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Abstract

A GENERALIZED APPROACH TO DARBOUX TRANSFORMATIONS FOR
DIFFERENTIAL EQUATIONS

Mehmet Unlu, Ph.D.

The University of Texas at Arlington, 2014

Supervising Professor: Tuncay Aktosun

A Darboux transformation is a mathematical procedure to produce a solution
to a differential equation when the solution to a related differential equation is known.
The basic idea behind a Darboux transformation is to change the discrete spectrum
of a linear differential operator in a controlled way without changing its continuous
spectrum. For example, by using a Darboux transformation one can describe the
change in a quantum mechanical system when some of its quantum levels are removed
or some extra quantum levels are added. Darboux transformation formulas for various
differential equations have been developed, but such formulas seem to be specific to
those particular equations without much connection among them. In our method,
we develop a generalized and unified approach for Darboux transformations that is
applicable to a large class of differential equations. This approach uses the solution
to a linear integral equation where the kernel and nonhomogeneous terms coincide.
We apply our unified approach to some specific differential equations such as the
Schrodinger equation and the Zakharov-Shabat system, and we relate our results

to the existing results in the literature. We also apply our results to obtain exact

v



solutions to various integrable nonlinear partial differential equations such as the

Korteweg-de Vries equation and the nonlinear Schrodinger equation.
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Chapter 1
Introduction

The idea behind the Darboux transformation was originated in the work [17]
by Théodore Florentin Moutard, a French mathematician, in 1875. Later in 1882,
Jean Gaston Darboux presented the transformation in his paper [8] as a proposition
to the second order differential equation today known as the Schrodinger equation.
In 1889, Darboux published a book [9] and the transformation was shown in that
book as well. In 1955, M. M. Crum [7] came up with a similar transformation for
differential equations on a finite interval. In 1957, M. G. Krein [12] extended the
ideas and he came up with a similar transformation for the Schrodinger equation on
the half line. In 1979, V. B. Matveev [16] applied such transformations to integrable
nonlinear partial differential equations.

The basic idea behind a Darboux transformation is finding a solution to a
differential equation if a solution to a related differential equation is known, finding
a solution to an integrable evolution equation if a solution to a related integrable
evolution equation is known, or finding another solution to an integrable evolution
equation if a solution to the same equation is known.

In this thesis we consider the spectral problem LW = AU, where £ is a linear
ordinary differential operator acting on some function space and A is the spectral
parameter. The spectrum of £ consists of all A-values for which there exists a nonzero
solution W, called a wave function. The operator £ also usually contains a function

u(z) as a coefficient, called the potential.



The spectrum of £ usually consists of two parts: the discrete spectrum and the
continuous spectrum. We perturb the operator £ into £ in a such a way that the
continuous spectra of £ and £ coincide while their discrete spectra differ by a finite
number of eigenvalues. Under the transformation £ — £, the potential is transformed
as u(z) — @(z) and the wave function changes as W(\, z) — W(\, z). Note that we
use a tilde to denote the corresponding perturbed quantity.

After the perturbation, the unperturbed spectral problem £ W = A ¥ is changed
to the perturbed problem £ ¥ = A ¥. One-to-one correspondences for £ ¥ = A\ ¥ and

LT = AT are outlined in the following diagram by using two-sided arrows:

linear differential operator L L
! I I
potential u(z) u(x)
! 7 I
scattering data S(A) S(\)
! ! !
fundamental integral operator O(x) Q(x)
! ! !
solution to the fundamental integral equation alz,y) alx,y)
! 7 !
wave function T\ z) U\ )

Diagram 1: Equivalent quantities for the unperturbed and perturbed problems



The Darboux transformation has two parts: at the potential level and at the
wave function level. At the potential level, the Darboux transformation consists of
determining @(z) in terms of u(z) and of the quantities evaluated at the discrete
A-eigenvalues appearing in the perturbation. At the wave function level, the Dar-
boux transformation consists of determining W(\,z) in terms of W(\,z) and of the
quantities evaluated at the discrete \-eigenvalues appearing in the perturbation.

Our main goal in this thesis is to develop a unified and fundamental approach
to Darboux transformations for a wide class of linear differential operators. This is
done with help of a fundamental integral equation, related to the so-called Marchenko
integral equations or the Gel’fand-Levitan integral equation.

This thesis is organized as follows. In Chapter 2 we obtain the Darboux transfor-
mation with the help of the (left) Marchenko integral equation [4, 6, 13, 14]. In Chap-
ter 3 we obtain the Darboux transformation with the help of the (right) Marchenko
integral equation [4, 6, 13, 14]. In Chapter 4 we obtain the Darboux transformation
with the help of the Gel’fand-Levitan equation [4, 6, 13, 14].

The (left) Marchenko integral equation is used when the wave function W(A, x)
is specified through some asymptotic conditions at x* = 4o00. Hence, the procedure
given in Chapter 2 is suitable to obtain the Darboux transformation at the wave
function level for wave functions defined via asymptotic conditions at x = +oc.

Similarly, the (right) Marchenko integral equation is used when the wave func-
tion (A, z) is specified through some asymptotic conditions at * = —oo. Hence, the
procedure given in Chapter 3 is suitable to obtain the Darboux transformation at the
wave function level for wave functions defined via asymptotic conditions at + = —oo.

As for remaining wave functions, such wave functions are usually specified by
using some initial values at a specific point on the z-axis. Without loss of any gen-

erality, that point can be chosen as x = 0. In Chapter 4 we obtain the Darboux
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transformation with the help of the Gel'fand-Levitan equation [4, 6, 13, 14]. The
Gel'fand-Levitan equation is used when when the wave function W(\, x) is specified
via some initial conditions at x = 0. Hence, the procedure given in Chapter 4 is
suitable to obtain the Darboux transformation at the wave function level for wave

functions defined via initial condition at z = 0.



Chapter 2
(Left) Marchenko Integral Equation

In this chapter we develop a generalized approach for the Darboux transforma-
tion via the (left) Marchenko integral equation. We first present some preliminary
results that are needed later on and then we analyze the resolvent kernel r(x;y, z)
of the (left) Marchenko integral equation. In Theorem 2.1.2 we prove that r(x;y, z)
can be expressed explicitly in terms of the solution a(z,y) to the (left) Marchenko
integral equation (2.0.9). We then give the formulas for the Darboux transformation
at the potential level and wave function level.

Let us consider the integral equation

alz,y) + Bz, y) + /OO dza(x, z)w(z,y) =0, y >, (2.0.1)

where a(z,y) is the unknown term, f§(x,y) is the nonhomogeneous term, and w(z, y)
is the integral kernel. We assume that the equation given in (2.0.1) is uniquely solv-
able in H5*Y, namely, we get a unique a(x,y) when S(x,y) and w(z,y) are given
to us. Here, #)"*" is the complex Banach space of M x N matrix-valued measur-
able functions F' : (x,+00) — CM*N guch that the matrix norm || F(-)|| belongs to
LP(x,+00) for 1 < p < 4o00. Note that the kernel w(z,y) does not depend on the

parameter x € R and it satisfies

sup [ dz (lutz )] + oy, 2)) <+ 20.2)
y>z Jg
where || - || denotes any N x N- matrix norm. Let us write (2.0.1) in the operator
form
a+B+aQl=0, (2.0.3)

5



where the operator €2 acts from the right. We suppose that, for each fixed z € R, the
operator (I + ) is invertible on HY*" and HY*Y. Note that I denotes the identity

operator. We use (I + R) to denote the corresponding resolvent operator, where
I+R=(T+Q)7" R=(I+Q) "' -1I (2.0.4)
By solving (2.0.3) for a we get
a=—F(I+Q)" (2.0.5)
Then by substituting (2.0.4) into (2.0.5), we obtain
a=—08(I+R), (2.0.6)
or explicitly

a(e.9) = —Blay) - [ " dz e, 2) r{@ 7 p), (2.0.7)

where 7(z; 2, y) is the integral kernel of the resolvent operator R. Let us write (2.0.1)
in the form

a+w+ a2 =0, (2.0.8)

where the nonhomogeneous term and the integral kernel are related to each other.

Then (2.0.8) can explicitly be written as

a(z,y) +w(z,y) + /00 dza(z,z)w(z,y) =0, y >, (2.0.9)

which is usually called [3, 4, 6, 10, 13, 14, 18] the (left) Marchenko integral equation.
We make the assumption that the (left) Marchenko integral equation is uniquely
solvable in H5 " namely, we assume that there is a unique a(z,y) as a solution to
(2.0.9) when w(z,y) is given. We construct the resolvent kernel r(z; z,y) appearing
in (2.0.7) in terms of the unique a(x,y). Since a(z,y) is uniquely determined, we will
then obtain r(x; z,y) uniquely. By solving (2.0.8) with help of (2.0.4) we get

a=-w(l+R). (2.0.10)
6



The unique solvability of (2.0.9) in H{*" and the condition in (2.0.2) imply that

sup /OO dz (|la(z,y)|| + ||a(y, 2)|]) < +oo. (2.0.11)

y>x
We consider (2.0.8) when the integral operator 2 appearing in (2.0.3) is N x N

matrix-valued and J-selfadjoint in the sense that
Q=JQ4, w(y, z) = J [w(z,y)]" 7, (2.0.12)

where the single dagger denotes the matrix adjoint (complex conjugate and matrix
transpose) and the double dagger denotes not just only the matrix adjoint, but also

switching the two arguments in the kernel of the operator, namely,
Ti(2,y) = T'(y, 2), (2.0.13)

for any operator 7" with the corresponding kernel T'(z,y). For any two integral oper-

ators A and B, we then get

(AB)!(y, 2) = (AB)'(z,9)
f

— UdsA(z, s)B(s,y)| ,

or equivalently
(AB)¥(y, 2) :/dsBT(s,y) Af(z,s). (2.0.14)

By using the property given in (2.0.13), we can rewrite (2.0.14) as

(ABﬁ@h@:i/dsBﬂy@)AH&z% (2.0.15)

which yields
(AB)(y,2) = (B*A%)(y, 2). (2.0.16)

Note also that J is an N x N selfadjoint involution, i.e.

J=J=J" (2.0.17)
7



For instance, J may be assumed in the form of

I; 0
Ji=|" ,
0 —In_j

where I; is the j x j identity matrix for some 1 < j < N.

Associated with the unperturbed problem £L¥ = AU, we have [3, 4, 6, 10, 13,
14, 18] the fundamental integral equation given in (2.0.8), where « is related to the
Fourier transform of ¥ and w is related to the Fourier transform of the scattering
data S(A) for the operator L.

Associated with the perturbed problem £WU = A ¥, we have the fundamental

integral equation

joN
+
&
+
joN
o}
I
uO

(2.0.18)

or explicitly
a(z,y) +w(z,y) +/ dza(x, z)w(z,y) =0, r <. (2.0.19)

In the analysis of Darboux transformations, the perturbation will correspond to the
case where the integral operators € and Q appearing in (2.0.18) and (2.0.8), respec-
tively, differ by a finite-rank operator and we denote that difference operator by F'G,
le.

Q=Q+FG,  owy) =wlny) + [(2)gy). (2.0.20)
Furthermore, note that we cannot in general expect F' and GG to commute, and hence

in general fg # gf.

2.1 Construction of the Resolvent Kernel

In this section, we analyze the resolvent kernel r(z;y, z) appearing in (2.0.7)

and then we show that r(z;y, z) can be expressed explicitly in terms of the solution
8



a(z,y) to (2.0.9).
Proposition 2.1.1 Assume that (2.0.3) is uniquely solvable in HY N and that Q sat-
isfies (2.0.12). Then, the operator R given in (2.0.4) and the corresponding kernel

r(z;y,z) appearing in (2.0.7) satisfy
R =JRJ, r(zyy, z) = J[r(z; z,y)]T J, (2.1.1)

where J is the involution matriz appearing in (2.0.17).

Proof. From (2.0.4) we know that (I + R) = (I +Q)~! and thus

I+QUI+R)=1=(I+R)(I+9Q). (2.1.2)
Then we get
R+Q+4+ RQ =0, (2.1.3)
and
R+Q+QR=0. (2.1.4)

By applying on (2.1.3) the double dagger transformation defined in (2.0.17), i.e. by
taking the adjoint and switching the arguments, and further applying J on both sides,

we obtain

JRYJ 4+ JONT 4 (JQRT)(JRMT) = 0, (2.1.5)

equivalently, by using (2.0.12) we get
JRY] + Q4+ Q(JRY) = 0. (2.1.6)

Since (2.0.3) is assumed to be uniquely solvable in HY *¥, by comparing (2.1.4) and
(2.1.6) we get R = JR*J.

Even though it is clear that R = JRYJ implies r(z;y,2) = J [r(z; z,y)]' J, for
clarity, let us also prove the same result by directly working with the kernel r(x;y, 2)

9



for y < z and z < y. Let us first consider (2.1.4) for y < z, which is explicitly written

as
r(z;y,2) + w(y, 2) +/ dsw(y,s)r(x;s, z) =0, y < 2. (2.1.7)

By taking the adjoint of (2.1.7) and then multiplying the resulting equation by J on

the left and on the right, we obtain

J (@ y, )"+ J[wly, )] J + /OO ds J [w(y, s)r(z;s, 2)]" J, y<z (2.1.8)

x

or equivalently

J [r(:lc;y,z)]T J+J [w(y, z)]T J + /00 ds J [r(x; s,z)]T J J [w(y, s)]T J, y < 2.

T

(2.1.9)

Using (2.0.12) in (2.1.9) we get

J [r(zy, 2)] T +w(z,y) + /OO ds J [r(z;s,2)] Jw(s,y), y < z. (2.1.10)
By interchanging y and z in (2.1.10), we obtain the equivalent expression

J [z 2, 9] T+ w(y, z) + /00 ds J [r(x;5,9)]" Jw(s, 2), z<y. (2.1.11)

By comparing (2.1.7) and (2.1.11) and by using the uniqueness of the solution to

(2.1.7), we see that r(z;y, 2) = J [r(z;2,9)]" J and we have

r(z;y, 2) + w(y, 2) +/ dsr(z;y, s)w(s, z), z<y. (2.1.12)

Similarly, by considering (2.1.4) for z < y, we obtain

r(z;y,2) + w(y, 2) —i—/ dsr(z;y,s)w(s, z), y < z. (2.1.13)

Thus, we have shown that r(z;y,2) = J [r(z;2,9)]' J for y < z and z < y, which
completes the proof. |}

10



We will give the first key result in the next theorem. This result is stated in [2]
and a proof is given in [2] when z < y < z, and it is stated in [2] that the proof is
similarly obtained for z < z < y. We provide the full proof by showing all details.
Theorem 2.1.2 Assume that (2.0.3) is uniquely solvable in H5 ™ and that Q satis-
fies (2.0.12). Then, the corresponding kernel r(x;y, z) appearing in (2.0.7) can be
expressed explicitly in terms of the solution a(z,y) to (2.0.9) as

y
a(y, z) +/ dsJ [Oz(s,y)]T Ja(s, z), r<y<z,

r(z;y,z) = (2.1.14)

J la(z )] T+ /Z ds J [a(s,y)]" T a(s, 2), r<z<uy,

T

where J is the involution matriz appearing in (2.0.12).

Proof. Since (2.0.3) is assumed to be uniquely solvable in H5 ", so is (2.0.8) and
hence the solution R to (2.1.3) is unique. Thus, it suffices to prove that the quantity
defined in (2.1.14) satisfies (2.1.3), i.e. the quantity in (2.1.14) satisfies the integral

equation
r(z;y, 2) + w(y, 2) —l—/ dsr(z;y,s)w(s, z) =0, r < min{y, z}. (2.1.15)

We will give the proof for both cases of y < z and z < y.
Case l: x<y<z
Let us use fxoo = fxy + fyoo in the integral appearing in (2.1.15). Then the left-hand

side in (2.1.15) becomes

r(z;y,2) + w(y, z) + /y dsr(x;y,s)w(s, z) + /00 dsr(z;y,s)w(s, z). (2.1.16)

By using the first line of (2.1.14) in the integral fyoo and the second line of (2.1.14)

in the integral [ in (2.1.16), we obtain as the left-hand side of (2.1.15)

11



aly, z) + /: ds J[a(s, )] Ja(s, z) + w(y, 2)
+ /yoo ds {a(y,s) + /xy dt J [a(t,y)]" Jal(t, s)] w(s, z)
v [Cas|tats 4 [t Tat)] wls)

T

After the distribution, the left-hand side of (2.1.15) then becomes

aly, z) + /y ds J (s, )] T als, 2) + w(y, 2)
—I—/ dsa(y,s)w(s, z) / ds/dtJ tyTJa(ts) (s,2)
+/ dsJ[a(s,y)]TJw(s,z)—i—/ ds/ dt J ot )] J alt, s) w(s, 2).

