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Abstract 

 
ACCURATE THREE-DIMENSIONAL CHARACTERIZATION 

OF THE NONLINEAR MATERIAL CONSTITUTIVE  

PROPERTIES FOR COMPOSITE  

MATERIALS 

 

Julia Elaine Cline, PhD 

 

The University of Texas at Arlington, 2015 

 

Supervising Professor: Andrew Makeev 

Accurate and efficient full three-dimensional characterization of 

mechanical properties of composite materials, including stress-strain 

curves and strength characteristics, is essential for understanding 

complex deformation and failure mechanisms of composites and 

optimizing material qualification efforts. Non-contact, full-field deformation 

measurement techniques such as digital image correlation (DIC) allowing 

for assessment of all surface strain components on the entire specimen 

surface, enable simpler experimental setups and material specimen 

designs for more efficient and accurate material characterization.   
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This work presents a new method enabling simultaneous 

assessment of the shear stress-strain curves in all three principal material 

planes.  The method uses a small rectangular plate torsion specimen.  

The method is relying on digital image correlation to capture deformation 

including the out-of-plane strain components and on finite element model 

(FEM)-based stress calculation.  Material properties measured using 

short-beam shear tests are used as initial approximations of the material 

model in the FEM stress analysis.    

Iterative FEM updating methods are used to assess the shear 

nonlinear stress-strain relationships of composite materials.  A stress 

convergence method is developed to assess the interlaminar shear stress-

strain curves by updating material properties until the stress state at the 

maximum point converges. Results for the interlaminar stress-strain 

curves are presented.   

A full-field optimization method is developed to assess the 

nonlinear shear behavior in all principal material planes simultaneously 

based on the minimization of the error between FEM-predicted strains and 

DIC-measured strains.  The use of the full-field data significantly reduces 

the number of FEM iterations compared to the stress convergence method 

and allows for the investigation of nonlinear material coupling among 

shear and tensile modes in the large strain regime.  The short-beam shear 
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method is expanded to construct an initial approximation based on full-

field strain measurements.   

Results include the in-plane and two interlaminar shear stress-

strain curves simultaneously captured for IM7-carbon/8552-epoxy material 

system.  Dependency of the in-plane and interlaminar shear response on 

axial and transverse stresses in the nonlinear regime is discussed.           
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Chapter 1  

Introduction 

 

1.1 Motivation 

 

Fiber-reinforced polymer (FRP) matrix composites are quickly 

replacing conventional materials for primary structural components in 

aerospace applications due to their high strength-to-weight ratio and their 

fatigue and corrosion resistance.  Composite materials have additional 

complexity over traditional materials due to their inhomogeneity and 

anisotropic behavior.  Current composite structures are engineered with a 

fail-safe approach leading to overly conservative designs.  However, to 

achieve the greatest benefit of composites, a damage-tolerant approach 

should be used.  This requires accurate and reliable structural analysis 

models that are able to predict the effect of manufacturing defects and 

accumulated damage on the material behavior; and determine the length 

of time the part can operate in the damaged state prior to repair.  The 

structural analysis models need to capture the physics of material 

behavior, including complex deformation and failure mechanisms [1-3] to 

generate realistic failure predictions; therefore accurate three-dimensional 

material characterizations are required as the basis of the models.   
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Historically, standard practices for assessing material stress-strain 

constitutive relations have been based on resistance strain gage 

measurements [4].  A strain gage measures the average strain over the 

gage area; therefore, it is necessary to achieve a uniform strain 

distribution within the gage area, which imposes constraints on the 

specimen design.  In-plane tensile, compressive and shear stress-strain 

curves for composite materials are measured using different specimen 

types and test configurations.  The out-of-plane material properties 

needed for a structural analysis are not typically measured but are 

assumed based on the in-plane properties [4].  While the in-plane 

constitutive properties and strength characteristics are sometimes 

sufficient, certain critical applications such as composite helicopter rotor 

structures [5,6], where the through-the-thickness stress effects cannot be 

ignored, may require a full 3D material characterization to capture failure 

initiation.   

Additionally, characterization of the nonlinear shear behavior up to 

failure is essential for accurate structural analysis and realistic failure 

predictions [7,8].  Interlaminar shear failure (delamination) is a common 

failure mode for laminated composites.  The shear response is governed 

by the matrix, and polymeric matrices are highly nonlinear [9,10], most 

likely due to the formation of microcracks within the matrix [11].  This 
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nonlinearity exists even at low strain values and varies depending on the 

material [12].  The lack of knowledge of interlaminar material behavior, 

including the nonlinear shear stress-strain relations, is a major hindrance 

to accurate fatigue life and failure predictions.  It has been shown that 

failure predictions for thick composites with wavy plies are improved by 

improving the accuracy of material properties used during structural 

analysis [13].  Instead of making assumptions about the interlaminar 

behavior, it is worthwhile to develop methods capable of assessing the full 

three dimensional material response, including nonlinear behavior.   

One major advancement to the field of material characterization is 

the development of digital image correlation (DIC), an accurate non-

contact, full-field deformation measurement technique that uses a 

sequence of images to measure deformation on the surface of a specimen 

by tracking the motion of a random speckle pattern throughout its loading 

history [14].  Deformation measurements are obtained over the entire 

specimen surface, yielding a full-field assessment of all components of the 

strain in the plane being observed.  Using DIC, large deformation and 

strain gradients can be measured, allowing for greater flexibility in the 

design of test configuration and specimen geometry.  Particularly, DIC 

enables the development of methods that can measure multiple stress-

strain relations from a single test specimen with multi-axial strain 
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distributions.  This would greatly increase the efficiency of material 

characterization through reduced time and material required for testing.  

The accuracy of DIC-based strain measurement has been demonstrated 

on many occasions.  For example, Totry et al [15] show DIC strains 

matching conventional strain gage data in American Society for Testing 

and Materials (ASTM) D7078 v-notched rail shear testing of carbon/epoxy 

tape laminates.  In Ref [5] conventional strain gage measurements were 

compared with DIC for ASTM D3039 tensile tests.  DIC measurements 

(averaged to the strain gage scale) agreed with strain gage 

measurements, resulting in a 0.3% difference in measured tensile 

modulus and a 1% difference in Poisson’s ratio.   

In pursuit of a method to accurately and efficiently characterize the 

three dimensional material behavior of composite materials, Makeev et al 

[16] coupled a short-beam shear (SBS) test, modified from ASTM D2344 

[17], with DIC strain measurement and developed a methodology capable 

of assessing multiple material properties from a single square cross-

section, short-beam test specimen, based on closed-form analytical 

expressions derived from simple beam theory.  Specimens can be 

manufactured so that the surface strain components for the in-plane (1-2) 

and interlaminar (1-3 and 2-3) principal material planes can be assessed 

as illustrated in Figure 1.  The fiber direction is denoted as 1 (zero-



 

5 

degree), the in-plane transverse direction as 2 (90-degree), and the 

laminate thickness direction as 3 (the interlaminar principal material 

direction).    

 

 

Figure 1. Material specimens are cut from a unidirectional panel in 

the zero-degree (A), 90-degree (B), and through-thickness (C) directions 

for assessment of in-plane and interlaminar properties. 

 

Using the modified SBS method, Makeev et al were successful in 

capturing the axial behavior in all three principal material planes and the 

nonlinear shear behavior in the 1-2 and 1-3 principal material planes; 

however, the method cannot capture the nonlinear shear behavior for the 
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2-3 interlaminar principal material plane.  Due to low transverse tensile 

strength of polymer matrix composites, the short-beam coupons machined 

in the 90-degree plane fail in tension before the shear stress-strain 

response becomes nonlinear [16,18].  It is conceivable that, until the 

specimens exhibit a shear failure, they will continue to exhibit a nonlinear 

shear response that needs to be characterized.   

 

1.2 Objective and Approach 

This work presents developments toward a method to accurately 

and efficiently characterize the full three-dimensional constitutive model 

for composite materials, including the 2-3 nonlinear stress-strain relations. 

A new methodology is developed based on a small-plate torsion test 

coupled with DIC that is capable of achieving significant nonlinearity in all 

three principal material planes simultaneously.   

Small-plate torsion specimens are manufactured from a 

unidirectional panel, and load is applied to two diagonal corners of the 

small-plate specimen, while the opposite corners are simply supported 

(Figure 2).  The specimen is subject to a multi-axial stress due to 

combined twisting and bending deformation, which yields large 

deformation on all three principal material planes.  Three synchronized 

DIC systems are used to capture the deformation for the in-plane (1-2) 
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and interlaminar (1-3 and 2-3) principal material planes simultaneously.  

This setup, as shown in Figure 2, provides all strain components 

necessary to characterize the nonlinear constitutive model.   

 

 

Figure 2. A small-plate torsion experimental setup with custom test fixture 

and three synchronized 16-megapixel stereo camera systems for 

simultaneous monitoring of the surface strain in all principal material 

planes.  

 

Unlike the SBS coupon, the stress state for the small-plate torsion 

specimen is not geometric.  No simple closed form solutions are available; 

therefore, a finite element model (FEM) will be used to calculate the 

stresses for the small-plate torsion specimen [19].  The dependency of the 

stresses on the material properties requires a good initial approximation of 

the material constitutive model, which can be obtained from the SBS test.  
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Iterative inverse methods which compare experimental data with FEM-

predicted data to determine the optimal material properties best 

representing the material behavior are used to determine the constitutive 

model for IM7/8552 carbon/epoxy material system.   

The outcome of this work is an iterative method for assessment of 

the shear nonlinear stress-strain relationships of composite materials 

using the full-field strain data generated in the small-plate torsion test 

specimens. Full-field strain measurements on the three principal material 

planes (surfaces) of the small-plate torsion specimen include large strain 

gradients and allow for an efficient simultaneous determination of both 

linear and nonlinear material parameters, using a limited number of DIC 

images generated during specimen-loading history.  This test method 

allows for the confirmation of the assumption of transverse isotropy for 

unidirectional IM7/8552 and investigation of material couplings.    
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Chapter 2  

Background 

2.1 Short-Beam Shear (SBS) Method 

2.1.1 Experimental Description 

A short-beam shear test is defined in ASTM D2344 [17] to measure 

shear strength of fiber-reinforced composite materials. A prismatic 

rectangular specimen with recommended width-to-thickness ratio of two 

and span-to-thickness ratio of four to five is loaded in three-point bend 

until a shear failure occurs.  A typical short-beam shear loading 

configuration is shown in Figure 3.   

 

Figure 3.  ASTM D2344 short-beam shear test configuration for a 

specimen loaded in the 1-3 principal material plane.   
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The specimen rests upon cylindrical supports of 0.125 in (3.175 

mm) diameter and load is applied using a 0.25 in (6.35 mm) cylindrical 

loading nose.  The dimensions of the supports and loading nose are 

recommended for use in Reference [17].   

Makeev et al [16] introduced a modified short-beam method relying 

on DIC for measuring material shear stress-strain curves and 

tensile/compressive constitutive properties.  Figure 4 shows a test setup, a 

specimen with applied speckle pattern, and an example of DIC-based 

strain contour plots.  The reader is referred to Ref [14] for a more general 

description of the DIC technique; and to Refs [15,19] for more specific 

details pertinent to this work.   

Material specimens are cut from a unidirectional panel in the zero-

degree, 90-degree, and through-thickness material planes as shown in 

Figure 1.  Zero-degree specimens are cut such that the fibers are parallel 

with the length and load is applied perpendicular to the fibers, and used to 

assess the 1-2 and 1-3 principal material planes.  90-degree specimens 

have their length perpendicular to the fiber direction and are used to 

assess the 2-3 principal material plane.  Specimens can also be cut 

through-the-thickness from a thick panel and tested to assess interlaminar 

properties.   
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Figure 4.  (a) Short-beam shear experimental setup, (b) Applied surface 

speckle pattern for DIC strain assessment, and (c) Typical axial, shear, 

and transverse strain distributions.  

 

By applying monotonic quasi-static load in the 1-2 (in-plane), 1-3 

(interlaminar), and 2-3 (interlaminar) principal material planes, all surface 

strain components (axial, transverse normal, and shear) can be assessed. 

Multiple material constitutive properties can be determined from a single 

specimen based on closed form analytical expressions, which will be 

described in the subsequent section.   
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The specimen geometry is modified from ASTM D3044 standard 

dimensions [17].  The short-beam coupons have a square cross-section to 

achieve a more uniform strain distribution through the width away from the 

support [16].  Shear failures of unidirectional short-beam specimens and 

tensile failures of 90-degree (2-3 plane) specimens and interlaminar 

tensile short-beam specimens allow for the assessment of matrix-

dominated material shear and tensile strength [5, 16, 18, 20, 21].   

ASTM D2344 [17] only recommends the short-beam shear method 

to measure shear strength because the high strain gradients prohibit the 

use of strain gages to capture deformation [4].  The use of non-contact, 

full-field DIC strain monitoring overcomes this challenge and enables the 

use of the SBS method for assessment of the strain state throughout the 

plane in which load is applied. 

   

2.1.2 Failure of Short-Beam Shear Specimens 

 

The failure mode of a composite short-beam specimen varies 

depending on the fiber direction, support length-to-thickness ratio and 

loading nose/support diameter.  Figure 5 shows examples of 

representative failure modes.  Current test parameters are chosen such 

that SBS specimens loaded in the 1-2 and 1-3 planes will fail in shear.  90-
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degree specimens fail in tension in the middle of the specimen on the 

opposite side as the loading nose [16], due to low transverse tensile 

strength.   

 

Figure 5.  Failure of short-beam specimens.   

 

 

Compression failure in a unidirectional short-beam specimen is 

currently an undesirable mode related to undersized loading nose causing 

excessive contact stress concentration [16, 20].  As the standard use of 

the short-beam shear test is to assess the interlaminar shear strength of a 

material, it is necessary that a shear failure be achieved.  Though the 

focus of this work is the characterization of material constitutive properties, 

not strength, it is still worth noting previous efforts to avoid compressive 

failure in three-point bend tests.  Wisnom [22] used varying loading nose 
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sizes with rubber cushioning pads to avoid compressive failure and 

investigated the influence of differing span-to-thickness ratios on fracture 

stability.  Xie and Adams [23, 24] found that as the span-to-thickness ratio 

is decreased, the maximum stress experienced in the material is less than 

the value of shear stress predicted by classical beam theory, which results 

in an overestimation of shear strength.  Cui, Wisnom and Jones [25] found 

that compressive damage under the loading nose resulted in 

underestimated shear strength as the compressive damage reduces 

effective specimen thickness. In their finite element analysis, Cui and 

Wisnom [26] show that contact length increases with increased loading 

nose diameter, illustrating that the largest possible loading nose should 

always be chosen.  They also performed a comprehensive study on the 

effect of specimen size in Reference [27].  Note, however, that none of 

these efforts were aimed at measuring material stress-strain properties.  

