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ABSTRACT

REGULARIZED CANONICAL CORRELATIONS
IN CLUSTERING SENSOR DATA

JIA CHEN, Ph.D.

The University of Texas at Arlington, 2016

Supervising Professor: Ioannis D. Schizas

In many data acquisition applications such as in sensor networks, the acquired sen-
sor measurements contain information about multiple sources placed at different spatial
locations. Such sources could correspond to different e.g., thermal sources or transmit-
ters placed at different locations inside the sensed field. Before applying any statistical
inference task, it is essential to identify which groups of sensors acquire observations that
contain information about the same sources. This is essential to avoid ‘mixing’ obser-
vations that contain information about uncorrelated sources. In this thesis, the goal is to
cluster sensors into different groups based on their source information content about the
field sources and isolate sensors acquiring only noise. Two scenarios are considered in this
thesis, in one of which the number of sources is given to the sensors and in the other sce-

nario, the number of sources is unknown.

Toward this end, for the first scenario, a novel canonical correlation analysis (CCA)
framework equipped with sparsity-inducing norm-one regularization is introduced to iden-

tify correlated sensor measurements and identify informative groups of sensors. It is estab-

v



lished that the novel framework is capable to cluster sensors, based on their source content,
correctly (with probability one) even in nonlinear settings and when sources do not over-
lap. Block coordinate techniques (BCD) are employed to derive a centralized algorithm that
minimizes the sparsity-aware CCA framework. The latter framework is reformulated as a
separable optimization program which is tackled in a distributed fashion via the alternating
direction method of multipliers (ADMM). A computationally efficient online distributed
algorithm is further derived that is capable to process sensor data online. Extensive numer-

ical tests corroborate that the novel techniques outperform existing alternatives

Furthermore, in the second scenario where the number of the sources is not available,
two strategies are provided. One strategy is that the traditional canonical correlation anal-
ysis (CCA) framework is equipped with norm-one and norm-two regularization terms in
order to cluster the sensor data while determining the number of field sources. ADMM and
BCD techniques are utilized to derive centralized and distributed algorithms tackling the
proposed regularized CCA framework. The capability of correct clustering of sensors in
the novel regularized CCA algorithm is verified in heterogeneous sensing systems, consist-
ing of sensors with different sensing capabilities, offering flexibility and providing multiple
views of the sensed field by acquiring different types of measurements. The other strategy
is that principal component analysis (PCA) combined with moving-average (MA) filtering
is utilized to eliminate sensing noise variance and extract the number of principal compo-
nents in the sensor data covariance corresponding to the uncorrelated sources. Given the
estimated number of sources, two applications are considered. In the first application, a
novel communication efficient scheme for reconstructing a field sensed by spatially scat-
tered sensors is put forth, which relies on norm-one regularized CCA, PCA, as well as
normalized least mean-square adaptive filtering. In the second application, a multiset CCA

(M-CCA) framework is proposed to uncover information in multiple heterogeneous sensor

v



data sets and cluster sensors according to their source content.
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CHAPTER 1
INTRODUCTION

Data analysis has become ubiquitous in the sense that our living environment in-
volves devices that have the ability of sensing and processing data. Fields such as machine
learning, data mining, statistics and so on, rely on the analysis of sensed data and extraction
of information from them. To analyze data sets, it is common to employ clustering, a task

which has not received much attention especially in distributed sensor networks.

1.1  Goals of the Thesis
1.1.1 Homogeneous Sensor Data Clustering

Grouping sensors based on their source information content has been considered for
linear data models and memoryless sources in see e.g., [65] and references therein. In
this dissertation a generalized framework for grouping sensors based on their information
content is put forth which is able to deal with nonlinear settings. Interestingly, sensor
measurements containing information about the same sources are statistically correlated
irrespective of the underlying data model. To exploit such spatial correlations, canonical
correlation analysis (CCA), see e.g., [6,33], is combined with sparsity-inducing regulariza-
tion techniques [70, 87] to obtain a framework that can extract correlated sensor data and
cluster them into groups. The principle of CCA that involves linear extraction of common
features from two data sets, will be applied in time-shifted data sequences to cluster sensors
with similar information content.

The sparsity-aware CCA framework is derived by extending the standard CCA cost

with norm-one regularization coefficients that fully exploit the sparsity present in the sensor



data (cross-)covariance matrices. Notice that, in the sensed field, only a few sensors are af-
fected by the uncorrelated sources and the remaining sensors measure the noise. Thus, only
the measurements from the informative sensors sensing the same sources exhibit statistical
correlation, which accounts for the sparsity present in the sensor data (cross-)covariance
matrices. Sparsity is an attribute present in many settings and has been extensively used
in sparse regression, solving under-determined systems of equations as well as matrix de-
compositions into sparse factors [19, 64,70, 72, 86, 87]. The resulting cost is minimized
using coordinate descend techniques (e.g., [4]). A centralized algorithm is derived first that
is well suited for networks equipped with a fusion center. Then, the alternating direction
method of multipliers (ADMM) (see e.g., [5]) is put forth to formulate the novel sparse
CCA framework as a separable optimization problem, and then combined with coordinate
descent iterations to obtain a totally distributed algorithm that performs sensor cluster-
ing. The resulting distributed algorithm will require information exchanges only between
single-hop neighboring sensors. Online implementations are also developed that allow
real-time processing in settings where sensors are constantly acquiring data. The online
schemes offer a more computationally and communication efficient algorithmic alternative
compared to their batch counterpart, while compromising some sensor-clustering perfor-
mance. For an increasing amount of sensor data it is proved that the sparsity-aware CCA
framework is capable of perfectly clustering sensors into different groups based on their

information (source) content, even in nonlinear settings and when sources do not overlap.

1.1.2 Heterogeneous Sensor Data Clustering

The utilization of sensors with different types of sensing capabilities in heteroge-
neous sensor networks provide different ‘views’ of the sensed field by acquiring differ-
ent types of measurements. However, the sensed data oftentimes are collected in chal-

lenging environments, whose statistical structure is not known and maybe dynamically

2



changing with time [60]. The acquired sensor measurements contain information about
different phenomena of interest (with unknown number) such as thermal and/or pollu-
tion sources [41,49, 68], while other sensor data may just contain noise, e.g., a vehicle
could be sensed by both a thermal sensor due to the heat it produces, as well as a carbon
monoxide sensor due to fuel emissions. Thus, sensor measurements can be clustered into
different groups each of which will contain information about the present field sources. Be-
fore applying any data processing task such as estimation and detection [37] it is essential
to develop techniques to identify and separate these unknown groups of sensor measure-
ments that have the same information content. Such schemes will prevent mixing sensor
measurements with irrelevant information content before applying any statistical inference
task, while further they will identify regions of interest in the sensed field, such as pollution
sources [41,49], by interpreting the acquired data.

The focus is to match different types of sensor measurement groups based on their
information source content. However, this is challenging due to the absence of sensor
localization information coming from the cost and energy considerations imposed by GPS
equipment, see e.g., [23]. To this end, we develop here an algorithmic framework that has
the ability to both identify, cluster and match different types of sensor data based on their
information content. Clustering and matching of different types of sensor measurements is
extremely useful to learn the sensed field and categorize the data based on the information
they contain.

For the heterogeneous sensor setting, we put forth a new ¢;-norm and /5-norm reg-
ularized CCA to cluster sensor measurements into different informative groups and find
the unknown number of sources. Different from the ¢,/¢; mixed norm CCA formulation
in [77] in which each canonical loading is either penalized by ¢s-norm or ¢;-norm, here the
proposed regularized CCA framework imposes both group sparsity and entry-wise sparsity

into each canonical loading by proper ¢;-norm and ¢,-norm regularization terms.
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1.1.3 Application of Homogeneous Sensor Data Clustering: Field Reconstruction

An efficient central data fusion scheme will be derived to reconstruct the sensor mea-
surements induced by multiple uncorrelated sources present in the field. Toward this end,
a promising framework is proposed that carries out the following three tasks: i) Estimating
the number of field sources; ii) Clustering the sensors based on which sources they are
observing; and iii) Utilizing only the measurements of a few cluster head sensors to recon-
struct all sensors’ measurements at the fusion center (FC). To achieve the first task, moving-
average (MA) filtering [18] is combined with principal component analysis (PCA) [6] to
eliminate sensing noise variance and extract the number of principal components (PCs)
in the sensor data covariance corresponding to the uncorrelated sources. To group sen-
sors in clusters according to their source information, we realize that sensor measurements
containing information about the same sources are statistically correlated. To exploit such
spatial correlations, a norm-one regularized canonical correlation analysis technique [15]
will be used to extract correlated sensor measurements and group them in clusters. PCA
and adaptive filtering will also be utilized to result an improved clustering approach that
groups sensors according to their information content. Normalized least mean squares is
utilized to enable the FC to reconstruct each cluster’s sensor measurements using only data
from a few cluster head sensors that communicate their observations to the FC. Different
from existing source-based clustering techniques [15, 16] the proposed framework is able
to perform accurate clustering even when sensors observe multiple sources. The main idea
is to separate the network into clusters of similar information content and use within each
cluster the data of only one sensor to reconstruct the remaining sensor measurements at the
FC. Such an approach will reduce significantly the number of scalars transmitted from the

sensors to the FC potentially extending the sensors’ lifespan.



1.1.4 Extension of Heterogeneous Sensor Data Clustering to Multiset Sensor Data

The work of clustering sensor data with two modalities is generalized to cluster more
than two types of sensing measurements. Without giving the number of sources, PCA
(or distributed PCA) is combined with MA filtering to determine the number of sources.
Next, a M-CCA framework, that is simpler in the sense that no fourth-order polynomial
terms are produced, will be penalized with norm-one terms to implement clustering of
multiple types of sensor data according to their source information. Relying on the BCD
and ADMM technologies, the proposed sparse M-CCA (SM-CCA) scheme is developed
in both centralized and distributed ways, whose capability of correct clustering sensors is

verified through numerical tests.

1.2 Prior Work

CCA is widely used in data analysis to extract the correlated components among two
distinct data sets [6,33]. CCA-based methods provide promising solutions to blind source
separation [7,42], detection of diseases [21], and genomic data integration [43] to name
a few. A number of related sparse CCA methods have been proposed. The work in [74]
applies the elastic net penalty, see e.g., [88], into standard CCA and derives an iterative
regression procedure. It exploits the grouping effect from the ridge regression, and the
shrinkage effect from the Lasso, see e.g., [70]. However, it does not optimize a given cost.
In [29], the standard CCA is reformulated as a ¢;-regularized convex framework using a
least-squares approach. This work focuses on a special scenario where one data set is in
a primal representation (the input space), and another data set is in a dual representation
(the kernel space). This approach is limited by the fact that the canonical vector for the
dual representation must have nonnegative entries. The work in [77] proposes a sparse

CCA scheme based on a forward greedy approach (sequentially picking entries of canon-



ical vectors), in which upper bounds of the number of non-zero entries in the canonical
vectors are known. An algorithm for obtaining sparse loadings for CCA iteratively was
proposed in [52], while no optimization criterion was specified. The algorithm in [52] was
extended to multiple canonical variables in [22], which performs robust estimation of the
data covariance matrices. In [79], a penalized matrix decomposition with applications in
sparse CCA was developed and the tuning parameters were chosen using cross-validation.
The penalized CCA in [79] is extended to supervised sparse CCA in [81], which makes use
of the measurement outcomes (e.g., the survival time of a patient in genomic research) to
determine whether the canonical loadings obtained here are significant. The work in [20]
extends the penalty in [79] to more general forms, including ¢; /¢ mixed-norm penalty, or
weighted fusion penalty, see e.g., [36], combined with ¢;-norm regularization. However,
application of this method requires prior knowledge of the sparsity structure in the canon-
ical loadings. Centralized CCA approaches that work with biomedical data of different
modalities can be found in [21, 67].

The aforementioned sparse CCA methods are generally challenged by the facts that
either i) only consider one pair of canonical variables; or ii) they have prior information
on the sparsity structure of the canonical loadings (vectors); or iii) require applicability of
computationally intensive cross-validation to select the sparsity-controlling coefficients; or
iv) do not use specified optimization criterion; or v) do not consider heterogeneous data
sets from different sensing modalities.

Various approaches have been put forth to solve the problem of clustering data into
different groups which share similar properties. One of the most common algorithms for
data clustering is K-means [38]. K-means finds the optimal centroid points representing
the clusters, and the idea is to allocate every data vector to the cluster which has the most
similar centroid with respect to a predefined distance metric. The limitation in K-means

exists in the fact that the number of clusters should be given. To tackle the latter issue an
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intelligent K-means (iK-means) was proposed in [13], which extracts anomalous patterns
from the data one-by-one to estimate the number of clusters. The existing state-of-the
art clustering algorithms [3, 32, 35, 82] often implicitly assume knowledge of the cluster
shapes or the multiple cluster configurations which are based on the available similarity
measures. Thus, the challenge of applying these clustering approaches in our setting lies
in the fact that the similarity between data entries containing information about the same
source is unknown due to the different modalities of data sets and the unavailability of the
underlying data models.

Typically, sensors are limited in terms of communication and computational capabil-
ities. A straightforward approach to collect the information across all sensors to the FC is
to allow each sensor forward its acquired measurements, possibly via multi-hop communi-
cations, to the FC. Such a process can place a heavy operational burden in all sensors due
to the high communication cost. To tackle such a challenge, data aggregation techniques
have become crucial to prolong the overall lifespan of a sensor network. There are four dif-
ferent strategies for data aggregation: i) centralized approaches, ii) in-network aggregation,
iii) tree-based approaches, and iv) cluster-based aggregation [54]. The work in [2] consid-
ers a dynamic spanning-tree approach to minimize the energy consumption by taking into
consideration the data traffic load. Support vector machines are used in [55] to reduce the
redundant data and eliminate false data. An efficient cluster-based data aggregation scheme
for heterogeneous sensor networks was developed in [45], where inter- (intra-) cluster data
aggregation is performed to eliminate redundant data. The cluster-based approach in [57]
uses a context-aware approach to validate data, while intra-cluster and inter-cluster redun-
dancy is eliminated when sensors belong to the same cluster or neighboring clusters, re-
spectively, for the validated data. The work in [63] focuses on the issues of accuracy, traffic
load, redundancy elimination and delay when performing data aggregation, and proposed

a model to address the aforementioned issues.
7



In the aforementioned cluster-based approaches, the geographical area is divided into
multiple grid-based clusters, while the cluster heads are elected as those sensors with the
highest energy and largest number of one-hop neighboring sensors, or as the sensors whose
positions are closer to the centroid position of the cluster. Further, there is no basic principle
in deciding the number of clusters needed. There are fundamental differences with the
work proposed here. Specifically, the sensors will be clustered in groups according to their
information content and the sources they sense (possibly multiple). Thus, the clusters here
are formed based on the sensor information content and not according to an ad hoc splitting
of the area monitored. Further, the number of clusters will be determined by the number of
the underlying information sources in the monitored field. Last but not least, the clustering
proposed here is done to facilitate a form of reduction in the number of data transmitted
and achieve accurate reconstruction at the FC.

The field reconstruction problem has been previously addressed in the literature in [8]
under the assumption that the monitored field is spatially governed by known partial differ-
ential diffusion equations. Distributed schemes to reconstruct two-dimensional diffusion
fields are considered in [9]. An interesting work can also be found in [59], where an
optimal dimensionality-reduced approximation method was developed to recover thermal
maps. Based on Bayesian estimation and Kalman filtering, the papers by [50, 62, 80, 84]
consider statistical estimation methods for non-static fields. Algorithms to estimate a single
source’s parameters are studied in [24,40,48] to fully recover the monitored field. The work
in [51] puts forth an algorithm that can successfully reconstruct sensor signals as long as
the field bandwidth is sufficiently small, the field adheres to a one-dimensional model and
the sensor locations are known to the FC. A distributed cluster-based signal reconstruction
for non-bandlimited fields is proposed in [58] by locally adapting the field model. How-
ever, the aforementioned schemes either assume the fields are driven by assumed known

spatiotemporal diffusion equations or statistical models, or only take a single-source into
8



consideration. Different from the existing methods, our method is attractive since it does
not require all sensor to communicate with the FC, it does not require knowledge of the
sensors’ positions, it can address settings where the field consists of multiple spatially scat-
tered sources and the sources-to-sensors propagation channels may be multipath. There is
no need to estimate the source signals, and our focus is on reconstructing the field only in

points of interest where sensors are deployed rather than the entire field.

1.3 Advantages of the Proposed Algorithms

Compared to the aforementioned sparse CCA approaches, our proposed regularized
CCA exhibits several advantages: 1) treats both the centralized and distributed cases, so it
can be implemented in networks of spatially scattered sensors as well as networks with a
fusion center; ii) the related sparsity-controlling coefficients are selected through a com-
putationally efficient heuristic ways; iii) a specific minimization criterion is derived in our
regularized CCA; iv) heterogeneous data sets from two or more than two different modali-
ties are considered; and v) the proposed framework can obtain multiple pairs of canonical

variables.

1.4 Notation

Bold face capital letters, bold face small letters, and normal font letters are respec-
tively used for matrices, vectors and scalars. E(-) denotes expectation, and || - ||1, || - ||,
and || - || 7 denote norm-one, Euclidean norm, and Frobenius norm, respectively. For con-
venience, the same notation may represent different meanings in different chapters, while

it holds the same meaning in the same chapter.



CHAPTER 2
CCA PRELIMINARIES

2.1 Standard CCA

Canonical Correlation Analysis (CCA) is a widely used method to find correlation
structures in multi-view datasets, see e.g., [6]. There are many different ways to define
CCA. Here we use one of the definitions in [6] since this version is later regularized in
our novel sparse CCA formulations. The following proposition in [6] outlines the CCA
formulation and solution.
Proposition 1. Let X be a p; vector-valued variate with mean g, and covariance matrix
3, and Y be a p, vector-valued variate with mean g, and covariance matrix 3.,. Denote
3.y and X, as the cross-covariance matrices between X and Y. Suppose 3, and 3, are
nonsingular. The D € R??1 | E € R??2, and p € R”! with DX, D” =L, EX E” =1,

and ¢ < min(py, p2) that minimize

E{[EY — DX — p)"[EY — DX — p]} (2.1
are given by
D=U{s"? E=U]x "2 (2.2)
and
n=Ep, —Dp,, (2.3)

where the columns of U, are the ¢ principal eigenvectors of E;l/ QExyE; 1EW§];1/ 2,

while the columns of Uy are the ¢ principal eigenvectors of 3,/ 1 QZWZ; 1E$y§J;1/ 2,

10



The above proposition reveals that the goal of CCA is to find matrices D and E
to maximize the correlation of linear combinations DX and EY. Each row of DX or
EY is called one canonical variable, and the canonical variables are orthogonal to each
other. The coefficients for the linear combinations, saying the rows of D and E, are called
canonical vectors. The correlation between the canonical variables are called canonical

correlations.

2.2 Literature Review of Sparse CCA

Recently, sparse representation technology is becoming increasingly popular and im-
portant in wide areas, for instance, machine learning [14,17,77], signal processing [64,65],
and pattern recognition [34,56,76]. Sparsity inducing CCA is also attractive in theoretical
studies [77,79] and practical applications, for example, gene expression [25,74,75,77] and
in image classification [89]. As studied in [30], sparse CCA is formulated by represent-
ing two data sets in both primal and dual forms. This formulation minimizes the number of
features in both primal and dual projections and maximizes the correlation between the two
variable sets. By applying ridge penalization and elastic net penalization to the standard
CCA, an iterative regression is proposed in [75] to identify candidate genes for incorpora-
tion in the pathway completing gene-expression networks. A forward greedy approach is
introduced in [77], which deals with the variables sequentially. This algorithm reduces the
computational complexity and also copes with high dimensional data through considering
regularized covariance matrices. The latter method only considers sparse canonical vari-
ates for the first dimension, and is limited by the requirement of available number of zero

entries in the canonical vectors.
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2.3 Regularized CCA

Inspired by related centralized sparse decomposition approaches [64,72, 87], along
with the aforementioned existing sparse CCA alternatives, we construct a flexible regu-
larization in CCA. When the known number of canonical variates (number of sources) is
known, the ¢; norm is used to penalize the canonical vectors, and while given the prior
knowledge of the specified number of canonical variates both ¢; and ¢y will be utilized
to regularize the canonical vectors. Different from all the existing applications of sparse
CCA, we exploit a new application field in clustering data for sensor networks. Unlike the
aforementioned sparse CCA algorithms, our regularized CCA 1is done in both a central-
ized manner and distributed fashion, where the processing is carried out across spatially

scattered sensors via collaboration of neighboring units.
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CHAPTER 3
HOMOGENEOUS DATA CLUSTERING

3.1 Problem Formulation

Consider a connected ad hoc network of p sensors which communicate only with
neighboring sensors that are located within their transmission range. Let A/, denotes sen-
sor j’s single-hop neighbors for ;7 = 1,2,...,p. The p sensors monitor a field, which
is formed by M spatially uncorrelated zero-mean sources, denoted as the r x 1 vectors,
sm(t), while m = 1,2,..., M and r < p. The sources are assumed stationary and not
necessarily white, thus they may exhibit temporal memory. Each sensor j acquires scalar
measurements {x;(¢)} during time instances ¢ = 0, 1, ... Each sensor measurement con-
tains information about a subset (possibly one) of the M field sources. Thus, every sensor
may contain information about a few of the M sources since they are located at differ-
ent spatial positions. The sensor measurements adhere to the following generic nonlinear
model

25(t) = Xy Py (S (1)) + w5 (1) (3.1)

where h,,, ;(-) is a random scalar nonlinear mapping from R” to R', which will be negligible
when sensor 7 is sufficiently far from source m (can be thought of as an attenuation factor)
while w;(t) denotes white sensing noise with zero-mean.

Let x(t) := [z1(t) ... 2,(¢)]" contain the measurements acquired across all sensors.
As different sensors are affected by different sources, different entries in x(¢) contain in-
formation of different sources. Let S™ denote the subset of entries of x/(¢) that contain
information about source s,,(t), and let S° denote the subset of sensors whose measure-

ments do not contain information about any of the sources, e.g., they contain just noise.
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For example consider a network consisting p = 12 sensors that observe a field with M = 2
sources, namely s (¢) and s, ().

Assume that sensors Sy, S5, Sg, S7 sense source s;(t), sensors Sg, Sy, S1g acquire
measurements that are influenced by source s,(t), while sensors Sy, S, S3, S11, S12 just
observe noise or irrelevant data. Thus, S = {1,2,3,11,12}, 8' = {4,5,6,7} and
S§? = {8,9,10}. The union of the sensor clusters {S™}*_, contains all entries of x(t).
This chapter aims at solving the problems: P1) identifying the noninformative sensors and
informative sensors; and P2) clustering the entries of x(¢) in groups S™ where the members
of the same group contain information about the same source (within some ambiguity on
the source identity). Toward this end, a novel distributed framework combining canonical
correlation analysis (CCA) with norm-one regularization is proposed.

Given training data {x(t),y(t)} € RP"*! fort = {0,..., N — 1} the CCA framework
can be used to linearly extract common features from x(¢) and y(¢), see e.g., [6, Chpt. 10].

The training sequences that are going to be considered here are formed as

x(t) = [xT(t = 1), x7(t = 2), ., x"(t = )] (3.2)

y(t) = X" (0. X"+ 1), x4+ f = 1] (3.3)
where the positive integer f denotes the memory length. Note that x(¢) in (3.2) represents
the past of x(¢), and y(¢) spans the future and present of the sensor measurements in x (%)
with respect to time instant ¢. Both super-vectors x(¢) and y(t) each of length p - f contain
the information of the field sources summarized in s(t) := [s?(¢),...,s%,(¢)]T. Thus, s(t)
can be viewed as the ‘common’ features present in both x(¢) and y(¢) and can be extracted

by finding matrices E,D € R?*?/ with ¢ < p - f that can be found via the minimization

problem, see e.g., [6,33, Chpt. 10]:
(D, E) = arg min(N~) 350! By (t) — Dx(t) — 3 (3.4)
s.to D3, D” =Tand EiyET =1,
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where 3, and 1h, correspond to the sample-average estimates of the covariance and mean
of x(t), respectively. These estimates can be evaluated as 3, := N~ Zf:ol(x(t) -
th,)(x(t) — )", and th, = N-'S N 'x(t). Further, T is the identity matrix of
proper dimensions. The covariance ﬁ]y of y(t) can be defined in a similar way, while
m := Em, — Dm,.

The entries of the vectors Ey () and Dx(t), can be viewed as estimates of the sources
sm(t) that are present in both x(¢) and y(¢). Consider the 12-sensor example mentioned
earlier, where M = 2 scalar sources (r = 1) are sensed, while f = 1 in forming x(¢)
and y(¢) in (3.2). Recall that only entries {4,5,6, 7} in x(¢) contain information about
s1(t), whereas entries {8,9,10} contain information about s.(t) and the remaining just
contain noise. Thus, when forming D1.x(¢) and E;.y(¢), the first rows D;. and E;. can
zero-out irrelevant entries in x(t) and y(t) respectively without affecting the estimation
performance. Specifically, entries {4,5,6,7} in x(¢) and y(¢) will contain information
about s; (). Thus, the rows E;. and D;. can be selected such that they have nonzero entries
only in positions {4, 5, 6, 7}, while the rest 8 entries can be set to zero (sparsity). Similarly,
E,. and D, can have nonzero entries only in positions {8,9, 10} which correspond to the
entries of the y(¢) and x(¢) vectors that contain information about s,(t). The remaining
entries in y(¢), x(t) contain only noise and can be eliminated by setting the corresponding
entries in the two rows of E and D equal to zero. Thus, by inducing proper sparsity
patterns in the rows of E and D and recovering their corresponding supports (nonzero
entries’ indices) someone can identify which entries in x/(¢) acquire information about the
same source and perform clustering. Traditional CCA as described in (3.4) is not capable
to produce zero entries in E or D. Toward this end, we put forth a ¢;-regularized CCA

framework, which induces proper sparsity patterns in each row of E and D.
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3.2 ¢;—Regularized Canonical Correlations

In order to isolate noninformative entries in x (¢) and identify the source-informative
groups of entries within x/(¢), here norm-one regularization is incorporated in the standard
CCA formulation in (3.4). The idea of utilizing norm-one to induce sparsity is well estab-
lished in the literature, see e.g., [64, 70,79, 87]. Pertinent sparse EE and D matrices can be

obtained using the sparsity-inducing CCA (S-CCA) formulation

(D, E) = arg minp g N 7' 320" |[Ey(t) — Dx(t) — a3
+ EZ:lAE7P|lE£H1 + Eq=1 )‘DmHD;Hl

+|[EX,ET — 1|2 + ¢| DX, DT — 1|2 (3.5)

where E,. and D,. correspond to the pth row of E and D respectively. The sparsity-
controlling coefficients Ag , and Ap , assume positive values and control the number of
zero entries in E,. and D, respectively. Further, the positive penalty coefficients v and
entailed in the last two terms in (3.5) are applied to forbid f), E to be zero matrices, while
facilitating the applicability of block coordinate descent techniques that will be utilized to

derive centralized and distributed algorithms that tackle (3.5).

