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ABSTRACT

PROPAGATION AND GENERATION OF WAVES IN SOLAR ATMOSPHERE

SWATI ROUTH, Ph.D.

The University of Texas at Arlington, 2009

Supervising Professor: Zdzislaw Musielak

The fact that the temperature increases with height in the solar atmosphere
has been known for many years. To maintain this temperature increase, sources of
heating must be present in the atmosphere. One of the most important, and still
unsolved, problems in solar physics is to identify the basic physical processes that are
responsible for this heating, and explain solar activities caused by the heating. It is
also observationally well-established that the solar atmosphere shows a broad range of
oscillations that are different in magnetic and non-magnetic regions of the atmosphere.
The oscillations are driven by propagating waves, which cause the atmosphere to
oscillate at its natural (cutoff) frequency. Since different waves have different cutoff
frequencies, it is important to have a method that would allow determining such
cutoffs for the solar atmosphere.

In this PhD dissertation, the concept of cutoff frequency is extended to inho-
mogeneous atmospheres, and a general method to determine the cutoff frequency is
presented. The method leads to new forms of wave equations obtained for all wave
variables, and allows deriving the cutoff frequency without formally solving the wave

equations. The main result is that the derived cutoff frequency is a local quantity

il



and that its value at a given atmospheric height determines the frequency that waves
must have in order to be propagating at this height. The developed method is gen-
eral enough, so that it can be used to establish theoretical bases for studying the
propagation and generation of different waves in the solar atmosphere.

Acoustic waves play an important role in the heating of magnetic-free regions of
the solar atmosphere. To determine the propagation conditions for these waves in the
non-isothermal solar atmosphere, the method is used to obtain the resulting acoustic
cutoff frequency. This new cutoff frequency is a local quantity and it generalizes
Lamb’s acoustic cutoff frequency that was obtained for an isothermal atmosphere.
The method is also used to extend Lighthill’s theory of sound generated by turbulent
motions, which was originally developed for a uniform medium, to the case when
the background medium has a special temperature distribution. Basic equations
describing the efficiency of the acoustic wave generation are derived and specific results
are presented.

Magnetic regions of the solar atmosphere, identified here with magnetic flux
tubes, are heated by longitudinal, transverse and torsional waves. If the tubes are
isothermal, then the propagation of longitudinal and transverse tube waves is re-
stricted to frequencies that are higher than the corresponding cutoff frequency for
each wave. However, no such cutoff frequency exists for torsional tube waves. The
results obtained in this PhD dissertation demonstrate that temperature gradients and
other inhomogeneities of solar magnetic flux tubes lead to a significant modification
of the cutoff frequency for transverse tube waves and to the origin of a new cutoff
frequency for torsional tube waves. This new cutoff is used to determine conditions
for the wave propagation in the solar atmosphere, and the obtained results are com-
pared to the recent observational data that support the existence of torsional tube

waves on the Sun.

v
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CHAPTER 1
INTRODUCTION

The Sun is an average main-sequence star whose interior can be divided into
three regions: the core, where the solar energy is produced, radiative zone, where
the solar energy is transported mainly by radiation, and convection zone, where the
energy transport is dominated by vigorous convective motions (see Fig. 1.1). The
temperature reaches maximum in the core and then decreases gradually towards the
solar photosphere, which is located above the solar convection zone and is the source of
most of the solar energy needed to sustain life on the Earth. The temperature reaches
minimum in the solar photosphere and then increases through the solar atmospheric
layers called chromosphere, transition region and corona.

The solar chromosphere is a source of the prominent calcium and magnesium
emission lines. There are also strong ultraviolet lines, which are formed in the solar
transition region, and intense X-rays and the solar winds that originate in the solar
corona. Moreover, each atmospheric layer supports oscillations of different periods
and amplitudes. Despite the vast amount of solar data collected during numerous
ground and space observations, and significant theoretical efforts, it is still unclear
how different regions of the solar atmosphere are heated and why these regions support
different atmospheric oscillations. Studies of the wave propagation and generation in
the solar atmosphere presented in this PhD dissertation shed a new light on both the
atmospheric heating problem and the existence of solar atmospheric oscillations.

The two spectral lines that dominate in the solar chromosphere are Ca IT H+K

and Mg IT h+k emission lines and they are typically used to measure the level of
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chromospheric activity (e.g., [1], [2]). Observations also show many UV lines that
originate in the solar transition region and these lines are typically used to determine
the level of transition region activity (e.g., [3], [2]). The solar corona is a source
of X-ray emission, which is associated with coronal loops, and the solar wind that
originates in solar coronal holes (e.g., [4], [5], [6]); the so-called coronal activity is
identified with the observed level of X-ray emission.

To account for the observed emissions, a significant amount of non-radiative
energy is needed to heat different regions of the solar atmosphere. A heat input of
the order 2 x 107 ergs / cm? s and 1 x 10% ergs / cm? s is required for the solar
chromosphere and transition region, respectively (e.g., [7], [1], [8]). The solar data
also shows that the observed emission from magnetically active regions can be 10 (or
more) times higher than that observed in quiet (weak magnetic field) regions (e.g.,
[1], [9], 2], [6])-

Observations have also demonstrated that the solar atmosphere is highly in-
homogeneous and that the solar magnetic field plays dominate role in forming these
inhomogeneities. The most prominent magnetic structures in the solar photosphere
are sunspots and magnetic flux tubes (e.g., [10], [11], [12], [13], [14] , [6], [15]); these
structures are often called active regions. In addition, there are also regions of weak
(or no) magnetic fields and they are called quiet regions (e.g., [2]).

According to traditional view, the most prominent source of non-radiative en-
ergy needed to heat the solar atmosphere is the solar convection zone, where different
waves are generated. These waves carry their energy through the photosphere and
dissipate in the overlying atmosphere (e.g., [2], [6]). In magnetic-free regions, acoustic
waves are likely to be responsible for the heating, however, in magnetic regions, where
magnetic flux tubes dominate, longitudinal, transverse and torsional tube waves may

significantly contribute to the heating (e.g., [16], [17], [18]).
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To identify heating mechanisms in different parts of the solar atmosphere, theo-
retical and time-dependent models of the solar chromosphere were constructed ([19],
20], [21], [22], [23]). In these models acoustic waves were identified as sources of
the heating of non-magnetic regions, and longitudinal and transverse tube waves as
sources of the heating of magnetic flux tubes. The models were used to compute
the resulting emissions in the Ca II and Mg II lines and the obtained results were
compared to the observed level of chromospheric activity in late-type stars, including
the Sun. Based on this comparison, it was concluded that acoustic and magnetic tube
waves alone could not supply enough energy (fleating gaps'). to explain the observed
Ca II and Mg IT emissions in the upper layers of the solar atmosphere and in active
solar-type stars. Clearly, additional sources of energy are needed.

One possibility is to account for the energy carried by torsional tube waves,
which were not included in the above theoretical models. There is recent observational
evidence for the existence of these waves on the Sun (e.g., [24], [25], [26]) and according
to the authors, the amount of energy carried by the waves is sufficient to heat the solar
corona. Another way of heating the solar atmosphere is by small magnetic loops that
are being perpetually generated and then they very quickly disappear by releasing
their energy through magnetic reconnection. These short-lived loops were detected
by SOHO observations ([27], [9], [28]) and their energy content seems to be sufficient
to heat the solar corona.

The main oscillations of the solar chromosphere are typically identified with
3-min oscillations. Observations of Ca II H and K, Ha, and the Ca II infrared
triplet lines show that the 3-min chromospheric oscillations range from 2 to 5 min
inside non-magnetic or weak magnetic regions (supergranulation cells), however, in
magnetic regions located at the boundaries of supergranules (the magnetic network),

the oscillations range from 6 to 15 min ([29], [30], [31], [32], [33], [34]). Detection of



5

oscillations in the solar transition region, coronal loops and coronal holes has provided
evidence for the existence of waves in the upper regions of the solar atmosphere (e.g.,
29], [35], [36], [37], [38], [39], [40], [34], [36], [41]). Recently, Jess et al. ([25])
detected oscillations in the solar atmosphere with periods ranging from 126 s to 700
s, and identified these oscillations as a signature of torsional waves propagating along
expanding magnetic flux tubes.

It was first showed by [42], who used original Lamb’s work ([43]), that the 3-min
chromospheric oscillations could be explained as a response of the solar atmosphere
to the propagating acoustic waves; the result is that the atmosphere oscillates at its
natural (the acoustic cutoff) period (see also [44]). Acoustic waves with these periods
are observed at all heights in the cell interior (e.g., [45], [46], [47]). In magnetic regions,
the observed periods are typically interpreted as cutoff periods of waves propagating
along magnetic flux tubes. Responses of magnetic flux tubes to the propagating
longitudinal tube waves and pulses ([48]) and to the propagating transverse tube
waves and pulses ([49], [50]) were also investigated.