For the custom SBS tests, Makeev et al [16] increased the upper 

support (loading nose) diameter from the ASTM D2344 [17] recommended 

0.25 in (6.35 mm) to 4.0 in (10.16 cm) for carbon/epoxy specimens to 

reduce compressive damage under the loading nose before shear failure. 

The standard lower support diameter of 0.125 in (3.175 mm) is used [17] 

and can be increased to 0.25 in (6.35 mm) if compression failure at the 
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lower supports becomes an issue.  Figure 6 shows zero- and 90-degree 

specimen failures in the designed modes.     

 

 
 

Figure 6.  Shear failure of a unidirectional short-beam specimen cut in the 

fiber direction (zero-degree); and tensile failure of another short-beam 

specimen cut in the 90-degree direction and loaded in the 2-3 plane.   

 

90-degree specimens fail prematurely in tension before the 2-3 

shear stress-strain response becomes nonlinear [16], limiting the SBS 

method for the assessment of the 2-3 shear stress-strain response up to 

failure.  This can be overcome by adding a significant number of zero-

degree plies as reinforcement; however, this causes significant residual 

stresses during the curing process.  Previous attempts to use ASTM 

D5379 [28] v-notched beam method to measure 2-3 shear stress-strain 
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relations using specimens cut in the 90-degree principal material plane 

also failed to achieve significant shear nonlinearity before failure.  A 

tensile failure occurred in the vicinity of the v-notches at 2-3 shear strain 

slightly exceeding 1% [12].  Thus, using the SBS method, only the linear 

shear stress-strain relation for the 2-3 plane can be observed.   

 

2.1.3 Closed-Form Approximations for the Axial and Shear Material 

Properties  

 

 

Figure 7.  Typical axial and shear strain distributions from DIC 

measurement. The linear distribution of the axial strain is shown in (a) and 

in (b) the maximum shear strain occurs at the neutral plane. Regions used 

for strain evaluation are shown.   



 

17 

Observations from DIC-based strain distributions in the short-beam 

coupons enable a rigorous derivation of simple geometric (material 

independent) closed-form approximations for the axial normal and shear 

stresses [16].  

As shown in Figure 7, linear axial strain distributions through the 

thickness halfway between the loading nose and lower supports agree 

with classical beam theory and allow the formulation of the axial tensile 

and compressive modulus values [16] as shown in equation (1) 

 

𝐸𝑇,𝐶 =
𝑀

𝜅
𝑤ℎ3

12
(1∓𝑎)2

,    𝑎 =
2

ℎ

𝑏

𝜅
    1 

 

where  𝑀 =
𝑃𝐿

8
; 𝑃 is the applied load, and 𝑤, ℎ are the width and thickness, 

respectively.  The constants, 𝜅 and 𝑏, are the slope and intercept of the 

linear axial strain distribution, 𝜀𝑥𝑥 = −𝜅𝑦 − 𝑏 through the specimen 

thickness (−
ℎ

2
≤ 𝑦 ≤

ℎ

2
) away from the supports.  Note that the above 

formulation is not limited to a single cross-section, but can be normalized 

over a 2 mm long gage area as the material properties do not depend on 

the x location. The bending moment 𝑀, slope, 𝜅, and intercept 𝑏 of the 

linear axial strain approximation are all linear with respect to x [16]. 
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The equationss for the linear axial strain distribution through the 

thickness over a gage length, typically 0.08 in (2.0 mm), can be 

generalized as 

 

𝜀𝑥𝑥
𝑥𝐶

𝑥
= −𝜅𝐶𝑦 − 𝑏𝐶     2 

 

where  

𝑥𝐶 =
𝐿

4
,       𝜅𝐶 =

𝜅

𝑥
𝑥𝐶 ,        𝑏𝐶 =

𝑏

𝑥
𝑥𝐶, 

 

It follows then that the expression for the tensile and compressive 

modulus would be 

 

𝐸𝑇,𝐶 =
𝑀𝐶

𝜅𝐶
𝑤ℎ3

12
(1∓𝑎)2

,    𝑎 =
2

ℎ

𝑏𝐶

𝜅𝐶
    3 

 

where 𝑀𝐶 =
𝑃𝑥𝐶

2
.  𝜅𝐶 and 𝑏𝐶 then become the slope and intercept of the 

normalized axial-strain distribution, 𝜀𝑥𝑥
𝑥𝐶

𝑥
, away from the loading nose and 

support regions.   

For assessment of the shear properties, it has been shown in 

Reference [16] that the maximum shear stress distribution midway 

between the support and loading nose is given by  
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𝜏𝑖𝑗
𝑚𝑎𝑥 =

3

4

𝑃

𝐴
, 𝐴 = 𝑤ℎ.    4 

 

This is the same expression used in ASTM D2344 [17] to evaluate 

short-beam shear strength.  An area of shear develops between the 

loading nose and lower supports with the maximum shear strain occurring 

at the neutral plane as shown in Figure 7, close to the mid-plane of the 

SBS specimen.  In the DIC software Vic-3D [29], a 2-mm-long line 

average along the neutral plane, at the midpoint between the loading nose 

and lower support is used to extract the average maximum shear strain 

per load.  A line average is used to reduce the influence of noise at low 

strain levels. The Ramberg-Osgood equation [30] 

𝛾𝑖𝑗 =
𝜏𝑖𝑗

𝐺𝑖𝑗
+ (

𝜏𝑖𝑗

𝐾𝑖𝑗
)

1

𝑛𝑖𝑗
     5 

 

is used to approximate the nonlinear shear response for the 𝑖, 𝑗 =

1,2 𝑎𝑛𝑑 1,3 planes.  In equation (5), 𝐺𝑖𝑗 is the linear shear modulus, and 

𝐾𝑖𝑗 and 𝑛𝑖𝑗 are the secant-intercept modulus and exponent, respectively.   

A summary of the loading configurations and corresponding material 

properties calculated from the measured strain data and the above 

equations is shown in Figure 8. 
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Figure 8. Measured material properties based on loading configuration for 

SBS specimens (1-fiber direction, 2-transverse direction, and 3-thickness 

direction).  

 

Results for the 1-2 in-plane and 1-3 interlaminar shear stress-strain 

curve, 2-3 interlaminar shear modulus, as well as zero-degree and 90-

degree tensile/compressive moduli have been published in Ref [16]; and 

results for the interlaminar tensile strength and modulus material 

properties have been presented in Refs. [18,21]. Note that only small 
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regions of the full-field strain distribution are used in the formulation of 

material constitutive relations.    

This method was extended to assess the out-of-plane interlaminar 

tensile modulus (ILT) [18,21].  Specimens were cut from a thick 

unidirectional panel and loaded in the 2-3 principal material plane as 

shown in Figure 8.   Analysis of the DIC surface strains was performed as 

outlined previously.  A comparison of the ILT SBS method and ASTM D 

6415 curved beam results showed a less than 1% difference in ILT 

modulus [18]. ILT SBS specimens are far simpler to manufacture than 

curved-beam specimens, require less material, and are not as prone to 

manufacturing defects such as porosity.    

Carbon/epoxy composites exhibiting high shear strength in a highly 

nonlinear region of the corresponding shear stress-strain curve, resulted in 

up to 15% error in shear strength calculation; and therefore required FEM-

based calculation of shear stresses [31].  An iterative FEM-based process 

was developed for calculating stresses [31] and applied to practical 

glass/epoxy and carbon/epoxy tape material systems.  The FEM analysis 

showed that the result of the nonlinear shear behavior was to reduce the 

maximum shear stress achieved in regions away from the loading nose 

and supports – i.e. the predicted value of maximum shear stress from 

classical beam theory is never fully reached [31].  At low stress/strain 
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levels, the difference between the stresses from the closed form 

approximation and FEM are negligible.  This difference, however, 

becomes more pronounced as the nonlinearity in the shear stress-strain 

response becomes significant.  Stress analysis confirmed that FEM-based 

correction of shear stress in short-beam coupons was still geometric, and 

allowed for closed-form approximations [20,32]. A bilinear model is used 

to correct the closed form approximation and ensure the difference 

between shear stresses is less than 5% for all load levels [20] for the 

typical span-to-thickness ratio of 5. 

 

𝜏𝑖𝑗 = {

3

4

𝑃

𝐴
                                        

3

4

𝑃

𝐴
≤ 𝜏0 = 6.8 𝑘𝑠𝑖

0.8 (
3

4

𝑃

𝐴
− 𝜏0) + 𝜏0            

3

4

𝑃

𝐴
> 𝜏0 = 6.8 𝑘𝑠𝑖

   6 

 

where 𝑖, 𝑗 =1-2 or 1-3. No correction is expected for the 2-3 plane shear 

stress. 

In an effort to improve the accuracy of the shear stress analytical 

model, Carpentier et al [33] looked at the variation of span-to-thickness 

ratio with respect to accuracy of the closed-form shear stress 

approximation given by simple beam theory.  It was found that for 

specimens with a span-to-thickness ratio of 10, the closed-form stress 

solution was within 5% of the FEM-based stress calculation, however, 
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undesirable compression failures occurred for a span-to-thickness ratio 

greater than 6 [33].  The bilinear model was generalized for various span-

to-thickness ratios in Ref [33].  

 

𝜏𝑖𝑗 = {

3

4

𝑃

𝐴
                                                                          

3

4

𝑃

𝐴
≤ 𝜏0 = 6.8 𝑘𝑠𝑖

((0.03(𝑠 𝑡⁄ ) + 0.6) (
3

4

𝑃

𝐴
− 𝜏0)) + 𝜏0            

3

4

𝑃

𝐴
> 𝜏0 = 6.8 𝑘𝑠𝑖

. 7 

 

FEM-based stress analysis confirms that the stress distributions in 

short-beam specimens are insensitive to material properties [19,31,32], 

meaning that the short-beam method provides an excellent first 

approximation of the material constitutive relations. The FEM-calculated 

stresses will exhibit an accurate trend throughout the coupon, and is 

insensitive to the initial guess provided to the FEM. The surface strain 

components, measured using DIC, can be coupled with the calculated 

surface stresses (three out of six stress components are zero at free 

surfaces) to uniquely determine the material properties relating three 

surface stresses and strains in the plane of loading.  

Despite the fact that deformation measurements are collected for 

the entire specimen surface up to failure, only small regions of the full 

field, corresponding to the location of maximum shear stress and strain 

midway between the loading nose and supports, have been used to 
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assess the 3D material properties.  Most of the strain data collected was 

ignored.     

 

2.1.4 Assessment of the 2-3 Plane Nonlinear Interlaminar Properties 

 

Unfortunately, the SBS method fails to capture the nonlinear shear 

stress-strain relations in the 2-3 interlaminar principal material plane [16] 

due to premature tensile failure, as discussed in Section 2.1.2  The 1-3 

interlaminar shear strength of practical glass/epoxy and carbon/epoxy 

tape composites corresponds to at least 3% engineering shear strain [20] 

and similar values are expected for the 2-3 principal material plane. 

 

2.2 Small-Plate Torsion Test Method 

 

Historically, small-plate torsion (plate-twist) tesst of small 

rectangular specimens have been used to measure in-plane shear 

response as a uniform shear stress distribution can be achieved over a 

significant region of the specimen without difficulty.  The method consists 

of applying load to diagonal corners of a flat-plate specimen while the 

other two corners are simply supported as shown in Figure 9.  The initially 

flat-plate twists into a saddle shape with large deflections possible at low 

loads. A significant region of the specimen is in a shear-dominated stress 
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state. Principal directions of the material are aligned normal to the 

specimen edges.  

 

 

Figure 9.  Generic loading configuration for a flat-plate twist test.   

 

The plate twist test is a standard method (ASTM D3044 [34] and 

ISO 15310 [35]) for assessing in-plane shear properties of wood and 

wood-based panels [36] and has also been applied to fiber-reinforced 

polymer (FRP) composites [37-41] and more recently, sandwich 
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composite laminates [42].  The plate-twist test is also used to identify 

mode III fracture toughness [43].   

The focus of the previous work has been to determine the in-plane 

shear response using measured load-displacement (or torque-twist) data 

combined with analytical expressions.  Deflections of the loaded corners 

are typically measured with respect to the center of the specimen and the 

shear modulus is determined from the load-deflection data.  

The first published work with respect to a flat-plate twist specimen 

to be used to determine the in-plane shear modulus of FRP composites 

was by Hennessey et al [38] using the angular deflection as a function of 

applied torque for thin rectangular plates.  Later, Tsai [37] used the plate-

twist method with unidirectional plates to reliably determine elastic 

properties for a glass/epoxy composite.  Most recently, Morais et al. [41] 

identified the flat-plate torsion test as satisfying the criteria for an ideal test 

to determine the in-plane, 1-2 nonlinear shear stress strain curve for a 

carbon/epoxy composite using a load-displacement curve.  They observed 

that the in-plane shear stress-strain curves obtained showed significant 

nonlinearity, but the work is only focused on characterizing the linear-

shear modulus.   They note that the unidirectional flat-plate torsion test is 

only considered appropriate for measuring in-plane shear modulus, G12.  

To date, the small-plate torsion test has not been used to measure the 
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interlaminar material behavior.  Also, none of the previous work with small-

plate torsion specimens utilized full-field strain measurement.   

A literature review reveals that difficulty arises in placing the 

loading/support points precisely at the corners of the small-plate torsion 

specimen, which affects experimental results [37,38].  Thus, a variety of 

configurations are proposed for loading/support application.  Tsai [37] left 

three of four corners fixed and applied load on the free corner, which 

allowed the use of crosshead displacement in material property 

calculations.  Sims et al [39] proposed a correction factor to traditional 

relations if alternate loading points were used.  This work led to the 

development of ISO 15310 [35], which moved load/support points inward 

toward the center of the plate.  The loading points are placed at a span 

equal to 0.95 of the diagonal length.  ASTM D3044 [34] requires the 

application of metal plates over the corners with point loading and support 

at the corners.  Farshad [43] and Gommers [44] simplified the 

experimental setup in ISO 15310 by introducing cylindrical rollers for load 

application instead of the traditional hemispherical loading points.  Avilies 

[42] found that the use of flat circular cross-section pins caused less 

indentation than hemispherical pins.   

In this work, the initial test configuration is developed based on the 

fixture and specimen geometry used by Morais’ et al [41]. 
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2.3 Inverse Methods to Determine Material Properties based on Full-Field 

Measurements  

 

Determining the constitutive relationship for a composite material is 

an inverse problem because the relationship between applied stress and 

resulting strain is not known.  Where a direct problem would compute 

displacement/strain and stresses from known load, geometry, and material 

constitutive properties; an inverse method determines the material 

properties based on geometry, load, and experimentally measured 

displacements/strains.  Closed-form, analytical solutions only exist for a 

few cases, so numerical methods are commonly used. 