3.2.1 Centralized S-CCA (CS-CCA)

We first consider a centralized setting where a fusion center can gather all sensor
measurements. Note that the cost in (3.5) is nonconvex with respect to (w.r.t.) D and
E. We come around this challenge by utilizing a block coordinate descent (BCD) solver,
see e.g., [4,71]. Specifically, the cost is minimized w.r.t. one entry of D (or E), while
keeping fixed the remaining entries of D (or E) to their most up-to-date values. During
each coordinate descent cycle all the entries of D and E will be updated.

Notice that the last two terms in (3.5) will produce fourth-order polynomial terms

in the cost function when trying to minimize the latter cost w.r.t. a single entry of D or
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E while fixing the remaining entries. To simplify the process of solving (3.5), we fix the
second D and E in the last two terms of (3.5), respectively, to their most up-to-date value
during the 7th coordinate descent cycle, namely D™ ! and E L. Specifically, given the
estimates D™* and E™! in the beginning of coordinate cycle 7, the minimization problem
which is used to estimate the current updates of D and E at iteration 7 can be formulated

as

(D7, E7) = arg minp, g N~' Y01 |Ey () — Dx(t) — 13
+ 20 Al ELI 4 220 Ap,lIDLL

+ 0| BE, (BT — 1|7 +¢|D, (D" ~ 1|7 (3.6)

which will enable the derivation of closed-form and simple to implement iterates for the
entries of D and E as will be detailed early on. To facilitate applicability of coordinate

descent iterations, the cost in (3.6) can be rewritten w.r.t. D (while keeping E fixed)

D" = arg miny N~ !|E™'Y — DX||2 (3.7)

+ 2251 Al 11 + el DX (DT — 1|5

where X := [x(0) —m,,..,x(N —1) —m,]and Y := [y(0) —m,,...,y(N — 1) — m,]
are pf x N matrices that contain the past and present/future data vectors in (3.2) and (3),
shifted to zero mean.

Coordinate descent is applied in (3.6) (or equivalently (3.7) since E is fixed) to split
the task of minimizing the cost in (3.7) into ¢pf scalar minimization subproblems, corre-
sponding to each of the entries of the matrix D. Specifically, the problem in (3.7) is mini-
mized w.r.t. one entry of D, say D(«, 3), while fixing matrix E as well as the gpf — 1 re-
maining entries of matrix D to their most recent updates. Then, the scalar update le(a, B)

can be obtained as the following minimization problem

17



D" (v, 8) = arg miny||y], 5 — dh7, 5[12 + Ap.a|d| (3.8)

+ H’J);,ﬁ - dﬁ;,b’”g? for v = 17 - q, ﬁ = 17 7pf (39)

in which,

¢;,,8 = N_0.5([ET_1Y]04: - 5:_11 ]jT(a7 E)XE: - Z?iﬂ-{-l ]:A)Til(aa K)XZ)
h ;= N"%(X;.) (3.10)
Yo =" (o — 3202 D7 (@, O)[2, (D7) = 30, D™ e, )2, (D7)7],)

by, ;= c?[2, (D7), 3.11)

where M,,. (or [M],.) and M., correspond to the ath row and (th column of matrix M,

respectively. Further, the minimization problem in (3.8) can be rewritten as

~

D7 (a, ) = arg min,||97 , — dh7 53 + Ap.ald] (3.12)

where %;/3 = [ 5, v:b;ﬁ]T and h] ; := [h] g, E;ﬂ]T. The minimization problem (3.12)
corresponds to a scalar sparse regression problem. After applying the Karush-Kuhn-Tucker

(KKT) conditions (see, e.g., [4]), and using Lemma 1 in [64] it turns out that

~

D7 (a, ) = F(¥ b7 5,0,0,Ap,0) (3.13)

where F(p1, p2, p3, pa, A) := Sgn(plTP2 + ps3) (3.14)

<m0, ~(aazia)

Similarly, we can obtain the update E7(cv, 3) after fixing the remaining entries of matrix

P{p2 + p3
P2l + pa

E to their most recent updates, and set D to D" ' in (3.5). Then, the update ET(Oé, B) is

E" (o, 8) = F(ap], 5,07 5,0,0,Apq) (3.15)
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where 17); 5 and ﬁQ 5 are similar to %; 5 and h/, ;, respectively, after doing the following
substitutions: Y = X, X - Y, E! - D™ L. D" - E, D! - E-L %, — ﬁ)y,
and ¢ — v. The CS-CCA algorithm steps are:
Step 1) Initialize D® and E( randomly.
Step 2) For the 7th coordinate descent, update le(a, f) and ET(a, f) via (3.13) and (3.15)
fora=1,...,qand 5 =1,...,f.
Step 3) If the S-CCA cost reduction in the current descent is larger than a pre-specified
threshold go back to Step 2), otherwise exit and return D=D"andE =E",
Proposition 2: Let D* and E* indicate a stationary point of (3.5). As the coordinate
cycles T go to infinity, the updates D" and ET obtained from (3.13) and (3.15) in S-CCA
will satisfy |D7 — D*||p < 8(¢) and |[E™ — E*||z < §(¢), where lim._,0(c) = 0, and € is
the parameter in (3.5).

The result of Proposition 2 (proved in Appendix A) indicates that the iterates D7 (e, B)
and ET(a, () can be brought arbitrarily close to a stationary point in (3.5) by selecting a
sufficiently small € in (3.5), since as ¢ goes to zero, distance J(¢) will go to zero. Inter-
estingly, although the original CCA cost in (6) is approximated by (7) to simplify the al-
gorithmic implementation and complexity, the algorithmic iterates D™ (v, 3) and E™(«, 3)

are capable to approach a stationary point of the CCA cost in (6) arbitrarily close.

3.2.2 Distributed S-CCA (DS-CCA)

The centralized S-CCA scheme in Sec. 3.2.1 was developed under the assumption
that the sequences x(¢), y(¢) in (3.2) and (3) are available at a central fusion center, which
forms the updates D™ and E™. Here no central fusion center exists while sensors collect in-
formation in a distributed way and they are able to communicate only with their single-hop

neighbors. A distributed algoithm is proposed, in which sensor j will update the subma-
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trices D; € R/ and E; € R?*/ that contain the columns of D and E respectively with

indices j,p+ j,2p+ j,....(f — L)p+j,ie.,

D; :=[D;j, Dy, Diopejy - Dir—1)pa]

Ej = [Ej,Epij, Eoprjy o Bipnpas]-
Further, let x(¢, j) and y (¢, j) correspond to the f x 1 subvectors of x(¢) —m, and y (t) —m,
which are obtained after keeping their entries with indices j,p+7j,2p+7,...,(f —1)p+7.
After noticing that Dx(¢) = "% D;x(t,i) and Ey(¢t) = Y7, E;y(t,4), then (3.5) can

be reformulated as

arg minD,EN_l Zi\gl I Zf:l Eiy(t,i) — f:l Dx(t,1)]]3
+ Z?:ql,pZI )‘DmHDi,p:Hl + Zf’:ql,p:l )‘EmHEi,p:Hl (3.16)
+ ol NS (S By (4,4) (2, Eay (8,)] = 1112

+ e NS IO Dax(, ) (27, Dx(t, 6)) "] = 113

in which D; ,. and E; . represent the pth row of D; and E;.

The distributed S-CCA will be derived by combining block coordinate descent (BCD)
techniques along with the alternating direction method of multipliers (ADMM) [5, 61].
Specifically, BCD is used to split the minimization in (3.16) into p minimization sub-
tasks where the cost in (3.16) is minimized w.r.t. to the block D; (or E;) at sensor j
for j = 1,...,p. Meanwhile, ADMM will be employed to allow sensors estimate in a
distributed fashion the global quantities D7 - (x(t) — i1, ) and E7 - (y(t) — ri1,) which will
be necessary when minimizing the cost in (3.16) w.r.t. D; and E; at sensor j. As in Sec.
3.2.1, to avoid generating fourth-order terms in the last two summands in the cost in (3.16)
we substitute one of the D and E with their latest update during iteration 7, i.e., the last

term in (3.16) is replaced with
N-1 p P
N SIS Dt ) (S D (i) - 13, (3.17)
t=0 =1 i=1
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Similarly, we can substitute the second last term in (3.16) with

N SIS By B (6,0~ 1 a1

The first step is to minimize (3.16) w.r.t. D; at sensor j. Toward this end, we fix all
submatrices {D, };.; and {E;}?_, to their latest updates. Then, the resulting cost can be

written as a function of D; as

IE'Y - DX + D7 'X; — DX
+e|NHDTIX — ﬁ;—lxj +D,X,;)(D7'X)T —1])%

+ 251 ADpl|Djpsll1, where, (3.19)

X = [X(O) - ﬁlx, X(l) — Iflgc, .. ,X(N — 1) — ﬁlx] c Rpfo7
Y :=[y(0)—m,, y(1) —m,,...,y(N—-1)—m,| € RPFXN
X; = [x(0,7), x(1,5)...x(N —1,5)] € R"”*¥ and

DX -D'X; =" . DX, (3.20)

i=1,i#j

From (3.19) it follows that the “global’ terms D™~'[x(t) — ri1,] and E™~![y(¢) — 1n,] have
to be available at every sensor j in order to update each entry of D; via coordinate descent.
However, this is not the case since these global quantities contain information from all sen-
sors, and they are not physically available. To this end, ADMM will be utilized to express
D™ ![x(t) — ri1,] or E™![y(t) — 1] at the solution of a separable convex minimization
problem that can be solved in a distributed fashion and allow each sensor j to estimate
these global quantities. Then, these estimates will be used to replace the corresponding
quantities in (3.19) which will be further minimized w.r.t. one entry of D; while fixing the
rest.

Estimation of global quantities via ADMM:

To this end, note that D™ 'X = [D™"'(x(0) — 1,),..., D™ '(x(N — 1) — m,)], and
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E™'Y = [E" !(y(0) — r),...,E""}(y(N — 1) — ra,)]. Sensor j can obtain estimates
for the vectors D™!(x(¢) — m,) t = 0,1, ..., N — 1, by solving via ADMM the separable

constrained minimization problem:

fr,, =min, S0 |, — pDI'x(t,1)|13 (3.21)

1

.10 p;; = Py i €N, for t =0,..., N —1,

where p1;, € R?*! represents a local state vector at sensor i for estimating D™ (x(t) —
m,) = 37 D7 'x(t,) which is the minimizer s, , in (3.21). The equality constraints
ki = My guarantee that all local estimates p,; , will be equal across sensors. By employ-
ing the ADMM, see details in e.g., [5,61], the subproblems (3.21) fort = 0,..., N — 1
will be tackled through updating the sensor j’s local estimate, p;,, along with the La-

grange multipliers {Vg’t}jle ; that correspond to the constraints p;, = p; ;. Sensor j is

responsible for carrying out the updating recursions (see details in Appendix B)

i i

vl (k) = V], (k — 1) + 0.5c[p; (k) — py ,(K)] (3.22)
ik +1) = [(2+ 2¢|N; DI ! x | 2pD7 (2, 5) (3.23)

’

= Yyens (Vhak) = V3, (R)) + el (R) + by o(R)))]

where £ corresponds to the ADMM iteration index, while c is a positive step-size. Using the
convergence results in [61], as k goes to infinity, p; , (k) will converge to D! (x(t) —m,),
no matter how the local estimates p;,(0) are initialized (here they are initialized at zero).
Per coordinate cycle 7—1, a finite number of X' ADMM iterations are performed to estimate
D" ' (x(t) — m,). A similar procedure is followed for estimating E™~(y (t) — 1i1,,) across
sensors. The corresponding local estimate for E™~'(y(t) — 1)) at sensor j is denoted by
n,.(k +1). A similar set of local iterations as the ones in (3.22) are employed at sensor j
to update n; ,(k + 1). Further, let 17, and 7] , to be the local estimates of D™ !(x(t) — 1)

and E™!(y(t) — mh,), respectively, after running K iterations in the 7th coordinate cycle,
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ie, puj, = p;,(K) and 97, := n,,(K). Hence, after coordinate cycle 7 the global
quantities D™'X and E™Y in (3.19) are replaced with sensor j’s local estimates fi} :=

[ s+ By and F = [7), ..., 7} x4 ], respectively. Using the notation

M7 =77 — i} + DX,

ngl — 80.5N71(ﬂ;’ o Dgflxj)(ﬂ;)T . 60.517

Q"= NTIX ()" (3.24)
the cost in (3.19) can be readily rewritten as
NTHIME = DX + [1PF = Dy Q5 Ik + 3251 Aol Dyl (3.25)
which will be tackled at sensor j to update the entries of sub matrix D ;.
The cost (3.25) is minimized locally at sensor j w.r.t. one entry of D;, for in-

stance, D;(c, 3), while keeping the rest entries of D; fixed. During 7th cycle, the variable

D;(a, ) in (3.25) can be obtained by minimizing
D7 (v, ) = arg ming|[47 4 5 — dh o 115 + Ap.alldll (3.26)
where o = 1,..,q, 5 =1, .., f, while

h;oa B - [N X ;,Z?}]T7 ’lp;,oz,ﬂ = [wg,a,ﬁ,lﬂ qlb;,a,ﬁ,Q}T (327)

Yiapr = N = S0 DY 0X e = 3_g0, D] (@, X ] and

Vape = Phal = S0 DI, Q). — Yis., D] (@ 0Q] (3.28)
Using the result in (3.13) for (3.12) it follows that the solution for ]AD;(a, B) is given as

D7 (a, 8) = F(4] 5,07, 5,0.0,Ap.a), (3.29)

J.e, 7 “g,a, 87
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where () is defined in (4.22). Applying a process similar to the one for deriving (3.29),

the update E]T(a, f3) can be formed as

E;(O&, 6) - ]F(¢T,o¢”87 g;a,ﬁy 07 Oa )\E,Oz) (330)

where ¢, ; and g7 , 5 are similar to v} , 5 and h7 , 5, respectively, after doing the fol-
lowing substitutions: @} — 77, n; — [, ]5]7_1 — ]:]]T-_l, ]5; — ]:]]T, X, — Y; and
e — .

In the beginning of 7th coordinate cycle, the most-up-to-date ]f)]T-_1 and E]T-_l are
available at sensor j. Then, X' ADMM iterations will be run, nested in cycle 7, to esti-
mate the global values, D™ !X and E™"'Y, via the local estimates fu; and 7} , respec-
tively. During the ADMM iterations, sensor j has to communicate with its || neighbor-
ing sensors, which includes receiving vectors {v;,vt(k), 1 ,(k)} and transmitting vectors,
{vit(k)}j/E N;» 1+ (k) from/to its neighboring sensors in set AV;. In detail, sensor j re-
ceives 2N K q| ;]| scalars in cycle 7, that correspond to the entries of the ¢ x 1 vectors
V§,7t(k) and p,(k), fort = 0,..., N — 1 and j* € N}, needed to carry out the updates in
(3.22) and (24). Meanwhile, sensor j will transmit the ADMM multipliers, {V;,t(k})} J1EN;
and estimates p,, (k) to its single-hop neighbors, which accounts for (|| + 1)¢N scalars

per ADMM iteration and (|N;| + 1)¢gN K scalars in total. In summary, the total number

of testing data N, the cardinality of neighborhood |

, the size of ¢, which depends on
the number of sources and their dimensionality, and ADMM iterations K together decide
the communication cost. In practice ¢ < p, since only a few sources are sensed by many
sensors. The DS-CCA scheme is tabulated as Alg. 1.

As K — oo, from the convergence claims in [61] it follows that /CLJT- -~ D™IX
and f]; — By, Further, as the number of coordinate cycles 7 — oo, and nested
coordinate iterations K’ — oo for f);(a, ) and E}(a, ), then the updates D™ and E™ as

T — o0 approach §(¢)-close to a stationary point of the cost in (3.16) where lim._,o d(¢) =
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Algorithm 1 : DS-CCA
Initialize Dg.o), Eg.‘”

with the outcome of DS-CCA applied for {\g , = A\p , = O}Z:1 and initial-
ized randomly.
forr=1,2... do
Sensor j forms estimates { ﬂ;}t}i\gl (and {ﬁ;’t}i\;l) via K ADMM updating recursions
in (3.22)-(24) for j = 1, ..., p nested in cycle 7.
for j=1,...,p do
Update D7 (av, 3) via (3.29).
Update B (av, 8) via (3.30), fora = 1,...,qand 8 =1,..., f.
Repeat the updates for K’ > 1 cycles.
end for

end for

0 [similar arguments as in the proof of Proposition 2 can be used here]. As a termination
criterion, the ‘updating’ error |[D7 — D7 7!||r + |E7 — E7 || is checked until it drops

below a desired tolerance.

3.3 Selection of A

Proper selection of the sparsity-controlling coefficients in both CS-CCA and DS-
CCA is critical to ensure that the zero and nonzero entries are placed in the right positions
of the estimated D and E.

Next, a simple and sensible method is put forth to select the \’s. To simplify things,
we set A\p, = Mg, = A, for p = 1,...,q. This selection is reasonable given that the
support of the same rows in D and E, ideally, should coincide as explained in Sec. 3.1. Let
{Ag‘a" 7_, denote the smallest values of the sparsity controlling coefficients that result the

p

pth row of D and E obtained from CS-CCA (or DS-CCA) to be equal to zero.
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Specifically, the proposed method here addresses two challenges: i) find a relatively
large value to initialize A\, which returns an all-zeros solution for the pth row of D (and
E,), ie, f)p: = 0; and ii) gradually decrease ), starting from the relatively large value
set at 1) and determine when to stop. The motivation is to start from an all-zeros solution
and gradually let more and more nonzero values show up in D (and E) by decreasing A,
and reapplying S-CCA. The approach for selecting the initial value for )\, and determining
when to stop decreasing ), is explained next.

The first step (Step 1 in Alg. 2) is to estimate )\‘pna" (not available in closed form) via
estimates 5\;” for p = 1,...,q. After randomly initializing 5\;" and applying CS-CCA (or
DS-CCA) the support sets of the estimates ]AD,,; and Ep: are checked. If the support sets are
nonempty (nonzero entries exist) then 5\;” is increased by a factor of w, > 1. The estimates
5\;“ will keep increasing until the CS-CCA (or DS-CCA) gives an empty support for f)p:
and Ep: in which case it is certain that A7** has been reached or exceeded.

If the support sets f)p: and/or Ep: are empty then 5\21 has exceeded A\p™** in which
case Alg. 2 starts decreasing j\pm by a factor of w; € [1 —¢, 1) (close to one). The estimates
/A\ZI will be decreased until when CS-CCA (or DS-CCA) gives a nonempty support for D P
and Ep: in which case Step 1 is concluded. Note that the closer w; is to one, the more
accurate Step 1 will be in estimating A\J™*.

Given the estimate 5\2"0 from Step 1, Step 2 is focusing on recovering the indices of
columns in D and E that are zero, denoted here as C. Note that the index of a zero column
indicates a sensor measurement acquiring only sensing noise. The estimate ;\;” is scaled
with factors w3 < 1 and wy < 1, where w; << ws. Two different column zero-entry
sets, namely C; (using ws) and C, (using wy), are obtained after applying CS-CCA (or DS-
CCA). Since wy << ws it is expected that C; O Cy. The reason for getting two different
sets C; and C, is to identify which columns (noisy sensors) in D and E will be zero for

both different scalings of S\ZL using w, and ws. This way the columns of E, D that match
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with entries in x(¢),y(¢) that contain information about a source (nonzero columns) can
be distinguished from the columns that correspond to entries in x(¢), y (¢) with just sensing
noise (zero columns). Note that the proposed method is not optimizing a cost, however it
will exhibit good performance as demonstrated in Sec. 3.6 and it is not computationally
intensive.

The last (third) step is to select \’s that result estimates for D and E whose zero
column index set coincides with C from Step 2. To this end, starting from ;\ZL obtained in
Step 1 we gradually decrease their value by a factor ws € [1 — ¢, 1) until the zero column
index set of the D, E estimates in CS-CCA (or DS-CCA) coincides with C. In the numerical
tests later on we set w; = 0.75,ws = 1.5, w3 = 0.1, wy = 0.01, w5 = 0.95. These parameter
values exhibit acceptable behavior irrespective of the data processed, and there is no need

to reselect them every time a new data set is processed.

3.4 Online Implementation

The CS-CCA and DS-CCA schemes derived in Sec. 3.2 are batch algorithms in the
sense that first acquire data and then perform the processing. Such batch schemes are perti-
nent for settings where sensors acquire data for some limited time and then stop. However,
in settings where sensors are constantly sensing new data a batch algorithm will eventually
drain all storing and computational capabilities across sensors. To this end, online imple-
mentations for the S-CCA framework are derived here to allow real-time processing of the

acquired sensor data and reduce computational complexity.

3.4.1 Online Centralized S-CCA (OCS-CCA)
To this end, starting from (3.5) we consider the following time-varying cost that

accounts for a constant stream of sensor data
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Algorithm 2 Selection of the \’s

I: -Step 1: Estimate {\;™}9_,.
2: Initialize {5\;” > 0}7_, randomly.
while(1)
3: Find D and E via CS-CCA (or DS-CCA) using A™".
If D,. # 0 (or E,. # 0)
Update /A\Z1 = ng\;” where wy > 1
else if D, = 0 (or E,. = 0)
Update S\Z‘ = wlj\;”, where wy < 1. Find D and E via
CS-CCA (or DS-CCA) with updated 5\7;‘
If D, =0 (rE, =0)
Update 5\;" = wlj\zl.
else if Dp; % 0 (or Ep; £ 0)
Break while
endIf
end If

end while

N

: -Step 2: Estimate zero column index set (denoted as C) of D (or E)

5: Find zero column index set C; of D and E estimates found via
CS-CCA (or DS-CCA) using w35\’p“ with wg < 1.

6: Find zero column index set Co of D and E estimates found via

CS-CCA (or DS-CCA) using ws AT with wy < w3 < 1.

7: Evaluate C = C1 NCy

o]

: -Step 3: Select {5\,,}2:1 to be used
Starting from the earlier found 5\,)70 = 5\m, iteratively decrease A\, , = w5\, ,—1 Where ws < 1

and apply CS-CCA (or DS-CCA). If resulting zero column index set for acquired D (or E)

matches C then stop.
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arg minp (¢t +1)7' >0 | Ey(t) — Dx(t) — 13
£ A BEl + X, Ap, DT G31)

+U|[ES, (BT —T|[f + ¢ DX, (DT~ 1)17,

where ﬁx,t =(t+1)7! ZZZO(X(T) —1,,)(x(t)—m,,)" andm,, = (t+1)7! Zizo x(T)
(similarly for 3, ; and m, ;) correspond to the online covariance and mean estimates. Fur-
ther, m; := Em,, — Dm,,.

As in Secs. 3.2.1 and 3.2.2, during time instant ¢, we split the minimization problem
in (3.31) into multiple subproblems, which focus on solving one entry of D while keeping

the rest of the entries of D and matrix E fixed. Using a similar way to derive the cost for

D(a, B) in (3.8)

D'(a, 3) = arg ming 3. (Vs — d - hape)’ (3.32)

+ ||¢;5t - dh;,ﬁ,t”% + Ap.ol|d|, where

Yo = (t+ 1) H{ES [y(1) — iy, — 3207 DY, O)[x(T)
— gl — S0 D Yo, O (T) — 1o}

hoz,ﬂ,’t = (t + 1)_1/2[X(T) — Ii"l;mg]g T = 07 ot

p-1 pf
Py = Vel — Y D, 0)Bre — Y D70, 0)By]
t=1 t=p+1
h, ;, := VB, s where B, := 3, (D' 1)” (3.33)

Using the result in (3.13) the minimizer for (3.32) is

/

D', ) = F( g4 D s Sy Se 2 D) (3.34)
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B t . t
where Ef;,fit = > o Vapr Paprs Eg% = > ohipm fora =1,..,q and § =

B

1,....,pf. Notice that the number of summands in Zz;ft and X h2.t

keeps increasing with

time, thus there is a need to calculate them adaptively. Note that:

t

Sy = (t+ 1)) ([x(1) — 1y, ]5)? = Su(B, ) (3.35)

=0

B—1 t
— (t+ 1) DN, 0)) [x(T) — iy Jo[x(T) — 1) (3.36)
/=1 =0
pf t
—(t+1)7" Y DN, 0) ) [x(T) — v Jo[x (1) — 1t g
{=p+1 =0

Next, it is delineated how the quantities in (3.35) can be found in an online fashion. Note
that the first summand of EZ’,ft in (3.35) contains the term Zi’,f,t — rhqlb’,’it, where 272’5715 =
(t+ 1) 38 y(1)[x(1)]s and 1y, = 1,y ]s. It follows readily that ¥}, and

m, , (or m, ) can be adaptively updated as
S = W+ DTG+ ()T Y O], (337)
thy, = 1t 4 1)y o+ (1) 7y (). (3.38)

Thus, there is no need to store all data history as is the case in the batch algorithm CS-CCA.

Further, there is a common part in the second and third terms in E?pft in (3.36), namely

S0l 8) = (t+ 1) o x(0lex(T)] 5 — [ring, Jetin ],

both summands in flm(é, f) can be updated in an adaptive fashion as indicated in (3.37).

Note that

R (L, B) == (t+ 1) o [x(0)]e[x(T)]5 (3.39)
= t(t + 1) R 1 (0, B) + (¢ + 1) 7 x()]e[x(t)]5-
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The same online mechanism can be used to update 2%, without the need to store all data

h2,t
history. Using the same procedure we can derive an updating formula for each of the entries

of E. Specifically, Et(oz, () can be obtained as

~ !