Based on the above observational and theoretical results, there is an urgent need
to establish theoretical bases for studying the propagation and generation of different
waves in the solar atmosphere. Therefore, the main goal of this PhD dissertation
is to develop a general theory to determine cutoff frequencies for different waves
propagating in inhomogeneous media, and apply this theory to different wave motions
observed in the solar atmosphere. Specific goals include calculating cutoff frequencies
for acoustic waves propagating in the non-isothermal solar atmosphere (described by
the VAL C model - see [51]) and for torsional and transverse waves propagating along
non-isothermal (thin and thick) magnetic flux tubes, and extension of the original
Lighthill theory of sound generation ([52], [53], [18]) to account for the temperature

gradient effects. The results obtained in this PhD dissertation shed a new light



6

on the problem of heating and excitation of oscillations in the inhomogeneous solar

atmosphere.



CHAPTER 2
WAVES IN THE SOLAR ATMOSPHERE: AN OVERVIEW

2.1 Propagation of Acoustic Wave

More than 100 years ago, Lamb ([43]) introduced a cutoff frequency for linear
acoustic waves propagating in an isothermal and stratified medium, which he called
an isothermal atmosphere. The cutoff frequency, defined as the ratio of sound speed
to twice density (pressure) scale height, was obtained by solving the acoustic wave
equation for the vertical displacement. The fact that the background medium is
isothermal makes the cutoff frequency a global quantity that is the same in the entire
medium. The cutoff is now known as the acoustic (or Lamb’s) cutoff frequency; in this
PhD dissertation, we shall refer to this cutoff as the global acoustic cutoff frequency.

The physical meaning of this cutoff is that the wave propagation is affected
by the density gradient only when the wavelength is equal to, or longer than, the
density scale height. Otherwise, the waves propagate freely in the medium because
the cutoff frequency is global (the same in the entire medium) and, therefore, its
effect on the wave propagation is the same at each atmospheric height. Lamb ([43])
also demonstrated that the waves are propagating only when their frequencies are
higher than the cutoff, otherwise they are evanescent, and that the cutoff is the
natural frequency of the atmosphere ([54]); the latter simply means that any acoustic
disturbance imposed on the atmosphere would trigger an atmospheric response at the
cutoff frequency ([55]).

Lamb ([43]) also considered a non-isothermal atmosphere with the temperature

decreasing linearly with height, and studied the effects of this uniform temperature
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gradient on the acoustic cutoff frequency. He was able to obtain analytical solutions
and determine the conditions for the acoustic wave propagation in the atmosphere.
Lamb’s treatment of acoustic waves was extended to two dimensions (vertical and
horizontal) with a uniform vertical temperature gradient. The obtained analytical
solutions were used to establish the range of frequencies corresponding to the propa-

gating acoustic waves in this model ([54]).

In numerous studies of propagation of acoustic waves that followed Lamb’s work,
different aspects of the wave propagation were investigated by using methods based
on either global and local dispersion relations, or the WKB approximation, or finding
analytical or numerical solutions to acoustic wave equations. The global dispersion
relation for acoustic waves can only be obtained when the background medium is
homogeneous ([56]) , or when gradients of the physical parameters of the medium do
not directly affect the speed of sound, like in Lamb’s isothermal atmosphere (Sum-
mers 1976; Thomas 1983; Morse and Ingard 1986; Salomons 2002). There were also
attempts to justify the so-called local dispersion relation approach, which requires the
acoustic wavelength to be shorter than the characteristic scales over which the basic
physical parameters in the medium vary (e.g., Whitman 1974; Thomas 1983). The
latter requirement is known as the WKB approximation and many studies of acoustic

(and other) waves were performed by taking this approximation into account.

Analytical and numerical solutions of acoustic wave equations were obtained
for many different physical situations and the solutions were used to determine the
wave propagation conditions (Whitman 1974; Thomas 1983; Campos 1986). The
fact that the propagation conditions for acoustic waves in an isothermal atmosphere

can be determined by using the acoustic cutoff frequency was originally shown by
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Lamb (1908, 1932). He also demonstrated that the cutoff is the natural frequency

of the atmosphere, which means that propagating acoustic waves excite atmospheric
oscillations with the frequency equal to the natural frequency (e.g., Schmitz and Fleck
1992, 1998).

The acoustic cutoff frequency plays an important role in helioseismology, which
uses solar oscillations to determine the internal structure of the Sun (e.g., Brown et al.
1987), and in asteroseismology, which deals with oscillations of different stars (e.g.,
Hansen et al. 1985; Musielak et al. 2005). The cutoff has also been used to study
free atmospheric oscillations of the Earth (Suda et al. 1998; Rhie and Romanowicz
2004) and other planets (Kobayashi and Nishida 1998), and acoustic oscillations of
Jupiter (Deming et al. 1989; Lee 1993). Since planetary and stellar atmospheres are
not isothermal, the acoustic cutoff frequency being a global quantity cannot formally
be calculated for the entire atmosphere. Therefore, a typical approach is to evaluate
the cutoff at each atmospheric height by using the local value of the temperature
(e.g., Brown et al. 1987). This is rather a crude approximation, especially if there

are steep temperature gradients in the atmosphere.

A method to determine the cutoff frequency for linear and adiabatic acous-
tic waves propagating in non-isothermal media without gravity was developed by
Musielak et al. (2006). The method is based on transformations of wave variables
that lead to standard wave equations, and it uses the oscillation theorem to determine
the turning point frequencies. Then, physical arguments are used to select the largest
of these frequencies as the acoustic cutoff frequency. In this PhD dissertation, the
method is modified and extended to acoustic waves propagating in an non-isothermal

atmosphere and other wave motions observed in the solar atmosphere.
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2.1.1 Lamb’s acoustic cutoff frequency

In his original work [1908,1910,1930], Lamb considered acoustic waves propa-
gating in the z-direction in the background medium with the gravity § = —¢gZz and the
density gradient po(z) = poo exp(—z/2H), where pgo is the gas density at the height
z = 0and H = c?vg is the density scale height, with v being the ratio of specific heats
and ¢, being the speed of sound. In his model, the background gas pressure p, varies
with height z, however, the temperature Tj remains constant. As a result, H = const
and ¢, = const. This stratified but otherwise isothermal medium is often referred
to as an isothermal atmosphere because of its applications to the solar and stellar
atmospheres. The waves are described by the following variables: velocity wu(t, z),
pressure p;(t, z) and density p;(t, z) perturbations . Applying these assumptions to
the standard set of linearized hydrodynamic equations [Morse and Ingard 1986], we

write the continuity, momentum and energy equations as

op . d(pour)

o 5 0, (2.1)
Ouy op1
T 2.2

Ip1 dpo 5 (Op1 dpo\
T ot dz ) 0
where the speed of sound is ¢, = [ypo/po(2)]/? = [yRTy(2)/u]"/?, with 7 being
the ratio of specific heats.

Using the aboe equations the acoustic wave equations for the wave variables

uy(t, 2), p1(t, z) and p;(t, z) become

@ 22

52 G 52 + Q2 | (w1, p1, p1) = 0. (2.4)

where the acoustic cutoff freqency Q,. = ¢;/2H. Note that the form of the wave

equation is the same for each wave variable.
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Since §2,. = const, one can make Fourier transforms in time and space and de-
rive the global dispersion relation: (w? — Q2.) = k?c2, where w is the wave frequency
and & = k, is the wave vector. This shows that the waves are propagating when
w > . and k is real, and they are non-propagating when either w = Qy with £k =0
or w < y with k£ being imaginary; in the latter case, the waves are called evanescent

waves.

Extension of Lamb’s approach to non-isothermal atmosphere and the resulting

new acoustic cutoff frequencies are described in Chapter 4.

2.2 Generation of Acoustic Wave

It is well-known that an unsteady turbulent flow generates pressure fluctuations
in order to balance the fluctuations in momentum. Such pressure fluctuations prop-
agate outward from their source as acoustic waves. Studies of these flow-generated
acoustic waves have begun with Gutin’s theory of propeller noise, which was develoed
in 197. Yet, it was not untill 1952, when Lighthill introduced his acoustic analogy to

deal with the problem of jet noise, that a general theory began to emerge.

A theory of acoustic wave generation by a turbulent jet embedded in an infinite
homogeneous fluid was originally developed by Lighthill (1952, 1960) who showed that
Reynolds stresses are sources of quadrupole emission. The theory allows evaluating
the wave energy flux far away from a finite region of turbulence by assuming that the
backreaction of generated waves on the turbulence is negligible. The main prediction

of the theory is the now famous u® law of the acoustic power output by the turbulent
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jet, where wu is the jet velocity. Good agreements between this theoretical prediction
and the results of several experiments performed for jets of different diameters have
been found by Goldstein (1976). Lighthill’s theory was extended to include the effects

of solid boundaries by Curle (1955), Powell (1960), Ffowes Williams and Hall (1970),

and the effects of magnetic fields (e.g., Campos 1976, and references therein).

