:

(la) If o + % < My <0, then there is a smooth traveling wave solution ¢ > 0 with
= M,:

DR Pl = M

(1b) If M, < o + %ﬁ < 0, then there 1s an anticusped traveling wave solution ¢ < 0

with min p(z) = o + %5;

TzeR
(1c) If o + % = M, then there is an antipeaked traveling wave solution ¢ < 0 with
min p(z) = M; =0+ M.
zeR

(2) If o = V2 e, f(@) has two simple roots: My =0, My = there is no traveling

4 35 ’

wave solution.

(3) ]f‘/T§ <0< %ﬁ, i.e. f(@) has two simple roots: My > My > 0, My = 35 , then

there is a smooth traveling wave ¢ > 0 with max o(x) = M.

(4) If o = %ﬁ, i.e. f(p) has a double roots: My = My = %5, then there is a smooth

traveling wave ¢ > 0 with max o(x) = My = My and a cusped traveling wave solution
Te

© > 0 with I?ez%w( x) = %5.

(5) If o > 197‘0[, i.e. f(p)>0 forall p(x) € R, then there is a cusped traveling wave

solution ¢ > 0 with max pla) =0+ 22,
S
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Proof. Case (1), If 0 < —M then f(¢) has two simple roots M; and M, satisfying
My > 0 > M, which implies

2(p — My)(p — M. 2
g B Mo M) e o422l s

B (GRS

From (4.84) we know that ¢ can not oscillate around zero near infinity. Let us

consider the following two cases.
(1.1) p(z) > 0 near —oo. Then there is some z( sufficiently large negative so
that p(z9) = € > 0, with e sufficiently small, and ¢, (x¢) > 0. Since \/Fi(y) is locally

Lipschitz in ¢ for ¢ > 0. Hence, there is a local solution to

o(zg) = €.
on [zg— L, zo+ L] for some L > 0. Therefore from (4.66), (4.67), (4.68) and (4.69) we
see that in this case we can obtain a smooth traveling wave solution with maximum

height ¢ = M, and an exponential decay to zero at infinity

¢<x>:o(exp(—

U+5[ H)) as |z = oo. (4.85)

(1.2) ¢(x) < 0 near —oo. Then there is some z, sufficiently large negative
so that ¢(xy) = —e < 0, with ¢ sufficiently small, and ¢, (z) < 0. Since \/Fi(y)

5\[ < ¢ < 0, we an continue the local solution to

is locally Lipschitz in ¢ for o +
(—o00, g — L] with p(z) — 0 as z — —o0. As for z > x¢ + L, we can solve the initial
value problem

P = — F1<90),
p(x0) = —¢.

If My <o+ % < 0, the initial value problem can be solved all the way until

p=0+ 5*[ , which is a simple pole of F;(p). From (4.68), (4.69), (4.70) and (4.71)
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we know that we can construct an anticusped solution with a cusp singularity at

Y= and ¢ — 0 exponentially as |z| — oo;

If Mi = o+ M < 0, then ¢ suddenly changes direction from ¢, to —p, at
p=M =0+ 5*[ , which implies the existence of an antipeaked solution ¢ < 0 with

I;léﬂf{lgo( x)=M =0+ %ﬁ and ¢ — 0 exponentially as |z| — oo.

Case (2), If 0 = ?, then f(¢) has two simple roots M; = 0 and My = %5,

which implies
3 3v2
(e — 55)
o= saaa = Bale). (4.86)
35 [ 2 90]

Notice that ¢(z) < 0 near —oo. Because ¢(x) — 0 as x — —oo, there is some
xq sufficiently negative so that ¢(zg) = —e < 0 with £ > 0 sufficiently small, and
(o) < 0. From standard ODE theory, we can generate a unique local solution ¢(z)

on [xg — L,z + L] for some L > 0. Due to

F3(¥) il it 0
2 ¥) = < 3
BECE o)

we know Fy(p) decreases for ¢ < 0. Since @, (xy) < 0, ¢ decreases near zy, which

for ¢ <0,

implies Fy(p) increases near zo. Hence, by Fi(p), ¢, decreases near xq, and then ¢
and o, both decrease on [zg — L,z + L|. Since 1/ Fi(¢p) is locally Lipschitz in ¢ for
¢ < 0, we can continue the local solution to all R and obtain that ¢(z) — —oo as
x — 00, which fails to be in H'. Thus, there is no traveling wave solution in this
case.

Case (3), If ‘f <o< 1976[, then f(¢) has two simple roots My and M;, which

implies
2
o _ ¢ (= Mi)(p — M) 5v2
oy = = F3(p), where 0< M; <My <o+ ——. (4.87)
8200+ 2P2) — ¢ 4

Similar to Case (1), we know that ¢ can not be oscillated around zero near infinity.

Let us consider the following two cases.
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(3.1) ¢(x) > 0 near —oo. Then the same analysis as used in the proof of Case
(1.1) leads to the conclusion that there is a smooth traveling wave solution with
maximum height ¢ = M; and an exponential decay to zero at infinity.

(3.2) p(x) < 0 near —oo. A directly computation shows that F;(p) < 0, if

@ < 0, where

» [4@3 — 3(My + M) + 2M1M290} (0 + 2Y2) — 354 + 2(My + My)® — 2M; Myp?
F3(¢) =

3220+ 22 o)

Arguing as Case (2), there is no traveling wave solution in this case.

Case (4), If 0 = 197\0[, then f(¢) has a double root My = My = 3“[, which implies

N e &
Pz = W = Fu(p). (4.88)
35 L~ 140 '

(4.1) ¢(x) > 0 near —oo. By the standard ODE theory in Case (1), if ¢ reaches
its absolutely maximum at ¢ = M; = M>, then there exists a smooth traveling wave
solution with maximum height ¢ = M; = M, and an exponential decay to zero at infinity;

if ¢ = M = M> is not an absolutely maximum, then we obtain a cusped traveling wave

2132

solution with maximum height ¢ = =575=.

(4.2) p(x) < 0 near —oo. From

3, 876v/2 2 3582 76682
Fllo) — (_ 3¢” + S 159" — 0¥ T 686000>‘P
4(90) - M(ng\[ B ) )
35 \" 140 ®

one can check that F(¢) < 0 for ¢ < 0. Hence, similar to Case (2), there is no traveling
wave solution in this case.
Case (5), If 0 > 197‘0[, then there is no real roots for f(y) and we know f(¢) > 0 for
all p(x) € R. Denote
2 RACD)

= = F . 4.89
= e g P (489)

The discussion in the previous section shows that there is no smooth traveling waves in this

case and since f(y) has no zeros for ¢ € R, there can only exist cuspons or anticuspons. It

is then inferred from (4.89) that ¢ can not oscillate around zero near infinity.
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(5.1) ¢(x) > 0 near —oo. Then there is some 1z sufficiently large negative so that
¢(z0) = € > 0, with ¢ sufficiently small, and ¢, (z9) > 0. /F5(¢p) is locally Lipschitz in ¢
for0<p <o+ %, then o + % becomes a pole of F5(¢). Thus we obtain a traveling
wave solution with a cusp at ¢ = o + % and decay exponentially.

(5.2) p(x) < 0 near —oo. A directly computation shows that F}(¢) < 0 for ¢ < 0.

It is then adduced from the argument applied in Case (2) that there is no traveling-wave

solution. Hence, the proof of Theorem 4.3.5 is completed. O
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