E'(0, 8) = F(% 5, D 510 Sty Spe s o) (3.40)

where Szft is obtained via the expression of Zz;’ft in (3.35) after substituting ', D?, x
y, 1, and 1, , with D!, E', y, x, 1h,; and 1, respectively. Similarly, leﬁgﬂf can be
obtained after making the same substitutions in 252’ . In (3.35). The quantities 12); 5+ and
fl;y 5 can be obtained from the corresponding quantities @b;’ it h’m 5.4 10 (3.33) after apply-
ing the following substitutions: £ — v, D* — Ef, D! — E"! and B, — 3, (E"1)7.

Per time instant ¢ one coordinate cycle is applied to update each entry of D (and E).

3.4.2 Online Distributed S-CCA (ODS-CCA)

An online distributed S-CCA (ODS-CCA) is put forth here for the network setting
considered also in Sec. 3.2.2. The starting point for building ODS-CCA will be the separa-
ble cost function introduced in (3.16) for DS-CCA, after replacing N with ¢+ 1 and making
it time-varying as in (3.31). As in OCS-CCA the goal is to obtain at every time-instant ¢
continuously refined sparse estimates D! and Ef. As in DS-CCA the resulting cost will be
minimized in a coordinate fashion with respect to the ¢ x f submatrices D; (and E;), while
fixing the remaining submatrices to their recent updates. When focusing on minimizing
(3.16) (after replacing N with ¢ + 1) w.r.t. Dj, the Euclidean norms in the first summand

in (3.16) will be replaced with

| 20 By () = 3 iy DI (0,9) = Dyx(, )3

where the most recent updates are used to set all E; and D;, but D;. As in DS-CCA, K

ADMM will be used to form local estimates for the global quantities >, E! 1y (T, i)
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and Y27 D! 'x(1,4) for T = 0, ..., t. However, it is not hard to notice that during time
instant ¢, ¢ parallel ADMM schemes should run to estimate the aforementioned global
quantities. As more and more data are acquired and ¢ increases, the related complexity
would be proportional to ¢ and become eventually prohibitively high. To this end, we
substitute the global terms » > D;x(¢,i) and Y 7 E;y(¢,4) in (3.16) with the updates

P ET'y(t,4) and 327 DI 'x(7,4) for T = 0,...,t, where that data at time T are
multiplied with the latest update for E and D at time T — 1, namely E™~! and D™ This
substitution at time ¢ requires only the estimation of > 7_, E 1ty (t, i) and r D7 x(t, 1)

via K ADMM iterations, whereas there is no need to re-estimate the past quantities for

As in Sec. 3.2.2, let ); and i} denote the local estimates for ) 7, ET 'y(t,7) and
- ]f);’lx(’c, i) respectively obtained at sensor j after X' ADMM iterations within the
time interval [T, T + 1).

Then, the global terms » " | E;y(7,4) will be replaced with the local estimate 7 at
sensor j, while > 37, ;. D;x(7,4) with the local estimate f1} — ]j}X(T,j) in (3.16). To
prevent the presence of third and fourth-order terms resulting from the last summand in
(3.31), this summand is replaced with the following approximate term [similarly to the

ones in (3.17) and (3.18)]

t p p

AN+ D)7 S0 Dix(r )3 DF x(r, i) — 113 (3.41)

=0 =1 i=1
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where the D,’s have been replaced with the past estimates ]5;“1 when multiplying x(, 7).

Then, after replacing the global terms >_7 D 'x(7,i) and 27, BT ly(t,4) with

i=1,i#j

their local estimates f1; and 7); at sensor j the cost

(t+1)‘12 || + DI 'x(7,j) — Dyx(T, )3
Felltt+ 1)y ( ~ D™ x(x, )
+D;x(T, 7)) ()" =I5 + X0 Al Dyl (3.42)

is obtained and will tackled at sensor j to update the entries of D;. The cost in (3.42) for

D; can be further written as

_ . I I
(t+ 17 ol = Dix(T )5 + 301 ApplDielly + 100 — Dol
(3.43)

where ¢j,~r = 77] l’l’] + DT ! (T j) zi,t,l T \/_E 02t \/_ED:rut \/_I and Exu 2 —
—/eX,4, in which,

Sa, =+ 1) S ()T
S ne = (E+ 1) Y DI x(T, ) ()T

=+ 1) Y x(T ) ()T (3.44)

Each of these quantities in (3.44) can be updated in an online fashion as, e.g., 222 ;=
t(t + 1)_12227,5_1—1—(25 + 1)_1,112(;1;)T. The same updating process can be applied for the
other two matrices in (3.44).

Following a similar strategy as before the cost in (3.43) is minimized at sensor j w.r.t.

one entry of D, say D;(«, 3), while keeping the rest fixed in a coordinate descent fashion.
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In detail, ]5;(04, B) can be found as in (3.32) where the involved quantities 1p;7 FYTR (e

Va5, and h, g 1 are replaced respectively by the local quantities at sensor j

’l’l);vauﬁ,t = [ixﬂ7t71]a7: - Eﬁ:_ll]j; (0576) [ixﬂ,t,Q]Z,:

- Z{:ﬁ+1f)§'_l(aa f) [ixﬂ,t,Q]Z,:a (345)

and h;',a,,B,t = [Exﬂ,t,Q]g,;, while,

rape = (t+ )7 [50la — S Do Ox(, )l
— Y l_pn Dy @ O (T, )],
and hj o 5= (t+1)"Y2[x(T, )]s
Note that f);(oz, () can be updated via (3.34) after using the quantities in (3.45) to
form przf =3 o Vjaphjas.and Eif =2 oh?, 5. that replace Ef;’,ft and Zi%

respectively in (3.34). Specifically:

zg;gf = zg;jf -y Di(a, (), (¢, B) (3.46)

— Zgzﬁﬂ ]53.’1(04, 0%, , (L, B) where

St = (t+ 1) Ceolejelalx(t )

oo t(l:8) = (t+ )71 300 [x(T, )]elx(T, )]s

Note that the quantities Eggo‘

Z,

’f and ¥, (¢, 3) can be updated in an online fashion at sensor

j?ﬁ f—
h2,t

j as described in (3.37) which facilitates the updating of Zfbf:f . The updating of X

Ye.,;t(8,8) can be carried out in the exact same way. As mentioned earlier the update
]A)z»(a, B) is formed, at sensor j, as

’ /

D', B) =F(} 0 50 00 50 ot S35 1 A ) (3.47)

where @b;’a’ﬁ’t, h;,a, 54 given in (3.45). The same process can be repeated for obtaining

updates for the entries of E.. ODS-CCA is summarized next.
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Attime ¢, each sensor j estimates the global quantities » &, Ef’lyt,i and > 7, ﬁﬁ’lyt,i
by applying 2K ADMM iterations that result the estimates 77; and ,1;. This is a basic differ-
ence with the batch counterpart DS-CCA in Sec. III-B, where all ¢ quantities D'~ 'x(t) and
Et‘ly(’t) for T = 0,...,% need to be estimated at time instant . That requires a number
of 2t K ADMM iterations which are constantly growing with time in order to process the
newly acquired data. Taking into account the communication complexity per ADMM itera-
tion (see Sec. 3.2.2), here sensor j receives 2(2¢|N;|K) scalars and transmits 2¢(|JN;|+1) K
scalars from/to its neighbors in N, after 2K ADMM iterations applied to compute ﬁi and
ﬂ;. In contrast in DS-CCA in Sec. III-B, the latter quantities have to scale up by a factor
t. Thus, DS-CCA has a lower computational and communication complexity. Nonetheless
DS-CCA will demonstrate a better performance compared to ODS-CCA when clustering

SENsors.

3.5 S-CCA Properties

Next, it is shown that the S-CCA framework in (3.5) has the capability to return
sparse estimates D and E, in which every row contains nonzero values at the entries corre-
sponding to sensor measurements in x(¢) and y(¢) that contain information about the same
source, whereas zeros correspond to entries in x(¢) and y(¢) that contain only noise. To
establish this property it is assumed that a sufficiently high number of data are available
(N — o0), in which case from the law of large numbers it follows that 3, and 2y con-
verge to their ensemble counterpart X, and X, respectively. Then, the sample-based cost

in (3.5) converges to the ensemble-based cost
arg ming, xr(EX,E” + DX, D"-EX,,D” — DX, E’]
+v||EX,E" - I||% + ¢|DE, D" — 1|3

+ Zgzl )‘E,pHEZHI + 23:1 /\D,pHD;:)F:HI- (3.48)
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Let D., E. denote one pair of minimizers in (3.48), while X, denotes the ensemble cross-
covariance between {x(¢)}Y ! and {y(t)}",'. It is studied how the nonzero and zero
entries are allocated across the rows of the estimates D., E.. To facilitate the analysis, an
entry of D, (or E,), say D.(«, ), will be considered nonzero if |D.(«, 5)| > 0, where §
is an arbitrarily small positive value. It is demonstrated next that for proper Ap , and A,
the S-CCA minimization framework returns rows D, ,. and E,. , whose nonzero entries
indices correspond to sensors sensing the same source signal for p = 1,..., g, while the
zero entries correspond to noisy sensor measurements.

In the subsequent analysis no assumptions are made about the data model which
can be nonlinear as outlined in (3.1). Further, it is assumed that each sensor observes at
most one source, thus the source-based sensor clusters S,, are not overlapping. This results
nonoverlapping groups of correlated entries in x(¢) and y(¢). Since the sources are station-
ary the groups of correlated entries are the same in both x(¢) and y(¢), since x(¢) contains
a delayed version of the elements in y(¢). Its follows readily that in the aforementioned
setting the (cross-)covariance matrices >;,%,, 3, and 3, will be block diagonal after
properly permuting their rows and columns. Let the M different groups of correlated en-
tries in x(¢), and y(¢) be denoted by i, . . ., cs; data entries belonging to different groups
G are uncorrelated with each other since the different sources are uncorrelated. A proper
permutation matrix P can be applied in x(¢) (or y(¢)) such that entries that belong to the
same group are contiguous in the permuted vector xp(t) := Px(t) = [x, (1) ... %, (t)]7,
where x, (t) correspond to the sensor measurements acquired during interval [t — 1, ¢ — f]
that contain information about source s,, for m = 1,..., M. Thus, xp(t) (and yp(¢)) has
a block diagonal covariance matrix, namely P3,PT = bdiag(EXgl . Eng ), where DIV
corresponds to the covariance of x., (¢). A similar process can be applied to y(¢) to obtain

yp(t) :==Py(t) = [y, (t) ...y, (t)]" whose covariance matrix is also block diagonal.

36



Let v(F) denote the entries of vector v with indices belonging to the set F. It is
established in Appendix C that
Theorem 1: For block diagonal covariance matrices 3, and X, and if {\p ,, Agp}ps
are selected properly, then for any arbitrarily small 4 > 0 the minimization in (3.48) admits

an optimal solution D, E, satisfying forp =1, ..., ¢

IDe,p(2:,)ll < 0, and ||De.(Z;,) [ 26 (Ap,p) > 0 (3.49)

[Eep:(Z5,)ll < 0, and [|Ec,(Z5,)[12€(Ap,,) > 0 (3.50)

where Z_ip is the complement of the support Z;  of the i,th dominant eigenvector U, ;, of
3, (orX¥,)and i, € 1,...,q. The constants {(Ap ,),&(Ag,,) depend only on A\p , and A,
respectively and are strictly positive.

Theorem 1 states that S-CCA can generate optimal matrices (D., E.) whose rows’
support is a subset of the truth support of the ¢ dominant eigenvectors in U, and U, (which
have the same block diagonal structure as 33, 33,). This is possible since for the pth row of
D, (and E.), there is a corresponding i, column of the eigenvector matrix U, (and U,) such
that |D,,.(Z;))|l1 < 0 for arbitrarily small &, while | D, ,.(Z;,)[1>£(Ap,,)>0 (strictly

positive). Thus, all the nonzero entries of D with magnitude exceeding 9, will have

e.pis
indices in Z;, := support(U, ;) where p = 1, ..., q. This happens since: i) HDe,p:(Z_iP) In
can be made arbitrarily small, thus all entries of D, ,. can be driven arbitrarily close to
zero; and ii) ||D. .(2;,)||1 is strictly positive while {(Ap,) > ¢ by making ¢ arbitrarily
small. Thus, some of the entries of D, ,. with indices in Z; must have magnitude greater
than 0. The number of nonzero entries in D, ,.(Z; p) is determined by Ap ,. Thus, if Ap , is
selected such that ||D. ..||o = || U4, ||o. then recovery of the whole support Z; is ensured.

Note that for an infinite number of data the standard CCA solution D and E will

also be sparse with the nonzero entries across the rows of D (or ]E)) pointing at the sensors
37



sensing a common source. Thus, Theorem 1 states that the S-CCA formulation makes
sense because they assign (non)zero entries in some meaningful positions rather than place
them arbitrarily. However, as will become apparent via extensive numerical tests the true
advantage of S-CCA (in terms of clustering sensors correctly) is in settings with a finite
and small number of data in which case the corresponding D and E do not really give
any insight on the informative sensors. Another important aspect of Theorem 1 is that
perfect recovery of the different groups of informative sensors is ensured no matter what

the underlying data model is (nonlinear in general); this is not the case in [65].

3.6 Numerical Tests

The performance of the batch CS-CCA and DS-CCA, as well as online OCS-CCA
and ODS-CCA schemes is tested and compared with existing alternatives in terms of prob-
ability of correctly clustering sensor measurements based on their source content. The
novel schemes will be compared with i) standard CCA [6, Chpt. 10]; ii) CS-CCA for zero
sparsity-controlling coefficients (A = 0); iii) the centralized sparse CCA scheme in [79]
abbreviated as PMD; and iv) K-means algorithm (see e.g., [38]) used to cluster the different
sensors into groups using the data vectors x; := [2;(0), ..., 2;(N — 1)]* acquired at sensor
J over time-horizon [0, N — 1] assuming the number of sources M is known and the cen-
troids initialized uniformly at random. The distributed algorithms put forth here (namely
DS-CCA and ODS-CCA) are tested in a sensor network of p = 15 randomly placed sensors
within a 2-D area which is represented by two normalized dimensions [0, 1] x [0, 1], while
the sensor communication range is set to 0.4.

In the following numerical tests both linear and nonlinear data models are considered

as specified next. An autoregressive evolution model is used for sources {s,, }}_,, i.e.,

Sm(t) = 5 FonrS(t — 7) + (1) (3.51)
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in which F,,, . € R"™" correspond to the autoregressive coefficients, while L is the order
of the AR process and u,,(t) is white perturbation noise with zero-mean and variance
aZmITXT. In the simulations the sources are scalar, i.e., r = 1.

First, three different non-overlapping scenarios (each sensor observes no more than
one source) are considered to test the performance of CS-CCA and DS-CCA and compare it
with other centralized approaches. The process order L = 1 1in (3.51) is applied here, while
the AR coefficients are selected such that |F},, ;| < 1. Moreover, the memory length param-
eter here is set f = 1. The first testing scenario treats a linear case where h,, ;(s,,(t)) =
P j - Sm(t), where I, ; 1s normal if sensor j observes source m, otherwise h,, ; is zero.
Also note that h,,, (8, (t)) := [Rm.1(Sm(£))s s~ p(8(t))]T. In the non-overlapping con-
figuration considered here sensors {1, ...,5} observe source s;(t), sensors {6, ..., 10} ob-
serve source s () while sensors {11, ..., 15} sense just noise. In the second testing case (de-
noted as Nonlinear Case 1), sensors {1, ..., 5} observe source s;(¢) and the first five entries
in hy (s1(¢)) are equal to [hy 151(t), h1251(t), h1,351(t), h1a51(t), Ry 551(t)] while the last 10
entries are equal to zero. Sensors {6, ..., 10} observe source ss(t) thus the corresponding
entries in hy(sy(¢)) are given by [ho153(t), haos3(t), hass3(t), haass(t), hoss3(t)] while
the rest are zero. Also, the coefficients h,, ; are normally distributed. In the third test-
ing case (denoted as Nonlinear Case 2), sensors {1, ..., 5} observe source s;(¢) and the first
five entries in hy (s1(t)) are equal to [y 151(t), k1251 (t), hi3st2(t), h1asi®(t), hissi(t)]
while the rest 10 entries are equal to zero. Sensors {6, ..., 10} observe source s,(t), thus the
corresponding entries in hy (s (t)) are given by [ho189(t), ho syt (t), hassi?(t), haossi3(t),
ha 5554 (t)] while the rest are zero.

In Fig. 4.2 we compare the probability of correct sensor clustering among CS-CCA,
DS-CCA for a different number of ADMM iterations (X = 5 and K = 15), standard CCA,
PMD, K-means and CS-CCA for zero sparsity-controlling coefficients in the linear case.

The sparsity-controlling coefficients A}, or A%, in 1) and 2) are selected using the algo-
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rithm in Sec. 3.3. The corresponding sparsity-controlling coefficients in PMD are selected
by cross-validation (details in [79]). The multipliers Vj::o and w?jo in the DS-CCA algo-
rithm implementation are initialized to be zero. Fig. 4.2 depicts that CS-CCA achieves the
best performance, while the probability of clustering sensor measurements reaches unity
(corroborating Theorem 1) as the number of data vectors {x(t),y(t)};" goes to infinity
(N — 00). It is also of interest that DS-CCA yields better performance than other cen-
tralized S-CCA approaches, e.g. PMD and K-means. Notice also that DS-CCA achieves
a performance which improves as the number of ADMM iterations K increases leading to
better estimates. Note that as K increases the DS-CCA performance curve will gradually
overlap with the CS-CCA (K — o0). Also it can be seen that if sparsity is not employed,
ie, Ag, = Ap, = 0, then the performance of CS-CCA deteriorates significantly. In the
same way standard CCA for small number of samples has much worse performance than
CS-CCA and PMD, though as explained earlier for N — oo the probability gradually
reaches one since the standard CCA solution f), E will have zeros at the right entries as
N — oo. Similar conclusions can be drawn from Fig. 4.5, which shows the performance of
the aforementioned schemes for the two nonlinear models considered here. This signifies
the capability of CS-CCA to correctly cluster sensors even in nonlinear settings.

In Figs. 4.6 and 4.7 the performance of the online OCS-CCA and ODS-CCA algo-
rithms is compared with the batch counterparts CS-CCA and DS-CCA, as well as K-means.
The tests are carried for the linear setting in Fig. 4.6 and for the nonlinear case 2 in Fig.
4.7. The batch algorithm at every time instant ¢ has to process all data N = ¢, leading to a
prohibitively large complexity as explained in Secs. 3.4.1 and 3.4.2. This is not the case in
the online counterparts that process new data in an incremental way and fixed complexity
(not dependent on time). As expected the clustering performance of the online schemes

is worse than the batch algorithms, though the probability of correctly clustering the sen-
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sors increases with ¢. Nonetheless, even the online schemes achieve better performance
compared to the centralized schemes PMD and K-means.

The role of the memory length parameter f is examined next in the clustering perfor-
mance of CS-CCA. To this end, two different AR model for the M = 2 sources are consid-
ered having order L = 10, while the AR-coefficients are selected such that | F,,, .| < 1 for
7 =1,...,Land m = 1, 2. The clustering performance of CS-CCA is tested for the linear
setting and nonlinear case 2, for two different memory length parameter values, namely
f = 1land f = 5. Fig. 3.5 indicates that increasing the memory length parameter in the
current test setting boosts the performance of CS-CCA, especially in the nonlinear case.
Clearly, the larger f is the more CS-CCA takes advantage of the temporal correlations
present in the data due to the AR-10 source models.

The capability of CS-CCA to perfectly cluster sensors for an increasing number of
sensor data was proved for a non-overlapping setting where each sensor can observe at most
one field source. For the overlapping case where sensors could sense multiple sources there
are no theoretical guarantees for perfect clustering so far. Nonetheless, in Fig. 3.6 CS-CCA
is tested in an overlapping setting and compared with PMD and K-means. Specifically,
a 15-sensor network is considered while there are M/ = 3 sources in the field evolving
according to an AR-1 model. Sensors {1, 2,3} observe source s;(t), sensors {4,5,6} ob-
serve source so(t) and sensors {7,8,9} observe both sources s;(t), and source s3(¢). In
the linear case the mappings in (3.1) are set such that entries {1, 2,3} in h;(s,(¢)) are set
as [h1151(t), h1251(t), h13s1(t)], entries {7,8,9} are set as [hy 451(t), h1551(t), h1gs1(t)]
while the rest of the entries are set equal to zero. Entries {4,5,6} in hy(sq(t)) are set as
[ha152(t), hoosa(t), hessa(t)], while the rest of the entries are equal to zero. Similarly,
entries {7,8,9} in hs(s3(t)) are set as [hg153(t), hs2s3(t), hssss(t)], and the remaining
ones set to zero. For the nonlinear setting the mappings in (3.1) is set such that entries

{1,2,3} in hy(s:(¢)) are set as [hy151(¢), h1251(t), h13s1(t)], entries {7,8,9} are set as
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Figure 3.1. Probability of correctly clustering sensors (F.) vs. number of data vectors
x(t),y(t) in a linear setting.

[h1483(t), h1553(t), hgs3(t)] while the rest of the entries are set equal to zero. Entries
{4,5,6} in hy(sq(t)) are set as [hg155(t), haosi(t), hasss(t)], while the rest of the en-
tries are equal to zero. Similarly, entries {7,8,9} in hs(s3(t)) are set as [h3153(t), haa
s3(t), hs 353(t)], and the remaining ones set to zero. The coefficients h,, ; are normally dis-
tributed. Fig. 3.6 shows that the CS-CCA framework achieves significantly better perfor-
mance in both the linear and nonlinear settings w.r.t. PMD and K-means. The probability
of correct sensor clustering is gradually increasing with NV, especially for the linear model,

reaching a probability much higher than PMD and K-means, which may not be one though.
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Figure 3.2. Probability of correctly clustering sensors vs. number of data vectors x(t), y (¢)
in nonlinear settings.

3.7 Conclusions

A sparsity-inducing CCA framework was put forth and applied to clustering sensor
measurements based on their source content. Norm-one regularization was utilized to im-
pose the sparsity-requirements and recover the different sensor clusters. Relying on coordi-
nate descent techniques a novel centralized algorithm (CS-CCA) is developed to minimize
the associated cost and perform clustering. A distributed iterative approach (DS-CCA) that
relies only on single-hop inter-sensor communications is further developed using the alter-
nating direction method of multipliers. Online algorithmic implementations (OCS-CCA,
ODS-CCA), having manageable communication, computational and storage cost are also
derived for settings where sensors are constantly acquiring data. The potential of the pro-

posed sparse-CCA framework in correctly recovering is established theoretically, while
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extensive numerical results demonstrate the advantages of the proposed approach over ex-

isting alternatives.
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CHAPTER 4
CLUSTERING OF HETEROGENEOUS DATA

4.1 Problem Formulation

We consider a heterogeneous network of sensors, where two types of sensing nodes
are deployed in an area of interest. For instance, in environmental monitoring, or pollution
detection, the first type of sensors could sense temperature across time, while the second
type of sensors could be sensing CO (or CO,) levels [41,49]. In the monitored field there are
p1 sensors of the first type, [see red circles on Fig.1 (bottom)], and p, sensors of the second
type [see blue boxes in Fig. 1 (bottom)]. In the field there are M spatially uncorrelated
sources, where the number of sources M is unknown. The mth source whose intensity is
denoted by random variable s,,(t), for m = 1, ..., M, is located at position 1,,, € R?, while
t denotes the time index and ¢t = 0,1, ..., N — 1. Let 2l and 8 denote the sets of the first
and second type of sensors, with cardinality |2(| = p; and |B| = p,. Further, let l?‘ c R?
denote the location for sensor 5 € 2, and l? € IR? the position of sensor i € B. Diffusion
fields are considered here, which will be modeled using the Green’s function [8]. The field
fi(r,t) denotes the strength value of the field measured by sensors in 2(, and f5(r,?) the
strength of the field measured by sensors in 93, at position r € R?*! and time ¢. Diffusion
fields are pertinent for modeling how heat or chemical substances are diffusing in space
and time [8]. From the theory of Green’s function, see e.g., [8], the two diffusion fields are

modeled as

fl (I‘, t) = (gl * Sd,l)(rv t) 4.1)

fa(r,t) = (g2 * Sa2)(r, t) 4.2)
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where * is the convolution operator, while the functions

1 _lx3
t) = 1 H(t 4.
1 I EES
t) = 1va [ (T 44
9a(r,1) = e R HY (44)

indicate the Green’s functions of the two-dimensional diffusion field, and H () is the unit
step function which is equal to unity for £ > 0 and zero otherwise. Moreover ; and v, are
the diffusivities of the medium through which the field propagates, see e.g., [8]. Further,
Sa1 € R? and Sa2 € R? denote the sources’ distribution at position r and time ¢, and are

given as

Sua(r,t) = M Nim(sm(t) - 6((r — Lg,), 1) (4.5)

Saz(r,t) = 301 Xam(sm (1)) - 0((r = Lygu) 1) (4.6)

where §(-) is the Dirac delta function, and X1 ,, and X3, are random scalar nonlinear
mappings controlling the intensity of the different quantities being measured.

Sensor j € 2 and ¢ € ‘B, located at unknown positions l?l and 17, respectively,
acquire at time instant ¢ scalar measurements x;(t) and y;(t), which constitute noisy mea-

surements of the sensed fields, i.e.,

zi(t) = f1(1§‘,t) + w;(t), for j = 1,2, ..., p 4.7)

yi(t) = fo(IP 1) +wy(t), fori =1,2, ..., py (4.8)

where w;(t) and w;(t) correspond to zero-mean white sensing noise which is independent

of the source intensity signals X1, (Sm (%)), X2.m(sm(t)) form =1, ..., M. Let

x; = [21(t), 2o (t), .oy 2, (B)]T (4.9)

e = [y1(t), y2(t), s Yo (D] (4.10)
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denote the p; x 1 and p, x 1 vectors that contain the measurements acquired by sensors 2{
and *B, respectively, at time instant ¢. Vectors x;, and y; essentially entail spatial samples
of the different views of the monitored area, e.g., a temperature field and a CO field in Fig.
1 (top) and Fig. 1 (center). Due to cost considerations and limited power budget, sensors
may not have GPS localization capabilities. As a result the data in x; and y; do not have
a location signature. Thus, when gathering and processing the data, it is not known which
sensor measurements in x; and y, contain information about the same field sources since
no location information is available.