An important result was obtained by Proudman (1952) who described the tur-
bulent motions in a jet by the Heisenberg turbulence energy spectrum (Heisenberg
1947) and derived a general formula for the generated acoustic power output. This
Lighthill-Proudman formula was used to evaluate the acoustic wave energy fluxes gen-
erated by turbulent motions in the solar (Unno and Kawabata 1955; De Jager and
Kuperus 1961; Kuperus 1965) and stellar (DeLoore 1970; Renzini et al. 1977; B6hm
and Cassinelli 1971; Arcoragi and Fontaine 1980; Musielak 1982) convection zones,
and to discuss the role played by acoustic waves in heating of stellar atmospheres

(e.g., Narain and Ulmschneider 1996, and references therein).

As mentioned above, Lighthill’s theory concerns only homogeneous media and
treats turbulence as isotropic, homogeneous and decaying in time. A significant exten-
sion of Lighthill’s theory was done by Stein (1967), who followed earlier work of Unno
and Kato (1962), Unno (1964) and Moore and Spiegel (1964), and included the effects
of stratification. This Lighthill-Stein theory allows calculating the acoustic wave en-
ergy spectra and its main result is that stratification is responsible for monopole and
dipole sources of acoustic emission (Goldreich and Kumar 1988; Musielak et al. 1994).
The theory was formally extended to include magnetic effects and applied to magnetic

flux tubes that exist in the solar and stellar atmospheres (Musielak et al. 1989, 1995).
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2.2.1 Lighthill’s theory of sound generation

To describe the sound generation by a turbulent jet, Lighthill (1952, 1960)
derived an inhomogeneous wave equation for a single wave variable by collecting all
linear and nonlinear terms on the left-hand side (the propagator) and on the right-

hand side (the source function) of the wave equation, respectively, and obtained

A

Li[p) = S[T;;(ur)], (2.5)

where Ly is the acoustic wave propagator given by

T 82 2772
Ls = @ — CSV s (26)

and p represents density perturbations associated with the waves, ¢ is the speed of
sound, u; is the turbulent velocity, and Tj;(u;) = pougiugj+pi; —c2pdij is Lighthill’s tur-
bulence stress tensor with i,j = 1,2 and 3, and p, being the density of the background
medium. Lighthill assumed that the jet was embedded in an uniform atmosphere,
which was also at rest, and considered linear (weak) acoustic waves that produce no
backreaction on the turbulent flow. He then showed that T}; ~ p,u;u:; and that
the source function S[T};(u;)] was given by a double divergence of Tj;. The physical
meaning of the source function is that the stresses produce equal and opposite forces
on opposite sides of a fluid element leading to the distortion of its surface without
changing the volume (quadrupole emission). In other words, the fluid motions gener-
ating acoustic waves behave as a volume distribution of acoustic quadrupoles, so one

may write g[ﬂj (u)] = Squadrupole-

Proudman (1952) applied Lighthill’s theory to the case when the fluctuating

fluid motions are represented by the Heisenberg turbulence energy spectrum (Heisen-
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berg 1947) and derived a general formula for the generated acoustic power output,

P,. This Lighthill-Proudman formula is usually given in the following form:

Poll}
lo

P, = a4 M, (2.7)

where the emissivity coefficient oy ~ 38, [, is the characteristic length scale of the

turbulence and M; = u;/cq is the turbulent Mach number.

The formula is valid for subsonic turbulence (M; << 1) and it was extensively
used in early calculations of acoustic wave energy fluxes generated in the Sun and
other stars (e.g., Kuperus 1965; Renzini et al. 1977; Arcoragi and Fontaine 1980).
Since the formula does not account for temperature gradients, it was assumed that
Eq. (2.7) was satisfied locally in the turbulent region and the total emitted wave
energy flux was calculated by performing the integration over the thickness of that

region.

In all the above applications of Lighthill’s and Lighthill-Stein’s theory of sound
generation, the background medium was assumed to be isothermal. Therefore, One of
the main aims of this dissertation is to extend Lighthill’s theory to a non-isothermal
medium.The problem is inherently difficult, so a simple temperature model that al-

lows for analytical solutions will only be considered (see Chapter 5).
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2.3 Propagation of MHD Waves

2.3.1 Basic MHD equation

Magnetohydrodynamics (MHD) is the study of highly conducting fluids in the
presence of magnetic fields. It has broad applications in laboratory plasmas, magne-
tospheric physics, space physics and astrophysics.

The basic set of MHD equations is derived from conservation laws (i.e., con-
servation of mass, momentum and energy) in conjunction with Maxwell’s equations.
The main assumptions of MHD are well summarized by Priest (1982):

e The characteristic length scales are much greater than those of the plasma.
e The characteristic time scales are much greater than the particle collision time
scales.
e Plasma properties are isotropic.
e The characteristic speeds are much smaller than the speed of light, so that
relativistic effects can be neglected.
We further assume that the fluid is isentropic and isothermal, that the gas pressure is
a scalar, and that the displacement currents and electrostatic forces may be neglected;
the molecular viscosity and Ohmic diffusion is negligible as long as shock formation
does not occur. Our assumption leads to the following perfect fluid, ideal MHD
equations (e.g., Parker 1979; Priest 1983):

Continuity equation:

dp
— . p— 2.
T pV-u=0, (2.8)
Momentum equation:
du 1
pE—l—Vp—pg—E(VxB)xB:O, (2.9)
Induction equation:
0B
— —V x(uxB)=0, (2.10)

ot
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with the solenoidal condition:V x B = 0;where we have used Ohm’s law vecE+u X B=

0. Energy equation:

dp dp /
a—ku.Vpo—cg (gﬂmo) =0, (2.11)

where % = %—HI-V and ¢, = /vyRT/u is the speed of sound in the medium. Af-
ter linearization, these equations describe propagation of MHD fast, slow and Alfvén

waves.

2.3.2 MHD Fast, Slow and Alfvén Waves

The behavior of linear MHD waves propagating in a homogeneous medium
with a uniform magnetic field of arbitrary direction is presently well-understood. In
this case, there are three types of MHD modes: fast, slow and Alfven waves. In
general, fast and slow MHD waves (also called magnetoacoustic waves) have both
longitudinal and transverse components, however, Alfven waves are associated only
with purely transverse motions (e.g., Priest 1982). Analysis of the group velocity
of magnetoacoustic waves shows that the energy propagation of fast MHD waves
is almost independent of the direction (similar to the phase velocity) and that, in
contrast, slow MHD waves have the striking property that the wave energy associated
with their propagation is always carried within a small angle with respect to the
background magnetic field. For Alfven waves the associated wave energy propagates
only along the magnetic field line direction.

Since slow and Alfven MHD waves transfer energy primarily along the mag-
netic field lines, the waves may be used to explain the observed association between
the enhanced local heating of the solar atmosphere and the enhanced magnetic field

strength. Extensive discussions of the role played by these MHD waves in the solar
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atmosphere can be found in early papers written by Kulsrud (1955), Osterbrock(1961)

and Parker (1964), as well as in Priest (1982) and Collins (1989a, b). However, the
assumptions of uniform magnetic fields and uniform background media are inconsis-
tent with the solar data (Stenflo 1978; Saar 1987; Solanki 1993) which show highly
inhomogeneous structures in the observable part of the solar atmosphere. As a re-
sult, a simple wave treatment of MHD waves propagating in uniform media has very

limited applications to the solar atmosphere (see Narain and Ulmschneider 1996).

To study the propagation of MHD waves in a stratified and magnetized medium
some authors have used a local dispersion relation, in which stratification is intro-
duced via the use of local cutoff frequencies (see Thomas 1983, and Campos 1987,
and references therein). In general, this approach can be justified either when the
vertical wavelength is much smaller than the atmospheric characteristic scale heights
(the WKB approximation) or when a very special distribution of the atmospheric pa-
rameters is assumed (Nye and Thomas, 1974). Thomas (1983) and Musielak (1990)
discussed some restrictions on the validity of local dispersion relations, and showed
that some results previously obtained were outside the range of validity of this ap-
proach; in particular, they demonstrated that some cutoff frequencies were incorrectly
calculated.

A number of authors have considered the propagation of linear Alfven waves
in an inhomogeneous solar atmosphere assuming specific forms of inhomogeneity for
which full analytical solutions to the Alfven wave equations can be found (Ferraro
and Plumpton 1958; Hollweg 1978; Leroy 1978; Heinemann and Olbert 1980; Rosner,
Low and Holzer 1986). For an isothermal, hydrostatic, plane-parallel atmosphere
with constant magnetic field, the obtained solutions have been used to demonstrate

that Alfven waves are reflected and that the region where reflection is strong can be
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determined from the condition that the wave frequency is smaller than the local cutoff
frequency for these waves (Rosner, Low and Holzer 1986; An et al. 1989, 1990). A
new analytical approach for assessing the reflection of linear Alfven waves in smoothly
nonuniform media has been presented by Musielak, Fontenla and Moore (1992); see

also Musielak, Musielak and Mobashi (2006).