The basic principle of the inverse method is to minimize, in a least 

squares sense, the discrepancy between experimentally measured 

quantities and numerical quantities computed from a numerical analysis 

(such as an FE model) by updating the parameters of the constitutive 

model [45].  Generally, gradient-based optimization methods are used for 

the minimization problem.  A cost function for the minimization is defined 

based on the difference to be minimized [45].  The condition to minimize 

the cost function is that its partial derivatives with respect to the material 

properties are zero.  Since there is no a priori explicit relationship between 

the numerical quantities and the experimentally measured quantities, the 
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minimization cannot be solved analytically.  Instead, iterative procedures 

are required.  Convergence of the model can be defined based on the 

relative change in parameter update, stress state, or cost function, 

whichever is most appropriate.  This method is commonly referred to as 

Finite Element Method Updating (FEMU) [46].  Use of the FEMU approach 

does not require full-field measurements.  For example, the iterative stress 

update procedure used in Reference [31], uses data from only the 

maximum stress/strain point to determine the material constitutive 

properties for a carbon/epoxy composite.  Convergence is achieved when 

the relative change in the shear stress is below a small tolerance [31]. 

A topical review of inverse problems in linear elasticity is presented 

in Reference [45], and more recently, an extensive overview of full-field 

methods for identification of material properties is given in Reference [47].   

Among strategies developed to solve the inverse problem of determining 

material constitutive properties using full-field information, FEMU has been 

the most common approach and the virtual fields method (VFM) the most 

recent alternative.       

The VFM method relies on the principle of virtual work.  Virtual 

fields are chosen such that the material parameters are the only 

unknowns, resulting in a system of equations that can be solved directly 

for the material parameters.  The advantage of the VFM is that no costly 
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iterative FEMs are required; however, the choice of virtual fields is based 

on an assumed constitutive model.           

Most of the existing work using inverse methods and full-field 

measurements for material characterization of composites has been 

focused on the identification of elastic properties such as orthotropic 

material constants or rigidities of laminated plates [48-50].  Full-field 

measurements coupled with VFM were used in Reference [51] to 

determine the nonlinear shear behavior of a glass-epoxy composite based 

on double V-notched shear tests. However, only in-plane shear properties 

were identified and some restrictions inherent to the VFM approach, such 

as the complexity in choosing suitable virtual fields for arbitrary specimen 

configuration and test setup, could be mentioned. 

Avril and Pierron [52] performed a statistical comparison of FEMU 

to VFM to evaluate the robustness of the FEMU method, and found that 

the two methods are equivalent when the appropriate virtual fields are 

chosen.  Grediac [46] reviews the use of full-field measurement 

techniques with FEMU and VFM, including notable advantages and 

disadvantages of each method.   
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Chapter 3  

Determination of the Interlaminar Shear Properties  

Using a Stress Update Method 

 

In this chapter, an inverse method based on the maximum shear 

stress/strain relationship is developed and applied to find the interlaminar 

shear stress-strain curves for an IM7-carbon/8552-epoxy composite 

material system based on the small-plate torsion test explained in Section 

2.2.  

 

3.1 Experimental Description 

 

 

To enable simultaneous assessment of the interlaminar shear 

stress-strain curves in the 2-3 and 1-3 principal material planes in this 

work, 11 small rectangular specimens were machined from a 36-ply 0.25 

in (6.35 mm) thick IM7/8552 carbon/epoxy unidirectional tape panel cured 

at 350 degrees Fahrenheit (F) per prepreg manufacturer’s specifications 

[53].  The specimen length, 𝐿, and width, 𝑤, are 2.5 in (63.5 mm).  Note 

that the specimen thickness was chosen to be the same as the typical 

0.25 in (6.35 mm) thickness of short-beam coupons machined from the 
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same unidirectional panel.  Figure 9 shows the small-plate torsion 

experiment setup and loading conditions. 

 

Figure 10.  Schematic diagram of the small-plate torsion specimen 

geometry with 𝐿 = 𝑤 = 2.5 𝑖𝑛,   𝑡 = 0.25 𝑖𝑛,   𝑠 = 2.0 𝑖𝑛.   

 

 

The small-plate specimens were placed in a custom test fixture with 

0.375 in (9.525 mm) diameter hemispherical supports; and loaded in a 

servo-hydraulic load frame at a constant 0.05 in/min (1.27 mm/min) 
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crosshead displacement rate until failure.  The support length, 𝑠,  is 2.0 in 

(5.08 cm) as shown in Figure 10. 

The cross beams of the fixture are oriented at 90 degrees to one 

another using an alignment tool as shown in Figure 11.  The locking 

washers at the base of the fixture are left loose in the test frame until all 

loading noses and supports are aligned in the jig.  They are then tightened 

to ensure the fixture stays aligned during testing.   

 

 

 

Figure 11.  Torsion alignment jig pictured with (a) the top half of the torsion 

fixture and (b) installed in the fixture. 

 

The tests were conducted at 72 degrees F room-temperature, 

ambient conditions.  All specimens failed away from support locations as 

shown in Figure 12.   
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Figure 12. Typical failure of a unidirectional small-plate torsion specimen.  

 

 

DIC was used to assess the interlaminar strain components.  One 

16-megapixel stereo camera system monitored interlaminar strain in the 2-

3 principal material plane for 5 out of 11 unidirectional small-plate torsion 

specimens; and two 16-megapixel stereo camera systems monitored the 

interlaminar strain in both 2-3 and 1-3 principal material planes for the 

remaining 6 specimens.  All coupons exhibited similar behavior. Figure 13 

shows a setup for simultaneously monitoring surface strain in the 2-3 and 

1-3 principal material planes. 
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Figure 13.  A setup for simultaneously monitoring surface strain in the 2-3 

and 1-3 principal material planes, using two stereo camera systems; and a 

three-dimensional finite element model of a unidirectional small-plate 

torsion specimen. 

 

 

Figure 14 shows typical engineering shear strain components 

measured before failure using the DIC technique and generated with the 

VIC-3D software [29].  The DIC strain analysis used a subset (data point) 

size of 45×45 pixels, corresponding to approximately 0.0007 in2 (0.47 

mm2) for these particular tests.  Data was obtained on 9 pixel centers, 

resulting in approximately 20,000 data points per load case. 
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Figure 14.  Comparison of measured interlaminar strain distribution (DIC) 

and predicted interlaminar strain distribution (FEM) in the 2-3 and 1-3 

principal material planes of a unidirectional carbon/epoxy small-plate 

torsion specimen at 995 lb (95% failure) load. 

 

A region of uniform maximum shear strain develops at the mid-

surface of the specimen away from the supports, as illustrated in Figure 

14 for the 2-3 and 1-3 material planes.  Strain values along a small line 

measuring 0.5 in (12.7 mm) along the mid-surface axis are used in this 

work to average the maximum shear strain for each load level, similar to 

the procedure used for extracting the maximum shear strains in short-
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beam specimens [16, 20, 31].  Maximum interlaminar shear strains greater 

than 3% are observed in the 2-3 principal material plane before failure.  

Shear strains greater than 2% are also obtained in the 1-3 principal 

material plane, which allows for assessment of the nonlinear interlaminar 

shear properties in that plane and verification of the method by 

comparison with short-beam test results.  The axial and transverse 

longitudinal strains are an order of magnitude lower than the 

corresponding maximum shear strain in this region. 

 

 

3.2 Finite Element Stress Analysis 

 

A three-dimensional finite element model (FEM) was developed for 

stress calculation in small-plate torsion specimens, using commercial finite 

element modeling software ABAQUS [54].  Figure 13 shows a typical finite 

element mesh including approximately 95,000 first-order three-

dimensional incompatible mode solid elements (C3D8I).  Incompatible 

modes elements are well-suited for the torsion/bending problem 

considered in this work because the additional incompatible deformation 

modes, added to the element formulation, eliminate parasitic shear 

stresses and stiffening usually found in the bending response of regular 

first-order elements [54].  The supports are assumed to be rigid and are 
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modeled as rigid analytical spherical surfaces.  Frictionless contact 

conditions are assigned between the specimen surfaces and the support 

points.  A surface-to-surface contact formulation is selected in ABAQUS in 

order to avoid local indentation stresses at contact points.  The FEM 

accounts for geometric nonlinearity; and the material shear nonlinearity for 

IM7/8552 carbon/epoxy is implemented via a user subroutine UMAT.  

Nonlinear shear stress-strain relations are characterized by the log-linear 

Ramberg-Osgood equation.    

Initial guesses of the nonlinear shear stress-strain relations are 

provided for all the three principal material planes in Table 1.  The 

nonlinear material properties generated based on short-beam tests [31] 

are used to define shear material behavior in the 1-2 and 1-3 principal 

material planes. 
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Table 1.  Initial Approximation of the Material Constitutive Properties for 

FEM Analysis 

 

Shear Properties 

𝐺12 = 𝐺13 = 0.737 𝑀𝑠𝑖 (5.08 𝐺𝑃𝑎) 

𝐾12 = 𝐾13 = 36.1 𝑘𝑠𝑖 (0.249 𝐺𝑃𝑎) 

𝑛12 = 𝑛13 = 0.248 

Axial Properties 

𝐸11 = 22.7 𝑀𝑠𝑖 (157 𝐺𝑃𝑎) 

𝐸22 = 𝐸33 = 1.3 𝑀𝑠𝑖 (8.96 𝐺𝑃𝑎) 

𝜈12 = 𝜈13 = 0.32 

𝜈23 = 0.50 

 

 

Transverse isotropy has been assumed for the initial approximation 

of the shear modulus in the 2-3 principal material plane 
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𝐺23 =
𝐸22

2(1+𝜈23)
= 0.433 𝑀𝑠𝑖 (2.99 𝐺𝑃𝑎).,   8 

 

The initial approximations for the 2-3 plane nonlinear material shear 

properties in this work are shown in Table 2.  In the first approximation, 

denoted as (A), the secant-intercept modulus K13 value from the short-

beam method [31] has been scaled using the G23/G13 shear modulus ratio.  

In the second approximation, denoted as (B), K23 is assumed to be equal 

to K13.  In both cases, the exponent is assumed to be    

𝑛23 = 0.248. 

Table 2.  Initial Approximations for the Secant-Intercept Modulus K23 

A 

𝐾23 = 𝐾13
𝐺23
𝐺13

= 21.3 𝑘𝑠𝑖 (1.47 𝐺𝑃𝑎) 

𝑛23 = 0.248 

B 

𝐾23 = 𝐾13 = 36.1 𝑘𝑠𝑖 (0.249 𝐺𝑃𝑎) 

𝑛23 = 0.248 

 

A mesh refinement sensitivity study was performed to ensure that 

proper stress convergence is achieved.  At least 16 elements in the 

thickness direction were required to ensure convergence of the maximum 
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shear stress and correctly capture strong stress gradient.  Subsequent 

mesh refinements in the contact region under supports were required.  

The final converged finite element model had approximately 1,450,000 

degrees of freedom. 

 

Figure 15. Typical normalized through-the-thickness stress distributions 

for a specimen at the cross-section center in (a) the 1-3 material surface 

plane and, (b) the 2-3 material surface plane at 95% failure load. 

 

A typical through-the-thickness distribution of stresses in the center 

of the specimen cross-sections corresponding to the 1-3 and 2-3 principal 

material planes is presented in Figure 15 at 95% failure load.  The stress 
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components in the 1-3 and 2-3 material planes are normalized by the 

maximum values of 11 and 23, respectively. 

A sensitivity analysis showed that shear stresses in the small-plate 

torsion specimens are not sensitive to Young’s moduli and Poisson’s 

ratios.  The results of the sensitivity analysis are summarized in Table 3, 

which lists relative changes in shear stresses corresponding to a 20% 

reduction of each elastic material constant.  Results are presented for a 

typical 35% failure load (360 lbs) corresponding to a 0.6% 𝛾13 interlaminar 

shear strain and 1% 𝛾23  interlaminar shear strain representing linear 

response (a); and for a typical 95% failure load (995 lbs) corresponding to 

2% 𝛾13 interlaminar shear strain and 3% 𝛾23 interlaminar shear strain 

representing highly nonlinear stress-strain behavior (b). 
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Table 3.  Sensitivity of Maximum Interlaminar Shear Stresses to a 20% 

Reduction of Values of Elastic Properties in the Linear Regime (a) and 

Nonlinear Regime (b). 

 

(a) 
Material Constant 

(Δ = - 20%) 
Δσ23 Δσ13 

 E11 0.03% 0.05% 
 E22 0.56% -2.38% 
 E33 -0.05% -0.11% 
 ν12 -0.03% -0.02% 
 ν13 0.00% 0.00% 
 ν23 0.00% -0.09% 
 G12 7.79% 9.95% 
 G13 0.10% -7.52% 
 G23 -8.43% 0.11% 
    

(b) 
Material Constant 

(Δ = - 20%) 
Δσ23 Δσ13 

 E11 -0.04% 0.17% 
 E22 0.78% -1.20% 
 E33 -0.21% -0.15% 
 ν12 -0.23% -0.15% 
 ν13 -0.11% -0.07% 
 ν23 -0.10% -0.11% 
 G12 1.32% 3.28% 
 G13 -0.05% -3.97% 
 G23 -3.42% -0.08% 
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3.3 Results and Verification 

 

Six unidirectional IM7/8552 small-plate torsion specimens are used 

to generate the interlaminar shear stress-strain curve in the 1-3 principal 

material plane; and the results are compared with the material properties 

generated based on the short-beam method [31].   

For each small-plate torsion specimen, the FEM-based maximum 

shear stress (which is in the region of the maximum shear strain) is 

extracted and plotted versus the corresponding maximum DIC-based 

shear strain for the load values at which digital images were generated.  

The updated log-linear, stress-strain curve is generated using least-

squares approximation.  The shear properties are subsequently updated 

in the FEM, and the stress analysis is repeated. The procedure continues 

until the change of stress state is negligible.  At iteration k, the change of 

stress state is tracked by a normalized root-mean square error  using the 

stress state at iteration k - 1: 

 

𝜖 = √1

𝑁
∑ (

𝜎
𝑖
[𝑘]
−𝜎

𝑖
[𝑘−1]

𝜎𝑖
[𝑘−1] )

2

𝑁
𝑖=1     9 
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where N represents the number of load steps at which digital images were 

generated and σi are the maximum shear stress values at each step. 

A 3% maximum change of stress between subsequent iterations 

was used as the threshold to stop the iterative procedure.  For the stress-

strain curves in the 1-3 material plane, convergence was typically 

achieved after one or two iterations. Once convergence has been 

established, the strain distribution obtained with the new material 

properties is compared to the DIC-based strains for verification.  Figure 14 

shows a typical comparison of the FEM-based computed strains and the 

DIC-based measured strains illustrating excellent agreement.  All six 

small-plate torsion verification test specimens exhibit similar behavior. 