The field sources [see e.g., Fig. 1 (top, center)] are quite localized affecting a limited
number of sensors in the monitored field. This further implies that different entries of x;
and y; contain information about different field sources. Denote S;" and S;" as the set of
indices of entries in xX; and y;, respectively, that contain information about the mth source
form = 1,..., M, while S is the set of indices in x; and y, that contain just noise. For
example, in Fig. 1 (bottom), there are p; = 30 sensors of the first type in 2l (red circles),
and p, = 30 sensors of the second type in B (blue squares). M = 2 sources are present
forming the two diffusion fields in Fig. 1 (top), and Fig. 1 (center). In Fig. 1 (bottom)
the blue and red ellipsoids surround the area in which 90% of the energy of the source
field sources is contained. Thus, the red circles surrounded by the red ellipsoid correspond
to sensors in 2l acquiring information-bearing measurements about the two sources in the
field in Fig. 1 (top), whereas the red squares surrounded by the blue ellipsoids correspond
to sensors in B acquiring information about the two sources in the sensed field in Fig.
1 (center). Specifically, sensors S, = {4,23} in 2, and S, = {2,8,10,18,24,30} in
B sense source 51 (t), while sensors Sz = {2} in 2, and S; = {5,29} in B sense source
so(t), while the rest of sensors just acquire noise. It is of interest to associate measurements
acquired from the two different types of sensors, which have the entries in x; and yy,

with the present field sources. This task is essential to avoid mixing measurements that
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Figure 4.1. Diffusion field examples (top) sensed by a heterogeneous sensor network with
two types of sensing units (bottom).

correspond to different sensed sources that may confuse subsequent estimation/detection
procedures. Thus, a framework for matching different types of measurements in x; and
v, and clustering them into groups, S}, 82, Syl, SyZ, based on their information content is
developed here.

A fundamental property that can be utilized here is the fact that the entries in x; and
y: tend to be correlated when they contain information about the same source irrespective
of the fact that they measure different quantities.

The reason for imposing canonical variates Dx; and Eyt to be as close as possible
is the fact that each entry of them is trying to uncover the shared sources sensed by x; and

y:. Given the source number M, traditional CCA is capable of estimating the sources that
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are present in both x; and y;, however it is not able to identify which entries of x; and y;
contain information about the same source. A necessary ingredient is the proper introduc-
tion of zeros (sparsity) in the CCA matrices D and E, such that the nonzero entries in each
row of D and E will point to these entries in x; and y; (as well as the corresponding sen-
sors) that contain information about the same source. For instance with reference to Fig. 1
(bottom), there should be one row of D and E with nonzero values at entries with indices
{4,23} and {2, 8, 10, 18, 24, 30}, respectively, corresponding to sensors that contain infor-
mation about source s;(t); while the other row of D and E should have nonzero values
at entries with indices {2} and {5,29} corresponding to sensors that contain information
about source s,(t), while the rest of the entries should be zero. To properly induce sparsity
in D and E, while coping with an unknown number of sources M, and motivated by the
sparse techniques in [64, 70,79, 83, 87], the standard CCA formulation will be enhanced
with norm-one, and norm-two regularization. Further, a proper centralized and distributed
algorithmic framework will be put forth to facilitate the enhanced regularized CCA formu-

lation.

4.2 Regularized CCA

In order to induce sparsity in matrices D and E, and subsequently identify different
subsets of entries in x; and y, that contain information about the same field source, norm-
one regularization will be induced in the standard CCA formulation, motived by the work
in [64,70,79, 87]. Further, sensors are unaware of the number of sources M that may
be present. To cope with this limitation, not handled in standard CCA, the idea is to set
the number of rows ¢ in D and E such that it is larger than the actual number of sources
M. Such an upper bound on M can be easily set by selecting ¢ sufficiently high. Then,

norm-two regularization can be incorporated in the standard CCA, e.g., see [10,83] to zero-
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out the extra rows by inducing ‘group’ sparsity. In detail, the proposed regularized CCA

framework equipped with /- and /5-regularization takes the form:

(f), E) = arg minD,E]\F1 Zivz_ol By, — Dx, — fil3
+o|EX,ET — 1|2 + ¢| DX, DT —1)I%
+ ZZ:1>‘E7PHEP:H1 + Zzzl >\D,p||Dp:H1

+¢p >t IDplla+ 08>0 Byl (4.11)

where the positive scalars Ap , and Ag , are controlling the sparsity (number of zeroes)
in the pth row of D and E, respectively. Further, the nonnegative coefficients ¢ and ¢z
multiplying the last norm-two terms in (4.11) control the number of nonzero rows in D and
E. The last two terms in (4.11) introduce group sparsity, e.g., [10, 83], and can zero out
entire rows in D and E that are not necessary, especially if ¢ > M. Thus, proper selection
of ¢p and ¢g can zero out the (¢ — M) redundant rows in D and E, while estimating the
ground truth number of sources.

The cost function in (4.11) will be split into 2q subproblems each of which subprob-
lems involves minimization w.r.t. a single row of D, say D,. (or E, say E,.) while fixing
the remaining rows of D and E to their most up-to-date values. To tackle the subtasks,
the alternating direction method of multipliers (ADMM), see e.g., [5] [1] will be applied.
The centralized algorithm will be derived to tackle the problem in (4.11), and perform the

desired clustering tasks in the heterogeneous sensor measurements.

4.2.1 Centralized Optimization of RCCA (CR-CCA)
A centralized setting is considered, where a fusion center (FC) collects the measure-
ments acquired across all the sensors. Notice that the cost in (4.11) is a nonconvex function

w.r.t. D and E. Block coordinate descent [4] [71] can surpass this challenge by iteratively
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solving the cost in (4.11) w.r.t. one matrix, say D (or E) while making the other matrix E

(or D) fixed. Specifically, the minimization task wrt D can be rewritten as
D = arg minp N~ SV | Ey; — Dx, — fi)3 (4.12)

+elDE.DT —T|JE + 320 Ap,lDyll + ép 325 1Dyl

In order to solve the problem in (4.12), the proposed ADMM solver will focus on one row

of D, e.g., D,., while fixing the rest of the rows. Thus, D, is obtained as

~

D, =argming N '|E,Y — D,X|3 + Ap, D,

+ ¢p|D,l2 + |1, — D, 2, D73 (4.13)

in which, X := [xg — ft,, X1 — fby, ... Xn-1 — fb,] € RPN and Y := [yo — f1,,y1 —
By s YN-1 — /fl,y] € RPN Let 7 denote as block coordinate cycle index. Note that
the last term in (4.13) produces fourth-order polynomials in the cost function. To simplify
the process of solving (4.13) w.r.t. D,., we fix the second D in the last term of the cost
in (4.13) to the most recent update D! during the 7th coordinate descent cycle (similar
when updating E). Given the estimates D™ ! and E™!in the beginning of coordinate cycle

7, the minimization problem in (4.13) can be rewritten as

D;: = arg minDp:N*HE;le — Dp;XHg + Ap,lIDp:

+ ¢plDllz + e|L,. = D, 2. (D7 "3 4.14)
To tackle the minimization problem in (4.14) we will employ ADMM. To this end,

we introduce an auxiliary vector b, € R'*P! and reformulate (4.14) as the following equiv-

alent constrained minimization problem
(D;:, b;) = arg minDp;,pr_lnE;:_lY - Dp:X”g + Ap,p
Dl + @pllbpll2 +€l|T,: — D, 3. (D™ ) |3,

subject to b, =D, 4.15)
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Notice that (4.15) amd (4.14) are equivalent in the sense that they have the same optimal
solution. A necessary step in applying ADMM in (4.15) is the formation of augmented

Lagrangian function

L7(Dpi, by pp) = NHELY = DX + Ap oDyl + ¢y |l2

N c
+el[T, = D2 (D)5 + (D = by)p, + 5Dy = by I3 (4.16)

where p, € RP**! denotes the Lagrange multiplier accounting for the constraint b, =
D,., while ¢ > 0 is a penalty coefficient ensuring (4.16) is strictly convex w.r.t. D,. and
b,. ADMM is an iterative method, see e.g., [5], which involves the following three steps
(details follow later):
Step 1) Minimize the augmented Lagrangian in (4.16) w.r.t. D,., while fixing b,, and p,,
to their most recent updates, to obtain update ]j;;“ which denotes the ADMM update for
D, during coordinate cycle 7, while the index ~ denotes the ADMM iteration index nested
inside coordinate cycle 7. Here X' ADMM iterations will be applied per coordinate cycle
7, where K is a user-defined parameter.
Step 2) Minimize the augmented Lagrangian in (4.16) w.r.t. b,, while fixing D, and p,
to the ADMM updates f);;"‘ and p;”‘*l obtained at steps 1) and 2), to obtain update b7".
Step 3) Update the Lagrange multiplier using gradient ascent iterations. Let p;* denote
the ADMM update for p, during coordinate cycle 7, and the xth ADMM iteration. These
three steps are applied for ' ADMM iterations, i.e., kK = 1, ..., I, nested inside cycle 7.
The first step in ADMM, during coordinate descent cycle 7, involves minimization of
(4.16) w.r.t. D, while fixing the remaining optimization variables to their most up-to-date

values E™!, b;”‘_l, and p;’”_l. Specifically, ]AD;"€ can be obtained as
[A);?H = arg minDp;N_lHEZle - Dp:XHg + )‘D,pHDp:Hl

' (T~ c T K— TR—
el = DX (DTS + SIIDy = b5+ Dppp™ (@17
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The second step in ADMM involves minimizing (4.16) w.r.t. b,, while using the most

recent updates ]f);;“ and p;”_l to obtain

K . C AT T, K—
b)" = arg mlnbp¢D|]pr2+§HDp; —b,|l5 —b,p;" " (4.18)
The third step involves updating the Lagrange multiplier vector
Th _ o Tyk—1 T, 7,6\T
p,"=p," +c(D})" —by")". (4.19)

Using the convergence claims for ADMM in [5], it can be readily shown that the iterates
]f);;k’ converge to limk%oo]f);g’“ = ]f);:, where ]f);: for p = 1, ..., q is the minimizer of (4.14)
as the number of ADMM iterations goes to co.

To tackle the minimization problem in (4.17), we resort to a coordinate descent tech-
nique, where we minimize w.r.t. an entry of D, say D(p, 3), while fixing the rest of the
entries in D, to their most up-to-date values. Thus, p; subproblems are obtained from

(4.17) each giving the update

ﬁv,”(p, B) = arg mindHC;ﬂ —d- h;75||§ + Apld| + 0.5¢(d — b;,n—l(ﬂ))Q Td. p;ﬁ_l(ﬂ)

(4.20)
for g =1,2,...,p1, where
T 1,7 2,71T
Cp,ﬁ - [ p,ﬂ’cp,ﬁ]
and
h;,ﬁ = []\/’-0.5}(&7 (ﬁ].l’(]f)T_l)T)B:]Ty
in which
Chp = NTEEY = Y0 D (p, )Xy,
¢ =y = 20 g D™ 1(p, £)[X, (D7),
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As it has been shown in [64, Apdx. A], the closed form solution to (4.20) can be expressed

as
T,k—1

NT, K T r Corke b, (ﬁ> c
D" (p7 6) = F(Cp,ﬁ7 hp,ﬁu §(bp’ l(ﬁ) %) > 5 > /\D,p ) (4.21)

where F(p1, P2, p3, pa, A) 1= sgn(p{ pa + p3) (4.22)

T
« (max (0, ( PiP2tps| ( A ))) |
IP2[[3 + pa 2(|lp2l13 + pa)

It is established in Apdx. C that the minimizer of (4.18) results the following update
b7 = 'S, (P + ¢ D", ¢p) (4.23)

where S, (v, ¢) = [1 — ﬁhv.
Next, starting from (4.11), we focus on updating each row of E, e.g., E,., while
fixing the rest of the rows of E and D. During 7th coordinate cycle, the estimate E7 is

obtained as

~

EJ, = argming N™'|D}7'X — E, Y5 + Ag,|IE,. |

p:

+ 0Bl + vl|T, — E, 2, (B3, (4.24)

In order to solve the problem in (4.24), we follow a similar process as the one used to update
IA)T: in (4.14). Then, we can obtain the updating recursions for E”‘(p, 7) BT’“ € RYP2 and
p," € RP2*! "in which the later two quantities are similar to b”*, and p,", respectively.

The update E”‘(p, j) can be obtained as

T,k—1
S . vl w271 Vo Co v p (])
E" (pa.]):]F< [Cp,jan,j]T’hp’i(bp, 1(]) . c

)y = AEyp) (4.25)

N o

forp=1,...,q,and j = 1, ..., ps, while C and hT are obtained similarly to ¢hr o3

3> pr’

Cf) 5> and h7, respectively, after substituting X, Y, 3,D", DL E! 8, p,andeby Y,
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X, f)y, ET, ET”, IA)T”, J, p2, and v, respectively. Then, the auxiliary vector lv);”{ can be

obtained by

V]

b7 =S, (B + ¢ BN, 6p). (4.26)

Finally, the Lagrangian multiplier p” can be updated as
vk _ 2T R—1 (T, WAV
p," =p, +c(E}" —bJ") 4.27)

The entire updating process for implementing the centralized regularized CCA (CR-CCA)

algorithm is tabulated as Algorithm 3.

Algorithm 3 : CR-CCA

Initialize D©) and E(©) randomly. Initialize bg, f)g, pg, f)g toOforp=1,2,...,q.

for T=1,2,..., do
for p=1,2,...,¢q do
for k=1,2,...,K do
Update D™"(p, 8), by, and p},™ via (4.21), (4.23), and (4.19) for B=1,...,p1.
Update E™"(p, 5), B;’”, and p," via (4.25), (4.26), and (4.27) for j = 1,...,po.
end for
end for
Set ]A);?Ll — D" and ]:];:Jrl —E forp=1,...,q
If |D™! — D7||p + |E™t" — E7||¢ < € for a prescribed tolerance €, then break.

end for

Notice that the updates in (4.21) and (4.25) for 5 = 1,...,prand j = 1,...,py
can be implemented for multiple nested coordinate cycles, within coordinate cycle 7 and
ADMM iteration k, indicated by iteration index 7, i.e., the updates would be written as
D"™*7(p, 3) and E™*™(p, 5). In Alg. 3 it was assumed that 7 = 1, which implies that
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the quantities in (4.21) and (4.25) were updated for one cycle, and thus the 7, superscript
was not included. However, notice that to solve (4.17) (as well as the corresponding mini-
mization task when updating E;;’“) the updates (4.21) [and correspondingly (4.25)] should

be applied for an increasing number of nested coordinate iterations, i.e., 72 — oQ.

4.2.2 Distributed Implementation of RCCA (DR-CCA)

The proposed regularized (R-)CCA framework in (4.11) will be tackled here in a dis-
tributed fashion in a setting where sensors can only communicate with neighboring sensors
located within sufficient communication range (single-hop neighbors). No central fusion
center exists, and sensors need to carry out the data processing and perform the clustering
tasks in the network (in-network processing). The communication graph of the sensor net-
work is formed by all sensors in 2 | J B, which correspond to the nodes of the graph. Two
nodes are connected if and only if they are within the communication range, in which case
an edge connects them in the graph. To develop a distributed algorithm, we will impose the
following assumptions in the heterogeneous network topology: Al) The communication
graph 2 is connected; A2) The communication graph ‘B is connected; A3) Every sensor in
20| J B has at least two neighboring sensors where one is in 2 and the other in B, i.e., if /\/}
denotes the single-hop neighborhood of sensor j € 2| JB, then 3j and j', with j € 2 and
j’ € B, where {7, j/, } C M Each sensor j € 2 (first type of sensing sensor), is responsi-
ble for updating the jth column of D, namely d; € R?*!, while sensor i € B is responsible
for updating the ith column in E, namely e; € R?%!. Note that assumptions Al), A2) and
A3) imply that the communication graph 2(( )5 is connected. The information acquired
across sensors is spatially scattered, i.e., sensor j € 2 has available only measurements
x¢(7) (jthentry in x;), while sensor ¢ € ‘B has available only the scalar measurement y;(7)
(ith entry in y,). Further, let X;(j) and y;(¢) denote the jth and ith entry, respectively of

the zero-mean translated vectors x; — f1,, and y, — f1,, respectively.
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In order to obtain a distributed algorithm for tackling the R-CCA framework, the
three ADMM steps outlined in Sec. 4.2 will be carried out in an in-network fashion here.
To this end, a framework to estimate the global quantities D(x; — f,) and E(y; — f,),
which contain information from all sensors, needs to be obtained. Note that these global

quantities can be written as an average sum of local terms available across sensors, i.e.,

1

D(x; — ft,) = pl[p—l i1 d;%(j)] and (4.28)
1

E(y: — ft,) = p2[p—2 Yo eye(i)] (4.29)

Substituting the previous quantities in the cost in (4.17), we obtain the following minimiza-

tion problem

N . _ N— S N
D" =argminp N ' Zt:ol [P S A

- D(Paj)it(j)ng+>‘D,p||Dp:”1+Dp:p7’ﬁ_1

7=1 14
1 N—-1 m p1 R
+ell =5 (O D(p, )x:(3) O A7 "%(5)"II3
t=0 j=1 Jj=1
c T,K—
+ 5D, — by (4.30)

Specifically, ADMM will be employed to allow sensors estimate in a distributed fashion

the global quantities

p2 p1

D BTN p,0)3(i), Y DT (p, )%i()) (4.31)
i=1 j=1

which correspond to the latest updates for the quantities at (4.28) and (26), at the beginning
of cycle 7. Sensor j € % is responsible for updating the entries {D(p, j)}7_, in D, which
further implies that sensor j will keep tracking of the jth entry in vectors b, and p,,, namely
b,(j) and p,(j), respectively, for p =1, ..., q. Toward this end, the minimization problem

in (4.30) is split into p; subtasks each one of which focuses on updating one entry of D,
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while fixing the remaining entries. Then, the optimization problem for updating D(p, j) at

sensor j € 2 can be written as (d corresponds to the optimization variable)

N—-1  p2
D™ (p, j) = argmingN=' Y " | Y E(p, i)y4(i)
t=0 =1

o p1 DTN 1(p7 )Xt( )—|—DTK 1(,0,])5(1&( ) d- Xt( )||2

N—-1 p
+ Apld| +dpy () + gL, = N7 Y] ZD”‘ H(p,i)%4(i)
t=0 =1
A pl A~
=D p, )% () + d - x(£,5) (O dTx(0) "3

=1

g[d b7 ()%, for j = 1,2, ..., py, (4.32)

where E™! := E7"1X and D™! := D1 (the updates after K ADMM iterations). The
necessity of estimating the quantities in (4.31) to allow sensor j update f)T’k( p, j) is appar-
ent from (4.32). Sensor j € 2 has available measurements {X;(j)}.*,', and is responsible
for updating b,(j), p,(j), and {D(p, j)}7_,. To this end, ADMM will be utilized to ex-
press the quantities in (4.31) as the solution of a separable convex minimization problem
that can be solved in a distributed fashion and enable each sensor j to estimate these global
quantities. These local estimates will be used to replace the corresponding global quantities
in (4.32) and enable sensor j to update D™*(p, §).

ADMM based estimation of global quantities:

Sensor j can obtain estimates for > 7', D™1(p, )%, (i) for t = 0,..., N — 1, by solving

the separable constrained minimization problem:
min, -1 Z Inyy " = oD (p, i) 13 (4.33)

st =i e N fort =0,1,., N — 1

whose optimal solution is "7, D™~ (, i), (i), and 7] i ' € R! corresponds to the local

estimate of 371 D™ (p, i)%,(i) for sensor i € 2, and N2 are the neighboring sensors
61



of i in sensor set 2. Note that the constrains 7, & = 77:,'; Lite NEfori =1,...,p

guarantee that the local estimates 7]} "

ip Will be equal across all the p; sensors. Employing

ADMM across the network, the minimization task in (4.33) can be tackled by sensor j

through updating the sensor j’s local estimate 7;; ,, along with the Lagrange multipliers

N
{ i ,T,k—1

i1} earn» that correspond to the quality constraints nit = nT, “fori € N2

7/7t7p ,
The corresponding ADMM updating recursions are given as

vl T = ol R He=1)+0.5ea[n) (1) — 0 (o) (4.34)

Jstsp Jstsp Jitp

s (1) = [(2+ 26N DLI x [20D7 (0, )%:())
'/77'7'@— ,T:‘i T,k—1
D (I OB e O) ERA A0

F ) (435)

in which, ¢ is the network ADMM iteration index, and c, represents a positive step-size.

The convergence results in [61] reveal that if . — oo, limHoon;’t’fp_l(L) =" f)”“l(p, 7)

%4 (1), no matter how N e '(0) and Mty '(0) are initialized. In the practice, as well as the

Jitp

numerical tests a finite number of Ky ADMM iterations are performed and let n;t“p L=

Nty Y(K,). Let’s define ﬁ;; = [0, . ﬁ;t_;’K]T € R?*! denote the corresponding

estimates, which can be obtained in the beginning of 7th coordinate cycle at sensor ;.
A similar procedure (4.34)-(35) is applied across sensors in B for estimating » 1%,

B! (p,1)y:(7) after implementing K5 network ADMM iterations to obtain estimates ﬁ};;

62



where sensor f € B is in the neighborhood of sensor j € 2l considered earlier. Thus

using the local estimates the cost function wrt D(p, j) in (4.32) can be replaced with
]A)T”"(p,j) = arg min,0.5¢[d — b;’”*l(j)]2 + Ap,,ld|

N-1
FNTT 7 = i %) + DT xI
t=0
1 N-1
el = 5 YIS =D (p %) + - %)

t=0

< (AT T3 +d-pye(f) for j = 1,2, .., pr.

For notational simplicity let

~T—1 _ ~AT—1 ~AT—1 ~T—1 IxN
Vip = Viop Vit VN1, € R,
~7—1 (a1 aAT—1 aT—1 gxXN
n;, = ["Tj,o M1 ---nj,N—l] € R,

~T,k—1 | 1aT,k—1 AT, k—1 AT,k—1 1xXN
Njp = [77330,/7 i1 "’nj,N—l,p] €R

X; = [%o(5), %1 (7). Xn 1 (7)) € RV
Moreover, the following notation is used
T,K . ~T—1 AT, Kk—1 NT,E—1 N\~
Mj,p =V, — N, T D (p, )X,
LRI . . —1/a7,k—1 T, K — N AT—
Pjvp = 60 SIP: - 60 5N 1(17j,p _D 1(p7])Xj)(773 1)T7

Q;,n — €0'5N71X]’(7A’];_1)T

then the cost in (4.36) can be rewritten as

D™ (p, j) = arg mingN ™" M7 — d - X3

+Apyld| +d-py 7 (5) + [P7; —d- Q713

c Ry .
+§(d—b;’ L)) forj=1,2,...p1.
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(4.39)
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(4.41)
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Using a similar method to solve (4.14) in Centralized R-CCA framework, the solution to

(4.42) can be expressed as

c

Th—1(
N re g Cprant oy P2 0)
D™ (p, j) = F(L75, AL5, 5 (b Yj) - ——=

c

C
):5) (4.43)

T,k —0. T,K T,K1T T,k __ —0.5v T,k1T
where I') = [N~0°M7 P77, and AT = [N~%°X;, Q7"]".

After finishing the first ADMM step for (4.17), our focus is shifted to implementing
the second step in (4.18) in a distributed fashion. Similar to the optimal solution for b;’“_l

given by (4.23) in the Centralized R-CCA scheme, sensor j € 2l is responsible for updating

the jth entry of b} in (4.23) which is given by

1 ¢D 1y - A .
_[]’ B T,K— NT,K ]+<p7,n (]) + CDT’R(ﬁ?])) (444)
¢l DT

where p}*~'(j) and D™ (p, j) are available for sensor j € 2. The challenge in calculating
(4.44) is finding the global value ||p7"~' + c(]f);;’“‘)THg in a distributed fashion. Let m]" :=

;" + e(D3) 7|13, then

= Y () + D7 (p, )2 (4.45)

P o

Notice that, m ;" is an average-like quantity, and ADMM can be employed as in (35)-(36)
to estimate m " across sensors. Let ﬁ;; denote sensor j’s local estimate of the global
quantity m7* after taking K, network ADMM iterations, say u;’; (K>). Thus, b7*(j) can

be obtained as

1 —1/, TR .
Ly = 20y (e () 4 D, ). (4.46)
C uj7p

by (j) =
Finally, the last task is to complete the third ADMM step in (4.19) in a distributed way.
Sensor j € 2l needs to update p;*(j) based on the most recent updated D™ (p, j) and

b7 (j), which can be directly obtained by

~

p,"(j) =Py (j) + (D™ (p, j) = b;"(5)). (4.47)
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Starting form (4.11), a similar process will be followed to obtain updating recursions
for ET’“(p, i), which involves iteratively updating the corresponding vector B;’”(i) and
Lagrangian multiplier p7*(i). Specifically, let’s denote IQZ fp_ ! as the local estimate of

ﬁilﬁlfv"*l(p,ﬁ)yt(f) after applying Ky, ADMM iterations across sensors in 8. Define

v = [ﬁft_llK, ...,DZ;;’K]T € R7*! and let
f/;’/f’l = [agbﬁgl, ﬁZ}Gj’p]T c RN (4.48)
it = [y, € RPN (4.49)
Y = [yol(i), ..., yn_1(i)]" € RN (4.50)

where h € 2l corresponds to the neighboring sensor of ¢ € *B. Using similar notation as in
(4.41) let us define for sensor i € B

Y AT — AT, k—1 (T, K— \

Mi,p = ,r'h,pl - Vi,p +E 1(p7 Z)Yh

s Tk . __ . . — ~ T,K*l - T,R— -\ X7 AT —

Pi,p T UO 5IP3 - UO 5N 1(Vi,p —E 1<IO7 Z>Yl)<yz 1)T7

Q;r,n . UO.5N—1Yj(I>;1'71)T' (451)

Thus, the recursions for updating E™*(p, i), B;’“(i), and p}" (i) can be obtained as

ET’H(p, Z) _ F([N—Oﬁl\”/ﬂ',n f):,:]T’ [N_O'5Yi, Q;’,H]T’

P
=T,k—1(;

Corrk—1/; pﬂ’ (Z) ¢
~(b™ S Y 4.52
2<bp (2) c )72) ( 5 )

LTk 1 2 wTrr—1(; [T,K :

() = (1= 2, (57 1() + B (. ) @53
Py (1) = Py () + (BT (pyd) — B} (0)) (4.54)

where 47" denotes the local estimate at sensor i € B local estimate of ||p;;T’“’1+c(]:3;;“)T||§

after applying i, ADMM iterations. To summarize, the distributed regularized CCA(DR-

CCA) algorithm is tabulated as Algorithm 3.
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Algorithm 3: DR-CCA

Initialize {d} € R?*" for j € 2 and e; € R?*! for i € B randomly. Initialize scalars
bY(j) = bY(i) = p3(j) = PO(i) = 0forp=1,2,...,q,j = 1,2,...,prand i = 1,2, ..., ps.
for r=1,2,..., do
for p=1,2,...,q do
for k=1,2,...,K do
Sensor j € 2 and ¢ € B form estimates {ﬁ;”fp_l Nt
and {7}, VL, via Ky network ADMM iterations.
Update D™ (p, §), b7 (j) and p}*(j) via (4.43), (4.46) and
(4.47) respectively for j = 1,...,p; and 5 € 2.
Update E™*(p, i), b7 () and p7* (i) via (4.52), (4.53)
and (4.54) respectively forv = 1,... py and 7 € ‘B.
end for
end for
If max;eq|d] —d] !> < ¢ and max;eq]|e] — & '||2 < € for a prescribed tolerance

¢, then break.

end for

From the convergence claims in [61] it follows that, as Ky — oo, ﬁ;:g_l — ]AD;;””*lX,
77t > DX 7 5 EnlY and 01 — BE7IX. Similary, as K — oo, the D7
and E7* obtained from (4.43) and (4.52) go to the optimizer of D7, and E7 of (4.14) and
(4.24) , respectively. Further, as the block coordinate cycle 7 — oo the updates D" and E7

will approach d(¢)-close to a stationary point of the cost in (4.11) where lim._,od(¢) = 0.
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4.3 Parameter Selection

The CR-CCA and DR-CCA schemes utilize two different kinds of regularization co-
efficients. The ¢5-regularization coefficients ¢ and ¢p control the number of zero-rows
in D and E. The /;-regularization coefficients {\p , and Ag,}7_, are used to control
the number of zeros in the pth row of matrices D and E, respectively. Thus, it is criti-
cal to choose the proper coefficients, which ensure CR-CCA and DR-CCA algorithms can
accurately and efficiently identify and match groups of sensors in 2l and *B, whose mea-
surements are affected by the same source. Further, proper selection of ¢p and ¢p can
facilitate estimation of the number of field sources via the number of nonzero rows in the
estimated D and E matrices.