2.3.3 Solar magnetic flux tubes

The magnetic fields in astrophysical situations are often quite inhomogeneous,
due to the fact that they are embedded in highly turbulent fluids. In the case of the
solar convection zone observations of the surface show fields ( ) which are essentially
discrete, i.e. consisting of individual strands separated by field free fluid. Theoret-
ical calculations of the behavior of fields in turbulent media support the idea that
the field gets concentrated into a small fraction of the volume within a few turnover
times of the turbulent eddies (Kraichnan ,1976, Spruit, 1981).This is especially the
case if the back-reaction of the field on the flow is taken into account(e.g. Peckover
and Weiss, 1978, Spruit, 1981). To study the behavior of such complicated field, one
needs approximations. Weak inhomogeneities can be treated as perturbations of a
homogeneous field. The very strong inhomogeneity often encountered suggests an
opposite point of view to consider the field as existing of discrete structures separated

by field free regions. We will call these structures the "magnetic flux tubes”.

Discrete flux tubes are found in many different forms on the Sun. Sunspots
are present where a large 3000 Gauss flux tube breaks through the surface, typically

in pairs with the tube coming up through one spot and going back down through
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Figure 2.1. The structure of a magnetic flux tube.

the other. Also a spot (of typical diameter 20 Mm) is suggestive that it may itself
consist of many smaller tubes. In the chromosphere above a sunspot pair one sees
fibril structures joining one spot to the other and presumably outlining the magnetic
field. In photospheric magnetic field maps one finds that, outside the active regions
surrounding sunspot groups, the solar surface is covered with a fragmentary network
structure consisting of many tiny flux tubes at the boundaries of large convection cells
(the supergranulation).These tubes are a few hundred kilometers across and have a

field strength of about 1500 Gauss.
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The solar corona is seen in soft X-rays to consist of myriads of flux loops,
both outside active regions and also within an active region. Hot flux loops (107 K)
may also be created by large solar flares which subsequently cool to give an arcade
of cool loops joining the two ribbons which make up the flare in its main phase in
the chromosphere. Solar prominences are huge vertical sheets of plasma up in the
corona but with a density a factor of a hundred higher and a temperature a factor
of a hundred lower than the surrounding coronal plasma. Occasionally they loose
equilibrium and erupt outwards when they undergo a metamorphosis and take on the
appearance of a large twisted flux tube.

Parker (1955) suggested that an isolated horizontal flux tube in the solar interior
would tend to rise by so-called magnetic buoyancy. The argument is very simple.
If a tube is in lateral equilibrium with its field-free surroundings having a plasma

pressurep, , then its internal pressure py and magnetic field By satisfy
po + Bi/2p = pe, (2.12)
or if the temperature 7' is uniform,
B
RTp. = RTpy + 5" (2.13)
1

Thus p. > po and the plasma in the tube experiences a buoyancy force, which exceeds
the magnetic tension if (p. — po)g > B2 /uL,where L is the length of tube which is
curved upwards. After substituting for (p. — po) from (??) this condition becomes
L > 2H where H = RT/g is the scale height.

If such a large flux tube in the interior rises and breaks through the surface
it will form a pair of sunspots. In practice, the unbalanced force would make flux
tubes rise much faster than a solar cycle period and so it is thought that the flux

tubes are created by dynamo action not throughout the convection zone but only at
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its base. Most of the flux tubes which penetrate the solar surface are thought to be
almost vertical due to magnetic buoyancy. A whole hierarchy of such tubes exists
from the tiniest, only one to two hundred kilometers across, to enormous sunspots

with a diameter of thirty Megameters (Zwaan, 1978; Roberts, 1989).

A basic problem is to determine the structure of such a tube (its pressure py,
density po, field By and radius r) as a function of height (z).As the external pressure
and density fall off in value with height, so the internal field strength tends to decrease
and the tube spreads out(as the radius r increases).One needs to solve the equilibrium
condition )

=9 (o-+ Bi/22) + (Bo V)2 + o = 0 (2.14)

inside the tube together with the hydrostatic equilibrium equation dp./dz = peg

outside and a pressure matching condition py + BZ/21 = p. on the surface S of the

tube. For a thin tube with py oc p. o< e~/ pressure balance gives B? o< e */# and
so the tube radius expands exponentially like 7 oc e#/4H

A very simplified model of the field is obtained, if one assumes that the flux
tube is narrow enough. They are supposed to be so thin that they are always in
pressure balance with their surroundings, and such that their diameter changes only
slowly along their length. This approximation is certainly not valid for sunspots, but
it is reasonable for the small elements of which the field outside of sunspots consists.
Assuming the internal field is also nearly uniform across the cross section of the tube,
the field can then be characterized by one value B, which depends on depth only. As
we assume that there are no forces except gravity acting on the gas in the interior, the

vertical balance of forces is then given by dpy/dz = ppg and the horizontal balance

bypo + BZ/2p1 = p.. Tt is also assumed that at each depth inside temperature T is
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equal to the external temperature 7, .We also assume that viscosity and resistivity

are negligible and that the motion is adiabatic (ideal MHD limit).

Three different types of waves can be supported by these flux tubes, namely, lon-
gitudinal, transverse and torsional tube waves (see [57], [58]). Longitudinal (sausage)
tube waves are similar to slow MHD waves in the low-beta plasma limit. Transverse
(kink) tube waves are similar to Alfvén MHD waves. Torsional tube waves have no
analogy to MHD waves. Different aspects of the wave propagation and the energy
deposition by these tube waves in the solar atmosphere were studied analytically and
numerically by many authors (e.g., Hollweg 1978, 1981, 1990, 1992; Spruit 1981, 1982;
Ferriz-Mas, Schiissler, and Anton 1989; Ferriz-Mas and Schiissler 1994; Kudoh and
Shibata 1999; Saito, Kudoh and Shibata 2001; Hasan et al. 2003; Noble, Musielak and
Ulmschneider 2003; Musielak, Routh, and Hammer 2007; Routh, Musielak and Ham-
mer 2007) and discussed in many reviews, including Hollweg (1985), Roberts (1991),
Narain & Ulmschneider (1996), Roberts and Ulmschneider (1997), Ulmschneider and
Musielak (2003), and Hasan (2008).

2.3.4 Longitudinal Tube Waves

Defouw ([59]) considered an isolated magnetic flux tube embedded in a magnetic
field-free compressible and isothermal medium. The tube is assumed to be thin,
untwisted, and oriented vertically, with circular cross-section, and in temperature
equilibrium with its surroundings. He chose a cartesian coordinate system with z
axis along the tube axis and gravity § = —g¢Z, where 2 is the unit vector along the

z-axis. Because of the thin tube approximation the magnetic field inside the tube is
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given by By = Bys. Magntic flux conservation and horizontal pressure balance lead
to an exponentially spreading tube geometry.

The wave mode considered is similar to a sound wave propagating along the
tube. However, the wave differs from an ordinary sound wave because the cross-
section of the flow channel provided by the magnetic field varies in response to
the pressure fluctuations of the tube wave. To descride the wave or pulse in the
tube model, the velocity perturbation ¥ = v,(z,t)Z, the magnetic field perturbation
b = b.(z,t)z, the density perturbation p = p(z,t), and the pressure perturbation
p = p(z,t) have been introduced. Then after linearizing the basic MHD equations
and applying the thin flux tube approximation the wave equation for the velocity

perturbation was (e.g., Musielak et al. 1989)

(2.15)

ot? _CT822+E82 H2\2 2y A

0%v, v, A ov, & [1 1 R |
2 T Lo + _257 —0,
where the tube velocity is given by cp = \/C:g—i%i, and ¢; = ypo/po is the sound
speed, ¢4 = By/+/4mpy the Alfven velocity and H is the pressure scale height. The
tube velocity cr is constant and the form of the wave equation is same for every wave
variable.

To cast the above wave equation in the form of a Klein-Gordon equation, in-

troduce v,(z,t) = v(z,t)\/Bo/po and obtain (Musielak et al.,2003)

{02 , 07

o5 s T QQT} v(z,t) =0, (2.16)

where Qr is the cutoff frequency for longitudinal tube waves (Defow 1976):

/2
cr [ 9 1 Ay—1\'

Qp = — 5 2.17
4 H(16 27+c?4 2 ’ (2.17)

which is the frequency of the free atmospheric oscillation inside the magnetic

flux tube. Longitudinal waves are propagating if their frequency w > €, otherwise
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they are evanescent. The method described above was origianlly introduced by ([60]
and Musielak et al. ([61]), who demonstrated that the wave equation for these waves
can be transformed into its standard form (also referred to as the Klein-Gordon
equation), which directly displays the global cutoff frequency.