Results for all six specimens are summarized in Table 4.  The 

scatter in the listed log-linear parameters, G13, K13, and n13, is small as 

indicated by lower than 3% coefficients of variation (COV).   
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Table 4. Updated Interlaminar Shear Stress-Strain Constitutive Properties 

for IM7/8552 Small-Plate Torsion Specimens. 

(a) 1-3 principal material plane  

Specimens G13, Msi (GPa) K13, ksi (MPa) n13 

1  0.754 (5.20) 44.9 (310) 0.304 

2 0.742 (5.12) 43.9 (303) 0.300 

3 0.758 (5.23) 45.4 (313) 0.308 

4 0.731 (5.04) 44.5 (307) 0.308 

5 0.734 (5.06) 44.7 (308) 0.309 

6 0.737 (5.08) 287 (41.7)  0.290 

AVG 0.743 (5.12) 44.2 (305) 0.303 

COV 1.50% 2.99% 2.33% 

    

 

(b) 2-3 principal material plane  

Specimens G23, Msi (GPa) K23, ksi (MPa) n23 

1 0.407 (2.81) 32.1 (222) 0.219 

2 0.409 (2.82) 31.1 (215) 0.219 

3 0.478 (3.30) 31.1 (214) 0.213 

4 0.473 (3.27) 26.3 (181) 0.177 

5 0.440 (3.04) 37.1 (256) 0.236 

6 0.440 (3.03) 34.7 (239) 0.226 

7 0.455 (3.13) 33.2 (229) 0.208 

8 0.424 (2.92) 34.2 (236) 0.221 

9 0.456 (3.14) 33.2 (229) 0.212 

10 0.431 (2.97) 32.0 (221) 0.212 

11 0.435 (3.00) 33.4 (231) 0.212 

AVG 0.441 (3.04) 32.6 (225) 0.214 

COV 4.68% 5.30% 3.72% 
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Figure 16 compares average 1-3 plane interlaminar shear stress-

strain curves from the small-plate torsion tests and the short-beam tests in 

Reference [31].  The stress-strain curves obtained by the two methods are 

in excellent agreement.  In particular, the difference in average shear 

modulus G13 is below 1% and the two curves match closely at large 

strains.  The average K13 and n13 values obtained from the small-plate 

torsion test differ almost 20% from the average results found in short-beam 

tests.  However, the difference in the stress values between the two 

average curves is less than 4.5% at all strain levels.  Therefore, the 

change in stress state should be considered in the interpretation of the 

results, rather than the difference in the numerical values of the average 

secant-intercept modulus and the exponent in the Ramberg-Osgood 

equations. 
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Figure 16. Average shear stress-strain curves obtained from small-plate 

torsion tests compared to initial approximation from SBS in the 1-3 

material plane.  

 

 

All 11 unidirectional small-plate torsion coupons tested in this work 

were used for to assess the interlaminar shear stress-strain curve in the 2-

3 material plane.  The initial material properties used in the FEM are 

defined in Tables 1 and 2 and equation (8) describing the transverse 

isotropic approximation for the 2-3 shear modulus. 

Similar to the procedure described in the previous paragraph, the 

maximum FEM-based, 2-3 plane interlaminar shear stress and maximum 

DIC-based, measured 2-3 plane interlaminar shear strain are extracted at 
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each load step.  The interlaminar shear material properties are updated 

using the calculated stresses until convergence of the stress state has 

been achieved. 

 

 
 

Figure 17. Typical iterations for 2-3 interlaminar shear stress-strain 

response, corresponding to the two initial approximations (A) and (B) of 

the secant intercept modulus K23. 

 

 

A typical example of the iterative procedure corresponding to initial 

approximations (A) and (B) of the secant-intercept modulus K23 is shown 

in Figure 17 for one of the specimens.  It is demonstrated that with both 

initial approximations, the iterative process of generating stress-strain 
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curves converges to the same result.  Approximation (B) with K23 = K13 is 

significantly more accurate compared to (A), with only 3 iterations required 

to establish convergence, compared to 9 iterations for approximation (A).   

To assess the accuracy of the converged material constitutive 

properties, the FEM-based, computed strain distribution is compared with 

the DIC-based, measured strain distribution.  Figure 14 shows a typical 

comparison between the FEM strains and DIC strains immediately before 

the specimen failure.  Excellent agreement between the FEM-computed 

and the DIC-measured strains was found for all the specimens tested. 

The individual 2-3 plane, interlaminar shear stress-strain curves for 

all IM7/8552 carbon/epoxy specimens tested in this work are presented in 

Figure 18.  Figure 18 also shows the average stress-strain curve and 

provides comparison with the initial approximation (B) of the 2-3 plane 

interlaminar shear stress-strain curve.  The average converged stress-

strain response values for G23, K23, and n23 are listed in Figure 18.  

 



 

51 

 
 

Figure 18. Individual 2-3 plane interlaminar shear stress-strain curves for 

the 11 IM7/8552 specimens, average response, and the initial 

approximation (B) with K23 = K13.   

 

Log-linear parameters for the 10 specimens tested are summarized 

in Table 4(b).  A reasonable variability in G23, K23, and n23 values is 

demonstrated, with the maximum variability in the K23 secant-intercept 

modulus (COV 5.3%).  The average linear shear modulus G23 is 

consistent with the transverse isotropy assumption, with less than 1% 

difference.   It is found that the secant-intercept modulus and exponent 

values obtained for the 1-3 plane also represent a good approximation for 

characterization of the matrix-dominated nonlinear interlaminar shear 
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behavior in the 2-3 principal material plane, which is a meaningful result 

as similar interlaminar shear nonlinearity in both 1-3 and 2-3 principal 

material planes can be anticipated.  
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Chapter 4  

Determination of the Three-Dimensional Material Characterization from 

Full-Field Measurements 

 

 

It was shown in the last chapter that the interlaminar shear stress-

strain relations could be obtained using a stress-update procedure in 

which the material properties in the FEM were updated until the change in 

the maximum FEM-based shear stress became negligible.  However, the 

technique used only small regions of the test specimen surfaces, 

approaching line segments or points, in the material characterization.  In 

order to take full advantage of the full-field measurement, all DIC surface 

strain data must be utilized.  Furthermore, the method only assessed the 

interlaminar shear behavior and considered each plane independent of the 

others.  Within this chapter, a methodology is developed to measure 3D 

material properties by utilizing DIC measurement from the entire surface 

for both in-plane and interlaminar shear behavior [55,56].  This method 

considers the deformation on all planes simultaneously; therefore 

significantly reducing the number of FEM iterations compared to previous 

methods, handling one plane at a time.   

The method is divided into two stages.  In the first stage, the SBS 

method is used to construct the initial approximation of the material 
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constitutive model for use in stage two, in which the more complex loading 

configuration of the small-plate torsion specimen requires an accurate 

initial guess of the material parameters to generate meaningful stress 

calculations.  Within both stages, an iterative FEMU-inverse method is 

used to determine the optimal material properties. 

 

4.1 Inverse Problem Formulation 

 

Determining the constitutive properties for the full-field SBS and 

small-plate torsion specimens is not a direct problem – i.e., the constitutive 

model relating the stress and strain is not known [46].  Therefore, 

determining the properties becomes an inverse problem that must be 

solved iteratively. Material properties are treated as unknowns.  Each 

iteration of the FEM will calculate stresses at the location of strain 

measurement.  The strains calculated using FEM are compared with the 

DIC-measured strains using a squared error function, with the least error 

corresponding to the best agreement.  The nonlinear material properties 

are calculated in each iteration using a nonlinear least squares 

approximation and the material model is rederived.  The sensitivity matrix 

(Jacobian) of derivatives of strains with respect to the material parameters 

will be generated.  A gradient-based optimization algorithm, the 
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Levenberg-Marquardt (L-M) method [57], is used to determine the optimal 

material relation. 

 

4.1.1 Optimization Algorithm 

 

The FEMU method used in this work for assessment of the material 

constitutive properties of composites, including nonlinear shear behavior, 

is based on a least squares optimization procedure.  The objective error 

function, 𝐶(𝑝), for the optimization problem is defined as the sum of the 

weighted squares of the differences between DIC-measured and FEM-

computed strains, as shown in the following equation: 

 

𝐶(𝑝) =  ∑ [∑ 𝑤𝑗𝑗 (𝜀𝑗
𝐷𝐼𝐶 − 𝜀𝑗

𝐹𝐸𝑀(𝑝))
2

𝑀
𝑗=1 ]

𝑖

𝑁
𝑖=1   10 

 

where 𝑝 represents the set of unknown material parameters; 𝑀is the 

number of spatial grid points for evaluation of experimental and numerical 

strains; 𝑁 the number of load steps at which digital images are generated; 

𝜀𝑗
𝐷𝐼𝐶, 𝜀𝑗

𝐹𝐸𝑀, and 𝑤𝑗𝑗 are the DIC strains, FEM strains and weighting factor 

at spatial grid point 𝑗, respectively.   

 In matrix notation, equation (10) can be expressed as:  

𝐶(𝑝) = (𝜀𝐷𝐼𝐶 − 𝜀𝐹𝐸𝑀(𝒑))
𝑇
𝑾(𝜀𝐷𝐼𝐶 − 𝜀𝐹𝐸𝑀(𝒑))   11 
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where 𝜀𝐷𝐼𝐶 and 𝜀𝐹𝐸𝑀 are the measured and computed strain vectors of 

order 𝑀 ×𝑁, respectively.  𝒑 is the vector of unknown material parameters 

and 𝑾 is the weight matrix such as:  

𝑾 = [𝑊𝑖𝑗]𝑀𝑁 with 𝑊𝑖𝑗 = {
𝑤𝑖𝑖  𝑖𝑓 𝑖 = 𝑗
0      𝑖𝑓 𝑖 ≠ 𝑗

.   12 

 

Ideally, the weighting factors in the objective function should be 

determined using the variance, 𝜎𝑗
2, in the experimental strain 

measurement at grid point 𝑗: 

𝑤𝑗𝑗 =
1

𝜎𝑗
2.     13 

 

The confidence margin output parameter available in the DIC 

software is calculated from the covariance matrix of the correlation 

function [14] and is used in this work to estimate 𝜎𝑗 in equation (10).  

Weighted residuals used in the definition of the objective function allow 

reducing the sensitivity of the optimization algorithm to measurement 

noise, since the contribution of noisy data points with high variance is 

scaled down by the inverse of their variance.   

The advantage of using strains in the expression of the objective 

function instead of using another quantity such as displacements, is that 

the exact knowledge of the boundary conditions is less important and the 

sensitivity (or Jacobian) matrix used in the optimization procedure can be 
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efficiently approximated without resorting to using costly evaluation 

methods such as finite differences, as will be discussed later in this paper.  

It is worth noting that it might be necessary to consider a number N  load 

steps throughout the loading history of the specimen all the way to failure, 

in order to capture material nonlinearities.  For simplifying purposes, only 

one strain component 𝜀 is used in the expression of the objective 

function, 𝐶(𝑝).  For simultaneous assessment of multiple constitutive 

relations, all strain components involved in the stress-strain relationships 

need to be accounted for [55, 56]. 

No explicit relationship exists between FEM-computed strain 

components and the unknown material parameters; therefore the 

optimization problem has to be solved iteratively.  The L–M algorithm [57] 

is used to solve for the optimum material parameters that minimize the 

weighted least squares objective function.  At iteration k, the material 

parameters are updated such as: 

 

𝑝𝑘 = 𝑝𝑘−1 + Δ𝑝𝑘 

Δ𝑝𝑘 = [𝑱𝑻𝑾𝑱 + 𝜆𝑘𝑑𝑖𝑎𝑔(𝑱𝑻𝑾𝑱)]−1𝑱𝑻𝑾𝑱(𝜀𝐷𝐼𝐶 − 𝜀𝐹𝐸𝑀(𝒑𝑘)) 14 

 

where Δ𝑝𝑘, 𝑱, and 𝜆𝑘 are, respectively, the vector of parameter updates, 

the Jacobian or sensitivity matrix and the L-M damping parameter at 
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iteration k.  The Jacobian matrix 𝑱 is defined as the matrix of partial 

derivatives of the FEM-computed strain components with respect to the 

material parameters and is updated at each iteration k.   

 

𝑱 =  𝑱𝑘 = [
𝜕𝜀𝐹𝐸𝑀𝑖

𝜕𝑝𝑖
]
𝑀𝑁×𝑃

    15 

 

with P indicating the number of material parameters. 
 

The optimization variables are used to represent the nonlinear 

shear behavior in the three principal material planes using the Ramberg-

Osgood model.  There will be three optimization variables for a SBS 

analysis and nine variables for a small-plate torsion analysis.  To be 

physically acceptable, the Ramberg-Osgood parameters must be positive.  

However, it was not necessary to explicitly introduce constraints in the 

optimization algorithm.  Normalized parameters based on the physical 

initial approximations as given in Table 1 and an appropriate initial value 

for the L-M damping parameter 𝜆 were sufficient to keep the optimization 

variables within the physical domain.  The initial value chosen for the L-M 

damping factor was  𝜆0 = 1.0.  Lower initial values could allow for faster 

convergence at the beginning of the optimization process; however, a step 

too long with a lower L-M damping factor could reach unacceptable, non-

physical negative values for the parameters.  Using  𝜆0 = 1.0 allowed for 
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good performance of the L-M algorithm, while eliminating the likelihood of 

out-of-bound variations of the parameters.  

 
The L-M method is an optimum compromise between the Gauss-

Newton optimization algorithm and the steepest descent algorithm.  If the 

value of the damping parameter 𝜆 is small, then the L-M algorithm 

becomes close to the Gauss-Newton method.  For large values of 𝜆, the 

parameters step updates are taken approximately in the direction of the 

gradient and the L-M method becomes equivalent to the steepest descent.  