First, the range of the number of field sources is going to be estimated. Recall that,
in standard CCA, Dx, is an estimate of the underlying source signals. The ensemble co-
variance of Dx; is DX, D and given that there are M sources, it should ideally have rank
equal to M. Thus, in an ideal noiseless setting D3, D7 should have M nonzero eigenval-
ues corresponding the energy contributed by the M field sources. In practice, the ensemble
DX, D7 is estimated by the sample-average based estimator D3, D7, which will be af-
fected by noise and the usage of a finite number of samples estimating 3. In general, rank
(]A)ﬁmle) = ¢ in the presence of noise. The challenge is to decide how many eigenvalues
to keep and interpret them as source components.

After applying CR-CCA (or DR-CCA) for ¢p = ¢p = 0and \p, = Ag, = 0
for p = 1, ..., q, we estimate the number of ‘source-related’ eigenvalues in D3, D7 using
the cumulative percent variance (CPV) approach, see. e.g. [27] and [90]. Specifically, the
percentage of total variance captured by the first A largest eigenvalues of D3, D7, namely
Azl = Ag2 >, ..., > Mg 4 18 quantified as
2?:1 Az,

3:1 Azi
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where ¢ corresponds also to the total number of eigenvalues of D3, D7. A relatively large
and small value, namely R, and R;, are used for C'PV4(%) to estimate an upper and lower
bound on the number of field sources. Values R, = 95% and R; = 75%, will be chosen
here to estimate the upper and lower bounds Mu and Ml, respectively, on the number of
sources. The percentages can be set based on prior information we may have on how strong
the sources are relative to the sensing noise.

Secondly, the zero column index sets of D and E, denoted as Cp and Cg, respectively,
are estimated. At this stage the number of nonzero rows in D and E are irrelevant, thus
¢p = ¢p =0,while A\p; = Ap2 = ... = Apgand A\g1 = Ag2 = ... = Ag, since we are
looking for column-wise sparse structures. The estimates of sparse sets Cp and Cg can be
obtained through the following three steps: Step 1) Find the smallest values of Ap ,s and
AE,pS, denoted here as A% and A%, that result D and E in CR-CCA (or DR-CCA) to be
equal to zero; Step 2) Multiply A\7** and A" with a sufficiently small coefficient w;, and
apply the scaled sparsity-controlling in CR-CCA (or DR-CCA) to get D and E; Step 3)
Use the zero column support of D and E to estimate sets Cp and C. This process can be
used to distinguish the columns in D and E (and subsequently the entries in x; and y;) that
contain information about a source (corresponding to a nonzero column), or just contain
sensing noise (corresponding to zero-columns). To estimate the unknown A% and \3%*,
via estimates 5\’5 and 5\75 someone can start from A\p, = A\g, = 0 for p = 1,...,¢, and
gradually increase Ap , and Ag , by a small step size A, and apply CR-CCA (or DR-CCA)
to obtain D and E until the matrices D = 0 and E = 0. Then, the largest set of values
AD.p; AE,, that gave nonzero estimates D and E is retained as ;\73 and 5\7]5

Third, proper ¢p, ¢r, {Ap,p, A D»P}Z=1 are selected to implement the clustering task
via CR-CCA (or DR-CCA). Coefficients ¢p, ¢g, Ap,, and Ag , are initialized to zero.

A~ ~

Then, Ap, and Ag , are increased gradually until the zero-column set of estimates D, E
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match the sets Cp, Cp obtained earlier. Let the sparsity-controlling coefficients achieving
that be denoted as Ap o and \g . For simplicity in notation let D and E denote the estimates
for D and E after using the most recently updated values for ¢p, ¢z, {Ap,, A DMJ}ZZ1 in
CR-CCA (or DR-CCA).

Fixing the coefficients A\p , = Apo and A\g , = Ag for p = 1, ..., g, the coefficients
¢p = ¢ are gradually increased (starting from 0) until the number of non-zero rows in D
and E lies between Ml and Mu

As ¢p and ¢ are increasing, more rows in D and E will be zeroed out. The chal-
lenge is when to stop increasing ¢p and ¢g such that the number of nonzero rows in D
and E does not drop below the number of field sources. The goal is to obtain estimates
D and E that share the same nonzero row index set and they are robust in the sense that
when slightly changing ¢ or ¢ does not change the number of nonzero rows in Dand E.
Let R p and R r denote the nonzero row index set for matrices D and E, respectively. The
coefficients ¢p and ¢ will be increased up to the point where ﬁp = ﬁE Since there is a
possibility that a row of D and E, say D o and Ep:, may not be zeroed out simultaneously
by adjusting ¢p and ¢, we force concurrent zeroing out by increasing correspondingly
Ap, or Ag,. For fixed ¢p and ¢ parameters, the sparsity-controlling coefficients are
readjusted until ﬁD = ﬁE and f), E are robust (the set of nonzero rows does not change
with slight changes in ¢ or ¢g). If the latter requirements can not be met, ¢ and ¢y are
increased to generate new zero rows in D and E, and then ) p,p and A\ , can be readjusted
again.

The parameter selection scheme is summarized below as Algorithm 4. The zero-
column index sets of the estimates D and E are denoted as Cp. and Cg ., respectively;

while the number of the common non-zero rows in D, E is denoted as M...

Algorithm 4: Sparsity-Controlling Coefficient Selection
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¢ Find the upper and lower bounds M, and M,.
Use CPVy, = 0.75, CPVy, = 0.95.
e Estimate the zero-column index sets of D, E: Cp and Cg.
Initialize: ¢p = ¢p =0, {A\p, = Ap, = 0}7_;.
Step 2.1) Find estimates A%, N#%*, namely A A
Step 2.2) Use wi A7, wy A\ into CR-CCA (or DR-CCA).
Determine Cp and Cg of D and E obtained at Step 2.2.
e Adjust ¢p, ¢, and {\p ,, )‘EW}Zzl alternatively.
Initialize ¢p = ¢p = Ap, = Ag, =0forp=1,...,q.
Find D, E using CR-CCA (or DR-CCA) and determine sets Cp . and Cg ...
3.1) Find proper {\p ., )\E,p}zz1 resulting sets Cp and Cp.
while (Cp. C Cp orCg. C Cg)
If Cp. CCp: {Ap,p = Ap,+Ax}is
If Cp. CCri {App = Amp + Ar}iss
Run CR-CCA (or DR-CCA) and update Cp . and Cg ..
end
3.2) Increase ¢p and ¢ gradually (using step size A,) and run CR-CCA (or DR
-CCA) to update ]5, E and M., until Ml <M., < Mu Initialize R as the set of
the common nonzero row indices in D and E.
3.3) Find pertinent D and E.
while (M; < M, < M,)
while (true)
WIf p € R. and ]ADp; #0,then \p,=Ap, + Ay, forp=1,..,q
(i)If p € R, and Ep; #0,then \g, = \g, + Ay, forp=1,...,¢q.
(iii) Run CR-CCA (or DR-CCA), and update D, E, R p, R 5.
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(V) IfRp =Ry = Re
If D, E are robust, then STOP.
else, ExitFlag = 1, and Break while.
end
end
(v) If the number of the common non-zero rows in D and E < IR.|, ExitFlag = 2
and Break while.
end
If ExitFlag = 2, then update M, = |R.|.
If ExitFlag = 1, then increase ¢p, ¢ gradually, i.e., pp = ¢p +n - Ay,
¢ = ¢ +n- A, forn=1,2,..., and use them in CR-CCA (or DR-CCA), until
the number of the common non-zero rows in D, E < |R.|. Update M. = |R.|.

end

The Break while in Alg. 3 terminates the execution of the inner while loop, and the
STOP exits from Alg. 3. In the numerical tests, the parameters involved in Alg.3 are set
as follows: R; = 75%, R, = 95%, w; = 0.01, A, = 0.005, Ay = 0.005, ¢ = 0.5, and
v =0.5.

4.4 Simulation Results

The performance of CR-CCA and DR-CCA schemes is tested and compared with the ex-
isting methods in terms of the probability of correctly clustering sensors according to their
source content, which is equal to the probability of correctly assigning zero and non-zero
entries when estimating D and E. The proposed schemes are compared with i) the spar-

sity inducing CCA algorithm in [79] abbreviated as PMD; and i) intelligent K-Means
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(iK-Means) clustering approach in [13], [46] which estimates the number of clusters based
on sequential extraction of anomalous patterns in the observation data, and then applying
estimated cluster number in the traditional K-Means [38].

Consider a setting in which M = 3 uncorrelated sources with p; sensors in 2( and
p2 sensors in set *2B. The diffusivities in the Green’s function, namely ~; and 5, are set
as y; = 1 and 7, = 2. Three scenarios with low, medium, and high number of sensors
(denoted as low, medium, and high setting, respectively) are considered in the testing.
Specifically, the [ow setting consists of p; = 10 sensors in 2(, and p, = 10 sensors in
set 2B while sensors in sets {2y, By}, {As, B4}, and {As, B} observe sources s; (1),
so(t), and s3(t), respectively, and the remaining 14 sensors sense noise. In the medium
setting, p; = 15 and p, = 15 sensors are deployed, where sensors in {24, 5, Bs, B3},
{Us, B}, and {As, A7, Bs} sense sources s;(t), s2(t), and s3(t), respectively, and the re-
maining 21 sensors only sense noise. The high setting consists of p; = 30 sensors in
2 and p, = 30 sensors in set 2B. Sensors {Ay, Aoz, Bo, Bs, B, Bis, Bog, B3} ob-
serve source s1(t), while source so(t) affects sensors {2(y, B5,Bag}. Further, sensors
{7, As3, Aop, Aoy, By, By, Bos } acquire measurements from source s3(¢), and the remain-
ing sensors observe just sensing noise. The low number of sensors setting simulation results
are depicted in Fig. 4.3, while Fig. 4.4 shows the performance for the medium setting,
and Fig. 4.2, Fig. 4.5, Fig. 4.6 correspond to the high number of sensors setting. In Fig.
4.2, Fig. 4.3, Fig. 4.4, Fig. 4.5, and Fig. 4.7, the sensing signal-to-noise ratio (SNR) in
the acquired measurements is set to be 10dB. The number of ADMM iterations, namely
K, is set equal to X' = 20. Note that, all the simulation results are produced after 150
independent Monte Carlo runs.

In Fig. 4.2 we compare the probability of correctly clustering sensors among CR-
CCA for different g (upper bounding the actual number of sources), DR-CCA for differ-

ent ¢ (g = 5,6,7), PMD and iK-Means. The number of the network ADMM iterations,
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say K, is set to 20. The corresponding regularization coefficients, ¢p, ¢r, Ap S and
Ag,ps in CR-CCA and DR-CCA are selected using the Alg. 3 in Sec. 4.3. The sparsity-
controlling coefficients in PMD are selected through cross-validation, whose details can
be found in [79]. Fig. 4.2 depicts that CR-CCA yields the best performance, and as the
number of data samples increases, the probability of correct sensor clustering will increase.
It is also interesting that DR-CCA achieves better performance than other centralized al-
ternatives, i.e., PMD and iK-Means. Thus, Fig. 4.2 clearly demonstrates the capability of
CR-CCA and DR-CCA to correctly cluster sensors in heterogeneous networks based on
their information content. Note also that selecting ¢ does not affect performance as long
as ¢ > M. Notice that for a fixed number of data samples, the probability of correctly
clustering sensors based on their source content is not affected significantly by the value
of ¢q. Notice that, in the iK-Means, the selection of the number of clusters and the task of
clustering the sensors are quite associated with the magnitude of the sensor data, resulting
errors when estimating the number of groups and improper clustering, as sensors in the
same source-group do not necessary acquire measurements of similar magnitude. From
testing iK-Means, the estimated number of clusters was always equal to 1 irrespective of
the number of measurements used, making the probability curve to be straight. The same
conclusions with Fig. 4.2 can also be obtained from Fig. 4.3 and Fig. 4.4 under the [ow and
medium number of sensors setting, respectively. The results in Fig. 4.2, Fig. 4.3 and Fig.
4.4 corroborate the capability of our algorithm in sensor clustering no matter how many
sensors are deployed as long as a sufficiently large number of consensus iterations K5 is
run.

Fig. 4.5 depicts the performance of DR-CCA for different network ADMM itera-
tions, i.e., Ky = 10, Ky = 20, and Ky = 30 for the p; + p, = 60 sensors. The test results
show that as K5 increases, DR-CCA can achieve better performance. Another interesting

property is that CR-CCA outperforms DR-CCA, which is expected. Note that as Ky — o0,
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the involved global quantities can be precisely estimated by the ADMM technique applied
in 2 and B, resulting DR-CCA to behave similarly to CR-CCA.

Here we also test the performance of CR-CCA and DR-CCA along with sensing SNR, i.e.,
SNR=5dB, 10dB, 15dB, 20dB and 25dB. The network ADMM iteration is set as Ko = 2
for DR-CCA, the sparsity-controlling coefficients are chosen through the Alg. 3 in Sec.
4.3, and the number of data vector is set as N = 500. Fig. 4.6 depicts that CR-CCA and
DR-CCA with larger SNR exhibit better behavior than those with smaller SNR, irrespective
of the values of ¢ used in the simulation for p; + po = 60 sensors.

Finally, we examine the performance of DR-CCA for ¢ = 5,6, 7 and N = 500, 1000,
versus the average number of scalars communicated per sensor in the network. Recall that,
in 7th block coordinate cycle, in the beginning of updating the pth row of D, sensor j € 2
receives scalars {07, }/7;" from its neighboring sensor f € B, then during the xth ADMM
iteration, sensor j needs to communicate with its \J\/f‘\ neighboring sensors in 2{, which

includes transmitting scalars {{vj’T’“_l(ﬁ)}j/e A n;’fp_l(é), w?f;f(ﬁ) w01 VEE, and
J s 5 ’

3t > P
J N
receiving scalars {vit’fl';”_l(ﬂ), 77;;:1;1 (£), wi ;7" (€), u;}'fp(ﬁ) }i\;’lg’fij, en Here the number

of network ADMM iterations is set as Ky = 20, and the single-hop communication dis-
tance is set to be 0.4 with sensors lying in the area [0, 1] x [0, 1]. In the simulation, we fix
the number of the block coordinate cycle, i.e., 7 = 0,1, ..., 99, for different testing cases,
and also apply the parameter selection algorithm in Alg. 3 to DR-CCA. The simulation
results are shown in Fig. 4.7 for p; + p, = 60 sensor. It can be seen that, in the beginning
as the average number of scalars communicated among neighboring (n for short) increases,
the probability of correctly clustering sensors also increases. Within each coordinate cy-
cle, a finite number of ADMM iterations, say K and a finite number of network ADMM
iterations, namely K, are used to estimate the global quantities in a distributed fashion for
DR-CCA. Note that the probability for N = 1000 converges to a higher value than that for

N = 500, under the same ¢ values for ¢ = 5,6, 7.
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Figure 4.2. Probability of correctly clustering sensors vs. number of data vectors for p; +
po = 60 sensors.

4.5 Conclusion

A norm-one and norm-two regularized CCA framework (R-CCA) was put forth and
applied to clustering sensor measurements based on their source content in heterogeneous
sensor networks. Norm-two regularization was utilized to estimate the unknown number of
field sources, while norm-one terms were employed to recover different clusters of informa-
tion within the sensor data. Relying on block coordinate descent techniques equipped with
alternating direction method of multipliers, a novel centralized R-CCA (CR-CCA) was de-
veloped to minimize the associated cost problem, which was solved in a recursive way, to
perform the heterogeneous data clustering. Building on CR-CCA and further employing a
network ADMM approach, a distributed iterative scheme, namely DR-CCA, was derived

to carry out the clustering task in ad hoc sensor network where only neighboring sensors
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Figure 4.3. Probability of correctly clustering sensors vs. number of data vectors for p; +
p2 = 20 sensors.

collaborate. The potential of the proposed CR-CCA and DR-CCA in correctly recovering

clusters for heterogeneous sensors, was demonstrated via extensive numerical tests.
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CHAPTER 5
COMMUNICATION EFFICIENT FIELD RECONSTRUCTION

5.1 Problem Description

Consider a field consisting of p spatially scattered sensors, which is generated by M
underlying sources, while the number of sources M is unknown. The source signals placed
in different spatial locations are modeled as random uncorrelated processes, namely s,, (%),
where m denotes the source index and ¢ is time instant. We assume the source signals are
wide sense stationary, which implies that their ensemble average is time-invariant.

The source signals are reaching the sensing units via multipath propagation chan-
nels. And the channel coefficients from the mth source to sensor j is modeled as a finite
impulse response filter with coefficients h;,,, = [h;n(0), ..., h;n(L — 1)], where L rep-
resents the maximum number of taps these filters can have. The channel coefficients are
not available and modeled as random Gaussian variables. Inspired by the diffusion fields
which are pertinent for modeling how heat or chemical substances are diffusing in space
and time. We assume the energy of the source signals is decreasing exponentially with
distance (corresponds to the propagation mechanics of a diffusion field [8]).

A sensor is considered to observe a source if the sensed source signal energy at the
sensor’s location is more than 10% of the signal power at the emission point, otherwise
it is assumed that the sensor does not contain any information about that source. Thus,
a threshold corresponding to 10% of a source’s signal energy is used to determine which
source every sensor observes. Given that the source signal power attenuates exponentially

fast with propagation distance, the field sources are quite localized affecting a limited num-
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ber of sensors in the monitored field. Let S; contain the indices of the sources observed by

sensor j, the measurement x;(t) adheres to the following model

L—1
2i(t) = Y i D hjm(T)sm(t = 7) + w;(t) (5.1)
meS; =0

where, c;,, 1s a positive coefficient quantifying the attenuation experienced by the mth

source signal at sensor j; for a diffusion field it can be quantified as (see details in [8])

— ie—lll.oj—pm\l2 (5.2)

Chim AT
where p;, ps,, € R? correspond to the positions of sensor j and source s,,(t), respectively,
and || - ||2 denotes Euclidean norm. Further, w;(¢) corresponds to the zero-mean sensing
noise with variance o2

In existing sensing protocols developed for FC-based topologies, all sensor measure-
ments at any time instant ¢ have to be transmitted back to the FC for application dependent
processing. Thus, at every ¢ all p sensors transmit to the FC, leading to a communication
cost of the order of O(pt). The communication cost is prohibitively high given that the
number of sensors p is large for many different sensing applications such as environmental
monitoring, surveillance and so on [12, 85].

The objective here is to utilize the spatial correlation among the sensor measure-
ments to significantly reduce the communication load. The aforementioned goal can be
divided into two steps: i) Identifying the set of sensors acquiring spatially correlated mea-
surements; and ii) Learning the statistical models that the different correlated groups of
sensor measurements follow. Toward this end, the first step boils down to determining the
sets M,,,, V'm € {1,..., M} that contain the sensor indices whose measurements contain
information about source s, (t).

The second step relies on the fact that a set of correlated sensor measurements are

linearly dependent on common source signals. The main idea is to transmit the measure-
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ments of only one sensor in a correlated set M,,,, namely a head sensor, and rely on adap-
tive filtering to learn proper linear transformations (filtering coefficients) that can be used
to reconstruct the data of all other sensors in M,, using only the head sensor measure-
ments. Learning has to be performed under a setting where the source-to-sensor channel
coefficients are unknown, and source signals are not available. In detail, in every set of
correlated measurements M,,, the head sensor will be designated as a reference sensor
whose measurements will be used to linearly reconstruct all other sensors’ measurements
in M,,. Thus, communication savings will be introduced by communicating to the FC

only the head sensor measurements.

5.2 Learning and Reconstructing the Monitored Field

The proposed framework entails a training phase during which training data are ac-
quired at the sensors and used to learn the statistical correlation structure of the monitored
field. Specifically, three tasks are carried out here: i) determining the unknown number
of sources M; ii) identifying the M sets of sensors with correlated measurements, i.e.,
{M,,}M_,; and iii) learning pertinent filters to reconstruct the sensor measurements in a

correlated set M,,, using only the head sensor’s acquired measurements.

5.2.1 Determining the Number of Sources

A framework to identify the number of informative sources in the field and subse-
quently determine the correlated clusters is proposed. A novel combination of sample-
averaging along with PCA is employed to effectively reduce the sensing noise variance and

estimate the number of sources.
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During training each sensor, say sensor j, acquires N measurements z;(t) for t =
1,..., N adhering to the model in (5.1). Each sensor then performs sample-averaging using

a moving-average (MA) filter, producing the MA processed measurements
Ti(t) =P >0 a(t+0—1) (5.3)

where P denotes the length of the MA filter performing averaging, with¢t = 1,... N —
P+ 1, while N > P.

The next step is to stack all the MA measurements in (5.3) in a vector X; := [Z1(t) . ..
z,(t)]" that can be formed at the FC. The MA data vectors are subsequently used to esti-

mate the MA data covariance matrix via sample-averaging as
N—P+1
X;=(N-P+1)7" Y [% —my[x, —my]”, (5.4)
t=1

where m; := (N — P+1)"'3" "*'%, denotes the sample-average estimate for the mean
of x;.

It is demonstrated in Appendix D that as the number of training data increases, while
the length of the MA filter P is sufficiently large to make the sensing noise variance suf-
ficiently small (arbitrarily close to zero for increasing P), then the number of eigenvalues
of 3;, whose amplitude is larger than the MA sensing noise variance o/ P, will be equal
to the number of sources M. Effectively the MA filtering helps reducing the sensing noise
variance while preserving the source signal power as shown in Appendix D. Moreover,
MA filtering transforms the convolutive model in (5.1) into a simpler low dimensional
linear model on which MA data X; adhere to. Then, PCA is utilized to determine the

source-related principal eigenvalues.

5.2.2 Clustering Sensor Measurements
The first step in the proposed field reconstruction scheme is to determine clusters of

correlated sensor measurements that contain information about common sources, namely
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the sensor subsets M,,, which contains all sensors sensing source s,,,(t) form = 1,..., M.
The norm-one regularized canonical correlations framework in [15] to cluster a set of sensor
measurements based on source content, will be enhanced with a PCA scheme used to check
the validity of the resulting clusters and achieve flawless clustering for sufficiently large
number of measurements, even in settings where sensors observe more than one sources
(overlapping sources). This is to be contrasted with the approach in [15] which may not
perform well for an overlapping setting, where the clustering performance is sensitive to
certain parameter selection.

The CS-CCA algorithm proposed in Sec. 3.2.1 is utilized here to cluster sensor

measurements after substituting the two data sequences in (3.2) by x, and %),, which are

defined as:
X = X1 75{3;]“]7“7 (5.5
VY= [X Xl (5.6)

Nonetheless, the clustering performance of CS-CCA may not be perfect. To improve per-
formance, an iterative combination of the CS-CCA framework and PCA framework is pro-
posed next. As it will be shown in Sec. 5.2.3 this combination can lead to perfect sensor
clustering as the number of measurements /N, and MA filter length P are increasing.