Let us now define a1, ao, and az as

=0y, ) oy 2) + [ dsaty, (s, )

ag = /: dt J [a(t, y)]" J alt, z) + /: dt J (ot )" T wl(t, 2),

az = /:o ds /zy dt J [ot, )] J alt, s) w(s, 2)
+/:ds/:dw[a(t,y)]ua(t, $)w(s, 2).

We have a; = 0 because of the (left) Marchenko integral equation given in (2.0.9).
The orders of the two iterated integrals in as can be changed to fmy dt fyoo ds and

fwy dt fty ds, respectively. Using fty + fyoo = L >, the quantity a3 becomes
Y [e%S)
as = / dt / ds J [o(t, )] J ault, s) w(s, 2).
T t
Then we get

= ’ (0% f (0% z W z h S S)WIS, 2
a2+a3_L dt J [a(t,y)] J[ (t,2) + wl(t, )+/t dsa(t,s)w(s,z)|. (2.1.17)
12



Since z > t, the quantity inside the brackets in (2.1.17) vanishes due to (2.0.9). Thus,
we obtain as + az = 0, and hence a; + as + az = 0 for the case of v <y < z.
Case 2: x < z<y

Our goal is to show that the expression given in (2.1.14) satisfies (2.1.15) in the case
r < z < y. A direct proof in the case x < z < y does not seem to be feasible as
it was done in the case x < y < z. Therefore, we will proceed as follows. Since
any compact operator can be approximated by a sequence of finite-rank operators,
we will approximate w(y, z) in (2.1.15) by the sequence &, (y) n,(2). This will allow
us to solve (2.1.15) explicitly and then to get a solution. We will call that solution
as r,(x;y, 2). After approximation, we will obtain (2.1.14) where «(y, z) is replaced
by a,(y, z) which is the solution to the (left) Marchenko integral equation given in
(2.1.18) when w(y, z) is replaced with &,(y) n.(z). Finally, by taking the limit when
n — +o00, we will obtain r(x;y, z) given in (2.1.14).

Consider the (left) Marchenko integral equation

aly, z) + w(y, z) + /OO dsa(y,s)w(s,z) =0, 2z >, (2.1.18)

which obtained by replacing = and y in (2.0.9) by y and z, respectively. Suppose

w(y, z) = &(y) n(z), (2.1.19)

i.e. suppose that the integral kernel in (2.1.14) is separable. We first would like to
evaluate a(y, z) appearing in (2.1.14) in terms of the kernel parts £ and 7. Isolating

a(y, z) in (2.1.18), we get
aly,z) = —w(y, 2) —/ dsa(y, s) w(s, z). (2.1.20)
v
Substituting (2.1.19) into (2.1.20) we obtain

a(w2) =~ () - [ " dsaly, ) €(s) (=), (2.1.21)
13



or equivalently

Define 7(y) as

Then we get

aly, z) = —7(y) n(z),

(2.1.22)

(2.1.23)

(2.1.24)

By replacing a(y, z) appearing in the integrand in (2.1.23) with (2.1.24) we obtain

") =€)~ [ dsrl) ) Es)
which yields
ww@+/‘MM@aﬂ=f@x

where [ is the identity matrix. Thus we obtain

-1

ﬂwzawP+AMMM@aﬂ ,

provided the matrix inverse exists. Consequently,

-1

amaz—awP+AMMMQaﬂ 0(z).

Finally, define
) =1+ [ dsnls)€0s)
)

Hence, by substituting (2.1.29) into (2.1.28) we obtain

aly,z) = —=&£y)T(y) " 'n(2).

(2.1.25)

(2.1.26)

(2.1.27)

(2.1.28)

(2.1.29)

(2.1.30)

We would now like to evaluate .J [a(z,y)]" J in terms of ¢ and 7. For this, let us

consider (2.1.18). By taking the adjoint of (2.1.18) and then multiplying the resulting

equation by J on the left and on the right, we get

J[a(y, )]V T+ J[w(y, 2)]' T + /Oo ds J [a(y,s)w(s, 2)]' J =0,

y
14

(2.1.31)



or equivalently

Jla(y, 2)) T+ Jw(y, 2)]" J + /OO ds J [w(s, 2)]" J J[a(y,s)]"J = 0.

Y

Using (2.0.12) in (2.1.32) we get
I ey, )" T+ w(z,y) + /yoo dsw(z,s) J [a(y,s)])" J =
By substituting (2.1.19) into (2.1.33) we obtain
oty ' 46 + [ ds€2n(s) oGy, T =0

Let us set

Jlaly, 2)]'J = €(2)K (y),

(2.1.32)

(2.1.33)

(2.1.34)

(2.1.35)

with K (y) to be determined. Substituting (2.1.35) into (2.1.34) and then equating

the right coefficients of £(z) from both sides of (2.1.34), we get
K(y)+nly) + [ dsn)€(s) Kly) =0
Yy
By solving (2.1.36) for K(y) we obtain
5 -1
k)=~ |1+ [ asnes)]| o)
Yy

Using (2.1.29) in (2.1.37) we get

By substituting (2.1.38) into (2.1.35) we obtain

Ty, )" = =€) T(y) " nly).

Hence, by interchanging y and z in (2.1.39) we obtain

Jla(z, )] J = —€(y) T(2) " n(2).
15
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Now, let us solve the integral equation

r(z;y, z) + w(y, z) + /00 dsr(z;y,s)w(s,z) =0. (2.1.41)

Set
r(y, z) == H(y) n(z), (2.1.42)

with H(y) to be determined. Substituting (2.1.19) and (2.1.42) into (2.1.41) and then

equating the left coefficients of 7(z) from both sides of (2.1.41), we get

1) + )+ [ " ds Hiy) n(s)(s) = 0,

which yields

o) |1+ [ st 60| = e (2.1.43)
Then we get
H(y) = —&(y) [I+ /:o ds n(s)f(s)} il. (2.1.44)
As a result
r(z;y,2) = —£(y) [I+ /:o ds n(s)f(s)} _ln(z). (2.1.45)

From (2.1.29) we see that the matrix in the brackets in (2.1.45) is equal to Y(z).

Thus we can write (2.1.45) as
(r0.2) = —E() T () (). (2.1.46)
Then for z < y < 2, with help of (2.1.30) and (2.1.40) we compute
a(y, 2) + /j ds J [a(s,y)]" T a(s, 2)
= —&(y) T(y) " n(z) + /: ds&(y) T(s) ™ n(s) &(s) T(s) " (=)
)= [T e 6 T )
1—/: ds (% [I+/:O dtn(t)f(t)} _1>] n(z).  (2.1.47)
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= —&(y) | T(y)~
= —&(y) |T(y)~




We can write (2.1.47) as

a(y, z) + /y ds J [a(s,y)]" T a(s, 2)

which is equal to r(z;y, z) because of (2.1.46). Similarly, for x < z < y we compute

J la(z )] J + /z ds J [a(s,y)]" J a(s, 2)
= —¢(y) T(2) " n(2) + /z ds&(y) T(s)™ n(s)&(s) T(s) ™" n(2)

T

[ / as (s >r<s>-1} 0(z)

which is equal to r(z;y, 2) because of (2.1.46). Thus we have shown that

r(z;y,z) = (2.1.48)

a(y, z) / d [a(s,y)]T Ja(s, z), r<y<z,
[a(

Yy
+ sJ
J sz’y)]TtH/ dsJ [a(s, )] Ja(s,2), z<z<y,

where we have obtained a(y, z) and [a(z,y)]" in terms of the kernel parts € and 7.
The above calculations could have been done on the following four spaces:

a. LY((z,+00) = CV): £ € L' and n € L.

(v,+00) = CN): £ € L*® and n € L.

(

b. LP((x, +00) —>CN) e l?andne Lp/(p—1)
c. L>(
(

d. L*((w,4+00) = CV): £ € L? and n € L2
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In all of these cases, the integrals [ dsn(s)&(s) are absolutely convergent.
As a summary, in the case z < z < y, we can approximate the kernel of the
Marchenko integral equation in (2.1.18), namely, w(y, z) by the sequence of separable

kernels &,(y) n,(z), where the approximation is understood in the sense

lim esssupb/° Ay lo(y, =) — En(y) ma(2)] = 0. (2.1.49)

n—-+o0o 2>

i.e., let us assume that

lim ||Q— Qg1 =0. (2.1.50)
n—+oo
Since we then also have
lim |[(I+Q)"" = (T +Q,) o =0, (2.1.51)

n—-+0o00

we get for the resolvent kernels

lim esssup / dy ||r(z;y, 2) — ru(z;y, 2)|| = 0. (2.1.52)

n—-+o0o 2>z

Recall that || - || is any N x N-matrix norm. By using the results in the degenerate

case, we get

v
cnls. )+ [ ds Tl Tanlsz) @<y <z
(7Y, 2) = ‘ .
J o (z, )]t T +/ ds J [an(s,9)]" J an(s, 2), r<z<uy.

xT

By taking the limit as n — 400, we obtain

( | aly,z) + /y ds J [a(s, )] Ja(s, 2), r<y<z,
r(z;y,z) = = B
J [a(z, )] J—I—/ ds J [a(s, )] Ja(s, 2), r<z<uy,

T

which completes the proof. |}
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2.2 Darboux Transformation at the Potential Level

Now, we show that the solution &(z,y) to (2.0.19) can be expressed explicitly in
terms of a(x,y), f(x), and ¢g(y) appearing in (2.0.9) and (2.0.20), respectively. Then,
we will obtain the formula for the Darboux transformation at the potential level.

Let us define the intermediate quantities n(z) and ¢(y) as

n(z) = f(I)+/OO dz oz, 2) f(2), qly) = g(y)+/oo dz g(2) J [y, 2)]" J, (2.2.1)

where J is the involution matrix appearing in (2.0.12).

Theorem 2.2.1 Consider the perturbed operator Q of (2.0.18) and the unperturbed
operator Q of (2.0.8). Let F, G, f, and g be the quantities appearing in (2.0.20).
When Q — Q is the finite-rank perturbation FG given in (2.0.20), we can transform
(2.0.18) into an integral equation that has a degenerate kernel and hence obtain &
explicitly by linear algebraic methods.

Proof. By substituting (2.0.20) into (2.0.18) we obtain
w+ fg+all+Q+ FG) =0, (2.2.2)

which yields
a(l+Q+ FG) = —w— fy. (2.2.3)

By applying on (2.2.3) from the right with the resolvent kernel operator (I + R)

appearing in (2.0.4) we get
alI+QU+R)+FG(I+R)]=—-w(I+R)— fg(I+R). (2.2.4)

Because of (2.0.4) we have

(I+Q)(I+R)=1. (2.2.5)
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Furthermore, from (2.0.10) we see that the first term on the right hand side in (2.2.4)
is equal to «. Hence, by using o = —w(I + R) and with help of (2.2.5), we can write
(2.2.4) in the form

all +FG(I+R)]=a— fg(I+R). (2.2.6)

Now, let us define the operator G as

G :=G(l+R), g(x,y) :=gly) + /OO dzg(z)r(z; z,y), (2.2.7)

where 7(z;y, 2) is the kernel given in (2.1.14). Since f(y) §(x, 2) is the kernel of FG,
(2.2.6) can be written as

aI+FG)=a—fg. (2.2.8)
Let us now solve (2.2.6) for &. We would like to have a solution in the form
a(z,y) = oz, y) + p(x) §(z,y), (2.2.9)
with p(x) to be determined. Substituting (2.2.9) into (2.2.8), we get
a+pj+piFG+aFG=a—fj. (2.2.10)

After cancelling a from boths side of (2.2.10), we obtain

(aF +p+pgF + )G =0, (2.2.11)
which yields
p(Il +gF) = —(f +aF), (2.2.12)
or explicitly written as
p(z) = —n(z) l] + /00 dsg(z,s) f(s)] _1. (2.2.13)

Substituting (2.2.13) into (2.2.9) we obtain

-1

a(x,y) = alz,y) — n(z) {I + /OO dsg(x,s) f(s)] g(z,y). (2.2.14)
20



which completes the proof. |

Next, we show that g(x,y) defined in (2.2.7) can be expressed explicitly in terms
of a(z,y) and g(y) appearing in (2.0.8) and (2.0.20), respectively.
Proposition 2.2.2 The quantity g(x,y) defined in (2.2.7) can be expressed explicitly in
terms of the solution a(x,y) to (2.0.8) and the quantities f(x) and g(y) appearing in
(2.0.20) as

v
g(z,y) =q(y) +/ ds q(s) a(s,y), (2.2.15)
where q(y) is the quantity defined in (2.2.1).

Proof. Let us consider (2.2.7). Using [ = [+ fyoo in (2.2.7), we write the second

equation in (2.2.7) as

Y o
9(z,y) = g(y) + / dsg(s)r(z;s,y) + / ds g(s)r(z;s,y). (2.2.16)
T Y
Substituting the first line of (2.1.14) in the integral [¥ of (2.2.16) and the second line
in the integral fyoo 0f(2.2.16), we get

9(z,y) =g(y)+Lyd89(8) {a(s,y)Jr/sdtJ [a(t, 8)]TJOé(t,y)]

T

T

+/y°° ds g(s) [J [a(%s)]TJJr/y dtJ [a(t,s)]TJoz(t,y)] :

After the distribution, we obtain

Y

3(z,9) = gly) + / T dsg(s) T aly )] T+ / dsg(s) s, y)

+ </:ds /:dt+/:ods /ggy:;t) g(s)J [a(t, )" Ja(t,y). (2.2.17)

The orders of the two iterated integrals in (2.2.17) can be changed to fxy dt j;y ds and

[2dt fyoo ds, respectively. Using [+ fyoo = [, we get
v

g(w,y) =g(y)+/md89(S)J [a(yﬁ)]TJJr/ ds g(s) a(s,y)

T

+ ’ dt /too ds g(s) J [a(t, s)] Ja(t,y).
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We can replace g(y) + fyoo ds g(s) J [a(y, s)]' J with ¢(y) because of (2.2.1). Then we

get

g(x,y) =qly) + / ds g(s) a(s,y) / dt/ dsg(s a(t, s)]TJOz(t y). (2.2.18)

We now interchange s and ¢ in the iterated integral in (2.2.18), and thus obtain

g(z,y) = q(y) + /dsg (s, y) /ds/ dt g(t) J [a(s, )] Ja(s,y), (2.2.19)

or equivalently

g@w=«w+/%sM@afﬁmemumU}mw» (2.2.20)

By replacing g(s +f dt g(t) J [Oé(S,t)]T J with ¢(s) because of (2.2.1), from (2.2.20)
we get (2.2.15). |}

Note that g(x,z) = ¢(x). Let us define the matrix I'(z) as

[(x) =1+ /OO ds g(z,s) f(s). (2.2.21)

Proposition 2.2.3 The quantity I'(x) defined in (2.2.21) can be expressed explicitly in
terms of the solution a(x,y) to (2.0.8) and the quantities f(x) and g(y) appearing in
(2.0.20) as

I(z)=1+ /00 dsq(s)n(s), (2.2.22)
where we have defined n(x) and q(z) in (2.2.1).