As proposed by Marquardt, the damping parameter should be updated by 

comparing the new objective function 𝐶(𝑝𝑘) to the objective function at the 

previous iteration  𝐶(𝑝𝑘−1) to ensure an optimum convergence of the L-M 

algorithm.  The gain factor 𝑄 is introduced, as proposed in Reference [57]: 

 

𝑄𝑘 =
𝐶(𝒑𝑘−1)−𝐶(𝒑𝑘)

2Δ𝒑𝑘
𝑇
(𝜆𝑘Δ𝒑𝑘+𝑱𝑻𝑾(𝜀𝐷𝐼𝐶−𝜀𝐹𝐸𝑀(𝒑𝑘)))

.   16 

 

If the gain factor Q is negative, then the condition of a decreasing 

objective function is not met.  The parameters update Δ𝐩 is not accepted 

and the L-M damping factor is increased to get closer to the steepest 

decent direction and reduce the step length.  If Q is larger, then the step is 

accepted and the damping parameter is reduced to get closer to the 
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Gauss-Newton direction in the next iteration. For small positive values of 

Q, the step is accepted, but it might be beneficial for convergence 

purposes to use a larger damping parameter in the next iteration.  The 

update strategy of the L-M damping parameter and the vector of unknown 

parameters can be summarized as follows: 

 

𝑄 > 0                       𝒑𝑘 = 𝒑𝑘−1 + Δ𝒑𝑘 

𝑄 ≤ 0                       𝒑𝑘 = 𝒑𝑘−1 

𝑄 < 𝑞1                     𝜆
𝑘 = 𝛽𝜆𝑘−1  

𝑄 >  𝑞2                   𝜆
𝑘 =

𝜆𝑘−1

𝜇
 

𝑞1 ≤ 𝑄 ≤ 𝑞2          𝜆
𝑘 = 𝜆𝑘−1 

17 

 

where 0 < 𝑞1 < 𝑞2 < 1 and 𝜇, 𝛽 > 0 are user-specified parameters.  The 

values of these parameters used in this work are: q1 = 0.25, q2 = 0.75, = 

9.0, = 11.0.  These values, provided with good overall performance of 

the L-M algorithm although using different values, had little effect on the 

final solution [55,56].    
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The L-M iterative procedure is stopped when the either maximum 

normalized error in parameter update or the reduction in objective function 

at iteration k is less than a user-defined threshold 𝜀: 

 

 

 𝑚𝑎𝑥 |
Δ𝑝𝑖

𝑝𝑖
| ≤ 𝜀 𝑓𝑜𝑟 𝑖 = 1… . 𝑃   18 

or 

 

𝐶(𝑝𝑘−1)−𝐶(𝑝𝑘)

𝐶(𝑝𝑘−1)
≤ 𝜀 𝑎𝑡 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑘   19 

 

 

4.1.2 The Jacobian Matrix 

 

Table 5. Derivatives of the In-Plane Shear Component with Respect to 

Parameters of the In-Plane Ramberg-Osgood Equation. 

 

Derivative G12 K12 n12 

 

𝜕𝛾12
𝐹𝐸𝑀

𝜕𝑝
 

−
𝜏12
𝐹𝐸𝑀

𝐺12
2  −

1

𝐾12𝑛12
(
𝜏12
𝐹𝐸𝑀

𝐾12
)

1
𝑛12

 −
1

𝑛122
(
𝜏12
𝐹𝐸𝑀

𝐾12
)

1
𝑛12

ln (
𝜏12
𝐹𝐸𝑀

𝐾12
) 
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By assuming that the variation of stress with respect to the material 

parameters is small, equations can be used to derive an analytical 

expression of the Jacobian matrix defined in equation (15).  For instance, 

the analytical expressions of the derivatives of the in-plane shear strain 

component 𝛾12 with respect to the in-plane Ramberg-Osgood parameters 

(𝐺12, 𝐾12, 𝑛12) are given in Table 5.  At each iteration, the Jacobian matrix 

is updated using the computed stresses and material parameters from the 

previous accepted step of the L-M algorithm.  This formulation allows for a 

very efficient computation of the Jacobian matrix, since no additional FEM-

based analysis is required.   

The order of magnitude of the different material parameters used in 

the constitutive model derived in equation (11) can vary significantly.  For 

instance, shear modulus for carbon/epoxy materials are typically on the 

order of 106 psi (109 Pa), whereas the n exponent is in the order of 10-1.  

Due to these orders of magnitude differences, the computation of the 

Jacobian matrix and the inverse matrix in equation (15) can be affected by 

experimental and numerical noise and largely reduce the accuracy of the 

L-M optimization procedure.  To overcome such difficulties, the material 

parameters are scaled using the initial approximation 𝒑𝟎 of the material 

parameters vector and the sensitivities are computed with respect to the 

normalized parameters:  
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𝑝�̅� =
𝑝𝑗

𝑝0𝑗
      

𝜕𝜀𝐹𝐸𝑀𝑖

𝜕𝑝𝑗̅̅ ̅
= 𝑝0𝑗

𝜕𝜀𝐹𝐸𝑀𝑖

𝜕𝑝𝑗
.    20 

 

The Jacobian matrix is computed for the number of material 

parameters 𝑝𝑖 included in the optimization; 3 for each SBS specimen, 

corresponding to the Ramberg-Osgood (G,K,n) parameters in the material 

plane considered, and 9 for the small-plate torsion, corresponding to the 

Ramberg-Osgood (G,K,n) parameters in all three principal material planes 

Analytical approximations of the sensitivity terms in the Jacobian matrix 

are obtained by substituting equation (5) in equation (15) and assuming 

that the variation of stress with respect to the material parameters is 

negligible.  An exact computation of the Jacobian matrix is typically not 

required in least squares optimization methods; however, approximations 

that are too far from the exact solution will most likely lead to a very slow 

convergence of the algorithm.  In this work, convergence was achieved 

within 4-6 iterations, which is acceptable and supports the argument that 

the variation of the stress with respect to the material parameters can be 

neglected.  To consolidate the argument, the Jacobian matrix was 

computed using the finite differences techniques with a forward difference 

scheme and compared to the results with data obtained from the analytical 

approximation that neglects stress variation.  The Jacobian calculated 
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from the finite difference technique remains an approximation of the 

Jacobian matrix, however, no assumption is made on the variation of 

stress with respect to the parameters.  

The stress-strain relations obtained by finite differences for a typical 

specimen were in close agreement with the results based on the analytical 

approximation of the sensitivities.  However, nine additional FEM analyses 

at each iteration of the optimization procedure are required to compute the 

Jacobian matrix in finite differences method.  No additional costly FEM 

calculation is needed with the analytical approximation of the Jacobian 

matrix, since sensitivities are computed from the same FEM analysis used 

for evaluation of the objective function. 

 

4.2 Full-Field Strain Measurement 

 

4.2.1 Short-Beam Shear 

 

For this work, 15 SBS specimens were manufactured from a 34 ply 

0.25 in (6.35 mm) thick unidirectional IM7/8552 carbon/epoxy tape panel, 

cured at 350 degrees F per prepreg manufacturer’s instructions [53].  A 

total of 10 specimens were cut along the 0-degree plane for assessment 

of the 1-2 and 1-3 surface strain distributions; 5 specimens were cut along 

the 90-degree plane to test in the 2-3 plane.  Note that the specimens 
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used in this work were cut from three different panels manufactured by 

different manufacturers years apart. The width is 0.25 in (6.35 mm); and 

the specimen length is 1.75 in (4.45 cm).   

A standard test fixture, as specified in ASTM D2344 [17], with 

adjustable span and interchangeable loading noses is used for these 

tests.  A loading nose diameter of 4.0 in (10.16 cm) is used for the 1-2 and 

1-3 plane tests, to reduce compressive damage underneath the loading 

nose and ensure a shear failure.  A 2.0 in (5.08 cm) loading nose is used 

for the 2-3 plane tests. A standard lower support diameter of 0.125 in 

(3.175 mm) is used for all specimens.     

A span of 1.2 in (3.048 cm) is used for all tests, resulting in a 4.8 

span-to-thickness ratio, which is within the range specified by ASTM 

D2344 [17].  To ensure the alignment of the test configuration, an 

alignment tool, with width such that the span is set to the desired value, is 

used to center the loading nose with respect to the supports as shown on 

the right side of Figure 19.  Once centered, the bolts securing the supports 

to the fixture are tightened so that they will not move during the duration of 

the tests.  Alignment jigs can be manufactured for any span-to-thickness 

ratio, if so desired. 
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Figure 19.  Alignment jig used for centering the loading nose between the 

supports for a short-beam shear test.  

 

The fixture is installed in a servo-hydraulic test frame with a 2,000-

lb (8896 N) capacity load cell and monotonic load is applied to the 

specimen at a 0.05 in/min (1.27 mm/min) crosshead displacement rate 

until failure occurs. Specimens tested in the 1-2 and 1-3 principal material 

plane failed in shear. No compression cracks under the loading nose were 

recorded.  Specimens tested in the 2-3 principal material plane failed in 

tension. 

DIC is used to assess the surface strain components throughout 

the duration of the test.  Two 16 megapixel (MP) stereovision digital 

cameras capture images of the specimen surface as load is applied.  

VIC3D-7 [29] is used to analyze the images and generate the full-field 

strain measurements based on a subset size of 35 x 35 pixels 

corresponding to a physical area of approximately 0.001 in2 (0.67 mm2).  
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The displacement data was obtained on 7 pixel centers resulting in 24,500 

data points per load level.  Engineering strains are obtained by 

numerically differentiating the displacement field using the strain 

computation algorithm in the VIC-3D software.  A Gaussian smoothing 

filter of size 15 pixels is used to reduce any noise from the displacement 

field. 

A representative of the full-field strain distributions obtained from 

testing for the 1-2, 1-3, and 2-3 plane are shown in Figures 20 through 22, 

respectively.  Average maximum shear strains of 8% and 3.5% are 

observed in the 1-2 and 1-3 planes, respectively.  All 2-3 specimens failed 

in tension under the loading nose at maximum shear strains of 0.5%.  The 

axial and transverse strains for all planes were an order of magnitude 

lower than the shear strains. 

In this work, the full-field strain data is used, including regions 

underneath the loading nose, which exhibit a fully populate strain state.  

Full-field data for each load level (i.e., image) is exported for comparison 

with FEM-predicted strains. 
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Figure 20. Full-field strain distribution for short-beam specimens loaded in 

the 1-2 principal material plane at 67% failure load.  
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Figure 21. Full-field strain distributions for short-beam specimens loaded 

in the 1-3 principal material plane at 99% failure load. 
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Figure 22.  Full-field strain distributions for short-beam specimens loaded 

in the 2-3 principal material plane at 95% failure load. 

 

The DIC algorithm also computes the confidence margins for the 

strain matching based on the covariance of the correlation function [29], 
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which is used as a weighting factor in the optimization algorithm (see 

Section 4.1.1).  The approximate covariance matrix is computed from the 

inverse of the Hessian matrix in the VIC 3D software and gives an 

indication as to the variability in the matching process.  Whether a solution 

to the correlation function exists depends on whether the inverse of the 

Hessian matrix can be computed.  For overly noisy or poor data, the 

Hessian matrix is not invertible and a solution cannot be found.  

Additionally, if the variance in the displacements is greater than 0.05 (i.e., 

outside the 95% confidence interval), the data is removed from the 

analysis procedure.  The confidence interval (sigma, 𝜎) in the DIC 

software represents one standard deviation, given in pixels.  A 

representative contour plot of the confidence intervals is shown in Figure 

23 for a short-beam specimen.  
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Figure 23.  A contour plot of the confidence interval (in pixels) for a typical 

SBS specimen. 

 

From Figure 23, it is evident by the low values of the variance that 

excellent correlation is found between undeformed and deformed subsets 

throughout the loading history.  Points with lower confidence generally 

indicate a presence of noise within the data.  Using the confidence interval 

data, we can construct a useful weighting factor based on the reliability of 

the DIC data at each point. 
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4.2.2 Small-Plate Torsion  

 

Eleven small rectangular cross-section flat plate specimens were 

machined from a unidirectional IM7/8552 carbon/epoxy unidirectional tape 

panel cured at 350 degrees F per prepreg manufacturer’s specifications 

[53].  A smaller specimen is used in this work, as compared with the 

specimens described in Chapter 3.  This is done to verify the sensitivity of 

the test method to the size of the specimen and to ensure it does not 

affect the results of the material characterization, confirming the reliability 

of the material properties obtained using the stress update method.  The 

specimen measure 1.0 in long x 1.0 in wide x 0.168 in thick (25.4 mm x 

25.4 mm x 4.27 mm).  Specimens are manufactured such that the top 

(and bottom) surfaces of the specimen coincide with the 1-2 plane; and 

the side surfaces are the 2-3 and 1-3 principal material planes, as show in 

Figure 24.   
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Figure 24.  Principal material planes on the small-plate torsion specimen.   

 

 

A smaller test fixture was designed to allow for simultaneous 

assessment of the shear stress-strain response in the in-plane (1-2), and 

interlaminar (2-3 and 1-3) principal material planes.  The fixture, shown in 

Figure 2, consists of two loading points (top of fixture) and two support 

points (bottom of fixture), mounted to rigid cross-beams with a support 

length of 0.7 in (1.78 cm).  The loading and support points are 

hemispherical in shape with a diameter of 0.25 in (6.35 mm).   
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The fixture is installed in a servo-hydraulic test frame.  Specimens 

were loaded in a servo-hydraulic load frame at a constant 0.05 in/min 

(1.27 mm/min) crosshead displacement rate until failure.  The tests were 

conducted at 72 degrees F room-temperature, ambient conditions. 

DIC is used to assess the strain components on all principal 

material planes, simultaneously.  Three synchronized 16-megapixel stereo 

camera systems monitored strains in the 1-2, 1-3, and 2-3 principal 

material planes.  The cameras were triggered in tandem to ensure images 

were captured at the same load.  The importance of this detail is realized 

during FEM analysis requiring strain data for each plane at the same load 

for comparison to FEM-predicted strains.  Figure 2 shows a setup for 

simultaneously monitoring surface strain and typical engineering shear 

strain components.  The strain analysis is performed in VIC-3D software 

[29] using a subset (data point) size of 35x35 pixels, corresponding to 

approximately 0.275 mm2 for these particular tests. Data was obtained on 

7 pixel centers, resulting in approximately 26,000 data points per load 

case.   

The default coordinate system of the DIC data is defined based on 

the master camera with the origin at the center of the image, the positive 

x-axis directed along the horizontal to the right and the positive y-axis 

upward.  Care is taken during experimental setup to align the length of the 
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specimen (in the 1-3 and 2-3 planes) with the horizontal axis of the master 

camera so rotation of the DIC data is not required.  The nature of the 

experimental setup does not allow for the cameras to be aligned with an 

edge of the specimen; therefore, during the post processing phase, the 

coordinate transformation tool is used in VIC 3D-7 to align the positive x-

axis with the fiber direction of the small-plate torsion specimen.  The 1-2 

shear-strain field is shown in Figure 25 before (a) and after (b) coordinate 

system transformation.           
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Figure 25.  The shear-strain field for the 1-2 principal material plane before 

(a) and after (b) a coordinate transformation to align the DIC data 

coordinate system with the principal material directions.  

 



 

78 

 

Figure 26.  Maximum DIC shear strains measured in (a) 1-2 principal 

material plane, (b) 1-3 plane, and (c) 2-3 plane of the small-plate torsion 

specimen. 