The idea here is to determine how many sources are present in each of the estimated
clusters M., obtained from CS-CCA when applied in all data. If a cluster has one source
no further splitting is needed, whereas if a cluster contains information about multiple
sources the goal is to identify which sources are contained in that cluster. For each of
the clusters Mm the corresponding sensor measurements are stacked in vectors Sc}nl(t),

where the subscript indicates the cluster index and the superscript the iteration index of
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the alternating process between CS-CCA and PCA, whilet = 1,..., N and m! = m =

1,..., M. These vectors are used to form the sample-averaging covariance estimates
N
1 oyl 21 <1 T
Spmt = N7 % (1) —ma % (1) —ma J7, (5.7)
=1

where mg: denotes the sample-average of vectors {X] , (t)}.,. Here PCA can be ap-
plied to determine the number of source-related PCs, namely M), for m' = 1,... M.
For sufficiently large P (length of MA filter) the noise-related eigenvalues in (5.7) will
be significantly smaller than the source-related PCs which can be easily separated using
thresholding. M 71nl can be used to estimate the number of sources for which information is
contained in each cluster M}nl

For each cluster ./\;lin1 for which M, = 1 no further splitting is applied in the
cluster since it has been estimated that only one source is present in the measurements
in M}nl However, if M', > 1 this implies that more than one sources are sensed by
the measurements in ./\;linl, and CS-CCA is applied within the cluster in order to separate
the measurements further based on their information content. Toward this end, the CS-
CCA formulation in (3.6) can be applied after using matrices E and D of size M}, x
|M71nl | f where |J\>l}n1| denotes the number of measurements in M}nl Further, the x, and
1, vectors will be of size |/\>l71n1 |f x 1 and constructed as described earlier using only
the measurements in /\;l}nl Thus, if Mr}ll > 1 CS-CCA is employed (iteration index 2)
to perform further splitting of cluster /\;l}nl into M 7111 clusters denoted as M?ng where
m? =1,..., ]\/[Tlnl and m € {1,..., M} for all these clusters that give more than one
PCs after iteration 2. Then, PCA is applied again during iteration 3 to decide whether
any of the clusters ./\;l?nQ need to be spit further as described earlier. The aforementioned
iterative alternation between CS-CCA and PCA is continued until all resulting clusters

contain measurements whose corresponding covariance contains at most one source-related
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PC, or the resulting cluster contains a single measurement which may have information
about multiple sources.

Next, PCA is applied to (i) merge clusters that contain information about the same
source; and (ii) further conclude which sources are contained in the single-measurement
clusters which sense multiple sources. To carry out task (i) any two clusters whose co-
variance has a single source-related eigenvalue are combined into a single-cluster if the
resulting cluster gives a measurement covariance matrix which also has a single source-
related eigenvalue. PCA is used again to find the source-related PCs. If only one PC is
present in the covariance of the resulting cluster then it is ensured that both clusters com-
bined contain information about the same source and merging is valid, otherwise merging
is not valid. Task (ii) focuses on identifying which single-source clusters carry informa-
tion about the sources contained in these single-measurement clusters that sense more than
one sources. After completion of task (i) each of the remaining single-measurement clus-
ters are merged with those single-source clusters that contain measurements of sensors
that are physical neighbors. This is done since sources sensed by the same sensor have
to be geographically close in distance. In the merging of the neighboring clusters with a
single-measurement cluster, we select only those neighboring clusters that, when merged
with the single-measurement cluster, do not generate a covariance matrix with a number of
PCs greater than the number of single-source neighboring clusters (which actually is equal
to the number of sources contained in the single-measurement cluster). This process en-
sures that clustering is performed correctly for a sufficiently large number of measurements
and points to the single-source clusters whose source content is contained in the examined

single-measurement cluster.
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5.2.3 Algorithmic Analysis and Practical Considerations

Interestingly, as the number of training data /N and the length of the MA filter P
are increasing arbitrarily large, alternating applicability of the CS-CCA and the PCA can
achieve flawless clustering of the sensors according to their source content. Specifically, it
is demonstrated in Appendix E:

Proposition 3 : Application of CS-CCA and PCA in an alternating fashion as proposed
in Sec. 5.2.2, performs correct clustering of the sensors with probability one as the number
of data NV and the length of the MA filter P are increasing to infinity.

In practice both N and P are finite, which may create challenges when determin-
ing the source-related PCs and trying to separate them from the noise-related PCs when
applying PCA to split or merge clusters. Specifically, in a scenario where there are sen-
sors whose measurements contain information about multiple sources, CS-CCA may result
clusters where some measurements contain information about a single source, while other
measurements contain many sources. When /N and P are sufficiently large applying PCA
as delineated earlier will result multiple source-related PCs corresponding to the sources
contained in a cluster. However, when /N and P are small due to e.g., low sampling rates,
it may be the case that some source-related PCs have small-amplitude and cannot be dis-
tinguished from noise-related PCs, especially if some sources have weak presence in the
cluster measurements. A process is described next to separate within a cluster sensors that
contain information about one source (single-source sensors), from sensors whose mea-
surements are affected by multiple sources (multi-source sensors).

Within a cluster, say M, that potentially contains both single-source and multi-
source sensors the goal is to extract out the singe-source sensors and place them in the
correct single-source cluster. To this end, the process starts by picking a sensor’s measure-
ments inside a cluster as a reference signal and checking its ability to reconstruct (via linear

filtering) another sensor’s measurements within the cluster. Proper linear filters can be de-
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termined via the normalized least mean squares (NLMS) process detailed in Sec. 5.2.4. If
the reference sensor picked within a cluster is a single-source sensor and there are other
single-source sensors within the cluster observing the same source, then the NLMS recon-
struction error will have a variance relatively close to the sensing noise variance 2, see
e.g., [78]. Let us denote the subset that contains all these single-source sensors whose mea-
surements can be reconstructed from the reference sensor as V. This is to be contradicted
with the case where either 1) the reference sensor picked is a multi-source sensor, or ii) the
remaining sensors within the cluster are multi-source sensors. If all reconstruction errors
between the reference sensor and the rest of the sensors in the cluster have variance larger
than o2, it can be concluded that the single-source set AV, will be empty.

If the resulting set NV, of potential single-source sensors is not empty, then these
are removed from cluster M and merged with that single-source cluster that contains in-
formation about the same source. This is found by employing PCA and checking which
neighboring single-source cluster can be merged with the measurements from A, without
increasing the number of PCs in the resulting merged cluster. If set \ is empty one possi-
ble scenario is that the reference sensor is single-source and the remaining measurements
within the cluster examined correspond to multi-source sensors. To check such a case, the
measurements corresponding to the reference sensor from cluster M are merged with ex-
isting single-source clusters. If there is a single-source cluster, say M’ that when merged
with the measurements of the reference sensor does not result increasing the number of
PCs, then the reference sensor measurements are removed from cluster M and merged
with the single-source cluster M. Then, among the remaining sensors in M another one
is picked as a reference and the process is repeated until all remaining sensors in M have
been used as reference sensors.

The aforementioned process is used to extract the single-source measurements from

a cluster M and merge them with those single-source clusters that have the same source
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information content. The remaining measurements will correspond to multi-source sensors

and these multi-source sensors will be merged as explained in Sec. 5.2.2 with neighboring

single-source clusters to identify their source content. The algorithm involving alternation

between CS-CCA and PCA is summarized in Alg. 5.

Algorithm 5 Clustering via Alternating CS-CCA and PCA

I:

2:

10:

11:

12:

. Set M1

Initialize: XY :=%; fort =1,..., N
Apply CS-CCA using the N measurements X! to obtain clusters M, for m = 1,..., M.

1 = My, and ml =m.

cfork=1,2...,kdo

Stack the measurements in cluster MS% , to form vectors {{)‘(fn k (t)}ézl}mk

Obtain covariance estimate Zl;mk as in (5.7) and find the number of source-related PCs,
namely M T’; «» by applying PCA.

If M* r = 1 then ME -k 18 a single-source cluster, else if 1/ 7’; » > 1 CS-CCA is applied using
{)‘(ﬁl W (t )}t .. to split MF +« into smaller clusters MEFL R

If all obtained clusters so far have one PC or contain only a single-sensor measurement then

break, else go back to 4.

. end for

For each of the clusters obtained apply step for small IV, P in Sec. 5.2.3 to separate possible
multi-source sensors from single-source sensors.

Merge the single-source clusters into a larger cluster if resulting cluster has only one source-
related PC.

Merge multi-source clusters with neighboring single-source clusters to identify their source-

content.
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5.2.4 Learning Statistical Models

5.2.4.1 Single-Source Clusters

Consider a cluster M,, obtained via the process in Sec. 5.2.2 and designated as a
single-source cluster. Then, a head sensor i,,, is designated in cluster M,,,. Since all sensors
in M, have correlated measurements, the goal here is to learn |Mm| — 1 linear filters that
are able to generate all sensors’ measurements in My, using as input the measurements
acquired at the head sensor 7, for m = 1,..., M. During the training phase, adaptive
filtering is employed at the FC to learn the coefficients of the |Mm| —1 linear filters. During
the operational stage only the cluster head sensors transmit their measurements to the FC
which can then reconstruct the other sensors’ measurements in each cluster using only the
head sensor data and the learnt filter coefficients. This process will reduce significantly the
communication costs.

The head sensor 4,, in each cluster M,,, is selected arbitrarily. During the training
phase of the algorithm all sensors in M,,, send their measurements to the FC. The FC treats
the head sensor measurements z; (¢) as input, and each of the remaining |M,,,| — 1 sensor
measurements in M., is viewed as desired output of a linear filter whose coefficients are
determined via the NLMS adaptive filtering approach, see e.g., [78]. Each filter is set to
have L taps, where L is selected sufficiently large such that L < L.

Consider sensor j within cluster Mm with j # 1, (not the head sensor). Sensors
j and 17, belong to cluster Mm thus they should be sensing a common source s,,(t).
Taking into account the data model in (5.1) and ignoring for now the sensing noise the

measurements in the frequency domain are given as

Xj (w) = Cj,mHj,m(w)Sm(w)a (58)

X (W) = ¢ip mHi, m(w)Sm(w) (5.9
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Figure 5.1. Adaptive filter block diagram..

where w € [—m, 7| denotes frequency, while H; ,,,(w), H; , ,»(w) and S,,(w) denote the

frequency responses of the source-to-sensor channels {%;,,(7), R, ..(7)}-Z;, and source
sm(t), respectively. From (14), (15) it follows readily

Cim H;m(w)
Ci'rmm Hi?rzam<w)

Thus, the NLMS algorithm is trying to learn in time-domain (via a linear filter), the fre-

Cim H; n(w)
ncy r n L. b
quency response o (@)

associating the measurements at head sensor i,,,, with the
measurements of sensor j within single-source cluster M. Learning the filter in (5.10),
via which the measurements of sensor sensor j can be reconstructed using as input the head

sensor’s measurements, involves the following three steps (see block diagram in Fig. 5.1):

Step 1: Evaluate the estimated output signal for sensor j

2;(t) =] ()W, ;(t) (5.11)
where u! () = [z;,(t),z;,(t — 1), 2, (t — L + 1)]7 is the filter input vector,
Wi, i(t) == [w;,, ;+(0),w;, j(1), -+ ,w;, ;;(L —1)]T contains the filter coefficients used

to learn the relationship in (5.10).

Step 2: Calculate the error signal e;,, ;(¢)

eim,j(t) = i'](t) — .I'j (t) (512)
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Step 3: Update the filter coefficients w; , ;(¢) as

€, ;(t)
C+ul (thu,(t

Wi, j(t+1) =W, ;(t)+p )u@'m(t% (5.13)

where o is the step-size used in NLMS, and ( is a positive constant. The coefficients are
continuously updated at the FC until ||w;  ;(t + 1) — W, ;(t)]|2 stops decreasing below a
desired threshold. After NLMS algorithm has terminated the final filter coefficients will be

denoted by w; , ;.

5.2.4.2 Multi-source clusters

When the cluster M,,, considered contains multi-source sensors some generaliza-
tions need to be performed to the aforementioned NLMS framework based adaptive fil-
tering approach in order to reconstruct accurately the measurements of the multi-source
sensors within Mm Let’s denote a multi-source sensor j in Mm, for each source n € §;
a head sensor, namely ¢, is picked from a neighboring single-source cluster M,, that con-
tains information about source n. Since sensor j observes all sources in set S; the corre-
sponding frequency domain equations of (14), (15) are written here as

Xj(w) =D ¢jnHjn(w)Sn(w) (5.14)
nes;

X, (W) = i nHip n(w)Sn(w) (5.15)
where the same notation as in (14) is used. From (5.14), the following can be obtained

cinHjn(w
Xi(w) =Y QLHH—%XMM). (5.16)
nes; " s

Comparing (5.16) with the single-source equivalent in (5.10) it turns out that |S;|

different filters, with frequency responses {%}negﬁ have to be learnt using the

NLMS approach. Thus,

S;| different adaptive filters will be learnt using NLMS via the

following updating steps:
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Step 1: Evaluate the filter output 2, (¢)

= uf ()W, (1) (5.17)
nesS;
where w;, (t) := [z, (t), 2, (t — 1), ,x;, (t — L + 1)]T corresponds to the input signals
from head sensor i,, in single-source cluster M,,, and W;, ;(t) := [w;, ;,(0), w;, j+(1), ...,

wy, jo(L — )T corresponds to the L coefficients of the adaptive filters used to learn the

frequency response {2 )} This step is done for all n € S;.

in, 7LHLn n

Step 2: Calculate the error signal e;, ()
€, (1) = 5(t) — x4(t) (5.18)

Step 3: Update the filter coefficients w;,, ; as

€inj (1) Win (1)
Crul (Bu, () 19

The coefficients w;, ;(t + 1) are iteratively updated until the update difference ||W;, ;(t) —

Wi, i(t+1) =Wy, ;(t) + p

w;, j(t — 1)||* drops below a desired threshold. In fact, the three updating steps presented
earlier could be applied periodically in a setting where the channel coefficients h;,, +(7)

are slowly-varying with time.

5.2.5 FC Field Reconstruction

During the operation stage of the proposed scheme, the FC is responsible for recon-
structing all sensor measurements using only i) the measurements of the head sensors; and
i) the filter coefficients determined in Sec. 5.2.4. First, the reconstruction of the mea-
surements of a sensor belonging to a single-source cluster M,,, is considered at the FC.
Let sensor i,, denote the head sensor in cluster M,,, with measurements x;,, (t). Sensor j
measurements are reconstructed using the filter w; _; obtained using NLMS in Sec. 5.2.4.1

as

T;(t) =l (t)- Wi, (5.20)
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where u;,, contains the head sensor’s measurements [cf. Sec. 5.2.4.1].
If sensor j belongs to a multi-source cluster Mm, then the FC can reconstruct its
measurements readily using the filters w; , ;, obtained in Sec. 5.2.4.2, as follows
Bi(0) =Y ul (1) Wi, 5, (5.21)
nes,
where u;, (¢) corresponds to the sensor measurements obtained at head sensor 7,, in neigh-

boring single-source cluster Mn [cf. Sec. 5.2.4.2].

5.3 Communication and Computational Costs

In a setting with dense sensor deployment, the communication cost is an important
figure of merit to quantify the efficacy of the algorithm. The proposed framework intro-
duces a significant reduction in the communication cost with respect to a setting where all
sensors have to transmit their measurements to the FC every time they sense new informa-
tion. Specifically, consider a setting with M uncorrelated sources (number of single-source
clusters) impacting the NV + 7" measurements acquired across the p sensors, where N cor-
responds to the number of the training data and 7" denotes the number of measurements
obtained during the operational phase of the algorithm. The proposed scheme entails the
transmission of p/N + MT" scalars. In a standard approach, where all sensors transmit to the
FC, the communication cost will be p(N + T') scalars. The reduction in the communication
cost takes place during the operation stage of the proposed scheme, the reason is that in
practical settings the number of sensors p is much larger than the number of sources M,
especially when the network consists of densely populated sensing units.

During the training stage of the algorithm, the computational complexity at the FC
is O(Np?) dominated by PCA. During the operational stage, the reconstruction formulas
in (5.20) and (5.21), reveal that the computational complexity at the FC is of the order of

O(L-T -y (M| = 1)).
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The scalability of the algorithm to handle data from large number of sensors is an-
other important aspect in practical deployments. Employing CS-CCA and PCA for a large
population of sensors may be challenging. Thus, from the perspective of a practical im-
plementation, the entire field can be split in multiple, physically separated subfields which
can be treated separately as described earlier in Secs. 5.2.1 and 5.2.2. In each of these
subfields the proposed framework is utilized to identify their respective clusters. Then, the
merging approach put forth in Sec. 5.2.2 can be applied in clusters obtained in neighboring

subfields.

5.4 Numerical Tests

The proposed framework is tested here in terms of clustering efficiency, field recon-
struction quality and communication efficiency. To this end, p sensors are deployed within
a 2-D field occupying the normalized region [0, 1] x [0, 1]. The field sources evolve in time
according to a first-order autoregressive model (AR-1), i.e., s, (t) = Fi- S (t—1) + 1 (1),
form = 1,..., M where F,, is the autoregressive coefficient which is selected such that

|F.| < 1, and wu,, () corresponds to zero-mean white perturbation noise with variance 0.1.

p,L,M

The propagation coefficients for the channels { %, (1) }/-7 1, .-

1 1n (5.1) are Gaus-
sian distributed under the constraint that their energy is equal to one, 1.e., {Zf_é him (1) =

1}, where L = 3. Furthermore, the memory length, namely f in (5.5), is set as f = 1. The

M
P:].’

sparsity-controlling coefficients, saying {\p ,, A, } are chosen through the A-selection
scheme in Sec. III-C of [15]. The NLMS-based adaptive filter is considered to have L = 20
taps and the NLMS step-size is set to ;1 = 0.01. Furthermore, the sensing noise variance is
set such that the signal-to-noise-ratio (SNR) in the numerical tests is 13dB. Note that all the

simulation graphs below are obtained after averaging over 100 independent Monte Carlo
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runs. In this section, we apply our proposed algorithm in Sec. 5.2 to the following three
scenarios:

S1) Non-overlapping case: Three uncorrelated sources s;(t), so(t) and s3(t) are consid-
ered to be at positions [0.3,0.4], [0.8,0.8], and [0.8, 0.2], respectively. p = 30 sensors are
considered here, and each source is sensed by 10 sensors. Each sensor acquires information
about one source only, since sources do not overlap here.

S2) Overlapping case 1: p = 15 sensors are deployed in the field in which M = 2
uncorrelated sources are present. Each source is sensed by 5 single-source sensors, the
remaining 5 sensors observe both sources.

S3) Overlapping case 2: There are p = 30 sensors and M = 4 sources in the field, see. Fig.
5.2. In detail, 4 sensors (denoted by the purple dots), 4 sensors (red dots), 4 sensors (pink
dots), and 3 sensors (blue dots) observe source s (t), so(t), s3(t), and s4(t), respectively.
Moreover, 3 sensors (the green dots) acquire information about source s;(t) and sa(%), 4
sensors (yellow dots) are affected by both sources s3(¢) and s4(t), while the remaining

sensors (black dots) are far away from any of the four sources and they only sense noise.

5.4.1 Clustering Performance

During the training phase, the number of sources needs to be determined and sub-
sequently the sensor measurements should be clustered into M groups according to their
source information content. First, it is demonstrated that the MA filtering approach in Sec.
5.2.1 eliminates the noise-related PCs in the MA data covariance to estimate the number of
sources. The length of MA filter is set as P = 30 in the experiments. The relative strength
(with respect to the summation of all nonzero eigenvalues) of each eigenvalue of the orig-
inal data covariance 3, and MA data covariance 3 is depicted for the non-overlapping

case in Fig. 5.3, and for overlapping case 1 in Fig. 5.4. Clearly, when applying MA the
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Figure 5.2. Configuration for overlapping case 2..

noise-related eigenvalues are effectively eliminated making easier to find the number of
source-related eigenvalues which equals M = 3 in Fig. 5.3 and M = 2 in Fig. 5.4.

Next, we study the number of iterations alternating between PCA and CS-CCA as
described in Sec. 5.2.2, namely the s constant in Alg. 5, required to achieve flawless
sensor clustering. Specifically, in Fig. 5.5, we plot the average number of PCA/CS-CCA
iterations needed along with vertical lines showing the spread in the number of iterations
versus the number of training data for all three different scenarios S1, S2 and S3. It can
be seen that the most challenging case in terms of higher number of iterations required is
scenario S3 where sources overlap. Further, it can also be inferred that as the number of
training data increases the required number of iterations decreases since CS-CCA performs

better in terms of clustering the sensor data and less iterations are required to reallocate
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Figure 5.3. Relative strength of the eigenvalues in the data covariance before (A) and after
(B) applying MA filtering for the non-overlapping case.

sensors that are wrongly clustered. The probability of correct clustering via CS-CCA is
also studied in Figs. 5.6, 5.7 and 5.8 versus the number of training data samples available
per sensor. Note that the different probability curves are plotted for a different number of
CS-CCA/PCA iterations to demonstrate how the scheme in Sec. 5.2.2 gradually improves
the clustering accuracy. Figs. 5.6, 5.7 and 5.8 depict the probability curves for scenarios S1,
S2 and S3, respectively. It can be seen clearly in all cases that as the number of iterations
increases the probability also increases and eventually reaches one after a certain number
of iterations depending on the setting. Note also that the probability increases with the

number of training data. Further, the improvement in probability is substantial for the initial
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Figure 5.4. Relative strength of the eigenvalues in the data covariance before (A) and after
(B) applying MA filtering in overlapping case 1.
iterations, while it declines as more and more iterations are applied and perfect clustering

is reached.

5.4.2 Signal Reconstruction

The average reconstruction MSE at the FC is studied here versus the number of
training data available. In detail, the performance metric utilized here is the normalized
average recovery mean-square error defined as

1T (@5(t) — 25(0))2
MSETL — _Z[Et:l(i]( ) ’%.32( ))2]’ (522)
Pi= > i (25(1))3

where the data employed correspond to the data acquired after the training phase during

the operational stage. Thus, the normalized average MSE demonstrates how efficient is the
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Figure 5.5. Number of iterations required for perfect clustering vs. number of training
samples.

proposed algorithm in reconstructing data other than the training data (generalization) that
follow the same statistical model. The reconstruction capability of the proposed framework
in Sec. 5.2.4 via NLMS adaptive filtering and relying on the source cluster sensors is de-
picted in Fig. 5.9, for scenarios S1, S2 and S3. Fig. 5.9, corroborates that as the number
of training sensor measurements increases the normalized MSE reduces showing the ca-
pability of the proposed NLMS-based reconstruction technique in learning the correlation
patterns within clusters. Further, the average normalized MSE is similar for all different
scenarios considered showing the effectiveness of the proposed scheme irrespective of the

setting considered.
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Figure 5.6. Probability of correct sensor clustering vs. number of training samples for
different number of CS-CCA/PCA iterations for scenario S1.
5.4.3 Source-Sensor Channel Variation and Communication Efficiency

The adaptivity of the NLMS’s reconstruction ability is tested in a setting where the
source-sensor channel coefficients change at a given time. The test setting involves p = 10
sensors that observe the same source. The channel coefficients {/; (E)}]li:f - are modified
at time instant ¢ = 2000, and sensor 1 is used as the head sensor whose measurements
will be used as a reference signal when applying NLMS to reconstruct the measurements

corresponding to the remaining 9 sensors. Fig. 5.10 depicts the relative error versus time ¢.

The relative reconstruction MSE is evaluated here as

X2 (0) — (1)
ense(t) == L o 2;12(151(75))2'

(5.23)
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Figure 5.7. Probability of correct sensor clustering vs. number of training samples for
different number of CS-CCA/PCA iterations for scenario S2.

Fig. 5.10 corroborates the adaptability of the proposed scheme in the event of changes in
the channel coefficients. Clearly, when the source-sensor channel coefficients change, the
NMLS approach, after an overshoot in the relative MSE at ¢ = 2000 is able to eventually
recover and reconstruct all the sensor measurements accurately .  Finally, Fig. 5.11 il-
lustrates the communication cost in terms of the number of scalars transmitted from the
sensors to the FC versus time. The communication cost is depicted for the three differ-
ent scenarios S1, S2 and S3. The training phase lasts up to ¢ = 5000 where all sensors
acquire N = 5000 measurements used as training data, while the remaining 7" = 5000
correspond to the measurements acquired during the operational stage. Notice that during

the training phase all sensors transmit to the FC so there is no reduction in communication
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Figure 5.8. Probability of correct sensor clustering vs. number of training samples for
different number of CS-CCA/PCA iterations for scenario S3.

cost during this period. However, during the operational phase where sensor clustering has
been performed and only the head sensors of each cluster transmit information to the FC
the reduction in communication cost is substantial compared to a setting where all sensors
keep transmitting their measurements to the FC. Fig. 5.11 depicts the substantial reduction
in the number of scalars that need to be communicated from the head sensors to the FC

during the operational phase of the novel framework.

5.5 Conclusion

A novel framework was put forth for sensor clustering and communication efficient

field reconstruction. Norm-one regularized canonical correlations were combined with
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Figure 5.9. Normalized average reconstruction MSE for scenarios S1,S2 and S3.

principal component analysis and moving-average filtering to successfully cluster sensors
according to their information content, as the number of training data and moving-average
filter length goes to infinity. Utilizing data only from pertinent head sensors in each clus-
ter, the FC reconstructs all sensors’ measurements using effective normalized least mean
squares techniques, reducing substantially the communication cost. Numerical experiments

demonstrated the capability of the proposed novel approach in field reconstruction.
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CHAPTER 6
CLUSTERING OF MULTIMODAL HETEROGENEOUS DATA

6.1 Problem Statement

The ideas of matching different types of sensor measurements that contain informa-
tion about the same sources can be generalized in settings where there are more than two
different types of sensors. Oftentimes a variety of sensors measuring temperature pres-
sure, carbon monoxide, carbon dioxide and so on are employed to get a better view and
understanding of the sensed field. Our idea is to start from the multiset canonical corre-
lation analysis (M-CCA) framework, see e.g., [23,40] that is capable to uncover common
features from multiple (more than 2) sets of data and introduce the sparsity regularization
terms introduced in Sec. 3.