The role played by these waves in the heating of different parts of the solar and
stellar atmospheres was discussed by Narain and Ulmschneider ([16]) and Ulmschnei-
der and Musielak ([17]). The energy carried by sausage waves was used as the input
to the theoretical models of stellar chromospheres constructed by Cuntz et al. ([20])

and Fawzy et al. ([22], [23]).

2.3.5 Transverse Tube Waves

The fact that the propagation of transverse waves along a thin and isothermal
magnetic flux tube is affected by a cutoff frequency was originally shown by Spruit
([57], [58]); as a result, we refer to this cutoff as Spruit’s cutoff frequency.

Here we show an alternative approach to derive Spruit cutoff. In the limit of
a thin and isothermal magnetic flux tube for which ¢, = const and H = const, the

wave equation for wave variables v and bcan be written as

v L0 & v
12 _Ck@+ﬁ£ :O, (218)

and
2 2 2
%—cz%—;—;}% —0, (2.19)
where ¢, = By/ \/m is the transverse wave velocity. Since the wave equations
for v and b are different, two different transformations are needed to remove the

terms with the first-order derivatives from these equations. The transformations are
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v(z,t) = 0(z, t)p51/4(z) and b, (z, 1) = b(z, t)pé“(z), and the resulting wave equations
become

0 0? . -

e ci@ + Q3| [0(z,1),b(2,t)] =0, (2.20)

whereQg = 75

Since the critical frequency (g is independent of z, there is no need to use the
oscillation theorem and determine the turning-point frequency (see Sec. 3 and 4).
The cutoff frequency is simply given by €2.,;, = 2¢ = const.

Having ¢, = const and €).,; = const, we can make Fourier transforms in time

and space and derive the global dispersion relation: (w?—Q2,) = k*c;, where w is the

cut
wave frequency and k = k, is the wave vector along the tube axis. Using this disper-
sion relation, it is easy to show that ., is the global cutoff frequency for transverse
tube waves. According to the dispersion relation, the waves are propagating when
w > Q. and k is real, and that they are non-propagating when either w = €2.,; with
k=0 orw < Q. with k being imaginary; in the latter case, the waves are called

evanescent waves. Studies of transverse tube waves performed in this PhD disserta-

tion and new obtained results are presented in Chapter 7.

2.3.6 Torsional Tube Waves

Propagation of torsional Alfvén waves along solar and stellar magnetic flux
tubes was extensively studied in the literature (e.g., [10], [11], [9],[62], [63], [64], [65],
[66], [39], [66], [67]). Two different approaches were considered and different sets
of wave variables were used. In the first approach, the propagation of the waves

was described in a global coordinate system (e.g., [64], [67]), while in the second
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approach a local coordinate system was used ([68], [69], [62]). The momentum and
induction equations derived by Ferriz-Mas et al. ([64]) were adopted by Ploner and
Solanki (1999) in their studies of the influence of torsional tube waves on spectral
lines formed in the solar atmosphere. In numerical studies of torsional tube waves
performed by Kudoh and Shibata ([36]) and Saito, Kudoh, and Shibata ([40]), the
basic equations originally derived by Hollweg were extended to more than one dimen-

sion and nonlinear terms were included.

The specific problem of the existence or non-existence of a cutoff frequency for
torsional Alfvén waves propagating along thin and isothermal magnetic flux tubes has
not been discussed in the literature. An exception is the paper by Noble et al.([67]),
who studied the generation rate of torsional tube waves in the solar convection zone
and introduced the cutoff frequency, defined as the ratio of the Alfvén velocity to
four times the pressure (or density) scale height, for these waves. In chapter 6, we
revisit the problem by deriving new wave equations that describe the propagation
of torsional tube waves and demonstrating that this propagation is cutoff-free. We
also show that the cutoff-free propagation is independent of different choices of wave
variables and coordinate systems used by Ferriz-Mas et al. ([22], [23]) and Hollweg
([68], [69], [62], [63], [70]). Torsional tube waves are extensively studied in this PhD

dissertation and new obtained results are presented in Chapter 6.



CHAPTER 3
A GENERAL METHOD TO DETERMINE CUTOFF

FREQUENCIES IN INHOMOGENEOUS MEDIA

3.1 Introduction

The fact that global cutoff frequencies play an important role in establishing
criteria for propagation of different waves in media with such gradients of physical
parameters that do not affect the characteristic speeds of the waves has been well-
known. Among the cases discussed in Chapter 2, the global cutoff frequencies derived
for acoustic waves by Lamb (1908), and for longitudinal and transverse tube waves
by Defouw (1976) and Spruit (1981), respectively, are very relevant to studies of the
waves in the isothermal solar atmosphere. The behavior of torsional waves is different
as their propagation along a thin and isothermal flux tube is cutoff-free, which has
important implications for the required heating of the solar atmosphere (Musielak,
Routh and Hammer 2007).

In the realistic solar atmosphere, gradients of temperature, density and mag-
netic field are present and they strongly affect the wave propagation. The global
cutoff frequencies previously obtained with the assumption of the isothermal atmo-
sphere must be replaced by new (local) cutoff frequencies that correctly account for
the gradients in the solar atmosphere. A method that allows deriving such local
cutoff frequencies was originally introduced by Musielak et al. (2006). The method
is based on integral transformations that are used to transform wave equations into

their standard forms (also known as Klein-Gordon equations), uses the oscillation and
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turning-point theorems to determine the turning-point frequencies, and shows how to
uniquely obtain the cutoff frequency.

Although Klein-Gordon equations, first introduced to solar physics by Roberts
(1981), were used to study the propagation of longitudinal (Rae and Roberts 1982),
transverse (Musielak and Ulmschneider 2001) and torsional (Noble et al. 2003) tube
waves, and the oscillation theorem was first used by Schmitz and Fleck (1998) in
their studies of the acoustic wave propagation in the solar atmosphere, none of these
approaches can be considered as a general method to determine cutoff frequencies in
inhomogeneous media. As already mentioned above, first such method was introduced
by Musielak et al. (2006) and applied to acoustic waves propagating in an non-
isothermal medium. In this PhD dissertation, the method is generalized so it can be
applied to any linear waves propagating in an inhomogeneous media, which include

different wave motions observed in the non-isothermal solar atmosphere.

3.2 Wave equation

A wave equation describing linear waves propagating in a medium, which is
inhomogeneous in the z-direction, can be written in the following general form:
P, O

5 % (Z)W + P(z)

P

QY =0, (3.1)

where V' is the wave velocity and P and () are given in terms of wave speeds

and atmospheric scale heights, and their derivatives.

3.3 Transformed wave equation

Let us begin with the begin the transformation dr = dz/V and write the above

wave equation as
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0? o? p V'\ 0
—- Z ) = = 2
|:at2 87-2+ (V+ V) aT+Q:| ¢(Tat) 07 (3 )
where V' = dV/dr.
To remove the first order derivatives with respect to 7 from this wave equation,

we use

W(r,t) = o, t) exp B /T (% + %) d%} , (3.3)

and obtain the following Klein-Gordon equation

2 2,
|:@ - 72 + QCT‘(T)‘| (b(T? t) =0 ’ (34)
where
3V 1V 1 pv' oy
02 _2(Xy XY 2 2y P ‘
20 =2 () — v e - A (3.5)

with V" = d?V/dr?. Q., is the critical frequency (Musielak, Fontenla, & Moore, 1992;
Musielak et al. 2006; Routh et al. 2007).

Making the Fourier transform in time (but not in space because the coefficients
are not constant in space) [v(r,t),b(r,t)] = [0(7),b(7)]e ™!, where w is the wave
frequency, we obtain
88—7_22 +W? =2 (N o(r)=0. (3.6)
The next step of the method is to apply the oscillation and turning-point the-

orems. In the following, we state these theorems without proofs.

3.4 Oscillation and turning point theorems

Oscillation theorem: Consider an ordinary differential equation of the form:

d2y1

A =0, (3.7)
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which is known to have all of its solutions to be oscillatory. Assume that there is
another equation of the form:

d*ys
T3t B@y =0, (3.8)
where B(z) > A(x) for all x. Then, all of the solutions of Eq. (3.8) are also oscilla-
tory. The proof of this powerful theorem that gives a condition for the existence of

oscillatory solutions is simple and available in the literature (e.g., Kahn 1990).

Turning-point theorem: Consider an ordinary differential equation of the form:

A’y

which is known to have a turning point that separates the oscillatory and non-

oscillatory solutions. If there is another equation of the form:

d2y2
Tl By = 0. (3.10)

then a turning point of this equation can be determined from the condition B(z) =
A(x).