 

Figure 26 shows typical engineering shear strain components 

measured before failure using the DIC technique.  Maximum in-plane and 

interlaminar shear strains greater than 5% are observed in both the 1-2 

and 2-3 principal material planes, respectively and greater than 3% in the 

1-3 principal material plane before failure.  This demonstrates that this 

method allows for a simultaneous assessment of shear strains in highly 

nonlinear stress-strain regime for polymeric composites in all material 

planes.               
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4.3 Numerical Model 

 

4.3.1 Short-Beam Shear 

A three-dimensional solid FEM is developed using commercial FEM 

software ABAQUS [54] to determine the stresses in a SBS coupon.  The 

model consists of 24,600 C3D8I elements, which are well-suited for the 

bending problem considered, is shown in Figure 27(a).  Incompatible 

mode elements are well suited for the torsion/bending problems 

considered in this work, since the additional incompatible deformation 

modes, added to the element formulation, eliminate parasitic shear 

stresses and stiffening usually found in the bending response of regular 

first-order elements [54].  Symmetric boundary conditions are 

implemented at the mid-plane (z=0) to model the half-width of the 

specimen to reduce computation time.  The FEM accounts for geometric 

nonlinearity, material nonlinearity and contact interaction.  The loading 

nose and supports are modeled as rigid body cylindrical surfaces.  The 

contact interaction between the loading nose and supports and the short-

beam specimen is modeled using surface-to surface contact, which 

realistically approximates the loading configuration. The material 

constitutive model, including nonlinear shear behavior, is implemented 

using the user-defined subroutine UMAT (see Appendix A).  The mesh, as 
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shown in Figure 27(a) is refined in locations where the loading nose and 

supports contact the specimen to accurately capture stress gradients [12].  

A concentrated loading condition is applied at the reference point for the 

loading nose.  The FEM analysis is generated at the same load steps as 

the DIC full-field strain measurements were collected to enable 

comparison of the strain values.   

 

 

Figure 27.  Three-dimensional FEMs for (a) a unidirectional short-beam 

shear specimen loaded in the 1-3 principal material plane and (b) a 

unidirectional small-plate torsion specimen. 
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4.3.2 Small-Plate Torsion 

 

A three-dimensional FEM was developed for stress calculation in 

the small-plate torsion specimens using ABAQUS [54].  Figure 27(b) 

shows a typical finite element mesh including approximately 75,000 first-

order, three-dimensional incompatible mode solid elements (C3D8I).    

The supports are assumed to be rigid and are modeled as rigid analytical 

spherical surfaces.  Frictionless contact conditions are assigned between 

the specimen surfaces and the support points.  A surface-to-surface 

contact formulation is selected in ABAQUS in order to avoid local 

indentation stresses at contact points.  The FEM accounts for geometric 

nonlinearity; and the material constitutive model for IM7/8552 

carbon/epoxy, including shear nonlinearity as defined in equation (5) is 

implemented via a user subroutine UMAT.   

A mesh refinement sensitivity study was performed to ensure that 

proper stress convergence is achieved.  It is worth nothing that at least 16 

elements in the thickness direction were required to ensure convergence 

of the maximum shear stress and correctly capture strong stress 

gradients.  The final converged FEM had approximately 1,150,000 

degrees of freedom.    
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Chapter 5  

Results of Three-Dimensional Material Characterization Based on Full-

Field Measurements  

 

The full-field strain Levenberg-Marquardt (L-M) optimization method 

presented in Chapter 4 is used to extract the parameters in the Ramberg-

Osgood equations for the shear stress-strain relations for IM7/8552 

composite material using DIC full-field shear strain measurements [55,56].  

The Python [58] scripting capability of ABAQUS/CAE is used for 

implementation of the L-M algorithm.     

 

5.1 Interpolation of DIC Strain Data on FEM Nodes 

 

DIC-measured and FEM-computed strain values must be evaluated 

at the same spatial location for computation of the objective function and 

the Jacobian matrix used in the L-M algorithm.  A set of FEM nodes on 

each material plane for surface strain measurements has been used for 

interpolation of element strain results and DIC strain data.  Specimen 

edges are excluded from the analysis, as DIC measurements are typically 

less accurate at specimen boundaries.  The observation windows 

containing the FEM nodes for interpolation of full-field strain data are 

illustrated in Figure 28 for the SBS and in Figure 29 for the small-plate 
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torsion.  Element 𝐶0 shape functions are used for interpolation of FEM 

strains at the nodes.  The natural neighbor interpolation method 

implemented in Python function griddata of module SciPy [59] is used for 

interpolation of the DIC strains on the nodes of the observation windows.   

 

 
 

Figure 28.  Observation window containing the FEM nodes for 

interpolation of the full-field strain data and contour plots of interpolated 

DIC shear strains at maximum load for the SBS specimens. 

 

   

Figure 29.  Observation windows containing the FEM nodes for 

interpolation of full-field strain data and contour plots of interpolated DIC 

shear strains for small-plate torsion specimens at maximum load in (a) 1-2 

principal material plane, (b) 1-3 plane, and (c) 2-3 plane. 
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It is essential that the DIC data is aligned with respect to the FEM 

model.  Different coordinate systems are used in VIC 3D-7 and ABAQUS 

and the coordinate transform must be determined to ensure that minimal 

error between DIC and FEM strains can be achieved.  For SBS 

specimens, the horizontal and vertical positions of the DIC data are shifted 

to align the data with the loading nose, supports, and neutral axis in the 

FEM model.  For torsion specimens, the DIC data is centered with respect 

to the surface.  It would be advantageous to use artificial markers on the 

surface of the specimen, which are at a measurable distance from the 

specimen edge to ensure optimal alignment.   

   

5.2 Initial Approximation of the Material Parameters from Short-Beam  

Shear Analysis 

 

The optimization is performed for one principal material plane at a 

time for SBS coupons.  A 0.1% maximum relative change in parameter 

update was used as a stopping criterion for the iterative L-M procedure, as 

defined in equation (18).  An additional stopping criterion of a 0.5% 

relative change in objective function (equation 19) was introduced to stop 

the optimization if the relative change in strain state with updated 

parameters was minimal.  The initial approximation of the material 
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properties used in the FEM analysis is given in Table 1.  Transverse 

isotropy has been assumed for the initial approximation of the shear 

modulus in the 2-3 principal material plane with 

𝐺23 = 0.433 𝑀𝑠𝑖 (2.99 𝐺𝑃𝑎).  The initial approximation for the 2-3 plane 

nonlinear material shear properties in this work is K23 = K13 = 36.1 ksi 

(0.249 GPa); and n23 = n13 = 0.248.   

5.2.1 Interlaminar 1-3 Plane Material Properties 

 

To generate the material properties in the 1-3 principal material 

plane, the shear modulus, 𝐺13, secant intercept modulus, 𝐾13, and 

exponent 𝑛13 are selected as the optimization variables, while all other 

material properties remain constant during the analysis.   Four iterations 

were required to establish convergence of the optimization method for the 

SBS analysis for each specimen.  Figure 30(a) shows the normalized 

objective function for each iteration for a typical SBS specimen tested in 

the 1-3 plane.  The normalized objective function is defined as the ratio of 

the objective function given in equation (10) at the current iteration by the 

objective function at the first iteration (equation 19).   Rapid decrease in 

the objective function is seen in the first iteration.   
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Figure 30.  The (a) normalized objective function, (b) maximum RMS 

strain error, and (c) the maximum parameter update in each iteration for a 

typical material specimen tested in the 1-3 principal material plane.   

 

Figure 30(b) shows the maximum strain error per iteration for a 

typical short beam specimen. The root mean square (RMS) normalized 

error in maximum shear strain is computed as:  

𝜀𝑅𝑀𝑆 = √1

𝑁
∑ (

𝜀𝑚𝑎𝑥
𝐷𝐼𝐶

𝑖−𝜀𝑚𝑎𝑥
𝐹𝐸𝑀

𝑖

𝜀𝑚𝑎𝑥
𝐷𝐼𝐶

𝑖

)
2

𝑁
𝑖=1    21 

 

where 𝜀𝑚𝑎𝑥𝑖are the maximum shear strain components for the 1-3 

principal material plane for the N number of loading steps.  The maximum 

RMS error is decreased from 16% to 4% for the converged material 

properties.  The maximum update in the material parameters in each 

iteration is shown in Figure 30(c). 
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Figure 31 shows a typical comparison between the 1-3 FEM strains 

and DIC strains immediately before the specimen failure.  Excellent 

agreement between the FEM-computed and the DIC-measured strains 

was found for all the specimens tested. 

 

 

Figure 31.  Comparison of the FEM-predicted and DIC-measured strains 

for a typical specimen loaded in the 1-3 principal material plane at 95% 

failure load.   

 

Figure 32 shows the converged shear stress-strain curves for SBS 

specimens tested in the 1-3 principal material plane along with a 

comparison of the converged material properties with the initial 

approximation.  The numerical values of the converged material properties 

are presented in Table 6.    From Figure 32, it is evident that the nonlinear 

shear behavior is consistent within the sample of specimens tested.  The 

converged material properties differ from the initial approximation mainly 

in the nonlinear regime.  The linear shear modulus differs from the initial 
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approximation by less than 2.5%, whereas the optimal K13 value for this 

set of data is 14% larger than the initial approximation.  The value of the 

exponent n13 is only 1.24% higher.   

 

 

Figure 32.  Converged stress-strain curves for the 1-3 principal material 

plane from SBS tests.  
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Table 6.  Converged Material Properties for the 1-3 Principal Material 

Plane from SBS tests.  

Specimens G13, Msi (GPa) K13, ksi (MPa) n13 

1 0.719 (4.96) 44.5 (307) 0.263 

2 0.711 (4.90) 40.0 (276) 0.247 

3 0.712 (4.91) 40.9 (282) 0.25 

4 0.741(5.11) 39.4 (272) 0.244 

5 0.709 (4.89) 41.5 (286) 0.252 

AVG 0.718 (4.95) 41.3 (285) 0.251 

COV 1.63% 4.32% 2.70% 

 

 

5.2.2 In-Plane 1-2 Plane Material Properties 

 

To generate the in-plane i.e., the shear modulus, 𝐺12, secant-

intercept modulus, 𝐾12, and exponent 𝑛12 are selected as the optimization 

variables, while all other material properties remain constant during the 

analysis.   Only two to three iterations are needed to establish 

convergence of the optimization method for the SBS analysis for each 

specimen.  Very little reduction in the objective function (Figure 33(a)) and 

parameter update (Figure 33(c)) is observed in each iteration indicating 

that the initial approximation used in the SBS FEM analysis is near 

optimal.  Note that the value of the initial objective function is of the order 

102, whereas for the 1-3 plane, the initial objective function is of a higher 

order (typically 103).  Very little change in maximum strain error (Figure 

33(b)) in each iteration is also observed.        



 

90 

 

 

Figure 33.  The (a) normalized objective function, (b) maximum RMS 

strain error, and (c) the maximum parameter update in each iteration for a 

typical material specimen tested in the 1-2 principal material plane.   

 

 

Figure 34.  Comparison of the FEM-predicted and DIC-measured shear 

strain for a typical specimen tested in the 1-2 principal material plane at 

67% failure load.  

 

A typical comparison between the 1-2 FEM strains and DIC strains 

at 67% failure load is shown in Figure 34.  Excellent agreement between 
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the FEM-computed and the DIC-measured strains was found for all the 

specimens tested. 

 

 
 

Figure 35. The converged shear stress-strain curves for the 1-2 principal 

material plane.   

 

In Figure 35, the shear stress-strain curves for the 1-2 principal 

material plane are plotted versus the initial approximation of the material 

constitutive properties.  It is evident that the optimal nonlinear behavior is 

very closely represented by the initial approximation used in the full-field 

FEM stress analysis.  The converged material properties are presented in 

Table 7.   
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Table 7.  Converged Material Properties for the 1-3 Principal Material 

Plane from SBS tests.  

Specimens G12, Msi (GPa) K12, ksi (MPa) n12 

1 0.670 (4.62) 37.7(260) 0.255 

2 0.750 (5.17) 36.7 (253) 0.252 

3 0.713 (4.92) 38.5 (265) 0.256 

4 0.726 (5.01) 36.8 (254) 0.256 

5 0.714 (4.92) 38.8 (268) 0.258 

AVG 0.715 (4.93) 37.7 (260) 0.256 

COV 3.62% 2.34% 0.75% 

  

 

5.2.3 Interlaminar 2-3 Plane Material Properties 

Using the SBS method, only the linear shear modulus, 𝐺23 can be 

determined.  In the optimization algorithm, 𝐺23 is selected as the 

optimization variable and all other material parameters are held constant.  

Two to three iterations are required to reach the optimal material relation.  

In Figure 36 (a) to (c), the normalized objective function, maximum RMS 

strain error and maximum parameter update are plotted for a typical 2-3 

SBS full-field specimen.   
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Figure 36.  The (a) normalized objective function, (b) maximum RMS 

strain error, and (c) the maximum parameter update in each iteration for a 

typical material specimen tested in the 1-2 principal material plane. 

 

 

Figure 37.  Comparison of the FEM-predicted and DIC-measured shear 

strain for a typical specimen tested in the 2-3 principal material plane at 

95% failure load.  

 

Figure 37 shows a typical comparison between the 2-3 FEM strains 

and DIC strains immediately before the specimen failure.  Excellent 

agreement between the FEM-computed and the DIC-measured strains 

was found for all the specimens tested. 
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The converged shear stress-strain curves for the five specimens 

loaded in the 2-3 principal material plane are shown in Figure 38.  The 

initial approximation of the linear shear model, as well as the average of 

the converged material properties, are shown for comparison.  A summary 

of the linear shear modulus values for each specimen is given in Table 8.  

The average converged linear shear modulus found from the full-field FEM 

analysis differs from the initial guess by only 3.6%.   

 

 
 

Figure 38.  The converged stress-strain curves for the 2-3 principal 

material plane. 
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Table 8.  Converged Material Properties for the 2-3 Principal Material 

Plane from SBS Tests 

Specimens G23, Msi (GPa) 

1 0.461 (3.18) 

2 0.459 (3.16) 

3 0.457 (3.15) 

4 0.423 (2.92) 

5 0.445 (3.07) 

AVG 0.449 (3.10) 

COV 3.09% 

 

 

To complete the initial approximation of the material constitutive 

model for the nonlinear shear behavior for the FEM-based stress analysis 

of the small-plate torsion specimen, the secant-modulus 𝐾23, and 

exponent, 𝑛23, will initially be assumed to be the same as the 1-3 

nonlinear parameters.     