Proof. By substituting (2.2.15) into (2.2.21), then we obtain

mm:f+lm@{%@+élm@a@@}ﬂ¢

or equivalently

I'(z) _I+/OO dsq(s)f(s)+/Oods/sdtq(t)oz(t, 5) £(s). (2.2.23)



The order of the integration in (2.2.23) can be changed to [ dt [~ ds, and inter-

changing s and ¢ in the iterated integral we get

I'z) :I+/Oodsq(s)f(s)+/Oods/oodtq(s)oc(s,t)f(t), (2.2.24)

or equivalently

I(z) :1+/:° ds q(s) [f(s)+/:odtq(s) a(s,t)f(t)]. (2.2.25)

By replacing f(s) + [~ dtq(s) a(s, t) f(t) with n(s) because of (2.2.1), we obtain

['(z) =1+ /00 dsq(s) n(s). (2.2.26)

Thus, the proof is complete. |}

The next theorem describes the formula for the Darboux transformation at the
potential level.
Theorem 2.2.4 Let o and & be the solutions to the integral equations (2.0.8) and
(2.0.18), respectively, and let n(x), I'(z), and g(x,y) be the quantities given in (2.2.1),

(2.2.22), and (2.2.15), respectively. Then, &(z,y) — a(z,y) can be written in terms

of az,y), f(x), and g(y) as
a(z,y) — a(z,y) = —n(z)T(z) " §lx,y). (2.2.27)
Hence, the Darbouz transformation at the potential level is obtained from
a(r,z) — alr,z) = —n(z)T(z) " q(z). (2.2.28)

Proof. By substituting (2.2.21) into (2.2.14) we obtain (2.2.27). Using §(z,z) = q(z)
in (2.2.27) we obtain (2.2.28). |

2.3 Darboux Transformation at the Wave Function Level

We would now like to obtain the Darboux transformation at the wave function

level.
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The Fourier transform of the N x N matrix-valued quantity a(z,y) in (2.0.9)
is related to the wave function W(\, x) appearing in the unperturbed problem £ ¥ =

A W. The relationship is given by
T\, z) = e N —{—/ dy oz, y) e MY, (2.3.1)

where J is the involution matrix appearing in (2.0.12). Using the inverse Fourier

transform on (2.3.1) we obtain

1 o0 . .
alz,y) = o / A\ [O(\, z) — e MF] MY, (2.3.2)

o0

Similar to (2.3.1) and (2.3.2), we have

T\, z) = e N7 +/ dy a(x,y) e ™Y, (2.3.3)
a(z,y) = L /00 A [\i/(/\ x) — e_i)“]w] ey (2.3.4)
, o | : : 3.

y(A x) = /OO dy Gz, y) e M. (2.3.5)

Using (2.2.15) in (2.3.5) we get

w00 = [Ty o+ [ asato)atsn)| e (23.6)

or equivalently

o0 . o0 y .
’Y(A»fﬂ):/ dSCJ(S)e‘”SﬂL/ dy/ ds q(s) a(s,y) e, (2.3.7)

where we have replaced the dummy variable y with s in the first integral in (2.3.7).
The orders of the iterated integral in (2.3.7) can be changed to f;o ds fsoo dy, and we

obtain

o) = [ dsalse ™ [ s [ dyaatspe (2:38)
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or equivalently

v\ z) = / " dsq(s) [e—ww / T dyals,y) e (2.3.9)

By using (2.3.1) in (2.3.9) we get

YA x) = /OO dsq(s) (A, s). (2.3.10)

The next theorem describes the formula for the Darboux transformation at the
wave function level.
Theorem 2.3.1 Let o and & be the solutions to the integral equations (2.0.8) and
(2.0.18), respectively, and let n(z), I'(x), and v(\, x) be the quantities given in (2.2.1),

(2.2.22), and (2.3.10), respectively. Then, U(\,z) — W(\, x) can be written in terms

of a(x,y), f(x) and g(y) as

T\, y) — U\ y) = —n(z)T(z) "ty (), z). (2.3.11)

Proof. By subtracting (2.3.3) from (2.3.1) we obtain
(o) - W) = [ dylate.y) - alep)]e M (2.3.12)
By substituting (2.2.27) into (2.3.12) we get

T\, z) — U\ x) = /00 dy [—n(z) D(z) " §(z,y)] e, (2.3.13)

which yields

T\ z) — U\ z) = —n(z) T(z)™ /00 dy §(z,y) e Y. (2.3.14)
Using (2.3.5) in (2.3.14) we get
TN y) — T\ y) = —n(z) () y(\, z). (2.3.15)

Thus, the proof is complete. |}
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2.4 Darboux Transformation via a Constant Matrix Triplet

In this section we show that the results given in Theorem (2.2.4) and Theorem
(2.3.1) provide a unified approach to derive Darboux transformations.

Suppose we add a discrete eigenvalue \; with multiplicity n; to the exist-
ing spectrum. Then, associated with the eigenvalue A;, there are n; parameters
Cjos - - - Cj(n;—1), usually known as norming constants [5]. Consequently, for each dis-
crete eigenvalue \; added to the spectrum, there will be an nj-parameter family of
potentials @(z) where the norming constants act as the parameters. In case several
discrete eigenvalues A\, ..., Ay are added all at once, it is convenient to use a square
matrix A whose eigenvalues are related to A; for j = 1,..., N in a simple manner. It is
also convenient to use a matrix C' whose entries are related to the norming constants
cjsforyj=1,...,Nand s =0,1,...,n; — L.

The matrices f(x) and g(y) appearing in (2.0.20) can be written in the form

0  Bfe A e 4 B 0
fx) = 9y = T : (2.4.1)
CeAv 0 0 —e AT
where A is a constant square matrix with all eigenvalues having positive real parts,

and B and C' are constant matrices of appropriate sizes so that the matrix product

f(z) g(y) is well defined and given by

0 _ Bt e~ Al+y) ot
f(@)g(y) = : (2.4.2)
Ce Aty B 0
For f(x) and ¢(y) given in (2.4.1), let us evaluate §(z,y) given in (2.2.15) and the
intermediate quantities n(x) and ¢(x) given in (2.2.1) explicitly in terms of the wave-

function W(A, z) evaluated at the eigenvalues of A. By taking the matrix adjoint of

a(z,y) appearing in (2.3.2) we obtain

Jla(z, )T = % /_ T e [J [N, 2)]t T — eim] . (2.4.3)
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By substituting (2.3.2) in the first formula in (2.2.1) we get

n(z) = f(x) + /00 dy L~ d\ [T (N, z) — e M MY f(y), (2.4.4)

2r J_o

or equivalently
n(z) = f(z) + / dy [2— / d)\\IJ(A,x)e‘”y—Z— / dAelAJ(y@] fly). (2.4.5)
X —00 T —00

Using the fact that
1 oo
2m J_o

ds e = §(a), (2.4.6)

where § is the Dirac delta distribution, from (2.4.5) we obtain

n(z) = f(z) + / "y H% /_ Z AT, a:)ei’\‘]y] . z)} fo),  (247)
or equivalently
n(z) = f(x) + % /:O dy /_Z AN (N, 2)e™MY f(y) — /_Z d\o(x — 2)f(y). (2.4.8)

By using (2.4.6) in (2.4.8), we get

n(z) = f(z) + % [/:0 dy /_Z d\ \I/()\,x)ei“yf(y)} — f(x). (2.4.9)
After simplification in (2.4.9), we obtain
n(zr) = % /_Z dA (A, x) /:O dy e™Y f(y). (2.4.10)
Using in (2.4.10) the value of f(x) given in (2.4.1), we get
n(z) = 2% /: INT(N, 2) NN (N, ), (2.4.11)
where we have defined
N z) = ! ~BIAT i) e . (2.4.12)
C(M —iA)~te~4e 0
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Similarly, by using (2.4.3) in the second formula in (2.2.1), we evaluate ¢(z) as

q(x) = g(z) + / oodyg(ac) {% / T e [J [qJ(A,x)]TJ—eMH, (2.4.13)

—00

or equivalently

- Lo Lo
Q(l’) = g(x)—i—/ dy g(l’) [% / d\ e—lAJyJ [‘IJ(A,ZE)]T J— % / d\ 6—1)\Jy el)\JI:| :

(2.4.14)
By using (2.4.6) in (2.4.14) and by proceeding as in (2.4.5)-(2.4.10), we get
1 [ o .
a(w) = o / d\ / dy g(y) e ™Y J [T\, 2)]" J. (2.4.15)
™ —00 T
Using in (2.4.15) the expression for g(y) given in (2.4.1), we obtain
1 *° .
o) = 5 / INO(N ) e T [w(N, )] J, (2.4.16)
)
where we have defined
e~ 4"\ —iA)"'B 0
O\ ) = : (2.4.17)
0 e~ A (NI 4 1AL Cf

We still need to evaluate g(x,y) in terms of the wave function W(\, z). For this

purpose, we use (2.3.2) in (2.2.15), (2.3.1), (2.4.6), and (2.4.16), and thus we obtain

g(x,y) = L /_OO dp /00 dz q(2) U(p, z) ey, (2.4.18)

21 J_ o

Using (2.4.16) in (2.4.18) we get

g(x,y):/ d)\/ du/ dz E(\, p, 2) eV, (2.4.19)
where we have defined
1 .
B\, 2) = = O\, ) e M TN, 2)]T T W (). (2.4.20)
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Using the expression for n(z) and ¢(z) given in (2.4.11) and (2.4.16), respectively,

with the help of (2.4.20) we evaluate I'(x) given in (2.2.22) as

[(z)=1- i/Oo d\ /00 du /OO dy B\, i1, y) €7V N'(p, ). (2.4.21)

Finally, by substituting (2.4.16) in (2.3.10) and using (2.4.20), we obtain

7()\,38):27T/ ds/ dANE(\ N, s). (2.4.22)
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Chapter 3
(Right) Marchenko Integral Equation

In this chapter we develop a generalized approach for the Darboux transforma-
tion via the (right) Marchenko integral equation. We first present some preliminary
results that are needed later on and then we analyze the resolvent kernel r(x; z,y) of
the (right) Marchenko integral equation. In Theorem 3.1.2 we prove that r(x; z,y)
can be expressed explicitly in terms of the solution a(z,y) to the (right) Marchenko
integral equation (3.0.9). We then give the formulas for the Darboux transformation
at the potential level and wave function level.

The results in this chapter are somewhat similar to the results in Chapter 2,
but for the benefit of the reader, we provide all the details. Furthermore, for the
reader to see the similarity, we use similar notations for the corresponding quantities.

Let us consider the integral equation

a(z,y) + Bz, y) + /1‘ dza(z,z)w(z,y) =0, x>y, (3.0.1)
where a(z,y) is the unknown term, f§(x,y) is the nonhomogeneous term, and w(z, y)
is the integral kernel. We assume that the equation given in (3.0.1) is uniquely
solvable in HY Y, namely, we get a unique a(z,y) when B(z,y) and w(z,y) are
given to us. Recall that #)"*" is the complex Banach space of M x N matrix-
valued measurable functions F : (z, +00) — CM*¥ such that the matrix norm ||F(-)]|

belongs to LP(x,400) for 1 < p < 4o00. Note that the kernel w(z,y) does not depend

on the parameter x € R and it satisfies

sup /x dz (w(z, y)[| + [lwly, 2)|) < +o00. (3.0.2)

x>y J—o0
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Recall that || || denotes any N x N- matrix norm. Let us write (3.0.1) in the operator

form

a+pf+all=0, (3.0.3)

where the operator €2 acts from the right. We suppose that, for each fixed z € R, the
operator (I + ) is invertible on HY Y and HY Y. Note that I denotes the identity

operator. We use (I + R) to denote the corresponding resolvent operator, where
I+R=I+Q)"Y R=I+Q)7"'-1 (3.0.4)
By solving (3.0.3) for a we get
a=—F(I+Q)" (3.0.5)
Using (3.0.4) in (3.0.5), we obtain
a=—F(I+R), (3.0.6)

or explicitly

a(z,y) = —B(z, ) - / dz Bz, 2) r(w; 2,1), (3.0.7)

— 00

where 7(z; z,y) is the integral kernel of the resolvent operator R. Let us write (3.0.1)
in the form

a+w+aQ2=0, (3.0.8)

where the nonhomogeneous term and the integral kernel are related to each other.

Then (3.0.8) can explicitly be written as

alz,y) + w(z,y) + / dza(z,z)w(z,y) =0, x>, (3.0.9)
which is usually called [3, 4, 6, 10, 13, 14, 18] the (right) Marchenko integral equation.
We make the assumption that the (right) Marchenko integral equation is uniquely
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solvable in H5 ", namely, we assume that there is a unique a(z,y) as a solution to
(3.0.9) when w(z,y) is given. We construct the resolvent kernel r(zx; z,y) appearing
in (3.0.7) in terms of the unique a(x,y) then the resolvent kernel will also be unique.
Since a(z,y) is uniquely determined, we will then obtain r(x;z,y) uniquely. By

solving (3.0.8) with help of (3.0.4) we get
a=-w(l+R). (3.0.10)
The unique solvability of (3.0.9) in H1"*" and the condition in (3.0.2) imply that

sup / " dz (laz,9)] + oy, 2)) < +oo. (3.0.11)

>y J —co
We consider (3.0.8) when the integral operator 2 appearing in (3.0.3) is N x N

matrix-valued and J-selfadjoint in the sense that
Q=JO4, w(y, ) = J [w(z,y)]"J. (3.0.12)

Recall that the dagger denotes the matrix adjoint (complex conjugate and matrix
transpose) and the double dagger denotes not just only the matrix adjoint, but also
switching the two arguments of the kernel in the operator, namely, for any two integral
operators A and B

(AB)(y, =) = (BIAY)(y, 2), (3.0.13)

which is already stated in (2.0.16). Note also that J is an N x N selfadjoint involution,
ie.

J=J =7 (3.0.14)

Associated with the unperturbed problem £L¥ = AU, we have [3, 4, 6, 10, 13,
14, 18] the fundamental integral equation given in (3.0.8), where « is related to the
Fourier transform of ¥ and w is related to the Fourier transform of the scattering

data S(A) for the operator L.
32



Associated with the perturbed problem £¥ = AU, we have the fundamental

integral equation

joN
+
&
+
[N
ol
I
“O

(3.0.15)

or explicitly

alx,y) + o(z,y) + / dza(z,z)0(z,y) =0, y < T (3.0.16)
As we indicated in Chapter 2, in the analysis of Darboux transformations, the per-
turbation will correspond to the case where the integral operators 2 and  appearing

in (3.0.15) and (3.0.8), respectively, differ by a finite-rank operator and we denote

that difference operator by FG, i.e.
0 =Q+FG, o(x,y) = w(z,y) + f(z) gy). (3.0.17)

Recall that we cannot in general expect F and GG to commute, and hence in general

fag#gf.

3.1 Construction of the Resolvent Kernel

In this section, we analyze the resolvent kernel r(z;z,y) appearing in (3.0.7)
and then we show that r(z; z,y) can be expressed explicitly in terms of the solution
a(z,y) to (3.0.9).

Proposition 3.1.1 Assume that (3.0.3) is uniquely solvable in Hy Y and that Q sat-
isfies (3.0.12). Then, the operator R given in (3.0.4) and the corresponding kernel

r(z;z,y) appearing in (3.0.7) satisfy
R=JRYJ, r(x;z,y) = J [rlay, 2)]' (3.1.1)
where J is the involution matriz appearing in (3.0.14).
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Proof. From (3.0.4) we know that (I + R) = (I +Q)~! and thus

I+QUI+R)=1=(I+R)(I+9Q). (3.1.2)
Then we get
R+Q+ RQ =0, (3.1.3)
and
R+Q4+QR=0. (3.1.4)

By applying on (3.1.3) the double dagger transformation defined in (3.0.14), i.e. by
taking the adjoint and switching the arguments, and further applying J on both sides,
we obtain

JRYJ 4+ JONT 4+ (JQRT)(JRMT) = 0, (3.1.5)

equivalently, by using (3.0.12) we get
JRYJ +Q+Q(JRY) =0, (3.1.6)

Since (3.0.3) is assumed to be uniquely solvable in HY*" by comparing (3.1.4) and
(3.1.6) we get R = JR*J.