Consider a connected network consisting of K > 2 types of sensors, which generate
K different data sets, and M uncorrelated scalar sources, namely {s,,(7)}*_,, with the
number of sources unknown. Let’s denote S? as the bth sensor of the ath type, and denote
S, as the sensor set for the ath type of sensors with cardinality |S,| = p,. Each sensor,
say sensor S}, acquires scalar measurements {x; ,(n)} during time instances 7 = 1, - - - . t.
Each sensor contains the information about one of the M sources. The measurements of

the sensor S, adhere to the following model:

M
Xin(T) = i ($m(7)) + Win(7) 6.1)
m=1

where A, ; ,(-) is a random scalar linear mapping from R* to R', which equals to zero when
sensor S is sufficiently far from source s,,(7), and w; ,(7) denotes zero-mean sensing

noise.
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Let x;(7) := [xi1(7) — mi1, - s Xin(T) — Miny -+, Xip, (T) — My, ]T aggregate
the measurements acquired across all the sensors in §;, where m, ,, represents the sample-
averaged expectation of x; ,(7), i.e., m;, = %Zidxz‘,n(ﬂ- Given /C different data sets,
x1(7) € R xo(7) € RP2XL | xic(7) € RP<*! for 7 = 1, ..., ¢, M-CCA is looking for
q X pi matrices D, and pp X ¢ matrices E;, such that the following summation of pairwise

estimation errors is minimized, i.e.,

k-1 K t
{EXS ADY) =argming 5 Y > 171 " xi(r) —EDjx;(n)[3  (6.2)
i=1 j>i r=1

Unlike the formulation for standard CCA that involves two data sets and it is imposed
the canonical variates to be as similar as possible, in the above M-CCA framework, only
D,x;(7) is used to estimate the common information present in x;(7) and x;(7), corre-
sponding to the source signals and then based on the estimated source signals, matrices E;
are introduced to recover the sensor measurements x; (7).

The objective of this chapter is to estimate the number of sources and cluster the
sensors according to their source content. Toward this end, we will apply PCA along
with moving-average (MA) filtering to determine the number of sources. Then, norm-one
regularization will be combined with M-CCA to identify the set of sensors acquiring spa-
tially correlated measurements. Ideally imposed sparsity in matrices {E;}~,! and {D; M
makes these matrices behave such that each row of D; and each column of E; can have the
same nonzero entry positions which correspond to the entries of the x;(7) vector that con-
tain information about the same source.

In order to develop the sparse M-CCA algorithm in both centralized and distributed
fashions, we will impose the following assumptions in the multi-modality heterogeneous
networks: A;) Each source affects K types of sensor measurements; A;) The communi-
cation graph for each different type of sensors is connected; and .43) Each sensor has

different types of neighboring sensors.
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6.2 ¢,-Regularized Multiset Canonical Correlations

In order to isolate noninformative entries in x;(7) and identify the source-informative
groups of entries within x;(7), norm-one is incorporated in the standard M-CCA formu-
lation in (6.2). Proper sparse {E;}<7" and {D; }—, matrices can be obtained through the

following sparsity-inducing M-CCA (SM-CCA) formulation:

K-1 K
{E}S D Y,) = argming g > ) ¢ lexz ~ED;x;(7)}  (63)
=1 j>1i
K—-1 ¢q
+ D A H1+ZZ oD (0, 2) -
i=1 p=1 7=2 p=1

Note that the number of rows of D; and the number of columns of E;, say g, is set as the
estimated number of sources obtained in Sec. 5.2.1. Block coordinate descent techniques
will be utilized to derive centralized and distributed approaches tackling the minimization

problem of (6.3).

6.2.1 Centralized SM-CCA (CSM-CCA)

We consider a centralized setting where there exists a fusion center collecting all
sensor measurements and solving the minimization problem in (6.3). In the beginning, one
type of sensor data is applied to the proposed PCA along with the MA filtering scheme
proposed in Sec. 5.2.1 to determine the number of sources and the value of q is set to the
estimated number of sources.. Using the block coordinate descent solver, the cost in (6.3)
is minimized w.r.t. one entry of {D;}X<_, (or {E;}}7") while keeping the remaining entries
of {D ]} , (or {E;}*71) to their most current updates. Let’s denote the current coordinate
descent cycle as z, and the most up-to-date updates of D; and E; as Dj and Ef, respec-

tively, for: = 1,--- K —1,j = 2,--- K. Specifically, in the beginning of coordinate
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cycle z, given the estimates {Dz 1K, and {E"'}*5!, the minimization problem which

is used to obtain the current updates {DZ o and {EZ ! can be formulated as
K-1 K
{E NS AD Y, = argming 5 > > 7 Z Ixi(7) = E:Dyx;(7)[l;  (6.4)
=1 5>t
K—-1 ¢
DD B ||1+ZZ D5 (p.) 1
=1 p=1 71=2 p=1

To facilitate the application of coordinate descent iterations, we rewrite the cost in (6.4)

w.r.t. D; while fixing {E;}=;" and {D; },_,

7j—1 t
D? =argming, Y t ') [xi(7) — E; 7' Dyx;(7)|3 +Z>\ ID;(p, ). (6.5)
= T=1

Coordinate descent is further applied in (6.5) to split it into ¢p; subproblems, each of which
corresponds to the minimization problem w.r.t. one entry of D, say D;(«, 3). After fixing
the remaining gp; — 1 entries to their most up-to-date values, the scalar update ﬁj(a, B)

can be obtained by minimizing the following cost function:

7—1 t
D (o, 8) =argming Y ¢ [ Xirap — @ Bori(t, (8= Dg+a)|3+ AP, - |d]
=1 =1
(6.6)
where x; ;. 5 = Xi(T) — Zzpjl A(B—1)g+a d,(0)-E,.i(:,0) € RFi*! and E, ,; := X?(T) ®

Ef_l, in which d, := vec(Dj_l) and vec represents the operator of vectorization, and ®
denotes Kronecker product.

Let’s define x,, 5 € R(Prtp2+-+pj-1)tx1 a4 E,op5 € R@1+p2t4pj-1)tx1 49

1
Xa,g = %[X{l,a,ﬁa o 7X:1F7t7o¢757 U 7X?—1,1,a,,87 e 7X,f—1,t,oz,6]T (67)
1
E;op = %[(Ex,l,l(% (B—1)g+ O‘))Tu ER (Ex,t,1(37 (B—=1)g+ O‘))T’
(Beaja (L (B=Dg+a)’, - (Bapiaa (s (B —Dg+a)']" (6.8)
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After applying (6.7) and (6.8) in the first term of (6.6), the cost in (6.6) can be rewritten as
D5 (v, B) = arg min X, 5 — d - Exap3 + 7, - |d] (6.9)
After observing that (6.9) is a scalar sparse regression problem, it turns out that

]:A)§<Oéaﬁ):F(XaﬂaEz,a,ﬁ7oao )‘D )fOI'CK:L"' 7qaﬂ:17"' 7pj7j:27"' 7’C

) ]7a

(6.10)

Next, we update each entry of Ef, say Ef(ﬁ, a)fori=1,--- K — 1. After simple
mathematical manipulations, the cost w.r.t. Ef (B, ) can be formulated as
K ¢
E;(B,0) =argmin, » 'Y (xjr — e hjr)® + AL el 6.11)
j>t =1
where h;, = (D57'x;(7))(a) € RY, and x;r = X;5(7) — mig — Yy 0 BI71(B,0) -

~

(Djz._lxj (7))(¢) € R. Similarly, the update EZ(f, ) can be obtained as

EZZ (67 O'/) = F(Xi”&om hi,ﬁ,aa 07 0 AE ) (612)

[ Wo"

= \/LE[XH-LD oy XitLts s XKL 7XIC¢]T S RUC_i)tXl’ and hi,ﬁ,a =

Jilhisins o i i i) € RIS The CSM-CCA algorithm can
be summarized as the following four steps:

Step 1) Use PCA combined with MA to estimate the number of sources which is assigned
to the value of q.

Step 2) Initialize {DY}X , and {E?}7! randomly.

Step 3) For the zth coordinate descent cycle, update f)j(a, 3) and EZ(8, ) via (6.10) and
6.12)fora =1,-,¢,8=1,--- ,pj(orp;),7=2,--- ,K,ande =1,--- | K — 1.

Step 4) If the CSM-CCA cost reduction in the current descent is larger than a pre-specified
threshold go back to Step 3), otherwise exit and return ]jj = f)j and E; = Ef for

j=2,- ,Kandi=1, - K — 1
111



6.2.2 Distributed SM-CCA (DSM-CCA)

The SM-CCA scheme is redesigned for a setting where each sensor is able to talk
only with its single-hop neighbors. In this distributed setting, sensor S will update the sub-
matrices D;(:,n) € R?*! and E;(n, :) € R using its available measurements x; ,,(7) for
T =1,---,t. First of all, a distributed PCA approach [66] combined with MA filtering is
applied to find the number of sources. Specifically, a framework of locally estimating prin-
cipal components vectors was proposed in [66], and the number of uncorrelated sources can
be obtained by estimating the number of eigenvalues corresponding to source signals and
denoted by ¢. Note that the mean of sensor data used in the distributed PCA is zeroed out
after applying MA. Then, ADMM will be combined with BCD to solve the minimization
problem of (6.3) in a distributed fashion. The basic theory of DSM-CCA is that sensors Sf
and Sf respectively update (6.10) and (6.12) locally using their own available information.

Let’s start from the solution of ]f)j(oz, f) in (6.10), which will be updated by sensor
Sf in the coordinate cycle z. Let’s define that x;(7, ) = X;3 — m; g, then x;(7) =
[x;(7,1),- - ,x;(7,p;)]T. Notice that, (6.10) involves Xa,3” Es.o 5 and ||E, 4 s|/3, where

the first term can be equivalently written as

1 j—1 ¢
Xe 5B = 5 D ) XimapBrni(c, (= i+ a)

i=1 7=1
1 J-1 t qp;
D DD I C GO B SN H(0) P CG)) oM CH RS PR )
i=1 =1 0=14+£(8—1)q+o
1 Jj—1 t Pi A 1 Jj-1 t R
=37 S %, B) O xi(m OB (L o) + - x2(r, B)D: Yo, B)E(a, @)
i=1 =1 =1 i=1 =1

q

- % 2.2 x5(m ) [R_xi(rn) Y (D5 (p.n)Eilp, )] (6.13)

i=1 7=1 p=1
where the a;th row and ath column of matrix £; € R9%Y, saying &;(ay, o) is (E*7L(:
yaq))T (Ef_l(:, ag)) for ag, s = 1, -+ | q, revealing that each entry of £, is a global value

for the subnetwork consisting of sensors in the set of S;. Notice that, 2", x;(7, )EZ (¢, a)
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is also a global value across the subnetwork comprising of sensors in S;. After sensor & f re-
ceiving &€;(p, a) from its neighboring sensors that belong t0 S;, Y 7, x;(7,n) =1 (]5;‘1
(p,n) Ei(p,)) is the summation across all the sensors in S;. Thus, in order to obtain
(6.13) purely relying on sensor Sjﬁ ’s accessible values, ADMM is applied to find all the
concerned global terms in (6.13). In detail, each sensor in S; runs K ADMM iterations to

locally estimate the global scalars "% | x;(7, ()EZ~1(¢, o) and €;(p, o)), whose estimated

B B ﬁ

values from sensor S: 7 are denoted by u? and u, respectively, for 7 = 1,--- ,t,,

B

1=1,---,5—1,p=1,---,q. Let’s define one of sensor S.B’s neighbors in S; as S;",
nP

and we define one of the neighboring sensors of sensor Sﬂ in S; as sensor S,

1 b

zpa’

where

n- € {1,---,p;} and pj € {1,--- ,p;}. Thus, sensor Sf can communicate with sensor

B B B B
S . Next, sensor 8 7 transmits u 7 and U’  to sensor Sjﬁ . Then, X ADMM iterations

7 p «
. B

will be run by every sensor in S;, estimating > ", x;(7,n) (DZ Y(p,n)u, pa) ina

distributed way, and let’s denote sensor Sﬁ ’s estimate as u Flnally, sensor Sﬁ is able to

attain (6.13) only through communicating with its neighbors, which can be expressed as

j—1 ¢
Xaﬁ z,a,8 — Z ZXJ z,Z + % Z ZX?(T, B)ﬁj_l(a7 B)uzza (614)

i=1 =1 =1 =1
-1 t
1% _
NS 3) S
i=1 7=1

Another term associated with (6.10) is ||E, o s||3, which equals to

1 j—1 t 1j—1 t
B 2 YD B (B = Da+ )l = 2 DD %7 8) - Ealasa) (6.15)

i=1 =1 i=1 7=1

1Bz 0,8

/3

Recall that sensor Sjﬂ receives the estimate of £;(«, a), saying u,? . SO sensor Sf is able

ZOéOé’

to get (6.15) by calculating the following term

1Eoa8l3 = 5 ZZX (7. 8) * Ui (6.16)

=1 =1
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According to (6.14) and (6.16), sensor Sf is capable of updating ﬁj(a, f). Thus, each
entry of ]5; is going to be locally updated by its corresponding sensor. And it follows
readily that, sensor Sf updates ]5;(&, p) as

D
Aj’a

2] Eqa613

XZ:”BEI,Q,
E 512

~

D?(av, ) = sgn(x,, sEz.a,3) x (max(0, (|

|- ) (617

where X! ;E; .5 and ||E, o (|3 are obtained from (6.14) and (6.16), respectively.
Similarly, every entry of EZ(3, &) can be updated by sensor S? in a distributed fash-
ion. From the solution of Ef(ﬁ ,a) in (6.12), it can be seen that sensor Sf needs locally

calculate x; 5 ,h; g, as well as ||h; 5,3, which can be written as

Kot
1 &y
Xipahisa =5 > > xi(r 8D s )x(7) (6.18)
j=itl r=1
1 K t . q . .
— = SR () > BB 0D G )% (7)
j=it+l =1 0=1l#a
and
L Koo
Ihigalld =7 > D (D5 (o )x;(7)’ (6.19)
j=i+1 =1
where the global quantities ]5;?_1(6, )x;(7) for ¢ =1,--- ¢, will be estimated by sensors

in §; after employing ADMM technology. And let’s denote the estimation of ]5;‘1(6, )
8 s 8
X (7) by sensor Sjn as ﬁ?z where sensor Sjn is the neighbor of sensor Sf , which means
B
that the estimation 127;; is available for sensor Sf . Toward this end, the two terms in (6.18)

and (6.19) which are necessary in updating Ef(ﬁ ,«), can be obtained by the following

equations
T
Xipahipa =7 D D xi(r /D (a)x;(7) (6.20)
j=itl =1
LA « ,
== 2 D D ex(n) Y BB, 0y, (6.21)
j=it+l r=1 =10+



K t
1 B
Ihigalld =< > > (a5)* (6.22)

j=i+1 7=1
Meanwhile, using the results in (6.20) and (6.22), sensor Siﬁ can update Ef (B, ) as

Xz:ﬂzahi’ﬁ’a _ Afa
Misallz * 2)bigall

E; (8, @) = sgn(x{,.hip.a) x max(0, ) (6.23)

The DSM-CCA scheme is summarized as the following six steps:

Step 1) Set g as estimated number of sources using distributed PCA [66] along with MA.
Step 2) Initialize ]f)? and EY with ¢ x p; and p; x ¢ matrices randomly, fori = 1,--- , K—1,
j=2,---,K.

7
i,00°

and u’

Step 3) In cycle z, sensor S! forms estimates u o

via K ADMM updating
recursions fori = 1,--- ,K — 1, a,p = 1,--- ,q,and ¢ = 1---,p;. Sensor Sj forms
estimates aia and ﬁge via K ADMM iterations, for j = 2,--- K, a,¢ = 1,--- ,q, and
j=1--- , Dj-

Step 4) Update D?(«, ) via (6.17), for j = 2,--- ,K,a =1,--- ,qand B =1, ,p;.
Step 5) Update E?(5,a) via (6.23), fori = 1,--- . K —1, « = 1,--- ,¢, and § =
L ,p;.

Step 6) If the DSM-CCA cost reduction in current coordinate cycle drops below a desired

tolerance, exit and return ]5j = f)j and Ez = Ef, otherwise go back to Step 3).

6.3 Simulation Results

The performance of the CSM-CCA and DSM-CCA is tested and compared with
iK-Means [13] in terms of probability of correctly clustering sensor measurements accord-
ing to their source information. The algorithms are tested in a sensor network consisting
of L = 3 types of sensors (15 sensors in each type) and M = 2 uncorrelated sources.

The AR-1 model is used for the sources {s,,(7)}*_,. In the testing scenario, sensors

{8],8%,83,85,87,853,83,85,55, 89,853,852, 83, S5, S5} observe source s;(7), source sz(7T)
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Figure 6.1. Probability of correctly clustering sensors vs. number of training data.

affects sensors {S}, 87, S8, SY, 810,82, 87,85, 85,830, 85,87, 88,83, 8101, and the re-
maining 15 sensors are too far away from any of the sources to sense the sources. In
the DSM-CCA algorithm, the ADMM iteration K is set to be X' = 20. The sparsity-
controlling coefficients are chosen using the A—selection scheme proposed in 3.3. Fig.
6.1 depicts that CSM-CCA achieves the best performance, and DSM-CCA yields better
performance than iK-Means. It is also of interest to notice that, as the number of training
data ¢ increases the higher probability of correctly clutering sensors for CSM-CCA and

DSM-CCA also increases.

6.4 Conclusion
A novel (;-regularized M-CCA framework was put forth in this chapter and utilized
to cluster different types of sensor data based on their source content. With the consider-

116



ation of different kinds of network setting, FC-based network and ad-hoc network, CSM-
CCA and DSM-CCA were proposed, respectively, which were translated to be minimiza-
tion problems while the associated matrices in the formulation were applied to perform the
clustering task. The numerical tests demonstrate that our proposed algorithm has the ability

to correctly cluster multi-modalities of sensors.
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CHAPTER 7
CONCLUDING REMARKS AND FUTURE RESEARCH

7.1 Conclusions

In this dissertation, the core objective is to cluster the sensor measurements based
on their source content. Several different scenarios are considered: 1) the number of un-
correlated sources is given, 2) the number of sources is unknown, 3) there is a FC exists
in the field, 4) the sensors are connected in an ad hoc way, 5) all the sensors sense the
same kind of elements (homogeneous network), 6) multiple types of sensors comprising a
heterogeneous network, 6) the FC and (or) sensors have limited capability of storing data
(in an online setting), and 8) the sensors and (or) FC is capable of storing all the historical
measurements (in a batch setting). For the sake of performing the sensor data clustering
under different scenarios, different CCA-based frameworks are proposed. Specifically, CS-
CCA and DS-CCA are designed to cope with the setting where the number of sources is
known, while the former and latter focused on the case of 3) and 4), respectively. Fur-
ther, both CS-CCA and DS-CCA are developed in an online fashion, which are denoted by
OCS-CCA and ODS-CCA algorithms. Without knowing the number of sources, two novel
solvers are provided, which are norm-two regularized algorithm and PCA based scheme. In
Chapter 4, we apply the first solver in sparse CCA, and in Chapter 6, PCA combined with
MA is utilized to carry out the clustering task. Different from the data models in Chapter
3 and Chapter 5, which are generated from the homogeneous networks, in Chapter 4 and
Chapter 6, we deal with the clustering of multiple types of data sets. The numerical tests

showed the capability of our proposed algorithms in grouping sensors according the sen-
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sors’ source information in different scenarios, and proved that our algorithms surpassed
the existing alternatives.

Two key techniques are utilized to solve the derived minimization frameworks, which
are BCD and ADMM. The contribution of BCD is providing tractable solution to noncon-
vex minimization problems. Specifically, through the application of BCD, the matrices
used to perform sensor clustering can be updated entry-by-entry in each coordinate cycle.
It has been shown that as the coordinate cycle goes to infinity, the aforementioned ma-
trices can behave perfectly in the sense that zero and nonzero entries will appear in the
proper locations. ADMM played an important role in two aspects: 1) all the proposed
distributed algorithms are associated with finding some global variables in a distributed
fashion, which can be easily estimated by ADMM iterations; and 2) in the CR-CCA and
DR-CCA schemes, the introduced norm-two terms make the cost function to be challeng-

ing, which was overcome by ADMM technique.

7.2 Future Research

The proposed CSM-CCA and DSM-CCA frameworks are batch algorithms in the
sense that first acquire data and then perform the processing. Such batch schemes are per-
tinent for settings where sensors acquire data for some limited time and then stop. How-
ever, when sensors are constantly sensing new data, a batch algorithm will eventually drain
all storing and computational capabilities across sensors. Furthermore, sensor data often-
times are collected in challenging environments, whose statistical structure is not known
and maybe dynamically changing with time. Obviously, when the phenomenon of interest
are mobile or exhibit nonstationarity, our proposed batch algorithms will not work well in
grouping sensors. To cope with these challenges, we will propose adaptive mechanisms,

which can give more emphasis to the recent data and gradually forget the past, and also
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this kind of adaptive processing should have the ability to tackle the problems with limited
number of data, which will not grow up dramatically with the time increases.

Moreover, the CS-CCA, DS-CCA, OCS-CCA, ODS-CCA, CR-CCA, DR-CCA, CSM-
CCA and DSM-CCA schemes derived in this thesis are tested using synthetic data. In the
future, those algorithms will be verified using real data.

In chapter 5, we proposed a new method based on CS-CCA, NLMS adaptive filter
as well as PCA techniques, while in the training phase, every processing is done in a FC,
which may introduce a heavy burden when the monitored field is very huge with extremely
high number of sensors. Thus, it is necessary to fulfill the flawless clustering in a more
efficient way, i.e., using a distributed scheme. Also, more detailed procedure will be pro-
posed to deal with the time-varying environment, i.e, moving sources, the disappearing or

appearing of sensors.
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APPENDIX A

PROOF OF PROPOSITION 2
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The proof consists of two parts: (I) It is shown that the updates D7(«, 3) and
E"(a, 8) by applying BCD to the CCA-based cost (3.5) converge to a stationary point
of the cost in (3.5); (II) It is demonstrated that the algorithmic updates obtained from ap-
plying BCD to the approximated cost in (7), namely D" (e, 8) and E7(«v, 3), are arbitrarily
close to the updates D7 (a, 3) and E7(a, 3) obtained from the original CCA-based cost in
(3.5), ie., |D7(a, B) — D7(a, B)| < (e), where d(¢) is a nonnegative quantity for which

lim._,4d(¢) = 0. In detail:

A.l Stepl

First, minimize of the cost in (3.5) w.r.t. one entry of D (or E), namely D(«, /3)
(or E(a, B)), without the approximation introduced in (3.6). Let D7 and E” denote the
corresponding updates from entry-wise minimization of (3.5) . During the 7th BCD cycle,

the minimization of (3.5) w.r.t. D(«, () involves the cost

opld) = ||7:b;5 - dfl;,ﬂ”% + Apold|+ (A.1)

5[“‘#; dhl 5“2 ( (5 B)+d- 2hag +ha,8> ]

where 1:[); 5 and B;, 5 can be obtained as in (3.10) after replacing the D™ !and ™! updates

with D™! and E™~! which will be obtained via solving (A.1). Further,
hal = 5L 1#5 D™ (a, )3, (5. 8). (A2)

hi; = Z DT?l(auj)]jTil(a? Z>2$(j’ Z) - 1
1,j=1,4,57#8

pf
Yohi=— Y DTN )2, )DL, 1)

i,j=1,#8

pf
h,7 ==Y X.(8,1)D" (L)
i=1
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where 7, is an index set equal to {1,2,...,a — 1,a + 1,...,¢} and D™ Y(Z,,4) :=
D™ 1(1,4)...D™ (o —1,i),D"™ (a4 1,4) ... D" *(q,4)]" corresponds toa g — 1 x 1
column vector. Let D7 (v, 3) denote the minimizer of (A.1) which is not available in closed
form. This is to be contrasted with our algorithm, where instead of considering (A.1) we
tackle (7) [or equivalently (9) and (10)] after making the approximation 5||Df)xDT —TIJ|%
with ¢||DX,(D™1)” — I||2 (similary for the E term) leading to the simple closed-form
updates (3.13) and (3.15).

Next, we are going to prove that the iterates acquired from (A.1) are convergent to a
stationary point of the CCA-based cost in (3.5). Let g({D(a, ), E(«, 5)}2’2{76:1) denote

the S-CCA cost given in (3.5), which is defined over R?%/*! and
go({D(a, B), B(a, B} ,_) = vl ES,E" —1||% (A.3)
+e|DE,DT — 1|7 + N7 35 [Ey () - Dx(t) — 3.
Furthermore, let’s consider the level set
Q:O = {{D(av 5)7 E(O./, 6)}32];,5:1 :
9({D(a, B), E(a, B)}22 5_,) < g(D°, E°)} (A4)

where D? and E° are the q X pf matrices used to initialize S-CCA and selected such that
DY, < oo, |E°||; < oo, from which it follows that g(D°, E°) < oo. Further, from the

form of g(-) it follows that any D and E in €° satisfy
q A A
ZPZJE,pHEZIh + 30, Ap,|IDZ]; < g(D°EY) < o,

Thus, (i) the set €° is compact (closed and bounded). Moreover, (ii) g(-) is continuous on
¢o,

The cost in (A.1) used to obtain D7 (o, 3) can be written as

T 5(d) = eqd® + e3d® + ead® + erd + Ao |d| + € (A.5)
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where ey, e3, €2, €1 and ey depend on the quantities defined in (A.2). Notice that e, > 0
as the diagonal values of f)x (or ﬁ]y) are positive, and e; > 0. If e; = 0, and e5 = 0,
then J; B(d) is symmetric around zero. In this case, as e; > 0, zero is the unique min-
imizer of J7 5(d). If e; # 0 or e3 # 0, there will be either one minimizer or two min-
imizers, where we can consistently select the larger (or smaller) minimizer. Thus, (iii)
we can always ensure the uniquiness of minimizer per iteration. Also, (iv) function g(-)
is regular at the unique minimizer, which is outlined in [71, (A1)]. Specifically, the do-
main of function go(-) is formed by matrices which satisfy that D(«, 5) € (—o0, +00) and
E(a,8) € (=00, +00). Then, the domain(gy) = (—o00, +00)?%/*! is an open set. More-
over, go(+) is Gauteaux-differential over domain(gp). In detail, the Gauteaux derivative is

defined as
go(H; Ap) == lim_o[go(H + eAp) — go(H)] /e (A.6)

where H refers to either D or E. After carrying out the necessary algebraic manipu-
lations, it follows readily that g,(D; Ap) (and g,(E; Ag)) exists for all Ap (and Ap)

€domain(go), and it is equal to (similarly for E)

r[2(DX — EY ) (ApX)T +2¢(D2, DT —1)(DX, AL — ApE, DY) (AT
whre X' = 1/V/N[x(0) =1, ..., x(N —1) =, ] and Y’ = 1/v/N[y(0) — iy, ...,y (N —
1) —m,].

The properties (i), (ii), (iii) and (iv) ensure the iterates D" (v, ) and E7 (o, 8) will

converge to a stationary point of g(-) [71, Thm. 4.1 (¢)].