 

5.3 Material Characterization Using Small-Plate Torsion Specimens 

 

The optimization is performed on each plane, simultaneously, for 

the small-plate torsion specimens.  A 0.1% maximum relative change in 

parameter update was used as stopping criterion for the iterative L-M 

procedure, as defined in expression (18).  Four or five iterations are 

typically required to establish convergence for the optimization model.   
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In Figure 39 (a) to (c), the values of the normalized objective 

function , the total RMS normalized error in maximum shear strain 

between DIC-measured and FEM-computed strains, and the maximum 

error in parameter update at each iteration of the full-field optimization for 

a typical torsion specimen are shown, respectively.  The normalized 

objective function is defined as the ratio of the objective function given in 

equation (10) at the current iteration by the objective function at the first 

iteration (equation 19).  The RMS normalized error in maximum shear 

strain is computed as in equation (22) for all three principal material 

planes together.   

 

𝜀𝑅𝑀𝑆 = √ 1

3𝑁
∑ (

𝜀𝑚𝑎𝑥
𝐷𝐼𝐶

𝑖−𝜀𝑚𝑎𝑥
𝐹𝐸𝑀

𝑖

𝜀𝑚𝑎𝑥
𝐷𝐼𝐶

𝑖

)
2

3𝑁
𝑖=1 .    22 

 

The maximum error in parameter up date is defined in expression (18). 
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Figure 39.  (a) The normalized objective function, (b) the maximum 

normalized strain error, and (c) the maximum error in parameter update at 

each iteration of the full-field L-M optimization procedure for a typical 

small-plate torsion specimen. 

 

 

A rapid decrease of the objective function, maximum RMS strain 

error and the update in parameters has been demonstrated for the first 

iterations.  The total RMS maximum strain error is reduced from 7% for 

the initial approximation of the material parameters to less than 2.5% for 

the converged constitutive properties.  Figures 40 through 42 show the 

resulting update of the shear stress-strain relations in the three material 

planes for the typical specimen selected.  It is shown that most of the 

reduction of the objective function and the error in maximum shear strain 

comes from the update of the shear properties in the 1-2 material plane, 
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as the parameters are mostly unchanged from the initial approximation in 

the 1-3 and 2-3 material planes.   

 

 

Figure 40.  Full-field optimization of the shear stress-strain curves of a 

typical small-plate torsion specimen in the 1-2 principal material plane. 
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Figure 41. Full-field optimization of the shear stress-strain curves of a 

typical small-plate torsion specimen in the 1-3 plane principal material 

plane.  
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Figure 42.  Full-field optimization of the shear stress-strain curves of a 

typical small-plate torsion specimen in the 2-3 principal material plane. 

 

 

Convergence of the stress-strain curves with the number of load 

steps N at which DIC images are generated and used for full-field strain 

optimization is illustrated in Figure 43.  Figure 43 shows the RMS 

normalized error in stress values for the stress-strain curves using 

different numbers of load steps,equally spaced throughout the loading 

history, compared to the converged response obtained using 20 load 

steps. 
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Figure 43.  Convergence of the nonlinear shear stress-strain relations in 

the three principal material planes with the number of load steps used in 

the full-field optimization. 

 

The maximum RMS error is only 2.7% when a single DIC image 

(corresponding to the maximum load) is used per plane and a rapid 

convergence is observed.  This is related to the fact that a single full-field 

DIC-strain measurement at maximum load includes strain values spanning 

linear to fully nonlinear range as shown in Figure 26, which allows for 

simultaneous extraction of linear and nonlinear material parameters.  

Computational time until convergence of the inverse procedure using 20 

DIC images is approximately 120 minutes using 12 processors for the 

FEM solver, whereas only 15 minutes are required when one DIC full-field 
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measurement is used.  The previous method developed in Chapter 3 was 

based on the measurement of the maximum shear strain only and 

therefore, required a significant number of DIC measurements for 

complete assessment of the nonlinear shear stress-strain material 

response.   

 

The proposed method was verified by evaluating its robustness 

using different initial approximations of the nonlinear shear properties.  

Figures 44 through 46 show the converged stress-strain curves obtained 

for a typical specimen, starting from two different initial approximations A 

and B of the material parameters, as illustrated.  For reference, 

approximations A and B are given in Table 9.   

  



 

103 

Table 9.  Initial Approximations A and B of the Shear Nonlinear 

Constitutive Properties Used to Evaluate Robustness 

Approximation 

A 

𝐺12 = 𝐺13 = 0.590 𝑀𝑠𝑖 (4.07 𝐺𝑃𝑎) 

𝐺23 = 0.347 𝑀𝑠𝑖 (2.39 𝐺𝑃𝑎) 

𝐾12 = 𝐾13 = 𝐾23 = 32.5 𝑘𝑠𝑖 (0.224 𝐺𝑃𝑎) 

𝑛12 = 𝑛13 = 𝑛23 = 0.248 

Approximation  

B 

𝐺12 = 𝐺13 = 0.885 𝑀𝑠𝑖 (6.10 𝐺𝑃𝑎) 

𝐺23 = 0.519 𝑀𝑠𝑖 (3.58 𝐺𝑃𝑎) 

𝐾12 = 𝐾13 = 𝐾23 = 39.7 𝑘𝑠𝑖 (0.274 𝐺𝑃𝑎) 

𝑛12 = 𝑛13 = 𝑛23 = 0.248 
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Figure 44.  Converged shear stress-strain curves obtained from two 

different initial approximations A and B in 1-2 principal material plane. 
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Figure 45.  Converged shear stress-strain curves obtained from two 

different initial approximations A and B in the 1-3 principal material plane. 
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Figure 46.  Converged shear stress-strain curves obtained from two 

different initial approximations A and B in the 2-3 principal material plane.   
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converged solutions and with the converged model from the SBS initial 

approximation is less than 1.8% for the three planes. 

 

 

Figure 47.  Initial approximation, individual stress-strain curves, and 

average response for the 11 IM7/8552 specimens in the 1-2 principal 

material plane. 
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Figure 48.  Initial approximation, individual stress-strain curves, and 

average response for the 11 IM7/8552 specimens in the 1-3 plane.   
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Figure 49.  Initial approximation, individual stress-strain curves, and 

average response for the 11 IM7/8552 specimens in the 2-3 plane. 
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Table 10.  Nonlinear Shear Properties for the Small-Plate Torsion Specimens 

 

Specimen 
G12,  
Msi 

K12,  
ksi 

n12 
G13,  
Msi 

K13,  
ksi 

n13 
G23,  
Msi 

K23, 
ksi 

n23 

Max 

strain 

error 

1 0.747 34.4 0.255 0.685 36.8 0.246 0.421 36.0 0.247 2.20% 

2 0.754 34.2 0.257 0.645 36.0 0.255 0.413 36.4 0.244 2.40% 

3 0.732 33.9 0.258 0.702 35.7 0.253 0.424 35.4 0.249 2.00% 

4 0.790 34.2 0.255 0.661 36.5 0.25 0.395 36.7 0.244 3.20% 

5 0.759 34.2 0.256 0.638 35.7 0.255 0.424 36.0 0.247 1.50% 

6 0.773 34.1 0.256 0.715 36.5 0.249 0.413 36.4 0.246 3.00% 

7 0.728 34.1 0.258 0.650 35.8 0.251 0.419 36.1 0.244 2.10% 

8 0.734 34.2 0.257 0.641 35.8 0.254 0.422 36.5 0.243 2.20% 

9 0.716 35.0 0.254 0.635 36.7 0.248 0.429 36.8 0.24 2.60% 

10 0.732 34.1 0.258 0.640 35.8 0.255 0.426 36.1 0.245 2.20% 

11 0.730 34.4 0.257 0.645 35.7 0.254 0.425 36.3 0.244 2.20% 

           

AVG 0.745 34.3 0.256 0.660 36.1 0.252 0.419 36.2 0.245  

COV 2.84% 0.74% 0.51% 4.03% 1.20% 1.21% 2.17% 1.06% 0.93%  
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Converged shear stress-strain curves obtained for 11 IM7/8552 

specimens are presented in Figures 47 through 49 and compared with the 

initial approximation of the shear response.  For the 1-3 and 2-3 principal 

material planes, the average response determined by the stress update 

method in Chapter 3 are also plotted for comparison.  Thirteen DIC 

images taken at load steps, equally spaced throughout the loading history, 

are used for extraction of the material properties.  Nonlinear shear 

properties obtained for all specimens are summarized in Table 10 [55, 56].  

Table 10 also lists the average value of the parameters with the 

associated COV and the RMS error between DIC and FEM strains at the 

maximum shear strain location for all planes.  

The scatter in the log-linear parameters G,K, and n is small for the 

three principal planes, as indicated by lower than 4.03% COV, with the 

maximum variability in the 𝐺13 shear modulus.  Excellent agreement 

between FEM-strains for the converged solution and DIC-strains is 

demonstrated by lower than 3.2% total RMS error for the maximum shear 

strains in each material plane.   

It is found that the linear portion of the shear stress-strain response 

in the 1-2 plane agrees well with the initial approximation from SBS 

results, with less than 1% error on the average shear modulus value.  As 

strains become larger, the converged small-plate torsion, stress-strain 
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response deviates from SBS results in the nonlinear regime, with about 

6.5% relative error in average shear stress at maximum strains.  The 

deviation of the nonlinear shear response in the nonlinear regime for the 

1-2 principal material plane might be due to the effects of material 

coupling in the nonlinear stress-strain regime [7], which will be discussed 

in the next chapter.  Reasonable agreement is found between the SBS 

approximation and the shear stress-strain curve obtained from the full-field 

optimization method for the 1-3 interlaminar plane, with less than 5% of 

relative stress error at maximum strain between the average response and 

the SBS approximation.  The error mostly comes from the shear modulus   

𝐺13, with an average modulus about 9.6% lower than the results of the 

SBS.  Note that the SBS and small-plate torsion specimens were 

manufactured years apart by different companies from different batches of 

prepreg.  Therefore, the difference in the SBS results could be attributed 

to the effects of the material process variabilities.  The average converged 

shear stress-strain curve obtained for the 2-3 plane closely matches the 

initial approximation and exhibits low scatter.  This is an interesting result, 

suggesting that the nonlinear shear stress-strain response in the 2-3 plane 

can be accurately assessed by using the transverse isotropy 

approximation for the shear modulus and the K and n parameters 
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obtained from characterization of the shear nonlinear behavior in the 1-3 

plane. 

Shear stress-strain relations are in close agreement with the results 

obtained in the work for carbon/epoxy IM7/8552 material and were used in 

a recent work by Seon et al for FEM-based predictions of static and 

fatigue failure in a 68-plies thick laminated structural element [60].  

Accurate representation of the shear stress-strain nonlinearity was critical 

for prediction of delamination initiated by large interlaminar shear-stress 

gradients present at the location of seeded manufacturing defects.  

Further validation of the shear constitutive material properties generated in 

this work for IM7/8552 was shown by the excellent correlation between 

FEM failure predictions and experimental data in Reference [60].   
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5.4 Comparison of Nonlinear Shear Models 

 

The log-linear Ramberg-Osgood model has been used as it is a 

relatively simple expression that can model the nonlinearity in stress-strain 

relations with good accuracy and flexibility.  It is important to note that the 

Ramberg-Osgood equation is widely accepted for characterizing nonlinear 

behavior in composite materials [30]; however other material response 

approximations such as higher order polynomial [61] or piece-wise linear 

fit of the data could also be used [62].  In Figures 50 through 52, the 

converged stress-strain curves obtained using the Ramberg-Osgood 

model are compared with a 3rd order polynomial and a 5th order 

polynomial.   
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Figure 50.  Converged stress-strain curves using different approximations 

of the shear stress-strain behavior for the 1-2 plane. 
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Figure 51.  Converged stress-strain curves using different approximations 

of the shear stress-strain behavior for the 1-3 plane. 
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Figure 52.  Converged stress-strain curves using different approximations 

of the shear stress-strain behavior for the 2-3 plane. 

 

As shown in Figures 50 through 52, the stress-strain curves in all 

material planes obtained using the 5th order polynomial model are almost 

identical to the results from the Ramberg-Osgood model.  For the 3rd order 

polynomial approximation, a maximum deviation of approximately 9% in 

stress values at maximum strain is found in the 1-2 plane.  Less deviation 

is found in the other planes; however a discrepancy is visible in the 
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Figure 53.  Evolution of the objective function for different approximations 

of the nonlinear shear stress-strain behavior. 

 

In Figure 53, the values of the objective function for the 3 models at 

each iteration have been plotted.  As expected the Ramberg-Osgood and 

5th order polynomial models lead to similar values of the objective function; 

however, the 3rd order polynomial approximation gives a higher value of 

the objective function.  That is, the Ramberg-Osgood and the 5th order 

polynomial are better approximations of the material behavior, allowing for 

better correlation with DIC-measured strains.  The excellent agreement in 

stress-strain curves between the Ramberg-Osgood and 5th order 
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polynomial model give confidence that the curve represents the actual 

material response and is not the product of a curve-fitting exercise.     

Physics-based models, if available, should always be preferred to 

simple curve-fitting expressions, as they ensure that the model is not 

dependent on the test configuration.  In the case of composite materials, it 

is well known that the stress-strain response is linear elastic at low strains.  

Other useful approximations in linear regime include orthotropic and 

transverse isotropic behavior, due to the intrinsic properties of composites.  

The Ramberg-Osgood model includes a linear term for the representation 

of the shear response at lower strains.  However, limited knowledge is 

available for the description of the nonlinear behavior of composites at 

larger strains, including the nonlinear shear behavior.  Complex 

phenomena such as microfailures, creep, or material couplings for which 

underlying physics are not yet fully understood, might occur.  When a 

physics-based model is not available, a simple expression with enough 

flexibility to fit the data with acceptable accuracy should be considered.  

The Ramberg-Osgood model meets the requirements for simplicity and 

flexibility.  It allows for accurate representation of the shear behavior, as 

demonstrated by excellent agreement between FEM-strains for the 

converged solution and DIC-strains, with lower than 3.2% total RMS error 

for maximum shear strains in each material plane.  Finally, very good 
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agreement was found between the SBS test results and the small-plate 

torsion method using Ramberg-Osgood model for the shear response in 

the 1-3 principal material plane, proving that the Ramberg-Osgood 

approximation is not test configuration dependent.  These arguments are 

the basis to justify the use of the Ramberg-Osgood expression for 

representation of the shear behavior of carbon/epoxy composite material 

considered in this work.         

The derivation of the most accurate constitutive model without any 

ad hoc assumptions for representation of the material behavior up to 

failure, including nonlinearity and couplings, is not addressed in this work 

and is the subject of ongoing research by researchers at the Advanced 

Materials and Structures Laboratory at the University of Texas at 

Arlington.   
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Chapter 6  

Material Coupling 

One of the main advantages of a full-field strain measurement 

method is that all components of strain are measured within the area-of-

interest.  This coupled with three-dimensional FEM results in the 

opportunity to investigate the interactions between all stress components 

and the shear relations.   