Even though it is clear that R = JRYJ implies r(x;y, z) = J [r(z; 2, )] J, for
clarity, let us also prove the same result by directly working with the kernel r(z; z, y)
for y < z and z < y. Let us first consider (3.1.4) for z < y, which is explicitly written

as
x

r(x;y, 2) +w(y, 2) —i—/ dsw(y,s)r(x;s,z) =0, z <. (3.1.7)

—0o0

By taking the adjoint of (3.1.7) and then multiplying the resulting equation by J on
the left and on the right, we obtain

J [r(zy, ) T+ J [wy, 2)]T T + /x ds J [w(y, s)r(z;s, 2)]" J, z <y, (3.1.8)

—0o0
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or equivalently

J [r(zy, 2)) T+ T [w(y, 2)]" T + /_x ds J [r(z;s,2)] T J [w(y, s)]'J, z<y.
(3.1.9)
Using (3.0.12) in (3.1.9) we get

T

J [r(x;y, 2] T+ w(z,y) +/ ds J [r(z; s, 2)]" Jw(s,y), z <. (3.1.10)

—00

By interchanging y and z in (3.1.10), we obtain the equivalent expression

J [r(z; 2, 9)]" T + w(y, 2) +/ ds J [r(z; s, 9)]" Jw(s, 2), y <z (3.1.11)
By comparing (3.1.7) and (3.1.11) and by using the uniqueness of the solution to
(3.1.7), we see that r(z;y,2) = J [r(x;2,9)]" J and we have

r(z;y, z) + w(y, 2) +/ dsr(z;y,s)w(s, z), y < z. (3.1.12)
Similarly, by considering (3.1.4) for y < z, we obtain

r(z;y, 2) + w(y, 2) +/ dsr(z;y,s)w(s,z), 2 <y. (3.1.13)
Thus, we have shown that r(z;y,2) = J [r(z;2,9)]' J for y < z and z < y which
completes the proof. |}
Theorem 3.1.2 Assume that (3.0.3) is uniquely solvable in H5 ™ and that Q satis-
fies (3.0.12). Then, the corresponding kernel r(x;z,y) appearing in (3.0.7) can be

expressed explicitly in terms of the solution a(x,y) to (3.0.9) as

a(z,y) + /m ds J [a(s, 2)]" T als,y), y<z<u,
r(z;z,y) = z (3.1.14)

J [Oz(y,z)]T J+ /x ds J [a(s,z)]T Ja(s,y), z<y<uw,

Y

where J is the involution matriz appearing in (3.0.12).
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Proof. Since (3.0.3) is assumed to be uniquely solvable in H2 ™, so is (3.0.8) and
hence the solution R to (3.1.3) is unique. Thus, it suffices to prove that the quantity
defined in (3.1.14) satisfies (3.1.3), i.e. the quantity in (3.1.14) satisfies the integral
equations

r(z; z,y) + w(z,y) +/ dsr(z;z,s)w(s,y) =0, max{y,z} <z.  (3.1.15)
We will give the proof for both cases of y < z and z < y.

Case l: y<z<zx

Let us use ffoo = ffoo + ff in the integral appearing in (3.1.15). Then the left-hand
side in (3.1.15) becomes

z

r(z; z,y) +w(z,v) +/ dsr(z;z,s)w(s,y) + /x dsr(z;z,s)w(s,y). (3.1.16)

By using the first line of (3.1.14) in the integral [~ and the second line of (3.1.14)

in the integral 7 in (3.1.16), we obtain as the left-hand side of (3.1.15)

alz,y) + /m ds J [afs, z)]T Ja(s,y) +w(z,y)

+/_Z ds {a(z,s)—l—/xdtJ la(t, 2)]" T alt, s)] w(s,y)

o0 z

# a7 tats o+ [ o) Tas)] wie,

s

After the distribution, the left-hand side of (3.1.15) then becomes

alz,y) + /x ds J [a(s, z)]T Ja(s,y) +w(z,y)
+ /_Z dsa(z,s)w(s,y) + /_Z ds /w dt J [a(t, 2)]" Ja(t, s)w(s, y)

+ /w ds J [a(s, 2)] T w(s,y) + /x ds /x dt J [a(t, 2)]" Ja(t, s)w(s, y).
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Let us now define by, by, and bs as

z

by = alz,y) + w(zy) + / ds a(z, 5) (s, 1),

—00

by ::/IdtJ [a(t,z)]TJa(t,y)—Ir/xdtJ [a(t, )" Tw(t,y),
by = ) ds /xdtJ [a(t,z)]TJoz(t, s)w(s,y)

+/xds /xdtJ [a(t, 2)]" Ta(t, s)w(s,y).

We have b; = 0 because of the (right) Marchenko integral equation given in (3.0.9).
The orders of the two iterated integrals in by can be changed to [ dt [°_ds and

[5dt fzt ds, respectively. Using [©_+ [ Zt = ffoo, the quantity b3 becomes

by = /j dt /_; ds J [a(t, 2)]" T alt, s)w(s,y).

Then we get
x t

by + by = / dt J [a(t,2)]' J [a(t, y) + w(t,y) + / dsa(t,s)w(s,y)|. (3.1.17)
Since t > y, the quantity inside the brackets in (3.1.17) vanishes due to (3.0.9). Thus,
we obtain by + b3 = 0, and hence by + by + b3 = 0 for the case of y < z < x.

Case 2: z<y<uzx

Our goal is to show that the expression given in (3.1.14) satisfies (3.1.15) in the case
z <y < x. A direct proof in the case z < y < x does not seem to be feasible as it
was done in the case y < z < x. Therefore, we will proceed as follows. Since any
compact operator can be approximated by a sequence of finite-rank operators, we will
approximate w(z,y) in (3.1.15) by the sequence &,(z) n,,(y). This will allow us to solve
(3.1.15) explicitly and then to get a solution. We will call that solution as r,(x; z,y).
Thus we will obtain (3.1.14) where a(z, y) is replaced by a,(z, y) which is the solution

to the (right) Marchenko integral equation given in (3.1.18) when w(z,y) is replaced
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with &,(2) n,(y). Finally, by taking the limit when n — +o00, we will obtain r(x; z, y)
given in (3.1.14)
Consider the (right) Marchenko integral equation
alz,y) +w(z,y) +/ dsa(z,s)w(s,y) =0, z >, (3.1.18)

—00

which obtained by replacing z and y in (3.0.9) by z and y, respectively. Suppose

w(z,y) = £(2)n(y), (3.1.19)

i.e. suppose that the integral kernel in (3.1.14) is separable. We first would like to
evaluate a(z,y) appearing in (3.1.14) in terms of the kernel parts £ and 7. Isolating
a(z,y) in (3.1.18), we get

alz,y) = —w(z,y) — / dsa(z,s)w(s,y). (3.1.20)

—0o0

Substituting (3.1.19) into (3.1.20) we obtain

aeun) = =¢Ea) — [ dsale ) 66000, (3.1.21)
or equivalently
) == €00+ [ dsals)€66)] o) (31.22)
Define 7(z) as
(2) = £(2) + / oo ds a2, 5) €(s). (3.1.23)
Then we get
a(z,y) = —7(2) n(y), (3.1.24)

By replacing a(z,y) appearing in the integrand in (3.1.23) with (3.1.24) we obtain

T(z) =&(2) — /z dsT(z)n(s)&(s), (3.1.25)

—00
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which yields

7(2) {I—i—/_ dsn(s) 5(3)} =&(2), (3.1.26)
where [ is the identity matrix. Thus we obtain
2 -1
T(z) = &(2) {I—i—/ dsn(s)f(s)} : (3.1.27)
provided the matrix inverse exists. Consequently,
P —1
o) =66 [T+ [ asne)e)] i (3129
Finally, define
T(z) = I—i—/ dsn(s)&(s). (3.1.29)

By substituting (3.1.29) into (3.1.28) we obtain

alz,y) = =§(2)T(2) n(y). (3.1.30)

We would now like to evaluate .J [a(y, z)]" .J in terms of ¢ and 7. For this, let us
consider (3.1.18). By taking the adjoint of (3.1.18) and then multiplying the resulting

equation by J on the left and on the right, we get

z

Jla(z, ) T+ Jw(z ) J+/ ds J [a(z, s)w(s,y)]" J =0, (3.1.31)

or equivalently

Jla(z, ) T+ Jw(z ) T+ /z ds Jw(s,y)]" J J[a(z,8)] J=0. (3.1.32)

Using (3.0.12) in (3.1.32) we get

z

J oz, )] T + wly, 2) +/ dsw(y, s) J[a(z,s)]" J = 0. (3.1.33)

By substituting (3.1.19) into (3.1.33) we obtain

z

J@@wa+awmw+/’dﬁ@M@Jh@st:& (3.1.34)

—00
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Let us set

Jla(z, )" J = E(y) K (=), (3.1.35)

with K (z) to be determined. Substituting (3.1.35) into (3.1.34) and then equating

the right coefficients of £(y) from both sides of (3.1.34), we get

z

K(z) +n(z) + / dsn(s)&(s) K(z) = 0. (3.1.36)

— 00

By solving (3.1.36) for K(z) we obtain

K = |1+ [ dsnts) 660 e (3.1.37)

—00

Using (3.1.29) in (3.1.37) we get
K(z) = =T(2) ' n(z). (3.1.38)
By substituting (3.1.38) into (3.1.35) we obtain

Ta(z,9)]" T = =£(y) T(2) " n(z). (3.1.39)

Hence, by interchanging y and z in (3.1.39) we obtain

Ty, )" = =€) T(y) " nly). (3.1.40)

Now, let us solve the integral equation
r(z; z,y) + w(z,y) +/ dsr(x;z,s)w(s,y) =0. (3.1.41)

—00

Define
r(z,y) = H(z)n(y), (3.1.42)

with H(z) to be determined. Substituting (3.1.19) and (3.1.42) into (3.1.41) and then

equating the left coefficients of 7(y) from both sides of (3.1.41), we get

T

H(=) + £(2) + / ds H(=) n(s) €(s) = 0,

— o0
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which yields

H(z) [] + /_ Oo dsn(s)ﬁ(s)] — _¢(2). (3.1.43)

Then we get
H(z) = —€(2) {1 + /_ Oo ds(s) f(s)] o (3.1.44)

As a result
T@:%y)==—§@0{I+—/i;dsn®)ﬂﬁﬂ_dn@0~ (3.1.45)

From (3.1.29) we see that the matrix in the brackets in (3.1.45) is equal to Y(z).

Thus we can write (3.1.45) as

r(z;z,y) = —€(2) (@) "n(y). (3.1.46)

Then for z < y < z, with help of (3.1.30) and (3.1.40) we compute

alz,y) + /fﬂ ds J [afs, z)]T Ja(s,y)
:—a@na*mw+/3wuﬂ@rw@a@r@*mw

z

[ /Uﬂf ﬂﬂﬂn@

= =& {TE) ™ = [1(=) )"} nly)
= —£(2) Y(2) "0 (y).

which is equal to r(z; v, z) because of (3.1.46). Similarly, for < z < y we compute
J [a(y, 2)]"J + /y ds J [a(s, 2)]" J als,y)
=€) T )+ [ s X0 ()€ T 0l
— ()10 = [ T ) € 1) ). (147
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We can write (3.1.47) as
J oy, z)]T J+ /I ds J |afs, z)]T Ja(s,y)

T [ s (—di 14 [ )] )] )

— —¢(2)
== {T ™" = [T = T@) ]} nly)
= —£(2) Y (=) n(y),

which is equal to r(z;y, z) because of (2.1.46). Thus we have shown that

a(z,y) + /a: ds J [a(s, 2)]" T a(s,y), y<z<uzx,
r(z;z,y) = z . (3.1.48)
J laly, 2)]"J +/ ds J [a(s, 2)]" J a(s, y), z<y<ux,

)

where we have obtained a(z,y) and [a(y, 2)]'

in terms of the kernel parts £ and 7.
As a summary, in the case z < y < x, we can approximate the kernel of the
Marchenko integral equation in (3.1.18), namely, w(z, y) by the sequence of separable

kernels &,(2) n,(y), where the approximation is understood in the sense

fim_esssup [z o(z.0) ~ 602D )] =0, (3.1.49)
n——+oo y<x o0
i.e., let us assume that
n—+oo
Since we then also have
lim (I +Q)" = (IT+Q) s =0, (3.1.51)
n—-+0o0
we get for the resolvent kernels
lim esssup / dz ||r(x; z,y) — ra(x; z,9)|| = 0. (3.1.52)
n—-+oo y<z — o
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Recall that || - || is any N x N-matrix norm. By using the results in the degenerate
case, we get
an(z,y) +/ ds J [an(s, 2)]" T an(s,y), y<z<u,

J [Ozn(y,z)rr J +/ ds J [an(s,z)]T J a,(s,y), z<y <z
Y

By taking the limit as n — 400, we obtain

( | alz,y) + /9C ds J [a(s, 2)]" J a(s, y), y<z<u,
r(x;z,y) = Z -
J oy, 2)]T T +/ ds J [a(s,2)]" J a(s,y), z<y<uzx.

Y

which completes the proof. |}

3.2 Darboux Transformation at the Potential Level

Now, we show that the solution &(z,y) to (3.0.16) can be expressed explicitly in
terms of a(z,y), f(x), and g(y) appearing in (3.0.9) and (3.0.17), respectively. Then,
we will obtain the formula for the Darboux transformation at the potential level.

Let us define the intermediate quantities n(z) and ¢(y) as

a) = fo)+ Cdza(e,2) f2), ) = g(y)+ / " dzg(2) T aly )] T, (3:2.1)

where J is the involution matrix appearing in (3.0.12).

Theorem 3.2.1 Consider the perturbed operator Q of (3.0.15) and the unperturbed
operator 0 of (3.0.8). Let F, G, f, and g be the quantities appearing in (3.0.17).
When Q — Q is the finite-rank perturbation FG given in (3.0.17), we can transform
(3.0.15) into an integral equation that has a degenerate kernel and hence obtain &
explicitly by linear algebraic methods.

Proof. By substituting (3.0.17) into (3.0.15) we obtain

wt+ fg+all+Q+FG)=0, (3.2.2)
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which yields
a(l+Q+FG)=-—w—fg. (3.2.3)

By applying on (3.2.3) from the right with the resolvent kernel operator (I + R)
appearing in (3.0.4) we get
alI+QU+R)+FG(I+R)|=—-—w({+R)—fg(+R). (3.2.4)
Because of (3.0.4) we have
I+QUI+R)=1. (3.2.5)

Furthermore, from (3.0.10) we see that the first term on the right hand side in (3.2.4)
is equal to «. Hence, by using & = —w(I + R) and with help of (3.2.5), we can write
(3.2.4) in the form

&I+ FG(I+R)]=a—fg(I+R). (3.2.6)

Now, let us define the operator G as

xT

G:=G((I+R), g(x,y) :=gly) + / dz g(2)r(z; z,y), (3.2.7)

where 7(z; z,y) is the kernel given in (3.1.14). Since f(y) §(x, 2) is the kernel of FG,
(3.2.6) can be written as

&I +FG)=a—f3§ (3.2.8)
Let us now solve (3.2.6) for &. We would like to have a solution in the form
a(r,y) = a(z,y) + p() §(z,y), (3.2.9)
with p(z) to be determined. Substituting (3.2.9) into (3.2.8), we get
a+pi+piFG+aFG=a-fq (3.2.10)
After cancelling o from boths side of (3.2.10), we obtain

(aF +p+pgF+f)G =0, (3.2.11)
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which yields

pI+gF)=—(f+aF), (3.2.12)

or explicitly written as

p(z) = —n(z) {[—i— /j ds g(z, s) f(s)l_ : (3.2.13)
Substituting (3.2.13) into (3.2.9) we obtain
a(z,y) = a(z,y) — n(z) [I + /z ds g(zx,s) f(s)} : g(z,y). (3.2.14)

which completes the proof. |

Next, we show that g(z,y) defined in (3.2.7) can be expressed explicitly in terms
of a(x,y) and ¢(y) appearing in (3.0.8) and (3.0.17), respectively.
Propostion 3.2.2 The quantity g(x,y) defined in (3.2.7) can be expressed explicitly in
terms of the solution a(x,y) to (3.0.8) and the quantities f(x) and g(y) appearing in
(3.0.17) as

auyw=«w+/mw«@a@wx (3.2.15)

where q(y) is the quantity defined in (3.2.1).
Proof. Let us consider (3.2.7). Using [ = [Y + fyx in (3.2.7), we write the second
equation in (3.2.7) as

)

g(x,y) = g(y) +/

—0o0

%ﬂﬁdaw+/w@ﬂ$ﬂaw- (3.2.16)

Substituting the first line of (3.1.14) in the integral f; of (3.2.16) and the second line
in the integral [Y_ of (3.2.16), we get

Y

g(x,y) = g(y) +/

—0o0

ds g(s) [J [a(y, S)]T J + /m dt J |aft, s)]T Ja(t, y)]

)

+/j ds g(s) [a(s,y) +/x dt J la(t, S)VJOf(t,y)] :

s
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After the distribution, we obtain

§(x,y)=g(y)+/_y dsg(s)J a(y,s J+/ ds/ dt g(s (t,s)]" T a(t,y)

(3.2.17)

/ydsg a(s,y) /ds/ dt g(s (t, )" Ja(t,y).