A2 Stepll
We demonstrate that the updates from (A.1), namely DT(O{, B), can be arbitrar-
]jT(a, g) —

D" (a, B)| < (¢), where §(¢) is a nonnegative quantity for which lim._,o6() = 0.
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Both updates D(av, 3) and D°(«, ) can be initialized at same value. Assume
now that at BCD iteration 7 — 1 it holds that [D™!(a, ) — D™ Y(a, 8)| < &(¢) and
IE™ (o, B) — E™Y(a, B)| < & (€), where lim,_,o &' (¢) = 0. Then, using the cost in (A.1),

(13) can be written as

Y5 — dh;,ﬁ”% + Apald] + ||"vp;5 - dﬁlgll% (A.8)

= Ji5(d) + o(d, €)

where @7;;5 and Bgﬁ are defined in (3.11), and ¢(d, ¢) := ||7:b;5 - dflg’ﬁﬂg — 5[||¢(11; —
dh}l’% 12— (a3, (8, B)+d- th’fﬁ - hi;)ﬂ +0'(€)- A, where A, is a finite coefficient. The
continuity argument in [26, page 15] and (A.8) implies that, for any 6(c), we can select &
sufficiently small such that [D"(cv, ) —D7 (v, 3)| < 6(¢), where lim._,o0(g) = 0. Thus, by
induction it follows that D" (a, 3) — D7 (a, 8)| < 6(¢) and |E"(av, 8) — E7(a, B)| < 6(¢)
for any 7.

Thus, the updates D7 (, 3) (and E7(av, 8)) in (14)-(15) will be d(¢)-close to a sta-

tionary point of the cost in (3.5) as iteration index 7 — oo.
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APPENDIX B

DERIVATION OF ADMM RECURSIONS IN (3.22)
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We introduce auxiliary variables z;t fori € Njandt = 0,1, ..., N —1 and substitute
the equality constraints in (3.21) with p,;, = zjvt and py, = ZZ' , for i€ Nyandi # i

Then the augmented Lagrangian function can be formed as

5[{%,15}?:17"7“’] = Zf:l ||/J’i,t - pﬁZ‘IX(ta Z)H% (B.1)
+ i Ei'eM [Vf,t(ﬂi,t - Zi,t) + Wg,t(:u‘i/ bt ZZ' t)]

v .
+ 0.5¢ le Zi’eJ\G[ | Zthg + Hl"z‘,t - ZE',tH%]

where v and w contain the Lagrange multipliers ij:t and wﬁjt corresponding to the con-
straints p,; , = zﬁjt and p , = z2,7 .» respectively. Solving (B.1) involves three steps: Step
1 uses gradient ascent iterations to update the Lagrange multipliers; Step 2 updates p,
by minimizing (B.1) w.rt. u,, while treating the rest quantities fixed; Step 3 minimizes
(B.1) w.r.t. zﬁtt while fixing the other variables. After reducing the redundant variables,
the subproblems (3.21) for¢ = 0,..., N — 1 will be tackled through updating the sensor
J’s local estimate, p, ,, along with the Lagrange multipliers {vg,t }iren;- Thus, sensor j is

responsible for carrying out the updating recursions in (3.22)-(24).
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APPENDIX C

PROOF OF THEOREM 1
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The S-CCA framework in (3.5) for an infinite number of data converges to the en-

semble counterpart in (3.48) which can be equivalently rewritten as

(D, E,) € arg ming, gE[|Ey — Dx||3] (C.1)
v|[EX,E" —I|[ +¢| DX, D" —1|f3

+ Zqzl )\E,p Zfil TE(pa J) + ZZ:l )\D,p Z?il TD (/): j)

subject to the constraints |E(p, j)| < Tg(p,j) and |D(p,j)| < Tp(p,j) forp=1,...,r

and j = 1,...,pf, while D, E, indicate an optimal solution. The Lagrangian of (C.1) is

L(D,E, Tp,Tg,Lip,Lyp, Lig, Log) (C.2)
= tr(E[(Ey — Dx)(Ey — Dx)"]) + Aply Ty

+Apl) Tplyp +ou((ES,E" —T)(EX,E" —1)7)

+etr((DE, DT —I)(DE,D” — 1)) + tr(LY,(D — Tp))

+tr(Li, (=D — Tp)) + trf[LI,(E — Tg) + LI, (—E — Tg)]

where Lz, Log, Lip and Lyp are R7*P/ matrices whose (p, j)th entry contains the La-
grange multiplier associated with the constraints E(p, 7)<Tg(p, j), —E(p, 1) <Tr(p, ),
D(p,j)<Tp(p,7) and —D(p, j)<Tp(p, j), respectively. Also, let Ag := Ag1, ..., Agq]"
and Ap := [Ap1,..., Ap4|T. The Karush-Kunh-Tucker (KKT) necessary optimality con-
ditions, see e.g., [4], imply that the following gradients in (C.3) should be equal to Oy, ¢

when evaluated at the optimum solution D, and E., T7, and T7%, i.e.,

oL oL oL oL
D 9E 9T, ar, o €3)

The equations in (C.3) result the following equalities satisfied at the optimum of (C.1)
(2 — 4w)E.X, + 4E.X,E'E. X, - 2D.%,, (C.4)

+ Lig — Log = Ogxpy
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2 —4¢)D. X, + 4¢D. X, D'D. X, — 2E.X, . (C.5)
e Yy

+ LTD - LZD = qupf

LTD + L;D = AquxllgfxD LTE + L;E = )\Equ]-]'ngl

where the entries of the optimal Lagrange multipliers’ matrices should be nonnegative.

Moreover, the complementary slackness conditions imply forp =1,... ,gandj = 1,...,pf
that
Lip(p,j)(De(p,j) — Tp(p,j)) = 0 and (C.6)
L3p(p. j)(=De(p. i) — Tp(p: ) =0,
Lip(p, j)(Ee(p,j) — T(p, j)) = 0 and (C.7)

L3p(p,3)(—=Ee(p, j) — Tx(p,§)) =0
Consider the ¢ x 1 vector e, := [0,...,0,1,0,...,0]” where the only nonzero entry, equal

to 1, exists in the pth position, for p = 1, ..., q. Multiplying (C.4) from the left and right

with e] and E] , respectively, we obtain

€,p:?

(2 —4)E .2 B!, — 2D, %, E]  + wE,, %, (C.8)
pf
EIEZ,EL, + > (Liglp ) — Lig(p, )Ee(p, §) =0
j=1
From the two equalities in (C.4) and (C.8), it follows that Z?il(L’{E(p,j) —L3.(p,J))
Ec(p,J) = Mg pl|Ec |1, then
(2 -4)E,,2,E!]  —2D. %, E! (C.9)
+ WE, S EESE] = g, |Ec 1, p=1,....q
Summing the ¢ equations in (C.9) results
(1-2v)ur(Z,E'E,) — (X, EID,) (C.10)

+20tr(B,EEZ,ElE,) = =050 Mg |Ee e [l1
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Using similar steps we obtain

(1-2¢)u(2,DID,) — tr(X,,DIE,) (C.11)

+2etr(X,D! DX, D! D.) = =057 Ap || De,p[l1

As 3¢ D, 3, EL = (3, EID,) = (D, 3,,ET), (C.9) and (C.11) can be

rewritten as

(1 =20)E., %, — D, Xy 4 20E. ., 3, E E.X,)E]
+ 0.5 | Be i =0, p=1,...,q (C.12)
(1 —26)D; 2, — Ec By, + 2¢D. , %, D/D.X,)D]

+0.5Ap || De |1 =0, p=1,...,q. (C.13)
Using (C.12) and (74), the cost in (C.1) can be rewritten as

AB,p AD,p
Z:l 3 HEpi”l‘i‘ZZ:l 3 HDp:\|1—vtr(E2yETE2yET)

— etr(DX,D'DX, DY) + (v + &)tr(I) (C.14)

Thus, the minimization problem in (C.1) is equivalent to

(D, E.) € arg minp g — vtr(EX,E"EX, E") (C.15)

q q
A A
— etr(DXE,D'DX,D”) + %||Epz||1 +) %HDF,:Hl
p=1

p=1

s. to the equality contraints in (C.12) and (76).

Given the properly selected sparsity-controlling coefficients Ap and Ag, assume that the

optimal solutions satisfy

HDe,p:HO = gdyp and HDe,p:H1 — ’K‘:d,p
HEe,p:HO = Eeﬁ and ||Ee,p:||1 = Ke,p (C16)
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forp =1, ..,q, where {; , (and /. ,) denotes the number of nonzero entries in D, (and E,.).

Firstly, let’s consider the simple case where ¢ = 1. Let Dy, = |\D1;||2f)1;, where
D]l = 1. Further, let ¢41: = ||Dy.|]2 and 74,: = DX, D%, Thus, DX, D7, =
0371]31:290]3{ = Cﬁ,ﬂd,l > 0. Similarly, let E;, = ||Ey.||2E., where |Ev|, = 1,
et = |Epl2 and 7.0 = E. S EL. Thus, E;.2,Ef, = 27,1 > 0. In the same
way, let us define the quantity g := ]51:2”]?){ that can be used to write D1.3,,E{. =

ELEWD{ = Cd,1Ce,17de,1- Then, the minimization problem in (C.15) can be rewritten as

min — vl 72, — ech 73, subject to (C.17)
2 4 .2

(1 - 2/0)06,176:1 — Cd1Ce,1Yde,1 + 2UC€,176,1 = _0-5)\E,1/§e,1
2 4 .2

(1 - 2€)cd71’7d,1 — Cd,1Ce,1Vde,1 + 256d,17d,1 = _0‘5/\D,1lid,1

0<ca1 <Kgr, 0< o1 <het,0 < ver < d,

0 S de,l S d;; dmzn(zxy) S 7de,1 S dmax(21y>7

where d} is the maximum spectral radius among all possible /4, x ¢4 submatrices of 3,
that are formed after keeping ¢, of its rows and columns with common indices that are
determined by the indices of the /,; nonzero entries in the optimal D ;. = || D, . ||2f)e71:,
where f)e,1; is the optimal selection for f)lz. This explains why 741 = f)1;§3xf){ < d} for
any unit-vector D,. for which ||I~)1: lo = £4.1. In the same way d is the maximum spectral
radius among all possible /. ; X ., submatrices of 3, from which it follows that 7. ; =
ELZyE{ < d? for any unit-vector E,. for which HEL lo = Le1, the optimal selection for
E,. will be denoted as Ee,l:- Further, d4.(25,) and dy,in(35,) denote the largest and
smallest singular values of any /4, x (., submatrix of 3,,. Further, the third and fourth
inequality constraints in (C.17) hold because ||E1.||; < ||E1.||; and ||D1.]|2 < ||Dq.|:.

In order to solve (C.17), we form its Lagrangian function
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4 2 4 2
L1(Cd, Ces Va1, Ve, Vdeds V1) = —UC1Ye,1 — €Ca17d1
a 2 4 2
+ v [(1 - 27})0@,176,1 — Cd,1Ce,1Vde,1 T 2U0671’V€71 + O.5>\E71KJ671]
bI(1 — 952 2ect A2+ 0.5\
+o7[(1 - €)Ci17d1 — Cd1Ce1 Ve, + 26C51741 + 0. D,1Kd,1]
c d e f
+ vi(Ca1 — Ka1) — ViCan + V5(Ceq — Ke1) — Vi Cep

+ Uf(%m - dZ}) - U{L%l,l + Ui (%,1 - d:) - U{%,l

k I
+ U1 h/de,l - dmax(zccyﬂ + (%1 [dmzn(zzy) - /yde,l] (Clg)
where v, = [v% 0, v¢, v, v¢, vl 09 v vl v vk 0T contains the multipliers for the

equality and inequality constrains in the minimization task in (C.17). From the KKT
necessary optimality conditions, it follows that v$, v¢, vf,vlf d ol vl ol ok ol assume
nonnegative values.

Applying the KKT necessary optimality conditions in (C.18) involves: i) Differen-
tiating £1(s) W.I.t. Ca1,Ce1, Va1, Ve1, Yde, and making all these partial derivatives equal
to zero; and ii) Utilizing the complementary slackness conditions, which make vi]*(fy;l —
dy) =0, Ui*('yg,l —d;) =0, Uf*<7;e,1 — dmax(Xzy)) = 0 and Ull*(dmin(zxy) - '733,1) =0,
where the * superscripts indicate the optimal multipliers. In the same way it turns out that
vl = ol = v{ Y= v{* = 0. After applying these two steps, it follows (details omitted
due to space considerations) that v{* and vi* are strictly positive from which the slackness
conditions result that 73, = dj and 77, = di. Now recall that 741 = D..X, D7, for
]|f)1;||2 = 1and ||f)1;||0 = ly1. Thus, 741 = d; when D, = f)e,1;- Similarly, v.; = d}
when El; = Ee,l:-

Recall that d; = maXﬁLf)LEmf)T:, subject to Hf)LHQ = 1 and ||f)1:|]0 = lgy. It
is demonstrated next that if ]56,1;21]521: = d}, there must exist a column, namely the

71th column of U, with support Z; , where U, is the eigenvector matrix of 3, . Since

D. .. is a scaled version of D, ., latter property implies that ||D.1.(Z;,)||; = 0, while

133



|IDe1:.(Zi)]l1 = & (Ap1), where & (Ap1) is strictly positive. Further, let G,,, denote the
index set of the entries of m;st diagonal block of ¥, for which G,,,, = Z;,, while m; €
{1,..., M}. It will be shown that Z; := support(D. ;.) = support(f)e,l;) C G, To this
end, let Dy, := [D!,D2,..., D] in which every subvector D?* has |G,,| entries (such
that Zf\rf:l |G| = pf) and let Z, ,,, := support(f){’f) with ZM |Z1m| = €41, where

m=1

|Z4 1| is the size of set Z ,,,. Then, it follows that,

f)lzzf){ = 27]\::1 f)??zz,gm (]:N)?ln)T

J4 1 N
<N (225 ) IDTI3 (C.19)

m=1 :E>gm

where dmax(Ei“f’glm) is the spectral radius of the |G,,| X |G| submatrix Efj‘glm, which is
formed by keeping £, rows and columns of 3, ¢, € RI9nXI9n] with common indices.
The inequality in (C.19) holds true because each subvector f)?} of DY can have at most laq
nonzero entries. If dfl‘“ denotes the maximum spectral radius that can be achieved by any
l41 X {4, submatrix Zi‘f’glm that is contained in a diagonal block 3, g form =1,..., M,
then since S°_ |D7*||3 = 1 and equation (C.19), it holds that D,.¥,D7<d*". Then,
it should hold that df;d‘l = d}. Then, the max value d} can be attained if and only if the
nonzero entry indices of the optimal f)e,l: satisty 7, := support(f)e,lz) C G, foram; €
{1, ..., M'}. This further implies that there exists an eigenvector U, ;,, with support Z;, =

Grm, for which Z; C Z;,. Thus, it is deduced that ||D,.1.(Z;,)|l; = 0 and |D..1.(Z:,)| >

[

€(Ap1) > 0 since the ¢;; nonzero entries have indices in Z;,. Positivity of £(Ap 1) is
ensured since Hf)e,leg = 1 and Ap is selected such that D. ;. # 0.

Similarly, optimal E, ;. satisfies T .= support(E. 1.) € Gy form) € {1,..., M}
and G,,,. is the index set for the mst diagonal block of 3. In the same way, there exists

an eigenvector U with support Z;; = G, for which Z; C Z;,. Thus, it is deduced that

TR
||Ee,1:(2i/l)||1 = 0 and ||E671:(Zi/1)\|1 > &'(Ag1) > 0 since the /. ; nonzero entries have
indices in Zz"l .
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Next, it is shown that G, = G,,, = Z; = Z;,. From the constraints in (C.17),
it follows that, if the optimal v; 1,7y, ¢, ¢ are all strictly positive, then, v, are strictly
positive too. Recall that 3, and 3, have the same block diagonal structure then G,,, =
Gmy» otherwise Z; N 7, =  which would further imply that Vie1 = E@szyajf)ZpZ =0
resulting a contradiction. Thus, mel = G, results Zy = 2.

Let’s consider the more general case where ¢ > 1. To this end, let D . = |ID p: ||2]5p:

with ||f),,:||2 = 1,and E, = \|Ep;||2]§p: with ||Ep;||2 = 1, for p = 1,...,q. Further, let

cap: = |IDpll2s Yap: = Dp;EmD;F:, Vdep: = Dp;EmyEZ and dg,;: = Dp;ExD;{ (j #
pvjma = 17 ce >Q) Notice that 5d,pj = 6d,jpa 5d,pj < Vd,p> 5d,pj < Yd,j and Vd,p < d;klm'
Where, d; , corresponds to the maximum value that D p;21ﬁ£ can attain when H]5 pello =
{4 ,, which can be equivalently written as dfl’ o= maxﬁpjﬁ p;Zm[N)ZZ subject to the constraint

that ]\ﬁp:\\o = (4, Moreover, let c. ,: = ||E,.||2, Vet = Ep;Eyﬁ;ﬂ and 0. ,;: = Ep:Eyﬁz

(J # p). Notice that 0. p; = Ocjps depi < Veyps Ocpj < Vejo and ve, < df

e.p° in which,

d; 0 = maxﬁp:ﬁp:Eyﬁg, subject to the constraint ||Ep;||0 = /.,. Recall that, Ap and Ag
have been selected such that ||D7 ||, = k4, and [|D} [|o = {a,, while ||E? ||, = ., and
IE5 o = Llep forp=1,....q.

In this case, let’s denote the Lagrangian function of (C.15) as Ls(-). Next, we apply
KKT conditions to derive necessary conditions that the optimal solution of the minimiza-
tion problem should satisfy, which involves the following three steps (assume that v < 0.5
and € < 0.5): 1) Differentiating L5(-) W.L.t. Cq,ps Ce.ps Vd,p» Ve,ps Vde,ps Od,pj» a0d ¢ ;3 2) Set-
ting the corrsponding derivatives equal to zero; 3) Applying the complementary slackness
conditions for the optimal Lagrange multipliers.

Firstly, we consider the easier case where r = 1, which makes ¢ = M. From
Cauchy-Schwarz inequality and d4,; < 74,, we know that the two sides are equal if and
only if IN),): and f)j: are linearly dependent. As Hf)p:Hg = H[N)]HQ = 1, if and only if

D, = ﬁj:, then, d4,; = 74, = 7a;. Consider that the M sources are nonoverlapping,
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there could not be two rows of D, which have the same direction. Thus d4,; < 74, and
da,pj < 7aj- Similarly, d. ,; < e, and 6. ,; < 7. ;. Then after the aforementioned three
steps, it follows that at an optimal point it must hold that vy, = dj , , Ve, = d; p, Va,pj =0
and v.,; = Oforp =1,...,q, 7 = 1,...,q,5 # p. Since 74,; = 0, it follows that the
optimal direction vector D o should be selected such that ]5,,;21]52 = 0 for j # p, while
Vep = D p:Exﬁ;C is equal to the maximum possible value dj; ,. The previous properties and
since D, ,. = Ca, pﬁ p:» results that the direction vector for the pth row of the optimal matrix

D., namely D, ,., should be selected such that

e,p:s

D, , =arg maxﬁp:f)p:Exf)Z; (C.20)

s.t0D,2,D% =0, D[l =1, |Depll = £,

where p = 1,...,q, j # p. Using similar derivations as when ¢ = 1, it can be shown

that if D, ,, 3, D7, = d

o, there must exist a column, namely the i,th column of U, with

support Z;,. As D, . is a scaled version of ]fN)W:, it implies that | D, ,.(Z;,)[1 = 0, while

|De.p:(Zi,)|l1 = &(Ap,p), where {,(Ap,,) is strictly positive.

Similarly, Ee,p;(zi/p)||1 = 0, while ||Ee,p:(Zi’p)||1 > &,(Ag,p), where £ (Mg ,) is

strictly positive and Z; = support(U while U, is the eigenvector matrix of X,.
P

y,:i;)’

Further, Qm;) = Gm, = Z% = Z;,, where G, and gm; are the index sets for the m,th

ﬂ’
diagonal block of 32, and the m/pth diagonal block of 33, respectively.
Using the similar way, we can prove the Theorem 1 for the more general case where

r> 1.
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APPENDIX D

IMPACE OF MOVING AVERAGE FILTER
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Consider the measurement acquired at sensor j at time instant ¢
Z c]mZh]m Sm(t — T) + w;(t) (D.1)
meS;
where S; corresponds to the set that contains the source indices observed by sensor j.
The MA filtering applied here boils down to form a running sample-average of P

consecutive measurements at time instant ¢, i.e.,

B 1 t—P+1
I'J(t):F Z chmzh]m Sm _7)+w](€)
{=t meS;
L-1 t—P+1 e
D G Y () [P su(t—71)| + szj(z)
meS; =0 o=t o=t
L—-1
= D> ¢im ) hjm(T)8m(t — 1) +w;(?), (D.2)
mGSj =0

where 5,,(t — 7) :== P~ 30" " s, (¢ — 1) and @;(¢) corresponds to the averaged noise
term in (D.2).

Note that if the length of the MA filter P is selected sufficiently large compared to L,
while the source signals have a time-invariant ensemble average (e.g., wide sense stationary

processes) then in that case it holds that
Smt) 8t —1)~ ...~ 5,(t—L+1), (D.3)

due to the averaging effect of a sufficiently large number of sensor measurements. Then,

after utilizing (D.3) in the third equation in (D.2) we obtain

i) ~ ) Cm Z B (T ) + m;(t) (D.4)
meS;

= > Hjmsw(t) +w;(t), (D.5)
meS;

where Hj = Cjm S50 By (7).
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From (D.4) it follows readily that the noise w;(¢) has zero-mean and variance o2 / P.
Thus, for sufficiently large P the noise can be made negligible and virtually be ignored.
Next, it is demonstrated how the MA measurements can be utilized to obtain an accurate
estimate for the number of sources present in the monitored field. Stacking all the MA

measurements in (D.4) in a vector X; we obtain
M
Xy = [T (t) .. Z .5 (D.6)

where h,, is a p X 1 vector whose jth entry is zero, namely h,, [7] = 0, if the measure-
ments of sensor j do not contain information about source s,,(t), otherwise h,,[j] =
Cim S kg hjm (7). If there is N := N — P + 1 training sensor data vectors available,
ie., {)_ct}ivzl and after subtracting the sample-average estimate for the mean of x;, namely

m; = N1 Zi\i 1 X¢, then the MA data covariance matrix can be estimated as

~ 1 N

m::ﬁ;m—mmﬁmﬁ (D.7)
= Zn]\fﬂz%ﬁﬁmﬁm’T
x [N VSN [Bon(t) = Fon) B (t) — 5], (D.8)

where 5, := N1 Ziv_: | 5m(t). For sufficiently large number of training data N and since

the sources are uncorrelated it turns out from Law of Large Numbers [39]
NI (5 (t) = 5[5 (£) = 5] = 02,8(m — m) (D.9)

with §(m — m/) denoting the Kronecker delta function and o2, corresponds to the variance

of source s,,(t). Thus, the MA data covariance matrix in (D.7) can be written as
55 R Y Ol (D.10)

As long as the column vectors h,,, are linearly independent it is easily seen that for suffi-

ciently large number of training data /V, and MA filtering length P the number of nonzero
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eigenvalues of the MA data covariance matrix estimate 3, is equal to the number of sources
M. Note that for the random Gaussian channel coefficients considered in Sec. 5.1, the vec-

tors {h,,}*_, are linearly independent.
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APPENDIX E

PROOF OF PROPOSITION 3
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Consider sensor j in which after applying the MA filter to its measurements follow-

ing (5.1), and utilizing the result from (D.2) it follows

L—1 t—P+1 gl
Zi(t) = m Y him(™) [P sulp—7)| + 1_32 w;(p) (E.T)
meS; 7=0 p=t p=t

where S; corresponds to the set of sources that are affecting the measurements of
sensor j. When the number of measurements P is selected sufficiently large, the noise
variance in (E.1) can be made arbitrarily small as stated in Apdx. A. Thus, for sufficiently
large P the MA measurements in (E.1) can be assumed approximately to be noise free
which further implies that the sensor measurements are scaled versions of the modified
source signal S, (). Since the modified source signal S, (¢) is formed by adding a set of P
samples of the original source signal s,,(t), and the original source signals are uncorrelated
then the modified source signals are also uncorrelated.

It is demonstrated how the recursive interplay between PCA and CS-CCA in Sec.
5.2.2 ensures the correct clustering of the sensors according to their source content for
sufficiently large MA filter length P and number of training data N. S-CCA at first is
applied across all the sensors” MA measurements which are stacked in vectors x(¢) for
t = 1,..., N and used to form the MA data covariance matrix 22 using (5.7) and all
measurements in X(¢). For sufficiently large P, the eigenvalues of X° corresponding to
the sources will be significantly larger in magnitude than the eigenvalues corresponding to
noise which will have negligible magnitude. Thus, by selecting a proper threshold (depen-
dent on the value of P) the source-related eigenvalues can be identified, and their cardinal-
ity will correspond to the actual number of sources M. Then, CS-CCA can be employed
to identify the M different clusters /\;lyln1 for m* = 1,..., M. For each of these clusters
the corresponding sensor measurements are stacked in vectors X1 (¢),X4(t), ..., X5, (t) for
t = 1,..., N respectively, where the subscript indicates the cluster index and the super-

script the iteration index. The aforementioned vectors are used in the same way as during
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the first iteration to form via sample-averaging the covariance matrices E;’ml in (5.7).
After PCA is applied to each Ei’ml, the number of sources contained in the mth cluster
measurements X, (¢) can be determined as delineated earlier. The alternating interplay be-
tween CS-CCA and PCA is continued until all resulting clusters either contain information
about only one source, or have a single measurement that may contain information about
multiple sources.

During the merging process, when PCA is applied for sufficiently large P and N as
described in Sec. 5.2.2 then after a finite number of iterations, which will not exceed the
number of sensors p (worst case scenario where all clusters contain a single-sensor mea-
surements), this process will result M clusters that contain the measurements of sensors
observing a single common source. If there are sensors that sense more than one sources,
then there will also be clusters that contain measurements which have information about
these sources. The source content of these multi-source clusters will be identified by em-

ploying the PCA process described in Sec. 5.2.2 which will determine the single-source

clusters that share the same source content with the multi-source cluster.
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