The proof is trivial since the condition requires that the equations are the same.

3.5 Euler’s equation and its turning point

In general, Euler’s equation (e.g., Murphy 1960) can be written as

de Cg
A . A A1
T v =0 (3.11)

where (' is a constant whose value determines the form of the solution. For Cg > 1,
the equation has oscillatory solutions, however, the solutions become non-oscillatory
when Cg < 1, and finally for Cz = 1 there is a turning point, which separates these

two distinct types of solutions.
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After making the Fourier transform in time, we obtain

d?Y;
dax?

+ W= (2)]Y; =0, (3.12)

where the form of the critical frequencies Q?(z), with ¢ = 1 and 2, may be different
for different wave variables and for different models.

Comparing Eqs (3.11) and (3.12), and using the oscillation theorem, it can be
shown that the wave equations given by Eq. (3.12) have oscillatory wave solutions
when the condition [w? — Q?(x)] > 1/42? is valid for all z.

The turning point theorem can also be used to show that the wave equations

have turning points when the condition [w? — Q2 (z)] = 1/42? is satisfied for all z.

3.6 Turning-point frequencies

Applying the oscillation and turning-point theorems, the following turning-

point frequencies are obtained

1
Q?p,T(T) = er(T) + p ) (313>
where
()—/z dz_ (3.14)
T\Z) = V(E) TC .

with 7¢ being an integration constant to be evaluated when models are specified (see
Chapters 5-7. According to Eq. (7.101), the variable 7(z) is the actual wave travel

time t,,(z) from the base of a model to a given height 2.

3.7 The cutoff frequency

The turning-point frequencies separate the solutions into propagating and non-

propagating (evanescent) waves. Since there is a turning-point frequency for each
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wave variable, only one of them can be the cutoff frequency. We follow Musielak et
al. (2006) and Routh et. al. (2007), and identify the largest turning-point frequency
as the cutoff frequency. The choice is physically justified by the fact that in order to
have propagating waves at a given height z, the wave frequency w must always be
higher than any turning-point frequency at this height; note that as a result of this
choice both wave variables are always described by the propagating wave solutions.
The main result of the method is the cutoff frequency, which is a local quan-
tity and its value at a given atmospheric height determines the frequency that waves
must have in order to be propagating at this height. The developed method is gen-
eral enough, so that it can be used to establish theoretical bases for studying the

propagation and generation of different waves in the solar atmosphere.



CHAPTER 4
PROPAGATION OF ACOUSTIC WAVES

IN NON-ISOTHERMAL ATMOSPHERE

As already discussed in Chapter 2, the acoustic cutoff frequency was originally
introduced by Lamb (1908), who studied propagation of acoustic waves in an isother-
mal atmosphere and defined the cutoff as the ratio of sound speed to twice density
(pressure) scale height. In Lamb’s approach, the cutoff is a global quantity (the
same in the entire medium) and its value determines the range of frequencies for
which the waves are either propagating or evanescent. Lamb (1908) also considered
a non-isothermal atmosphere with the temperature decreasing linearly with height,
and studied the effects of this uniform temperature gradient on the acoustic cutoff
frequency. He was able to obtain analytical solutions and determine the conditions
for the acoustic wave propagation in the atmosphere

In many studies that followed Lamb’s work (see Chapter 2), the authors ei-
ther used the WKB approximation or considered an non-isothermal atmosphere and
evaluated the global cutoff frequency at each atmospheric height by using the local
value of the temperature. This is rather a crude approximation, especially if there are
steep temperature gradients in the atmosphere. We now use the method described in
Chapter 3 to generalize Lamb’s results and obtain the local acoustic cutoff frequency
that properly describes the propagation of acoustic waves in the non-isothermal at-

mosphere.

33
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4.1 Acoustic wave equations

Let us consider a one-dimensional atmospheric model in which gradients of den-
sity, temperature and pressure occur along the z-axis that is also the direction of the
wave propagation. Propagation of linear and adiabatic acoustic waves in this model
is described by the standard set of linearized and one-dimensional hydrodynamic

equations written as

dp | O(pou) _
a5 + 5, 0, (4.1)
ou  Op
ou  op _ 4.2
Pogy t o, TPy =0, (4.2)
dp | dpo 5 (0p | dpo\ _

where u, p and p represent the perturbed velocity, pressure and density, respectively.
In addition, § = —g2Z is gravity, ¢, is the speed of sound, and pg and py are the back-
ground gas density and pressure, respectively. The background medium is assumed to
be in hydrostatic equilibrium, which means that dpy/dz = —pgg. The sound speed is
given by ¢, = [ypo/po]'/? = [yRTy/u]"/?, where v being the ratio of specific heats, R is
the universal gas constant, y is the mean molecular weight, and 7} is the background
temperature.

In a stratified and non-isothermal medium, 7y = Ty(2), ¢s = ¢s(2), and both
density, H,, and pressure, H,, scale heights are also functions of z. Introducing g,
where i = 1, 2 and 3, and ¢; = u, ¢ = p and g3 = p, and combining Eqs (4.1), (4.2)

and (4.3), we obtain the following acoustic wave equations

S

L [37 B gE T u0) o

q; = O, (44)

i

TN AR AC) a}ﬁl

where L; = 1,

L AN s
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In addition, H(z) = H,(z) and Hy(z) = Hs(z) = —H,(z) with

»(2) = and H,(z) = : (4.6)

and H,(z) # Hp(z) but H%, = HL,, + ?I{—’:

The wave equations given by Eq. (4.4) describe one-dimensional (along the
z-axis) propagation of linear and adiabatic acoustic waves in a non-isothermal atmo-
sphere, and their specific forms clearly show that the behavior of the wave variables

u, p and p is not the same.

When we transform ¢; = Liqui, Eq. (4.4) becomes

2, 9 Ez) 9

Z _ s —\|q; = 0, 4.7
ot? ¢(2) 022 H;(z) 0z & (47)
4.2 Local acoustic cutoff frequency
We begin with the transformation
d
dr = = (4.8)

and apply it to the wave equations for u; and p;; since rho; and p; have the same

behavior, we consider only the latter one. Introducing us(7,t) and po(7,t), we obtain

Pus  0%us s\ Oug B

or o (;*E)E - (49)
and

Ppy Ppr [ e\ Ops

Oh TP (% S92 4.1

ot? or? * (cs H,,) or 0 (4.10)

To cast the above wave equations in their standard (or Klein-Gordon) forms, we
need to remove the first order terms from the above equations. To do so, we use
the following transformations: wus = u(t,7)exp [1/2 f; (c/es+cs/Hp)| and py =

plt. ) exp [1/2 [ (chfe, e/ Hy)|.
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This gives
© 92 92 1
ﬁ - w + Qgr,u(T) U(Tﬂ t) =0 ) (411>
and
© 92 92 1.
ﬁ - W + Q?}r,p(T) p(T7 t) =0 ) (412>
where
3/d\* 1 1[/c\®> 1cH
Q2 I ] _ s i — p 4.13
cr,u(T) 4 <Cs) 2 ¢4 + 4 (Hp) + 2 Hg 7 ( )
and
3/d\* 1 1[/c\* 1cH
QQ I ] _ s I - — L 4.14
cr,p(T) 4 (Cs) 203 T 4 (Hp) 2 Hp2 ' ( )

with ¢ = d?c,/dr*. Note that Q¢ and Q. are known as the critical frequencies
(Musielak, Fontenla, & Moore, 1992; Musielak et al. 2006; Routh et al. 2007).
We make the Fourier transform in time [a(7,t), (7, t)] = [u(7),p(7)]e~**, where

w is the wave frequency. Then, Eqgs (4.12) and (4.13) become

et g0 —0, (1.15)
and
s = () ) =0 (1.16)

Applying the oscillation and turning-point theorems (see chapter 3) we obtain

the following turning-point frequencies

B, (1) = (1) + 13 (417
and

(1) = Q2 (1) + 4% : (4.18)
where

T(Z)Z/Z o + 10, (4.19)
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with 7o being an integration constant to be evaluated when atmosphere models are
specified.

The turning-point frequencies separate the solutions into propagating and non-
propagating (evanescent) waves. Since there is a turning-point frequency for each
wave variable, only one of them can be the cutoff frequency. We follow Musielak et
al. (2006) and Routh et. al. (2007), and identify the largest turning-point frequency
as the cutoff frequency. The choice is physically justified by the fact that in order
to have propagating torsional tube waves at a given height z, the wave frequency w
must always be higher than any turning-point frequency at this height; note that as
a result of this choice both wave variables are always described by the propagating

wave solutions. Thus, we can write
Qeut,r (1) = max([Qyp o (7), Qupp(7)] (4.20)

and use it to determine the cutoff frequency for each 7.
According to Eq. (4.19), the variables 7 and z are related to each other. Hence,

we may use

des  deg

COr 9 421
“dr T (421)
and
1 d?c, d’c, des\ 2
- = Cs—H 5 s 4.22
cs dr? a2 * <dz) (4.22)
to express the critical frequencies Q72, ,(7) and Q2, (7) in terms of z
er,u(’z) - (Wac + waS)Q + 2("}acc‘](zs - CSW;S ) (423)
and
2 _ 2
ch,p(z) - (wac + was) — 2WacWqs + Csw;s . (424)
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where w,. = 5% = 7% represents the original Lamb acoustic cutoff frequency and
Wes = %”ﬁf;. Note that in an isothermal atmosphere both the critical frequencies

reduce to Lamb’s cutoff w,c.