The orders of the two iterated integrals in (3.2.17) can be changed to f; dt ffoo ds

and f; dt fyt ds, respectively. Using [+ f; = ffoo’ we get

§@w=ﬂwﬁﬁdwﬁJ[(ﬂU+/%w®MmD

Y

/ dt/ ds g(s) J [a(t, s)]' Ja(t,y).

We can replace g(y) + [Y_dsg(s)J [a(y, s)]' J with ¢(y) because of (3.2.1). Then

we get

g(x,y) =qy) + / ds g(s) a(s,y) / dt/ dsg(s alt, s)]T Ja(t,y). (3.2.18)

We now interchange s and ¢ in the iterated integral in (3.2.18), and thus obtain

g(z,y) = q(y) + / ds g(s)a(s,y) / ds/ dt g(t) t)]TJoz(s,y), (3.2.19)

or equivalently
o) =at)+ [ ds o)+ [ atg T lats.0)' T s 220)
Y —00
By replacing g(s)+ [ __ dt g(t) J [a(s, #)]" J with ¢(s) because of (3.2.1), from (3.2.20)
we get (3.2.15). |
Note that g(x,z) = g(x). Let us define the matrix I'(z) as

C(x):=1+ /ff dsg(x,s) f(s). (3.2.21)

—0o0
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Proposition 3.2.3 The quantity I'(x) defined in (3.2.21) can be expressed explicitly in
terms of the solution a(x,y) to (3.0.8) and the quantities f(x) and g(y) appearing in
(3.0.17) as

['(z)=1+ /I dsq(s) n(s), (3.2.22)

—00

where we have defined n(x) and q(z) in (3.2.1).
Proof. By substituting (3.2.15) into (3.2.21), then we obtain
[(x)=1+ /_x ds [q(s) + /ﬁt dt q(t) a(t,s)} f(s),
or equivalently
I'(z) _1+/_z dsq(s)f(s)+/_x ds/xdtq(t)a(t, 5) £(s). (3.2.23)

The order of the integration in (3.2.23) can be changed to [*_ dt ffoo ds, and inter-

changing s and ¢ in the iterated integral we get

M) =1+ [ dsas)fo)+ [ ds [ araatsn o, 22
or equivalently
M(z) =T+ /_OO ds (s) [f(s> + /_OO dt q(s) s, ) f(t)} | (3.2.25)
By replacing f(s) + [*__ dtq(s) a(s,t) f(t) with n(s) because of (3.2.1), we obtain
T(z) =1+ /_ Oo ds q(s) n(s). (3.2.26)

Thus, the proof is complete. |}

The next theorem describes the formula for the Darboux transformation at the
potential level.
Theorem 3.2.4 Let a and & be the solutions to the integral equations (3.0.8) and

(3.0.15), respectively, and let n(x), I'(z), and §(z,y) be the quantities given in (3.2.1),
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(3.2.22), and (3.2.15), respectively. Then, &(z,y) — a(z,y) can be written in terms

of a(x,y), f(x), and g(y) as

a(z,y) — alz,y) = —n(z) T(z) ™ §(z,y). (3.2.27)
Hence, the Darboux transformation at the potential level is obtained from
“Lq(x). (3.2.28)

Proof. By substituting (3.2.21) into (3.2.14) we obtain (3.2.27). Using g(z,z) = ¢(x)
in (3.2.27) we obtain (3.2.28).

3.3 Darboux Transformation at the Wave Function Level

We would now like to obtain the Darboux transformation at the wave function
level.

The Fourier transform of the N x N matrix-valued quantity «(z,y) in (3.0.9)
is related to the wave function W(\, ) appearing in the unperturbed problem £V =

A W. The relationship is given by

T\, ) = e N7 +/ dy oz, y) e Y. (3.3.1)

Recall that J is the involution matrix appearing in (3.0.12). Using the inverse Fourier

transform on (3.3.1) we obtain

1 & . )
alz,y) = Py / d\ [\I’(/\,x) — 6_1)‘”} MY, (3.3.2)

— 00

Similar to (3.3.1) and (3.3.2), we have

T\, z) = e M7 4 / dy a(x,y) e MY, (3.3.3)
Gz, y) = — / T [B(0.2) — o] (3.3.4)
=5/ , . 3.
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Now define (A, x) as

YA x) = /I dy G, y) e M. (3.3.5)

—00

Using (3.2.15) in (3.3.5) we get
v = [ ay [q@) = [Casats a(s,w] (33.6)

or equivalently

)= [ dsatse ™ [y [ dsats)atsge (3:3.7)
[e9) —00 y

where we have replaced the dummy variable y with s in the first integral in (3.3.7).
The orders of the iterated integral in (3.3.7) can be changed to ffoo ds f_soo dy, and
we obtain

(A z) = / ds q(s)e s —|—/ ds/ dy q(s) a(s,y) e ™Y, (3.3.8)

or equivalently

Y\, ) = /_x dsq(s) [e‘i’\‘]s + /_S dy (s, y)e ™MV . (3.3.9)
By using (3.3.1) in (3.3.9) we get
(A x) = /:C dsq(s) U(A,s). (3.3.10)

The next theorem describes the formula for the Darboux transformation at the
wave function level.
Theorem 3.3.1 Let o and & be the solutions to the integral equations (3.0.8) and
(3.0.15), respectively, and let n(z), I'(x), and v(\, x) be the quantities given in (3.2.1),
(3.2.22), and (3.3.10), respectively. Then, qf()\,x) — U(\, x) can be written in terms

of a(w,y), f(x), and g(y) as

V(N y) — ¥\ y) =—n(z)D(x) v\ ). (3.3.11)
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Proof. By subtracting (3.3.3) from (3.3.1) we obtain
T\ z) — U\ ) = /_x dy [a(z,y) — a(z,y)] e . (3.3.12)
By substituting (3.2.27) into (3.3.12) we get
T\, x) — U\ x) = /fﬂ dy [-n(z) T(z)"" §(z,y)] e, (3.3.13)
which yields
T\, z) — U\ x) = —n(z) T(z)™ /x dy g(z,y) e Y. (3.3.14)

—00

Using (3.3.5) in (3.3.14) we get
T\, y) — U\ y) = —n(@) D) y(\, z). (3.3.15)

Thus, the proof is complete. |}

3.4 Darboux Transformation via a Constant Matrix Triplet

In this section we show that the results given in Theorem (3.2.4) and Theorem
(3.3.1) provide a unified approach to derive Darboux transformations.

Suppose we add a discrete eigenvalue \; with multiplicity n; to the exist-
ing spectrum. Then, associated with the eigenvalue \;, there are n; parameters
Cjos - - - » Cj(n;—1), Usually known as norming constants [5]. Consequently, for each dis-
crete eigenvalue \; added to the spectrum, there will be an nj-parameter family of
potentials @(z) where the norming constants act as the parameters. In case several
discrete eigenvalues A, ..., Ay are added all at once, it is convenient to use a square
matrix A whose eigenvalues are related to A; for j = 1,..., N in a simple manner. It is
also convenient to use a matrix C' whose entries are related to the norming constants

cjsforj=1,...,Nand s =0,1,...,n; — 1.
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The matrices f(z) and g(y) appearing in (3.0.17) can be written in the form

0 Bfe~A'z e~ B 0
f(x) = , o gly) = T 7 (3.4.1)
Ce A 0 0 —e~Aly O

where A is a constant square matrix with all eigenvalues having positive real parts,
and B and C are constant matrices of appropriate sizes so that the matrix product

f(x) g(y) is well defined and given by

0 _ Bt e=Al+y) ot
f(@)gly) = : (3.4.2)
Ce Aty B 0

For f(x) and ¢(y) given in (3.4.1), let us evaluate §(z,y) given in (3.2.15) and the
intermediate quantities n(x) and ¢(x) given in (3.2.1) explicitly in terms of the wave-
function W(A, z) evaluated at the eigenvalues of A. By taking the matrix adjoint of

a(z,y) appearing in (3.3.2) we obtain

Tla(z, ) J = — /_ T e 7w ) T -] (3.4.3)

27 J_o

By substituting (3.3.2) in the first formula in (3.2.1) we get

n(r) = f(z)+ % /_ OO dy /_ Z A [T (N, 2) — e =] MY f(y), (3.4.4)

or equivalently
n(z) = f(x) + / dy | — / AU\, z)eMY — — / AN MWD f(y). (3.4.5)
PN 2 oo 2 oo
Using the fact that
1 [~ :
ds e = §(a), (3.4.6)

2 ) o

where § is the Dirac delta distribution, from (3.4.5) we obtain

n(z) :f(x)+/:o dy H% /_Z d)\\If()\,:v)ei)“]y] —5(3:—2)] o), (347)
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or equivalently

n(z) = f(x) + % /9; dy /Z dANU (N, z)e™Y f(y) — /C: dAé(x — 2)f(y). (3.4.8)

By using (3.4.6) in (3.4.8), we get

n(z) = f(z)+ % [ /_ Oo dy /_ Z AAT(N, 2)eM f(;,)} ~ fa). (3.4.9)
After simplification in (3.4.9), we obtain
n(z) = % /Z dANU(\, z) /; dy eV f(y). (3.4.10)
Using in (3.4.10) the value of f(x) given in (3.4.1), we get
n(z) = QLm /_Z AT, 2) NN, 2), (3.4.11)

where we have defined

0 —BI(AI +iAh)le-A'"
N\ z) = : (3.4.12)
C(M —iA)le4e 0

Similarly, by using (3.4.3) in the second formula in (3.2.1), we evaluate ¢(z) as

g(z) = g(z) + / " dyg(a) {% / T e [J [@(A,x)]TJ—eMH, (3.4.13)

—00 —o00

or equivalently

q(z) = g(x)+ / ' dy g(x) [i / h de MY B(N, )] T — % /_ Z d\e MY ei’\‘]m} ,

(3.4.14)
By using (3.4.6) in (3.4.14) and by proceeding as in (3.4.5)-(3.4.10), we get
1 [ v :
o) = o / dx / dy g(y) e T [w(A2)] T (3.4.15)
Using in (3.4.15) the expression for ¢g(y) given in (3.4.1), we obtain
1 > .
q(z) = ﬂ/ ANO\, z) e ™ T [T\, )] J, (3.4.16)
T J o
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where we have defined

00.2) e~ (N —iA)"'B 0 G
,T) = . 4.
0 e~ A (NI 4 1A ~1Ct

We still need to evaluate g(x,y) in terms of the wave function W(\, z). For this

purpose, we use (3.3.2) in (3.2.15), (3.3.1), (3.4.6), and (3.4.16), and thus we obtain

g(z,y) = 1 /oo du /x dz q(2) U(p, z) eV, (3.4.18)

2m —0o0 —0o0

Using (3.4.16) in (3.4.18) we get
g(z,y) = / d\ / du / dz E(\, p, z) eV, (3.4.19)
where we have defined

E(\ p, @) == 1 O, z) e Mo T\, 2)]" J Wy, 2). (3.4.20)

4wl
Using the expression for n(z) and ¢(x) given in (3.4.11) and (3.4.16), respectively,
with the help of (3.4.20) we evaluate I'(x) given in (3.2.22) as

D(z)=1-— i/oo d\ /OO dp / dy B\, i, y) €7V N(p, ). (3.4.21)

Finally, by substituting (3.4.16) in (3.3.10) and using (3.4.20), we obtain

7(/\,x):27r/ ds/ dANE(\ A, s). (3.4.22)
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Chapter 4
Gel’fand-Levitan Equation

In this chapter we develop a generalized approach for the Darboux transfor-
mation via the Gel'fand-Levitan equation. We first present some preliminary results
that are needed later on and then we analyze the resolvent kernel r(z;z,y) of the
Gel'fand-Levitan equation. In Theorem 4.1.2 we prove that r(z;z,y) can be ex-
pressed explicitly in terms of the solution «(z,y) to the Gel'fand-Levitan equation
(4.0.9). We then give the formulas for the Darboux transformation at the potential
level and wave function level.

The results in this chapter are somewhat similar to the results in Chapter 2,
but for the benefit of the reader, we provide all the details. Furthermore, for the
reader to see the similarity, we use similar notations for the corresponding quantities.

Let us consider the integral equation

alz,y) + B(z,y) + /Ox dzo(x,z)w(z,y) =0, O<y<u, (4.0.1)

where a(z,y) is the unknown term, f§(x,y) is the nonhomogeneous term, and w(z, y)
is the integral kernel. We assume that the equation given in (4.0.1) is uniquely
solvable in HY Y, namely, we get a unique a(z,y) when B(z,y) and w(z,y) are
given to us. Recall that #)"*" is the complex Banach space of M x N matrix-
valued measurable functions F : (z, +00) — CM*¥ such that the matrix norm ||F(-)]|
belongs to LP(x,400) for 1 < p < 4o00. Note that the kernel w(z,y) does not depend

on the parameter x € R and it satisfies

sup [z (Jw(z. )|+ lwly,2)]) < +oc. (4.02)
>y J0
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Recall that || || denotes any N x N- matrix norm. Let us write (4.0.1) in the operator

form

a+pf+all=0, (4.0.3)

where the operator €2 acts from the right. We suppose that, for each fixed z € R, the
operator (I + ) is invertible on HY Y and HY Y. Note that I denotes the identity

operator. We use (I + R) to denote the corresponding resolvent operator, where
I+R=I+Q)"Y R=I+Q)7"'-1 (4.0.4)
By solving (4.0.3) for a we get
a=-BI+Q)" (4.0.5)
Using (4.0.4) in (4.0.5), we obtain
a=—F(I+R), (4.0.6)

or explicitly
a(z,y) = —Blz,y) / dz Bz, 2) r(z: 2, ), (4.0.7)

where r(z; z,y) is the integral kernel of the resolvent operator R. Let us write (4.0.1)

in the form

a+w+a2=0, (4.0.8)

where the nonhomogeneous term and the integral kernel are related to each other.

Then (4.0.8) can explicitly be written as
a(x,y) + w(z,y) +/ dza(x, z)w(z,y) =0, 0<y<u, (4.0.9)
0

which is usually called [3, 4, 6, 10, 13, 14, 18] the Gel’fand-Levitan equation. We make

the assumption that the Gel'fand-Levitan equation is uniquely solvable in ’Hév XN
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namely, we assume that there is a unique «o(z,y) as a solution to (4.0.9) when w(z, y)
is given. We construct the resolvent kernel r(z;z,y) appearing in (4.0.7) in terms
of the unique «a(z,y) then the resolvent kernel will also be unique. Since a(z,y) is
uniquely determined, we will then obtain r(z; z,y) uniquely. By solving (4.0.8) with
help of (4.0.4) we get

a=—-w(l+ R). (4.0.10)

The unique solvability of (4.0.9) in HY"*" and the condition in (4.0.2) imply that

sup / "z (Ja(z 9)]| + llaly, 2)]) < +oo. (4.0.11)

x>y
We consider (4.0.8) when the integral operator Q0 appearing in (4.0.3) is N x N

matrix-valued and J-selfadjoint in the sense that
Q=JQ, w(y, z) = J [w(z,y)]"J. (4.0.12)

Recall that the single dagger denotes the matrix adjoint (complex conjugate and
matrix transpose) and the double dagger denotes not just only the matrix adjoint,
but also switching the two arguments in the kernel of the operator, namely, for any

two integral operators A and B
(AB)H(y,2) = (B* AN)(y, 2), (4.0.13)

which is already stated in (2.0.16). Note also that J is an N x N selfadjoint involution,
le.

J=J=J" (4.0.14)

Associated with the unperturbed problem £L¥ = AU, we have [3, 4, 6, 10, 13,
14, 18] the fundamental integral equation given in (4.0.8), where « is related to the
Fourier transform of ¥ and w is related to the Fourier transform of the scattering

data S(A) for the operator L.
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Associated with the perturbed problem £¥ = AU, we have the fundamental

integral equation

joN
+
&
+
[N
ol
I
“O

(4.0.15)

or explicitly

a(z,y) +w(z,y) + /Ox dza(z,z)w(z,y) =0, y<uz. (4.0.16)

As we indicated in Chapter 2, in the analysis of Darboux transformations, the per-
turbation will correspond to the case where the integral operators 2 and Q appearing
in (4.0.15) and (4.0.8), respectively, differ by a finite-rank operator and we denote

that difference operator by FG, i.e.
0 =Q+FG, o(x,y) = w(z,y) + f(x) gy). (4.0.17)

Recall that we cannot in general expect F' and GG to commute, and hence in general

fag#gf.