In developing the failure criterion for matrix cracking due to a 

combined transverse tensile load and in-plane shear, Camanho et al [63], 

recognize the effect of transverse stresses on the shear stress-strain 

curves, first discussed by Puck and Schürmann [7].  The usual 

assumption is that the in-plane shear stress-strain curve will be unaffected 

by the superposition of axial stress, 𝜎11, transverse normal stress, 𝜎22, and 

in-plane shear stress, 𝜎12; however, experimental results show that the 

addition of transverse tensile stresses of the same order as the in-plane 

shear have noticeable effects on the shape of the shear stress-strain 

curve.  The microdamage within the matrix caused by a tensile 𝜎22 leads 

to a reduction in the shear stress-strain curve as shown in Figure 54, 

whereas a compressive 𝜎22 leads to a slight stiffening in the large 

nonlinear strain regime.  Figure 54 is a reproduction of data published in 

Ref [7].   
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Figure 54.  The effect of transverse tension and compression on the in-

plane shear stress-strain curve as investigated Puck and Schürmann [7].   

 

It is recognized in both works that in order to accurately understand 

the material behavior, this interaction between transverse stresses and in-

plane shear needs to be accounted for in the constitutive model [7, 63].  It 

was found in [61] that failure to account for this coupling led to errors in 

predicting crack initiation.   
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In this work, full-field plots of the shear stress-strain behavior can 

be used to investigate couplings in the nonlinear shear range.  Previous 

works have focused only on the 1-2 in-plane shear coupled with 

transverse tension and compression.  SBS specimens exhibit high 

compressive stresses as well as high shear stresses in regions under the 

loading nose or above the supports.  Despite the strong evidence that 

couplings exist [61], they have not been accounted for in the material 

model.  Determining the constitutive model to generalize the stress-strain 

data may be challenging because the relationship describing the effect of 

transverse compression on the shear may not be obvious.   

Figure 55 shows the full-field, shear stress-strain curves for SBS 

specimens tested in the 1-2 principal material plane.  The points on the 

curve are colored according to the value of the axial,(a)  𝜎11, and 

transverse compressive, (b)  𝜎22, stresses at that point.  Minimal scatter is 

observed in the full-field stress-strain curves.  In regions exhibiting high 

transverse compression, there is little to no effect on the stress-strain 

curve as compared to regions with negligible transverse compression.  

Likewise, little effect on the shear stress-strain curve can be attributed to 

regions of high axial stresses (either tension or compression).    
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Figure 55.  Color plots of the in-plane shear stress-strain data obtained 

from FEM-calculated stresses and DIC-measured strains using the axial 

(a) and transverse (b) normal stress distribution for an SBS specimen 

tested in the 1-2 plane. 

    

For specimens tested in the 1-3 interlaminar principal plane, the 

full-field plots exhibit much more scatter than those tested in the 1-2 plane.  

Figure 56 shows the full-field, shear stress-strain plots for the 1-3 plane 

with the points colored according to the axial, (a)  𝜎11, and through-

thickness stresses,(b)  𝜎33, at that location.  Some noise in the DIC data is 

expected, but strong correlation between high values of  𝜎11 and 𝜎33 lead 

researchers to believe that this cannot only be attributed to noise.  

Regions corresponding to the midpoint between the loading nose and 

support fall directly along the curve corresponding to the “Converged 
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Material Properties”, whereas points underneath the loading nose move 

away from the average response curve.  Correlation with regions of high 

compressive, 𝜎11, is also observed.   

 

Figure 56. Color plots of the shear stress-strain data obtained from FEM-

calculated stresses and DIC-measured strains using the axial (a) and 

through-thickness (b) normal stress distribution for an SBS specimen 

tested in the 1-3 plane. 

 

By varying the span-to-thickness ratio, loading nose/support 

diameter, and specimen dimensions for an SBS specimen, all failure 

modes (tension, compression, and shear) can be achieved and a full 

range of strain components can be generated up to material failure.  

Specifically, looking at specimens that fail in compression should exhibit 
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higher levels of through-thickness compressive stresses before failure and 

would generate more information to assess the effect of through-thickness 

normal stress on the shear stress.   

Multi-axial stress distribution on the top surface of the small-plate 

torsion specimen is due to the combination of twist and bending 

deformation.  Such distribution allows for investigation of material coupling 

among shear, axial, and transverse modes in the nonlinear regime by 

using the full-field strain measurement capability of the DIC technique and 

FEM-based stress calculation.   

Typical in-plane shear, axial and transverse stress fields on the 

observation window of the 1-2 principal material plane of the small-plate 

torsion specimen at maximum load before failure (around 540 lb (2,400 

N)) are shown in Figure 57.  As illustrated, high transverse and axial 

stress gradients due to bending are observed in the region corresponding 

to the support contact surface on the other side.  In-plane shear stress 

distribution is uniform over most of the surface and rapidly reaches the 

nonlinear regime, around 30% of the failure load.   
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Figure 57.  Stress distribution in the observation window of the 1-2 

principal material plane of the small-plate torsion test specimens for (a) 

σ12, (b) σ11, and (c) σ22 stresses at maximum load before failure.   

 

In the two other principal material planes (1-3 and 2-3 planes), axial 

and transverse stresses are negligible in regions with high shear stress. 

Therefore, investigation of material coupling in this shear response is 

limited to the 1-2 principal material plane for the test configuration 

considered in this work.   
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Figure 58.  Color plots of the in-plane, shear stress-strain data obtained 

from FEM-calculated stresses and DIC-measured strains using the axial 

(top) and transverse (bottom) normal stress distribution in the observation 

window for the 1-2 principal material plane. 
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In Figure 58, FEM-based, in-plane shear stress data for each node 

in the observation window is plotted versus the corresponding DIC-

interpolated strain data for a typical specimen after full-field optimization of 

the shear material properties in all material planes.  The stress-strain data 

points are colored based on the value of the axial and transverse stress 

component in the top and bottom charts, respectively, of Figure 58.  For 

illustrative purposes, data from only five DIC images taken throughout the 

loading are presented.  The shear stress-strain curve obtained from the 

full-field strain optimization model in the 1-2 plane is also plotted.  Note 

that this model does not include any material coupling.   

Scatter in the stress-strain data plotted in Figure 58 is expected, 

due to strain measurement errors.  A total RMS error of 8.6% is found by 

comparing the stress-strain data from experimental strain measurement to 

the converged stress-strain curve of the optimization model.  However, the 

scatter in shear strain is unlikely to be attributed to random measurement 

noise alone, as it appears to be spatially correlated with the axial stress 

distribution.  It is shown that in areas with high-tensile axial stresses 

(Figure 58(a)), DIC-measured shear strains in the nonlinear regime are 

higher than expected from the uncoupled model.  Such trend suggests the 

presence of material coupling among in-plane shear response and axial 
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tensile stresses.  It is shown in Figure 58(b) that data points corresponding 

to high-transverse tensile stress locations are lower than for the uncoupled 

shear stress-strain response of data points, consistent with the 

observations of Puck and Schürmann [7] for a ratio of transverse stress to 

shear stress equal to one.  Therefore, it is suggested that a dependency 

exists between the in-plane shear response and transverse tensile 

stresses.    
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Chapter 7  

Conclusions and Future Work 

 

This work introduces a new method based on a small-plate torsion 

test which advances the state of the art of measuring 3D stress-strain 

material properties of composites, including the nonlinear stress-strain 

relations, using a single specimen.  The method relies on DIC-based 

strain measurement and FEM-based stress analysis.  A stress update 

method is first introduced, which determines the optimal material 

properties based on the convergence of the maximum FEM-based stress 

versus DIC-based strain curves.  This method uses small regions of the 

full-field corresponding to the location of maximum stress/strain to 

determine the interlaminar properties.  The interlaminar principal material 

planes are considered separately in this analysis method.  The nonlinear 

shear stress-strain curves for the 1-3 plane closely matched those 

obtained from short-beam shear tests.  To the best of the author’s 

knowledge this is the first characterization of the nonlinear shear stress-

strain behavior of a unidirectional composite in the 2-3 material plane at all 

strain levels, including large shear strain.         

A full-field optimization method is then developed, which takes 

complete advantage of the full-field measurement capability of DIC for a 
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simultaneous assessment of nonlinear shear stress-strain relations for 

composites in all three principal material planes of a small-plate torsion 

specimen.  This method advances the ability to measure 3D material 

properties compared to the stress update methodology that was able to 

use only small regions of the specimen surfaces approaching line 

segments or points.  The resulting material stress-strain constitutive 

models rely on the DIC data including in-plane and out-of-plane strain 

components and on iterative FEM-based stress calculation with initial 

material property values generated from full-field SBS data.  Results 

include the in-plane and two interlaminar stress-strain curves 

simultaneously captured for an IM7/8552 carbon/epoxy tape system.  

Very good agreement was found between results obtained with the 

full-field optimization method and data generated from SBS tests in the 1-

3 interlaminar plane. The linear-elastic material response in the 2-3 

principal material plane confirm the accuracy of the transverse isotropic 

approximation for the 2-3 interlaminar shear modulus; and a practical 

approximation suitable for evaluation of the nonlinear shear properties in 

the 2-3 principal material plane was proposed.  Investigation of material 

coupling in the 1-2 principal material plane suggested strong evidence of 

dependency of in-plane shear response on axial and transverse stresses.  

The slight deviation found between full-field strain optimization and SBS 
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reference data in the 1-2 principal material plane might be explained if 

these material couplings were considered in the material model 

formulation.  Further verification and identification of the coupling 

properties will be the focus of future work.  

The complexity of the three-dimensional deformation exhibited by 

the small-plate torsion specimen and the ability of the method to capture 

multiple basic nonlinear, matrix-dominated, stress-strain properties in a 

single experiment advocate for assessing accurate 3D stress-strain 

relations for composites and verifying various simplifying assumptions.  

This method has a strong potential for becoming a platform for deriving 

basic nonlinear, stress-strain material, constitutive properties in three 

dimensions using a single specimen configuration and employing 

synchronized full-field strain measurement in three principal material 

planes.   

After further developments, not only material properties for specific 

material systems, but also the material model formulation itself, can 

potentially be derived using an iterative updating process involving FEM-

based simulations and DIC measurements.  This would yield the most 

accurate constitutive model without any ad hoc assumptions for 

representation of the material behavior up to failure, including nonlinearity 

and couplings.  Such methodology would enable accurate and efficient full 
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three-dimensional characterization of nonlinear material properties of 

composites, using the minimum number of experiments, thus reducing the 

amount of material testing to understand complex properties governing 

deformation and failure.   

The small-plate torsion method could be viewed as an extension of 

the short-beam method.  The same unidirectional panel could be utilized 

to machine both specimen types; and both methods rely on DIC to 

measure deformation.  Also, the stress-strain relations generated based 

on the short-beam shear method and supplemented with the transverse 

isotropic assumption fully expand the material constitutive model for FEM-

based stress analysis of the small-plate torsion coupons to determine 

accurate nonlinear interlaminar material properties, including 2-3 shear 

stress-strain curve.  A toolbox of DIC-based methods capable of 

assessing the fundamental material 3D stress-strain relations and the 

matrix-dominated strength characteristics using specimens machined from 

a single small unidirectional panel could be extremely useful for advancing 

the understanding of complex deformation and failure mechanisms of 

composites and improving the efficiency of characterizing material 

behavior.   

While the small-plate torsion method has the ability to verify the 

accuracy of the transverse isotropic material assumptions (including 



 

135 

 

nonlinear stress-strain behavior) for certain types of composite materials, 

it may not always be necessary to use this method for material 

characterization in addition to the short-beam method.  The short-beam 

method uses less material and requires simpler stress analysis compared 

to the small-plate torsion method.  Furthermore, a standardized test 

method should not involve complex FEM stress calculations as it is not 

practical for most test labs.  Rather, this method should be used to 

establish the 3D material constitutive model and simplifying assumptions, 

which will lead to more efficient material characterization.         

The current work has been focused on determining the 3D material 

constitutive model for IM7-carbon/8552 epoxy composite material system, 

and establishing a trend of nonlinear properties in the 2-3 plane related to 

the 1-3 plane.  Such a trend has yet to be investigated for other composite 

material systems. 
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Appendix A 

Implementation of a Nonlinear Constitutive Model in UMAT 
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The material constitutive model considered in this work for 

characterization of IM7/8552 carbon/epoxy composite material is derived in the 

framework of elasticity.  Elastic stress-strain relations for linear orthotropic 

material are modified to account for shear nonlinearity.  Without restricting 

generality of the stress-strain response formulations, this work follows nonlinear 

shear stress-strain relations in a form of log-linear, Ramberg-Osgood type 

equations [A.1] with three material parameters (G,K,n): 

 

𝛾𝑖𝑗 =
𝜏𝑖𝑗

𝐺𝑖𝑗
+ (

𝜏𝑖𝑗

𝐾𝑖𝑗
)

1

𝑛𝑖𝑗
     23 

 

where 𝛾𝑖𝑗 is the shear strain,  𝜏𝑖𝑗 is the shear stress, 𝐺𝑖𝑗 is the linear shear 

modulus, and 𝐾𝑖𝑗, 𝑛𝑖𝑗 are the secant-intercept modulus and the exponent 

material constants characterizing the shear nonlinearity in the composite 

material.  The subscript 𝑖𝑗 is representative of the principal material plane of 

interest, namely 12, 13, or 23.   

Nonlinear shear stress-strain relations are assigned for all three principal 

material planes for IM7/8552 and the constitutive model can be expressed as 

follows: 
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1

𝑛13

𝛾23 =
𝜏23

𝐺23
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𝜏23

𝐾23
)

1

𝑛23

    24 

with the fiber direction denoted as 1 (zero-degree), the in-ply transverse 

direction as 2 (90-degree), and the laminate-thickness direction as 3 (the 

interlaminar principal material direction).   

In the commercially available finite element analysis software ABAQUS 

[54] a user-defined subroutine, UMAT, can be used when the built-in material 

models fail to accurately describe the material behavior.    

The UMAT provides the Jacobian (sensitivity) matrix, [
𝜕Δ𝜎𝑖𝑗

𝜕Δ𝜀𝑖𝑗
], for the 

constitutive model and updates the stresses at the end of the time increment, 

𝑡 + Δ𝑡.   

Equation (24) for the 3D material model, including the Ramberg-Osgood 

model of nonlinear shear, can be condensed into the following notation.  The 

first term describes the linear elastic material behavior and the second term 

describes the nonlinear shear behavior.  
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In order to derive the Jacobian matrix, we first obtain the incremental constitutive equation by differentiating 

equation (25).   
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Inverting the equation (26) gives the Jacobian Matrix: 
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where  

Θ = 𝐸11(𝐸22 − 𝐸33𝜐23
2) − 𝐸22(𝐸22𝜐12

2 + 𝐸33𝜐13(𝜐13 + 2𝜐12𝜐23))   
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