The same conversion can be applied to the turning-point frequencies prM(T)

and Q7 (7), and the results are
1[ (% dz 172
2 2
Qtp,u(z) - QC'I’,U(Z) + Z _/ Cs(§> + TC_ P (425>
and
L[ [ dz 17?
2 2
Qtpm(z) = QCT’,p<Z> + Z _/ 05(2) _'_ TC- 9 (426)

with the cutoff frequency given by
Qeur, (2) = max[Qyy 4 (2), Qpp(2)] - (4.27)

The main result is that the derived cutoff frequency is a local quantity and that
its value at a given atmospheric height determines the frequency that acoustic waves

must have in order to be propagating at this height.

4.3 Application: power-law models
We now consider the atmospheric model with the following temperature distri-

bution

To(Z) = Toggm s (428)

where £ = z/z is the distance ratio, with zy being a fixed height in the model, and
m can be any real number. We define Tyy to be the temperature at zp and take
Tho = 5000 K for all considered models. The resulting temperature distributions are
shown in Fig. 4.1

We consider two special cases of m = 1 and m = 2, and one general case of

m > 2. For each model, we calculate the critical frequencies by using Eqs (4.23) and
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Figure 4.1. Temperature vs. the distance ratio z/z.

(4.24), the turning-point frequencies by using Eqs (4.25) and (4.26), and determine
the cutoff frequency Q.,¢(€) from the condition given by Eq. (4.27). The calculations
of the turning-point frequencies require evaluation of the variable 7, which represents
the wave travel time t,,. This is done by using Eq. (4.19) in which the integration
constant 7¢ is evaluated by taking 7(§ = 1) = 79 = z0/cs0, Where ¢y is the value of
¢ — s at zp; Note that the integration constant is evaluated in the same way for all

considered power-law models.

4.3.1 Linear temperature models
For this model Ty(¢) = Tyoé (see Fig. 4.1), which gives c,(€) = co&/?. In
this case, the turning-point frequency €y, ,, is always larger than €, ,,, and the cutoff
frequency is
2 2

Y9 2792 3 § 2
0 -0 0,2 s —1/2 4.9
wwel8) " [( Cso i o i 4> i (2612 — 1)2} : ’ (4:29)
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Figure 4.2. The normalized cutoff frequency Q..;/Qo vs. the distance ratio z/z.

where g = ¢4/220 has a fixed value at z,. The plot of the normalized cutoff frequency

[0t (€) /] versus & is shown in Fig. 4.2.

4.3.2 Quadratic temperature models
With T5(&) = Tpo&?, we find (&) = c50&, and 4, as the larger turning-point

frequency and so the cutoff frequency can be written as

/2

4vgzp 1 7292231 1 !
Qe =0 |1 - — ) 4.30
= M et a1 mep (4:30)
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4.3.3 Other power-law temperature models
We now consider the general case of Ty(§) = Tpo&™, where m > 2. This gives
cs(€) = c0€™/?, and among the two turning-point frequencies Qupp 1s always larger

than y,,. Hence, the cutoff frequency is

(m . 2)2 1/2
(m — 26@-m)/2)2

m(3m — 4)
4

V97

5m72 + e
Cs0

£+

Qeur(§) = Qo (4.31)

The results presented in Fig. 4.2 show that the values of the cutoffs rapidly
increase when steeper temperature gradients are considered. For m = 1 and m = 2,
the cutoffs are determined by €2,, as the critical frequencies of u are larger than
those of p. For m > 2 the cutoffs are determined by (2, ,, as the critical frequencies

derived for the wave variable p are larger than those obtained for w.



CHAPTER 5
EXTENSION OF LIGHTHILL’S THEORY OF SOUND

GENERATION TO NON-ISOTHERMAL MEDIUM

As already discussed in Chapter 2, the original Lighthill theory of sound genera-
tion was developed for an uniform medium (Lighthill 1952). The theory was extended
to an isothermal atmosphere by Stein (1967) and modified by Musielak et al. (1994).
However, to the best of our knowledge, the effects of temperature gradients on the
rate of the acoustic wave generation have not been investigated. Such studies can now
be performed by using the method described in Chapter 3. Therefore, the main goal
of this chapter is to extend Lighthill’s theory to a non-isothermal medium. The model
of this medium is assumed to be simple enough so that that analytical solutions can
be obtained. The solutions are then used to study the effects caused by one specific
temperature gradient on the wave generation and propagation. The obtained results
show that a temperature gradient in the region of wave generation leads to monopole
and dipole sources of acoustic emission, and that the gradient is responsible for the

acoustic cutoff frequency, which affects the wave propagation.

5.1 Basic equations

Let us consider a compact region of turbulent flow embedded in a very large
volume of an ideal gas and assume that both the turbulent region and the surrounding
medium are non-uniform because of the existence of a temperature gradient. To

simplify the problem so that analytical solutions can be obtained, we neglect gravity

42
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and consider a model in which the gas pressure p, = const, however, the background
temperature Tj, density py and speed of sound ¢, vary with height in the model.

To describe the generation and propagation of acoustic waves in this model,
we consider a set of hydrodynamic equations and assume that the turbulent flow
is subsonic and the waves are linear. In general, the waves propagate in all three
(x, vy and z) directions, however, their propagation in the z-direction is affected by
the gradient. We introduce x;, with i = 1, 2 and 3, and define z1 = x, 29 = y
and 3 = z. The waves are described by using the velocity w;(¢, x;), density p(t, z;)
and pressure p(t, z;) perturbations. We further assume that the effects of viscosity
and heat conduction can be neglected. Based on these assumptions, we linearize
the hydrodynamic equations and follow Lighthill (1952) to separate the linear and

nonlinear terms. This gives !

9% Ipoui) _ O(pui)

Oou;  Op Opu;  O(pouiuy)
- ot 2
"or Tar T ot oz, (5:2)
and
op 2 0u; dp 5 Ou;
at + pocs 8.’171 - U; 81’1 Cspaxi ) (53>

where, in general, ¢; = ¢5(x;) in our nonisothermal model.

5.2 Wave equation and source function

We derive an inhomogeneous wave equation for the pressure perturbation p

associated with the waves by eliminating the other wave variables, and obtain

Pp 0

"'We have used subscript notation for the Cartesian components of vectors and tensors, and any

substript repeated in a single term is to be summed from 1 to 3.
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where the source function S(t,z;) is given by

0 [ ,0(puy) 0 [ 50(pouiu;) 0 op 5 0 ( Ouy
Stt@) = 5, {CS ot | T on | o, ot \“an ) Tom \Pag, ) B

It must be noted that in our model the inhomogeneous wave equations for the wave
velocity u; and density p are of different forms. The fact that is an important issue
when acoustic cutoff frequencies are calculated (Musielak & Musielak 2005) and will
be discussed in Sec. 3.5 of the paper.

We now follow Lighthill (1952) and treat the source function as being fully
determined by a known turbulent flow. To emphasize this point, we label the source
function as Sy.s(t, ;). Since the turbulent flow considered in this paper is subsonic,
we make a Mach-number expansion of the source function and retain only the lowest
order terms; the procedure is discussed in great details by Stein (1967) and Musielak

et al. (1994), and will not be repeated here. This allows us to write

0 A(pou;u;
Sturb(tawi) ~ % {Cg%} . (56)
K J turb

which is consistent with Lighthill’s results described in Sec. 2 in case of ¢; = const.