4.1 Construction of the Resolvent Kernel

In this section, we analyze the resolvent kernel r(z;z,y) appearing in (4.0.7)
and then we show that r(z; z,y) can be expressed explicitly in terms of the solution
a(z,y) to (4.0.9).

Proposition 4.1.1 Assume that (4.0.3) is uniquely solvable in Hy " and that Q sat-
isfies (4.0.12). Then, the operator R given in (4.0.4) and the corresponding kernel

r(z;z,y) appearing in (4.0.7) satisfy
R=JRYJ, r(x;z,y) = J [rlay, 2)]' (4.1.1)
where J is the involution matriz appearing in (4.0.14).
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Proof. From (4.0.4) we know that (I + R) = (I +Q)~! and thus

I+QUI+R)=1=(I+R)(I+9Q). (4.1.2)
Then we get
R+Q+ RQ =0, (4.1.3)
and
R+Q+QR=0. (4.1.4)

By applying on (4.1.3) the double dagger transformation defined in (4.0.14), i.e. by
taking the adjoint and switching the arguments, and further applying J on both sides,
we obtain

JRYJ 4+ JONT 4+ (JQRT)(JRMT) = 0, (4.1.5)

equivalently, by using (4.0.12) we get
JRY + Q4+ Q(JRY) = 0. (4.1.6)

Since (4.0.3) is assumed to be uniquely solvable in HY *" by comparing (4.1.4) and
(4.1.6) we get R = JR*J.

Even though it is clear that R = JRYJ implies r(x;y, z) = J [r(z; 2, )] J, for
clarity, let us also prove the same result by directly working with the kernel r(z; z, y)
for y < z and z < y. Let us first consider (4.1.4) for z < y, which is explicitly written

as
r(z;y,2) + w(y, z) + / dsw(y,s)r(x;s,z) =0, z <. (4.1.7)
0
By taking the adjoint of (4.1.7) and then multiplying the resulting equation by J on
the left and on the right, we obtain

J [r(zy, )N T+ J [wly, 2)]"J + /: ds J [w(y, s)r(z; s, 2)]J, z<vy, (4.1.8)
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or equivalently

J [r(zy, ) T+ T [w(y, 2)]" T + /Ox ds J [r(z;s,2)] T J [w(y, s)]'J, z<uy.
(4.1.9)

Using (4.0.12) in (4.1.9) we get

J [r(z;y, )] T +w(z,y) + /Of’f ds J [r(z;s,2)]" Jw(s,y), z <. (4.1.10)
By interchanging y and z in (4.1.10), we obtain the equivalent expression

J [z 2, 9)] T+ wl(y, 2) + /OI ds J [r(z;s,9)] Jw(s, 2), y < z. (4.1.11)

By comparing (4.1.7) and (4.1.11) and by using the uniqueness of the solution to

4.1.7), we see that r(z;y,2) = J |r(x; z, " J and we have
( Y y

r(z;y, 2) + w(y, 2) +/ dsr(z;y,s)w(s, z), y < z. (4.1.12)
0

Similarly, by considering (4.1.4) for y < z, we obtain

r(@;y,2) + w(y,2) + / dsr(ziy, s)w(s,2),  z<y. (4.1.13)
0

Thus, we have shown that r(z;y,z) = J [r(z;2,9)]' J for y < z and z < y which
completes the proof. |}

Theorem 4.1.2 Assume that (4.0.3) is uniquely solvable in H3 " and that Q satis-
fies (4.0.12). Then, the corresponding kernel r(x;z,y) appearing in (4.0.7) can be

expressed explicitly in terms of the solution a(x,y) to (4.0.9) as

alz,y) +/ ds J [afs, z)]T Ja(s,y), O<y<z<u,
r(z;z,y) = : .
J oy, 2)]! J+/ ds J [a(s,2)]" J a(s,y), 0<z<y<uz,

’ (4.1.14)

where J is the involution matriz appearing in (4.0.12).
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Proof. Since (4.0.3) is assumed to be uniquely solvable in H2 ™, so is (4.0.8) and
hence the solution R to (4.1.3) is unique. Thus, it suffices to prove that the quantity
defined in (4.1.14) satisfies (4.1.3), i.e. the quantity in (4.1.14) satisfies the integral

equations
r(z;z,y) + w(z,y) +/ dsr(z;z,s)w(s,y) =0, 0<max{y,z} <z  (4.1.15)
0

We will give the proof for both cases of y < z and z < y.
Case : 0<y<z<zw
Let us use [" = [+ [ in the integral appearing in (4.1.15). Then the left-hand

side in (4.1.15) becomes

r(z; z,y) + w(z,y) + /OZ dsr(z;z,s)w(s,y) + /z dsr(x;z,8)w(s,y). (4.1.16)

By using the first line of (4.1.14) in the integral [ and the second line of (4.1.14) in

the integral [* in (4.1.16), we obtain as the left-hand side of (4.1.15)

alz,y) + / ds J [a(s,2)]" Ja(s,y) + w(z,y)
+/Ozds {a(z,s)qt/jdtz] [a(t, 2)]" T a(t, s)] w(s,y)
w [as| e [Ca o) ats)] wn,

s

After the distribution, the left-hand side of (4.1.15) then becomes

alz,y) + /$ ds J [a(s, 2)]" T als,y) +w(z,y)
+ /OZ dsa(z,s)w(s,y) + /OZ ds /3«“ dt J [a(t, 2)]" Ja(t, s)w(s,y)
+ /$ ds J [a(s, 2)] T w(s,y) + /z ds /z dt J [a(t, 2)]' Ja(t, s)w(s, y).
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Let us now define ¢, ¢, and c3 as

vimalay) ) + [ dsaes) ()
Co = / dt J [a(t, 2)]" J alt,y) + / dt J [t 2)]" Jw(t,y),
. /O ds / it J Tt )] J alt, s)w(s,y)

+ / ds / dt J [a(t, 2)]' Ja(t, s)w(s, y).

We have ¢; = 0 because of the Gel’fand-Levitan equation given in (4.0.9). The orders
of the two iterated integrals in ¢z can be changed to [“dt [ ds and [T dt fzt ds,

respectively. Using foz + [ Zt = fg , the quantity c3 becomes

cg—/jdt /OtdsJ [a(t, 2)]T T alt, s)w(s,y).

Then we get

co+c3 = /z dt J [a(t, 2)]' J [oz(t, y) +w(t,y) +/O dsa(t,s)w(s,y)|. (4.1.17)

Since t > y, the quantity inside the brackets in (4.1.17) vanishes due to (4.0.9). Thus,
we obtain ¢, + c3 = 0, and hence ¢; + ¢3 + ¢3 = 0 for the case of y < z < .

Case 2: 0<z<y<uw

Our goal is to show that the expression given in (4.1.14) satisfies (4.1.15) in
the case 0 < z < y < x. A direct proof in the case 0 < z < y < x does not seem
to be feasible as it was done in the case 0 < y < z < x. Therefore, we will proceed
as follows. Since any compact operator can be approximated by a sequence of finite-
rank operators, we will approximate w(z,y) in (4.1.15) by the sequence &, (2) n,(y).
This will allow us to solve (4.1.15) explicitly and then to get a solution. We will call
that solution as r,(x; z,y). Thus we will obtain (4.1.14) where a(z,y) is replaced by

ay,(z,y) which is the solution to the Gel’fand-Levitan equation given in (4.1.18) when
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w(z,y) is replaced with &,(2) n,(y). Finally, by taking the limit when n — 400, we
will obtain r(x; z,y) given in (4.1.14)

Consider the Gel’fand-Levitan equation
alz,y) +w(z,y) + / dsa(z,s)w(s,y) =0, 0<y<z, (4.1.18)
0

which obtained by replacing = and y in (4.0.9) by y and z, respectively. Suppose

w(z,y) = &(2) n(y), (4.1.19)

i.e. suppose that the integral kernel in (4.1.14) is separable. We first would like to
evaluate a(z,y) appearing in (4.1.14) in terms of the kernel parts £ and 7. Isolating

a(z,y) in (4.1.18), we get

a(z,y) = —w(z,y) — /OZ dsa(z,s)w(s,y). (4.1.20)

Substituting (4.1.19) into (4.1.20) we obtain

o) = =€) )~ [ dsaz.) € nty) (4.1.21)
or equivalently
alz,y) = — {{(z) + /Oz dsa(z,s) f(s)} n(y). (4.1.22)
Define 7(2) as
() = £(2) +/OZ ds a(z, 5) £(s). (4.1.23)
Then we get
a(z,y) = —7(2) n(y), (4.1.24)

By replacing a(z,y) appearing in the integrand in (4.1.23) with (4.1.24) we obtain

T(z) =€&(2) — /OZ dsT(z)n(s)&(s), (4.1.25)
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which yields
|1+ [T e -,

where [ is the identity matrix. Thus we obtain

-1

) =€) |1+ [Casne)]

provided the matrix inverse exists. Consequently,

aen) = =€) |1+ [ dsn(e) o) ).

Finally, define
Y(z):= ]+/ dsn(s)&(s).
0

By substituting (4.1.29) into (4.1.28) we obtain

a(z,y) = —E(2)T(2) 'n(y).

(4.1.26)

(4.1.27)

(4.1.28)

(4.1.29)

(4.1.30)

We would now like to evaluate J [a(y, z)]" J in terms of & and 7. For this, let us

consider (4.1.18). By taking the adjoint of (4.1.18) and then multiplying the resulting

equation by J on the left and on the right, we get

J[a(z,y)]T J+J [cu(z,y)]T J+ /Z ds J [a(z, S)w(s,y)]T J =0,

0

or equivalently

Jla(z, ) T+ Jw(z ) T+ / ds J [w(s,y)]" J J[a(z,s)]"J = 0.

0

Using (4.0.12) in (4.1.32) we get

Jla(z, ) T+ wly, 2) + /OZ dsw(y, s) J[a(z,s)]" J = 0.

By substituting (4.1.19) into (4.1.33) we obtain

Ttz o)l T+ ) + [ Cdse(y)n(s) Jo(z )] T =0,

0
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(4.1.32)

(4.1.33)

(4.1.34)



Let us set

Jla(z,y)]' T = E(y)K(2),

(4.1.35)

with K (z) to be determined. Substituting (4.1.35) into (4.1.34) and then equating

the right coefficients of £(y) from both sides of (4.1.34), we get

K+ + [ dsn(s) € K(2) =0,

By solving (4.1.36) for K(z) we obtain

-1

kG == |14 [Cdsa)e)] o)

Using (4.1.29) in (4.1.37) we get

By substituting (4.1.38) into (4.1.35) we obtain

Ta(z,9)]" T = =£(y) T(2) " n(z).

Hence, by interchanging y and z in (4.1.39) we obtain

T laly, 2)]' T = —£(2) T(y) " n(y).

Now, let us solve the integral equation

N%%M+WQw%+/<%N%A$WQw%=O
0

Define

r(z,y) = H(z)n(y),

(4.1.36)

(4.1.37)

(4.1.38)

(4.1.39)

(4.1.40)

(4.1.41)

(4.1.42)

with H(z) to be determined. Substituting (4.1.19) and (4.1.42) into (4.1.41) and then

equating the left coefficients of 1(y) from both sides of (4.1.41), we get

HE) +66)+ [ ds () €65) =

0
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which yields

H(z) {I+ /0 ' dsn(s)ﬁ(s)] T (4.1.43)
Then we get
1) = =) |1+ [ dsnte)ets) o (4.1.41)
As a result
(w5 2,y) = —€(2) [I <[ dsn(S)f(S)} ) (4.1.45)

From (4.1.29) we see that the matrix in the brackets in (4.1.45) is equal to Y(z).

Thus we can write (4.1.45) as
r(z;2,y) = ()T (x) "n(y). (4.1.46)
Then for & < y < z, with help of (4.1.30) and (4.1.40) we compute
alz,y) + / ds J [a(s, 2)]" J als,y)
= —&(2) T(2) " n(y) +/ ds €(2) T (s)™" n(s)wi(s) T(s) ™" n(y)

z

[ st ) €T )
/ ds< [ o dtn()f(tﬂl)]n(y)
= =) {T() " = [T() )"} n(y)

— () Y(e) (),
which is equal to 7(z; v, z) because of (4.1.46). Similarly, for < z < y we compute
J [a(y, 2)]"J + /y ds J [a(s, 2)]" J als,y)
=€) T )+ [ s 0 ()€ T 0
— ()10 = [ T ) € 1) ). (147
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We can write (4.1.47) as

J la(y, z)]T J+ /1‘ ds J |a(s, z)]T Ja(s,y)

Y

I
|
i
S
N
N—
—~—
3
—
<
N—
N
|
3
—~~
<
N—
N
|
3
—~
8
S~—
-
—
33
Yy
<
N—

which is equal to r(z;y, z) because of (2.1.46). Thus we have shown that

alz,y) +/ ds J |afs, z)]T Ja(s,y), O<y<z<u,
r(;2,y) = ? v
J la(y, 2)]' J+/ ds J [afs, 2)]" J als,y), 0<z<y<uz,
y
(4.1.48)
where we have obtained a(z,y) and [a(y, z)]" in terms of the kernel parts £ and 7).
As a summary, in the case z < y < x, we can approximate the kernel of the

Marchenko integral equation in (4.1.18), namely, w(z, y) by the sequence of separable

kernels &,(2) 7, (y), where the approximation is understood in the sense

lim esssup /r dz ||lw(z,y) — &n(2) na(y)]| = 0, (4.1.49)

n—-+oo y<w 0

i.e., let us assume that

lim ||Q—Q,|lz1pr =0. (4.1.50)
n—-+00
Since we then also have
lim |[(I+9Q)" = (I +Q) o =0, (4.1.51)

n—-+o0o

we get for the resolvent kernels

lim esssup / dz ||r(z; z,y) — ro(x; 2,9)|| = 0. (4.1.52)
0

n—+00  gogp
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Recall that || - || is any N x N-matrix norm. By using the results in the degenerate
case, we get
an(z,y) +/ ds J [an(s,2)]" T an(s, ), O<y<z<uz,

J oy, )T T +/ ds J [an(s,2)]" T an(s, ), 0<z<y<ua.
Yy

By taking the limit as n — 400, we obtain

( | a(z,y)+/xdsJ [a(s, 2)]" J als, y), O<y<z<uz,
r(x;z,y) = Z -
J oy, 2)]! J+/ ds J [a(s,2)]" J a(s,y), 0<z<y<uzx.

Y

which completes the proof. |}

4.2 Darboux Transformation at the Potential Level

Now, we show that the solution &(z,y) to (4.0.16) can be expressed explicitly in
terms of a(x,y), f(z), and g(y) appearing in (4.0.9) and (4.0.17), respectively. Then,
we will obtain the formula for the Darboux transformation at the potential level.

Let us define the intermediate quantities n(z) and ¢(y) as

n() = f(z) + / “dza(e,2) (=), ) = gly) + / Tz (=) J [y, 2)] J, (4.2.1)

where J is the involution matrix appearing in (4.0.12).

Theorem 4.2.1 Consider the perturbed operator Q of (4.0.15) and the unperturbed
operator 0 of (4.0.8). Let F, G, f, and g be the quantities appearing in (4.0.17).
When Q — Q is the finite-rank perturbation FG given in (4.0.17), we can transform
(4.0.15) into an integral equation that has a degenerate kernel and hence obtain &
explicitly by linear algebraic methods.

Proof. By substituting (4.0.17) into (4.0.15) we obtain

wt+ fg+al+Q+FG) =0, (4.2.2)
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which yields
al+Q+FGQ)=-w—fg. (4.2.3)

By applying on (4.2.3) from the right with the resolvent kernel operator (I + R)
appearing in (4.0.4) we get
alI+QU+R)+FG(I+R)|=—-—w({+R)—fg(+R). (4.2.4)
Because of (4.0.4) we have
I+QUI+R)=1. (4.2.5)

Furthermore, from (4.0.10) we see that the first term on the right hand side in (4.2.4)
is equal to o. Hence, by using & = —w(I + R) and with help of (4.2.5), we can write
(4.2.4) in the form

&I+ FG(I+R)]=a—fg(I+R). (4.2.6)

Now, let us define the operator G as

G:=G(I+R), g(x,y) :=gly) + /090 dz g(2)r(z; z,y), (4.2.7)

where 7(z; z,y) is the kernel given in (4.1.14). Since f(y) §(x, 2) is the kernel of FG,
(4.2.6) can be written as

aI+FG)=a— f§. (4.2.8)
Let us now solve (4.2.6) for &. We would like to have a solution in the form
a(r,y) = a(z,y) + p() §(z,y), (4.2.9)
with p(z) to be determined. Substituting (4.2.9) into (4.2.8), we get
a+pi+piFG+aFG=a—fj. (4.2.10)
After cancelling « from boths side of (4.2.10), we obtain

(aF +p+pgF+f)G =0, (4.2.11)
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which yields

pI+gF)=—(f+aF), (4.2.12)

or explicitly written as

-1

p(x) = —n(z) [I+ /O " dsg(z, ) f(s)] . (4.2.13)

Substituting (4.2.13) into (4.2.9) we obtain
. -1
a(z,y) = a(z,y) — n(z) [I —I—/O ds g(z, s) f(s)] g(x,y). (4.2.14)
which completes the proof. |
Next, we show that g(z,y) defined in (4.2.7) can be expressed explicitly in terms
of a(x,y) and ¢(y) appearing in (4.0.8) and (4.0.17), respectively.
Proposition 4.2.2 The quantity g(x,y) defined in (4.2.7) can be expressed explicitly in
terms of the solution a(x,y) to (4.0.8) and the quantities f(x) and g(y) appearing in
(4.0.17) as
3(z,) = aly) + / " dsg(s) a(s,y), (42.15)
where q(y) is the quantity defined in (4.2.1).
Proof. Let us consider (4.2.7). Using fox = foy —|—f; in (4.2.7), we write the second
equation in (4.2.7) as
y z
ae0) = o)+ [ dsglrs o)+ [Cdsoras). @210)

Substituting the first line of (4.1.14) in the integral f; of (4.2.16) and the second line

in the integral foy of (4.2.16), we get

o) = o)+ [ dsgte ats)+ [ dtd falt. )] Tatt)]
+ /Oy ds g(s) {J [a(y, )] J + / dt J [o(t, )] Jalt, y)} .

Y
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After the distribution, we obtain

aaw:gwwaéﬂma@JmwﬁwJ+/wwmga@u

+ (/jds /jdt—i—/oyds /yxdt> g(s)J [Oz(t,s)]TJ&(t,y). (4.2.17)

The orders of the two iterated integrals in (4.2.17) can be changed to fyx dt fyt ds and

fyx dt [/ ds, respectively. Using [+ f; = fg, we get

g(x,y) =9(y)+/oydsg(8)=f [Oé(y78)]*=f+/m ds g(s) a(s,y)

Y

+/xdt/0 dsg(s) J [a(t,s)]" Jalt,y).

We can replace g(y) + [ ds g(s) J [a(y, $)]" J with ¢(y) because of (4.2.1). Then we

get

g(x,y) =qly) + / ds g(s) a(s,y) / dt/ ds g(s) J [a(t,s)]  Ja(t,y). (4.2.18)

We now interchange s and ¢ in the iterated integral in (4.2.18), and thus obtain

g(x,y) =qly) + / ds g(s) a(s,y) / ds/ dt g(t) t)]TJoz(s,y), (4.2.19)

or equivalently

)=o)+ [ s Joto)+ a0 7 01 0| als). @220
By replacing g(s) + [, dt g(t) J [a(s, )] J with g(s) because of (4.2.1), from (4.2.20)
we get (4.2.15). |

Note that g(x,z) = q(x). Let us define the matrix I'(z) as

[(x) := I—i—/ ds gz, s) f(s). (4.2.21)
0
Proposition 4.2.3 The quantity I'(x) defined in (4.2.21) can be expressed explicitly in
terms of the solution a(x,y) to (4.0.8) and the quantities f(x) and g(y) appearing in
(4.0.17) as

[(x)=1+ /OI dsq(s)n(s), (4.2.22)
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where we have defined n(x) and q(z) in (3.2.1).

Proof. By substituting (4.2.15) into (4.2.21), then we obtain

o) =1+ [ ds o)+ [ deato)ate,s)] 00

or equivalently

I'z) :1+/0x dsq(s)f(s)+/0$ ds/z dt q(t) alt, s) (s). (4.2.93)

The order of the integration in (4.2.23) can be changed to fox dt fg ds, and interchang-

ing s and ¢ in the iterated integral we get

D(x)=1+ /Ow dsq(s) f(s) + /Om ds /OS dt q(s) a(s,t) f(t), (4.2.24)

or equivalently

[(z)=1+ /Ow ds q(s) {f(s) + /Os dt q(s) a(s,t) f(t)] : (4.2.25)

By replacing f(s) + [, dtq(s) a(s,t) f(t) with n(s) because of (4.2.1), we obtain

D(z) =1+ /095 ds q(s)n(s). (4.2.26)

Thus, the proof is complete. |}

The next theorem describes the formula for the Darboux transformation at the
potential level.
Theorem 4.2.4 Let o and & be the solutions to the integral equations (4.0.8) and
(4.0.15), respectively, and let n(x), I'(z), and g(x,y) be the quantities given in (4.2.1),
(4.2.22), and (4.2.15), respectively. Then, &(z,y) — a(z,y) can be written in terms

of a(z,y), f(x), and g(y) as

“g(z,y). (4.2.27)



Hence, the Darbouz transformation at the potential level is obtained from
a(r,z) — alr,z) = —n(z)T(z) " q(z). (4.2.28)

Proof. By substituting (4.2.21) into (4.2.14) we obtain (4.2.27). Using g(z, z) = q(z)

in (4.2.27) we obtain (4.2.28). |

4.3 Darboux Transformation at the Wave Function Level

We would now like to obtain the Darboux transformation at the wave function
level.

The Fourier transform of the N x N matrix-valued quantity «(z,y) in (4.0.9) is
relatedto the wave function W(\, z) appearing in the unperturbed problem £V = A U,

The relationship is given by
T\, z) = e N +/ dy oz, y) e Y. (4.3.1)
0

Recall that J is the involution matrix appearing in (4.0.12). Using the inverse Fourier

transform on (4.3.1) we obtain

1 [ . _
alz,y) = o / A\ [U(\, z) — e 7] MY, (4.3.2)

—0o0

Similar to (4.3.1) and (4.3.2), we have

T\, z) = e N +/ dy a(x,y) e Y, (4.3.3)
0
a(x,y) = L /OO dA [\if()\ T) — e’i’\‘]’:] ey, (4.3.4)
) 27_{_ e Y

Now define (A, z) as
1) i= [ dygleg)e (43.5)
0
Using (4.2.15) in (4.3.5) we get

s = [ 4t + / dsqls) a0 (43.6)
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or equivalently

’V(A,x)z/ dSQ(S)e_iUSJF/ dy/ dsq(s) a(s,y) e ™, (4.3.7)
0 0 Y

where we have replaced the dummy variable y with s in the first integral in (4.3.7).
The orders of the iterated integral in (4.3.7) can be changed to fox ds fos dy, and we

obtain

s = [Casae ™ [as [Cayats)ats e (438)
0 0 0

or equivalently

YO z) = /0 " dsqls) [e—iﬂs + /0 Cdyals,y) e_i’\Jy} | (4.3.9)

By using (4.3.1) in (4.3.9) we get

YO z) = /0 " dsq(s) U\, ). (4.3.10)

The next theorem describes the formula for the Darboux transformation at the
wave function level.
Theorem 4.3.1 Let a and & be the solutions to the integral equations (4.0.8) and
(4.0.15), respectively, and let n(x), I'(x), and y(\, z) be the quantities given in (4.2.1),

(4.2.22), and (4.3.10), respectively. Then, U(\,z) — W(\, z) can be written in terms

of a(x,y), f(x), and g(y) as
T\ y) — WA\ y) = —n(z) T(x) (A 2). (43.11)
Proof. By subtracting (4.3.3) from (4.3.1) we obtain
B\ a) - U\, ) = /0 " dy @z, y) — ale, y)] e, (4.3.12)

By substituting (4.2.27) into (4.3.12) we get

GO\ z) = U\, ) = /0 "y [~n(e) T(2) " §la,y)] e P, (4.3.13)
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which yields
B\ a) — U\ 2) = —n(z) T(z)"" / dy 3z, y) e, (4.3.14)
0

Using (4.3.5) in (4.3.14) we get
T\ y) — ¥\ y) = —n(z)T(z) 1y (), z). (4.3.15)

Thus, the proof is complete. |}

4.4 Darboux Transformation via a Constant Matrix Triplet

In this section we show that the results given in Theorem (4.2.4) and Theorem
(4.3.1) provide a unified approach to derive Darboux transformations.

Suppose we add a discrete eigenvalue A; with multiplicity n; to the exist-
ing spectrum. Then, associated with the eigenvalue A;, there are n; parameters
Cjo; - - - » Cj(n;—1), Usually known as norming constants [5]. Consequently, for each dis-
crete eigenvalue \; added to the spectrum, there will be an nj-parameter family of
potentials @(z) where the norming constants act as the parameters. In case several
discrete eigenvalues A, ..., Ay are added all at once, it is convenient to use a square
matrix A whose eigenvalues are related to A; for 7 = 1,..., N in a simple manner. It is
also convenient to use a matrix C' whose entries are related to the norming constants
cjsforj=1,...,Nand s =0,1,...,n; — 1.

The matrices f(z) and g(y) appearing in (4.0.17) can be written in the form

0 Bt e=Alz e B 0
f(x) = , 9y = T , (4.4.1)
Ce A 0 0 —e Ay Ot
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where A is a constant square matrix, and B and C are constant matrices of appro-

priate sizes so that the matrix product f(z) g(y) is well defined and given by

0 _ Bt e~ ATty ot
f(@)gly) = . (4.4.2)
Ce 4ty B 0

For f(z) and g(y) given in (4.4.1), let us evaluate §(z,y) given in (4.2.15) and the
intermediate quantities n(x) and ¢(x) given in (4.2.1) explicitly in terms of the wave-
function W(\, x) evaluated at the eigenvalues of A. By taking the matrix adjoint of

a(x,y) appearing in (4.3.2) we obtain
1 & . .
Tl T = o / axe M [T[U(n )] T - ] (4.4.3)
By substituting (4.3.2) in the first formula in (4.2.1) we get

n(x) = f(x) +/0m dy%/oo d\ [T (N, z) — e M MY f(y), (4.4.4)

or equivalently
n(x) = f(x) +/ dy {2— / dAU(\, z)e™Y — / d\ el’\J(y_“’)} f(y). (4.4.5)
0 _

T J_o 27 J_o

Using the fact that
1 o0
2 J_

ds e = §(a), (4.4.6)

where § is the Dirac delta distribution, from (4.4.5) we obtain

n(z) = f(z)+ /O "y H% /_ T, x)ei)“]y} (- z)} f), (447

o0

or equivalently

n(x) = f(x) + % /Ox dy /_OO AN (N, 2)e™MY f(y) — /_OO d\o(x — 2)f(y). (4.4.8)
By using (4.4.6) in (4.4.8), we get

n(e) = f(@) + o [ [Far [ w,x)ei”yﬂy)} - f@) (1.4.9)
75



After simplification in (4.4.9), we obtain

1 [~ v .
n(z) = 2—/ ANV (N, x) / dy e f(y). (4.4.10)
T J oo 0
Using in (4.4.10) the value of f(x) given in (4.4.1), we get
1 o .
no) =5 [ VO NN ), (4.411)
o) o
where we have defined
0 —BI(AT +iAl)le= A"
N\ z) = . (4.4.12)
C(M — iA)*le*Ag” 0

Similarly, by using (4.4.3) in the second formula in (4.2.1), we evaluate ¢(z) as

v 1 *° . :
q(z) = g(x) +/ dy g(x) [% / d\e MY [J [\I/()\,ac)]T J — el’\JxH . (4.4.13)

0 —o0
or equivalently

' L 1™ o
q(z) = g(z) + / dy g(x) { / dre MV W (N )T T - = / dX e Y elm} 7
0 2r J_ o ) o

o0

(4.4.14)
By using (4.4.6) in (4.4.14) and by proceeding as in (4.4.5)-(4.4.10), we get
1 [~ r .
o) = 5 / dx / dy g(y) e T [w(A, 2)] T (4.4.15)
—00 0
Using in (4.4.15) the expression for g(y) given in (4.4.1), we obtain
1 > .
q(r) = 5= / ANO\, z) e ™M T [T\, )] J, (4.4.16)
T J o
where we have defined
e 12\ —iA)"'B 0
O\ ) = . (4.4.17)
0 e~ AT (NI 4 1A 1Ot
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We still need to evaluate g(x,y) in terms of the wave function W(\, z). For this

purpose, we use (4.3.2) in (4.2.15), (4.3.1), (4.4.6), and (4.4.16), and thus we obtain

g(x,y) = € /_OO du /01‘ dz q(2) U(u, z) ey, (4.4.18)

™ )

Using (4.4.16) in (4.4.18) we get

g(x,y) :/ d)\/ d,u/ dz E(\, 1, 2) €Y, (4.4.19)
—00 —o0 0
where we have defined
1 .
E(\ @) = 5 O(\,2) e N T IO, 2)]T T (p, ). (4.4.20)

Using the expression for n(z) and ¢(x) given in (4.4.11) and (4.4.16), respectively,

with the help of (4.4.20) we evaluate I'(x) given in (4.2.22) as

[(z)=1- i/oo d\ /00 du /x dy B\, i, y) €7V N(p, ). (4.4.21)
—00 —0o0 0

Finally, by substituting (4.4.16) in (4.3.10) and using (4.4.20), we obtain

7()\,:10):27r/ ds/ dANE(\ A s). (4.4.22)
0 —o00
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Chapter 5
Examples

In this chapter we consider the Schrodinger equation on the full line

2

—E\If(k,a:) +u(x)V(k,x) = k* U(k, ), x € (—00,400), (5.0.1)

where k? is related to the spectral parameter A as A := k2. The corresponding (left)

Marchenko integral equation for (5.0.1) is given by

aly2) +wly. ) + [ dsalys)ulsz) =0, < (5.02)
Yy
where «(z,y) is related to W(k,x) as

alz,y) = 1 /_OO dk [U(k,z) — ] e, (5.0.3)

2m J_o

Note that (5.0.3) is similar to (2.3.2), but in (5.0.3) & is used instead of A and —1 is
used instead of J. Under the appropriate conditions on the potential u(z), it is known

[4, 6] that a(y, z) vanishes for y > z. For example, if u(x) is real valued and

/OO dz (1 + |z]) [u(@)] < +o0 (5.0.4)

then a(y,z) = 0 for y > z. We first obtain «a(y, z) by solving (5.0.2), and then we

show that r(z; vy, z) appearing in (2.1.15) can explicitly be written in terms of a(y, 2).

5.1 An Example for the Evaluation of the Resolvent Kernel

Example 5.1.1 Suppose that

wly, 2) = 2 e M+, (5.1.1)
78



where ¢; and k; are some positive constants. The substitution of (5.1.1) in (5.0.2)

suggests that we write a(y, z) as
aly, z) == h(y) e ™2, (5.1.2)

where h(y) is to be determined. Substituting (5.1.1) and (5.1.2) into (5.0.2) and then
cancelling e *# from both sides of the resulting equation, we get
h(y) + 2 e ¥ ¢ / ds h(y) e 215 2 = 0. (5.1.3)
y
By solving (5.1.3) for h(y) we obtain

_C% e_kly

hy) = — (5.1.4)
14 L g2k1y
+ ok, e
Substituting (5.1.4) into (5.1.2) we get

—cle ek

2 Y <z

1 2k
oy, z) =4 LT g¢ (5.1.5)

0, z <.
Let us now solve (2.1.15) to obtain r(z;y, z). Substituting (5.1.1) into (2.1.15) we get
r(z;y,2) + e M ez 4 /OO dsr(x;y,s)cie Mo e M7 =, (5.1.6)
corresponding to (2.1.3). Let us write
r(z;y,2) == pz;y) e ™, (5.1.7)

where p(z;y) is to be determined. Substituting (5.1.7) into (5.1.6) and then cancelling

e %1% from both sides of the resulting equation, we get

p(w;y) +cfe ™Y +p(;y) / dse™™*cfe™™" = 0. (5.1.8)
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By solving (5.1.8) for p(x;y) we obtain

—c2 e Fy
p(x;y) = 612— (5.1.9)
1 1 —2kx
b

Hence, using (5.1.9) in (5.1.7) we have

_C% e_kly 6_klz

r(z;y,z) = (5.1.10)

1+ C—% e 2k
2ky
Notice that the expression r(x;y, z) given in (5.1.10) is a solution to (2.1.15) both
when z <y < zand z < z <.
Having solved (2.1.15) and obtained the solution r(z;y, z) given in (5.0.2), we

now solve the integral equation corresponding to (2.1.4), namely

r(z;y,2) + w(y, z) + /00 dsw(y,s)r(xz;s,z) =0, (5.1.11)

which is obtained from (2.1.15) by interchanging the orders of w(y, s) and r(x;s, z)

in the integrand. Substituting (5.1.1) into (5.1.11) we get
r(z;y, 2) + 2 e Y Rz 4 / dscie ™ Ve ™ Msp(p;s,2) = 0. (5.1.12)

Let us write

r(z;y,2) == e MY m(x; 2), (5.1.13)

where m(x; z) is to be determined. Substituting (5.1.13) into (5.1.12) and then can-

celling e=*1¥ from both sides of the resulting equation, we get
m(z;2) + cle % 4 [/ dscie M e | m(z) = 0. (5.1.14)

By solving (5.1.14) for m(z) we obtain

—c2 e hz
7M%@:__7%_;f' (5.1.15)
14 L e 2k
LT
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Hence, using (5.1.15) in (5.1.13) we have

_C% eikly 67]412

r(z;y,z) = (5.1.16)

1+ C—% e 2k |
2k,
Notice that the expression given in (5.1.16) is valid both forz < y < zand = < z < y.
Also note that, from the equivalence of (5.1.10) and (5.1.16), we conclude that the
solutions to (5.1.6) and (5.1.12) are given by the same r(x;y, 2).
We have obtained the solutions to (2.1.15) and (5.1.10) directly. Now we would
like to verify that the expression given in (2.1.14) agrees with the solutions given in

(5.1.10) and (5.1.16), respectively.

As seen from (5.1.5), a(y, 2) is real valued and a scalar quantity, and thus
aly,2)" = a(y, 2). (5.1.17)

Furthermore, there is no loss of generality choosing J = —1 in the scalar case, where
J is the involution matrix appearing in (2.0.17). Thus the integral expression in the
first line of (2.1.14) is evaluated as follows.

The integral term in the first line of (2.1.14) is evaluated by using (5.1.5) there.

With the help of (5.1.17) and then using (5.1.5), we obtain

/: ds Ja(s,y)t J a(s, z) = /: ds a(s,y) a(s, 2)

Yy d 0411 67]618 efkly efkls e*klz
= S
T C% —2k1s C% —2k1s
1+—e¢ 1+ —e
2k 2k1
Yy e—2k‘15
= c‘f / ds - . ek o—k1z
T & _
(1 + 1 e 2k1s>
I 2%,
Yy
_ —k1 —k1z
4 1 1 kiy k
= 5 5 e (&
C C
1 1 1 _—2kis
+ L @
2k,




which yields

Y 1 1
/ dsJa(s,y)' Ja(s,z) = c 5 — 5 ek gmhiz,
c c
T 1 1 —2ky 1 1 2k
+ ok, e + ok, e

(5.1.18)
Next, using (5.1.5) and (5.1.18) in the first line of (2.1.14), we obtain r(z;y, z) when

z >y as

r(z;y,2) = a(y, z) + /y ds Ja(s,y)" Ja(s, 2)

2 —kiy ,—kiz
—cje e 1 1 _ _
1 +62 _ e klye k1z
CQ 1 CQ CQ
1+ 1 e—2k’1y 1+ 1 e—2k1y 1+ 1 e—2k’1x
2k 2k 2k,

—cle kv e~hz

P )
c
1 1 —2k1x
ok €

which agrees with (5.1.10) and (5.1.16). Similarly, using (5.1.5) and (5.1.18) in the

second line of (2.1.14), we obtain r(z;y, z) when y > z as

r(z;y,2) = Jalz, y)Jr J + / ds J afs, y)Jr Ja(s, z)

T

zZ
2 —kiz ,—kiy
—cte e 1 _ _
— 1 - +c2 5 ek gmk1z
cs s
1+ 1 e 2k1z 1+ 1 e 2k1s "
2]{31 le
_ 2 ,—kiz ,—k1y
_Taee ™ 1 _ 1 —k1y ,—k1z
- 2 G 5 3 e e
1+ 1 o2k 14 1 2z 1 o2k
2k 2ky 2k

_C% e_kly e_klz

c? ’
1 + 1 672k1x

2k,
which agrees with (5.1.10) and (5.1.16).

Thus, in Example 5.1.1 we have verified that the expression r(z;y, z) given in
(2.1.14) is a solution to both R+ Q+ RQ =0 and R+ Q+ Q R = 0, which are given

in (2.1.3) and (2.1.4), respectively.
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In Example 5.1.1, w(y, z) given in (5.1.1) satisfies the additional symmetry
property
w(y, z) = w(z,y). (5.1.19)

This has resulted in the additional symmetry
r(x;y,2) = r(z;2,9), (5.1.20)

which is apparent from (5.1.10) and (5.1.16). The additional symmetry condition
given in (5.1.19) corresponds to a special case of (2.0.12).

In the next example, we will evaluate the resolvent kernel r(x;y, z) correspond-
ing to a Marchenko integral kernel w(y, z) not satisfying the additional symmetry in
(5.1.19) but still satisfying (2.0.12). We will then see that we no longer have the

additional symmetry given in (5.1.20).

5.2 Another Example for the Evaluation of the Resolvent Kernel

Example 5.2.1 Suppose that
w(y, z) = ce tly=2)—elyt+2) (5.2.1)

where ¢, ki, and € are some positive constants. Let us write the solution a(y, z) to
(5.0.2) as

aly, 2) == ho(y) e*=7<, (5.2.2)
where hy(y) is to be determined. Substituting (5.2.1) and (5.2.2) into (5.0.2) we

obtain
ho(y) €12 4 ¢ty giliz—es | /OO ds ho(y) el15—e5 ¢ emthis—esgihiz—es — . (5.9.3)
y
By cancelling €*1*=¢ from both sides of (5.2.3) and simplifying the integrand in
(5.2.3) we get

M@Hwéwww+/ ds hy(y) ce™>® = 0. (5.2.4)
Y
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By solving (5.2.4) for hs(y) we obtain

—ce ky—ey
haly) = ———— (5.2.5)
14+ —e Y
2e
Substituting (5.2.5) into (5.2.2) we get
_ L p—ikiy—ey —ikiz—ez
ay,z) = e ‘ (5.2.6)

C
1 o —2ey
i 2¢ €

Let us now solve (2.1.15) to obtain r(z;y, z) corresponding to (5.2.1). Substituting

(5.2.1) into (2.1.15) we get

r(x;y, 2) + ce lum2)melyra) / dsr(z;y,s) ce mls=2)=ds+2) — (5.2.7)

Let us write
r(z;y, 2) i= pa(z;y) €57, (5.2.8)
where pa(x;y) is to be determined. Substituting (5.2.8) into (5.2.7) and then can-

celling e*1*=¢* from both sides of (5.2.7), we get

pa(myy) + cem Ry 4 / dspy(z;y)ce ™ = 0. (5.2.9)

By solving (5.2.9) for ps(x;y) we obtain

_Cefiklyfey
pa(23y) = ————— (5.2.10)
1 e ex
2e
Hence, using (5.2.10) in (5.2.8) we have
o —ik1y—ey ik1z—ez
r(z;y,z) = e ¢ (5.2.11)

C
1 2z
+ 5¢ €

Notice that the expression r(z;y, z) given in (5.2.11) is a solution to (2.1.15) both

when z <y < zand z < z <.
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Having solved (2.1.15), we now solve the integral equation given in (5.1.11) for

r(z;y, z). Substituting (5.2.1) into (5.1.11) we get
e}
rlz;y, 2) + cekily=2)—ely+z) | / ds c e~ k1 (y—s)—e(y+s) r(z;s,z) =0. (5.2.12)

Let us write

r(z;y, 2) = e RV Y imy(2; 2), (5.2.13)

where mgy(z;2) is to be determined. Substituting (5.2.13) into (5.2.12) and then

cancelling e *1¥~% from both sides of (5.2.7), we get
ma(x; 2) + cet e +/ ds ce ™ my(x;2) = 0. (5.2.14)

By solving (5.2.14) for ms(x; 2) we obtain

o ik1z—ez
ma(w;2) = ——— (5.2.15)
1+ _ 6—261‘
2e
Hence, using (5.2.15) in (5.2.13) we have
_ —ikiy—ey ik1z—ez
r(z;y,2) = < e (5.2.16)

c
14 - o2
Notice that the expression given in (5.2.11) and (5.2.16) is valid both for z <y < z
and r < z < y.

By comparing Example 5.1.1 and Example 5.2.1, we conclude that the addi-
tional symmetry w(y, z) = w(z,y) given in (5.1.19) implies that r(z;vy, 2) = r(zx; 2, y)
given in (5.1.20). On the other hand, w(y, z) in Example 5.2.1 does not satisfy (5.1.19)
and the corresponding r(z;y, z) does not satisfy (5.1.20). In Example 5.2.1, w(y, 2)

and r(z;y, z) still satisfy the property (2.0.12) and (2.1.1), respectively.

5.3 An Example for the Evaluation of the Darboux Transformation

Example 5.3.1 Consider the Schrédinger equation given in (5.0.1) on the full line when

the potential u(z) is real valued, satisfies (5.0.4) and does not have a bound state at
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k = ix, with s being a positive constant. If we add one bound state at A\ = —x? with

norming constant ¢, then the perturbed problem will be

_dd_;q,(k,m) () Uk, 2) = K B (k,2). (5.3.1)

The goal is to find the Darboux transformation at the potential level and at the
wave function level via the (left) Marchenko integral equation when the unperturbed
potential u(x) is zero. For this, let us first evaluate the intermediate quantities n(x)

and ¢(y). In this case f(z) and ¢g(y) appearing in (2.0.20) are given by

f(z) =ce "%, gly) = ce "V, (5.3.2)
The wave function W (k, z) in this case is given by
U(k,x) = ™. (5.3.3)
As seen from (5.0.3), we then get
a(z,y) =0. (5.3.4)

By using (5.3.2) into (2.2.1), we evaluate the corresponding quantities n(z) and ¢(y)
as

n(x) =ce "7, (5.3.5)
q(y) = ce Y, (5.3.6)

where the involution J appearing in (2.0.17) has been chosen as —1. Next, using
(5.3.4), (5.3.5), and (5.3.6) in (2.2.15) and (2.2.22), we evaluate g(x,y) and I'(x),
respectively, as

ilx,y) = ce ™, (53.7)

I'(z)=1 +/ dsce " ce "°. (5.3.8)



We can explicitly evaluate I'(x) from (5.3.8) as

2

C
Iz) =1+ —e 287, 5.3.9
(1) =1+ ¢ (5.3.9)

We would now like to evaluate &(z,y) — a(z,y). By substituting (5.3.5), (5.3.7), and

(5.3.9) into (2.2.27), we get

2

—1
a(x,y) — a(r,y) = —ce " [1 + 26—62”} ce "V, (5.3.10)
K

Since a(z,y) = 0 as indicated in (5.3.4), we obtain from (5.3.10)
2 ,—k (z+y)
Az, y) = —— (5.3.11)
c
1 2Kz
+ 2/@6
Furthermore, by replacing y by z in (5.3.11) we get

C2 6—25:1:

a(z,1) = ——— (5.3.12)
c
1 ~ _—2kx
+ 2&6
The potential @(x) is recovered as [4, 6, 13, 14]

u(z) = —2% a(x, x). (5.3.13)

By substituting (5.3.12) into (5.3.13) we get

d 2 2k
i) =2— |5 | (5.3.14)
d$ C —2KkT
1+ —e
2K
which yields
-1
(1) = 26—y 2K ¥, (5.3.15)
2Kkx C_
(v 3)
or equivalently
. —4c% kK
u(x) = . (5.3.16)



By replacing % in (5.3.16) with 2" V¢/(2%) we get

3 —4c* kK
u(m) = . 2
<e"”~f’f 1 e2iny/e /(2"“)6*'”)
B -4k
[eln\/cz/(Qn) (enx—ln\/cz/(Zn) + e—nx+ln\/02/(2n))i|2
B -4tk
= — ,
20_ [enx—lnw@/(%i) + e—ﬁx+ln\/02/(25)]2
K
which yields
—8 k2
i(z) = n . (5.3.17)

[enx—ln\/CQ/(Qn) + e—nx+ln\/c2/(2n)]2
We can write (5.3.17) in the form

- —8 K?

= [2 cosh (/m —1In 02/(2%;)” 3 0318

or equivalently

(z) = —8 K2

N 4 cosh? (/m —In \/W) .

Hence, the Darboux transformation at the potential level is given as

I~g1

(5.3.19)

i(z) = —2k*sech? </w —1In W) . (5.3.20)

Let us now find the Darboux transformation at the wave function level. For
this, let us first evaluate the quantity (k, ) by using the formula given in (2.3.10).
The wave function appearing in (2.3.1) corresponds to the Jost solution from the left
satisfying W(k,z) = €** [1 + o(1)] as z — +o00, and in fact since u(z) = 0, we have

U (k,z) = e*? as stated in (5.3.3). Thus we obtain from (2.3.10)
v(k, ) = / dsce " el*s, (5.3.21)
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which yields,

ic e(ikfn)m
k,x) = ——. 5.3.22
By substituting (5.3.2), (5.3.9), and (5.3.22) into (2.3.11), we obtain
~ c? ~icelik=r)
U(k,x) — W(k,x)=—ce ™ |1+ —e % ———— 5.3.23
(ko) = Wlha) = e 14 S| 2 (5.3.29
which yields, as a result of (5.3.3),
12 2k ikx
B(k,z) — ek = — <L ° . (5.3.24)
c
(1 + %62’“’“") (k +ik)
Hence, the Darboux transformation at the wave function level is given as
2 =2k
U(k,z) = e [1— e (5.3.25)
c
(1 + %6_2”3?) (k + ik)

As a summary, in this example the Darboux transformation at the potential level is

given by
u(z) =0 +—— d(z) = —2k%sech? (m: —1In \/02/(25)) ) (5.3.26)

and the the Darboux transformation at the wave fuction level is given by

U(k,z) = *® — U(k,z) = |1 —
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Chapter 6
Conclusion

In this thesis we consider Darboux transformations for linear differential oper-
ators denoted by £ acting on some suitable function spaces. The spectrum of the
operator £ usually consists of two parts: the discrete spectrum and the continuous
spectrum. The Darboux transformation determines how the (generalized) eigenfunc-
tions change when a finite number of discrete eigenvalues are added or subtracted
from the spectrum of £ without changing the continuous spectrum.

The Darboux transformation has two parts, the first part is at the potential
level and the second part is at the wave function level. It provides the perturbed
potential and wave function in terms of the unperturbed quantities when a finite
number of bound states are added or subtracted. At the potential level, the Dar-
boux transformation consists of determining the perturbed potential @(x) in terms
of the unperturbed potential u(z) and of the quantities evaluated at the discrete
A-eigenvalues appearing in the perturbation. At the wave function level, the Dar-
boux transformation consists of determining the perturbed wave function (X, z) in
terms of the unperturbed wave function W(A, ) and of the quantities evaluated at
the discrete A-eigenvalues appearing in the perturbation.

In our thesis we provide a method to derive Darboux transformations for a wide
variety of spectral problems for differential equations. This is done with the help of a
fundamental integral equation, related to the so-called Marchenko integral equations

or Gel'fand-Levitan integral equation.

90



Our approach allows us to obtain a Darboux transformation for any wave func-
tion, whereas in other approaches a Darboux transformation is given only for some
special wave function. Our method is not specific to a particular differential equation.

It is a “unified approach,” applicable to a large class of differential equations.
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