Hence, the inhomogeneous acoustic wave equation becomes

Pp L0 , Op
w — C?a—x? — 208058_;62- = Stwb(t,:vi) s (57)
where ¢, = dcg/drs = des/dz, and
, O ,
Sturb(t7 l‘z) = Csm (pOutiutj) + 268058_% (pOUtiutj) ) (5-8)

with changes in notation and replacing [u;]s,+ in the source function Sy, by wy. It
must be noted that Eq. (5.7) reduces to Lighthill’s inhomogeneous wave equation

(see Eq. ?7) in the limit of ¢; = const and with p = ¢?p.
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5.3 Transformed wave equation

To remove the nonconstant coefficient ¢? from the term with the second-order

derivative in Eq. (5.7), we introduce the new variable dr; = dx;/cs and obtain

Pp  Pp 1 (dc,\ Op
with
0? 1 (Ocs\ O
Sturb(t,ﬂ') = m (pOutiutj> + C_s <3T¢) (9_7'] (pOutiutj) . (5~10)

As the next step, we remove the first order derivative from Eq. (5.9) by using

the following transformation:

p(taTi> = pl(t77—i)€_lC 5 (511)
where
1 (71 [Ocg\ -
I = §/m o (aﬁ-) dr; . (5.12)
This gives
821)1 a2101
o2~ ar2 + Q2 (1i)p1 = Stre(t, 71) (5.13)
where
1|1 /0% 1 [0cs\?
B(r)=5 =52 )~ - 14
() 2 [cs (872.2) 2¢2 (87}) ] ’ (5.14)
and
0* 1 (0cs\ O
Sturb(taTi) = |:a7-i87—j (poutiutj) + C_s (37}> (9_7'] (pOutiutj):| GIC . (515)

It must be noted that Eq. (5.13) is often referred to as a Klein-Gordon equation
(Morse & Feshbach 1953; Musielak et al. 1992). In addition, the form of Sy,4(t, 7;)
is interesting as it shows both local (dcs/0x;) and global (1.) effects determine the

source function.
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5.4 Solution and acoustic cutoff frequency

To solve Eq. (5.13), we must specify the temperature gradient in our non-
isothermal model. Since the gas pressure pg = RTypo/ 1, where R is the universal gas
constant and p is the mean molecular weight, must be constant in our model, the
temperature and density variations with height must be related to each other. Let us
consider a model in which both Ty and pg vary only in one direction, say, the x3 (or
z) direction and assume that Ty(€) = Tpo&?, where € = 2/2y, with 2, being a given
height, and Tj is a temperature at this height. For the model to be in hydrostatic
equilibrium (py = const), the density py must decrease with & as py = poof 2. In this
model, the speed of sound c¢; is a linear function of £ and we have ¢,(§) = c5&, where
Cso 18 the speed of sound at z.

The non-isothermal model requires that 7 = z1/cs and 7 = 25/cs but 73 =
In|€ |/woy, where wy = cs0/20. Hence, we obtain £ = 0™ and c¢s(73) = c5e*°™. We
use these results to calculate Q? (see Eq. 5.14), which gives Q? = 0, Q2 = 0 and
03 = Q2 with Q2 = w3 /4 or

2

C
02 = =0 5.16

This allows us to write the inhomogeneous Klein-Gordon equation (see Eq.

5.13) in the following form:

32]91 _ 32]71
ot? ot?

7

+ Q?(Tl)pl - Sturb<t7 Ti) 5 (517)

where Q2 = Q3 =0, Q2 = Q2 and
o2

67’,-8@

0
(powriwe) + 290@ (pouriug) | €207 . (5.18)
J

Sturb(tu Ti) -
An interesting result is that (g is constant in the 7-space (but not in the z-

space), so we can formally make Fourier transforms in time and 7-space. Based on

the form of Eq. (5.17) and the fact that €y = const, we conclude that € is the
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acoustic cutoff frequency (Lamb 1908, 1910); one must keep in mind that this is true

only in the 7-space (see also Musielak at el. 2006).

We make Fourier transforms in time and 7-space

p(t, 1) = //pg(w,ki)ei(“t_ki”)dw &k; | (5.19)

where k; is a wave vector corresponding to 7;. This gives

/ / [—w? + k7 + Q2o (K, w)e™ 57 dw d*k; = Sps(t, 73, (5.20)
and
Sturb(("-)?ki)
N — 21
po(w, ki) —w? k24027 (5:21)
with
1 .
Spurs(w, ki) = —— / / Syary(t, 7)e kT qt @B (5.22)
(2m)*
Substituting Eq. (5.15) in Eq. (5.22) and integrating by parts results in:
-1 02 d, 0 :
wr kz - = ) (——— st 2 N e —z(wt—kin)dii Zdt
Sl k) = 5 [ ) + e :
(5.23)

After performing the algebra, Sy.+(t, 7;) was deduced to be: (See Appendix A)

1cuCy  cslt 1 1 3
Srs(t,75) = {kik; = 1 =5+ = 5= = 5[5k + 5

) Lkl (e pousuy)  (5.24)

Taking the first derivative of velocity of sound to be zero for x and y directions, the

above equation turns out to be

1(c,.)? colt i1 3
Sturs(t, 7)) = GICPO{kikjuiuj - —( ) usuz — — — _[§C/szu3kiui + §Clsz“3k3j“j]}

(5.25)
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5.5 Calculation of the Emitted Acoustic Energy Flux

The mean acoustic energy flux is calculated by using

—

F=<pu" > (5.26)

From the momentum conservation and continuity equation, after ignoring gravity
and non linear terms, the velocity of the fluid ? is expressed in terms of the pressure

perturbation, as

1.0 " op
;= ) 5.27
Y po (8t Cg 87'1- ( )
Substituting this relation into the energy flux equation leads to
- 1,0, ,0p
F=-< —)! 5.28
P, (5) o (5.28)
And p can be expressed in terms of its Fourier transform,
Sturb (w7 kl) iwt—ikiTi 3
pa(t, 7i) = / R Q?e d°k;dw (5.29)
= 2 1 k?z Sl (w, k’JST(W, k‘z)dgkzdgk'z
Flw, k) = lim — — . 5.30
) = T—>°°Tpocs/w){—w2+k¢2+9?}{—w2+k’¢2+§2?} (5:30)

5.6 Asymptotic Fourier Transform
Lighthill’s (1960) formula for the asymptotic value of Fourier transforms far

from the source is

@e(iﬁf 3 ek
/ (i) m kacw— (5.31)

2See Eq. 54 in Stein, 1967
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where G, the denominator in the integral in (5.30), is defined as G = k; -

ki — (w? — Q2). K is the Gaussian curvature of the slowness surface ® on which the

. . . A ARG (kika,k3)
direction of normal is defined as |7| = 5l = Referring to (5.29), only
those wave numbers and frequencies contribute to the pressure perturbation where the
denominator, G, vanishes, i.e, where the dispersion relation (G=0) is satisfied. The

sum is over the set k on the slowness surface, G=0. The cosine of the angle between

the sound propagation (group velocity), 7, and the vertical is cos = 2 - 7 = {“—j The
cosine of the angle between the wave vector, k and the vertical is cos 0, = W’f = ‘k—?"

Hence in our particular case the direction of the wave vector is the same as the
direction of propagation, that is, 6, = 6. By applying (5.31) to (5.30), one can

produce the acoustic flux at large distances, which is

2
Flw, k;) = hm 8i fi V(W= S)

T—oo T |72 wpocs

|Stu'rb(w k; )| (532)

5.7 Evaluation of Spectral Efficiency

In the absence of generally accepted model of turbulence, the description of
turbulent flow is based on two-point, two-time velocity correlation functions which
are obtained by considering the source at two points in a turbulent fluid at two

different times.

/ urb T // —7,( t! _le”)d?’ ”dt” (5‘33)
1

Smb(w,ki)z 2t / Srurs(t', 7)) TR @Bl gt (5.34)

Here primed and double-primed refer to the two turbulent source points. Av-

eraging the position and time, 75 being the vector to the mean position between the

3The slowness surface is the surface in wave number space where the dispersion relation is satisfied.
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two turbulent source points and ¢y = 0.5(¢” 4t’) being the mean time between t” and

#', the coordinates in the evaluation of |S(k,w)|? are transformed:

* TZ
|Stu7~b(w k‘ 27‘[’ //// turb t0—|- s TOi + 2)

Sturs(to Ty i TG )e_lwtﬂk i3, ATy, dt di
where 7, = 7/ — 7/ and t = t” — t' are the space and time intervals between the

two points respectively. Performing the integration over t; will result in the time

averaging of | Sy (w, k;)|*:

. t T;
| Sture(w, k;)|? )" ////< turbt0+2 TOMLQ)

Sturb<t0 — 5 ,Toi — 5) > e*lthrzk Tld37_l d37—01 dt (535>

Using subscript i,j and I,m for two different locations and two different times,

Ti

Eq (21) can be used to calculate |S;.,,(to + 5, 70; + %) Surs(to — 5, 70: — Z)|.

% t T; t T;
| turb(to + 5’7—02' + _)Sturb(to - 5; Toi — E)l = ( 2 QIC)[IC k} UIU,
1(c,)? cs:l! .3 1
~1 2 uguy — e uslugl + ~— 2. (2 o uzkjul + 3 s ki) [k w) ul, —
1(d,)? Csl! i 3 1
—ZFUQUE ~ e, wlusl 2—68(5022%7{&‘%‘ + 5l tzhiug)]

(5.36)

Spectral efficiency, Y(¢,7), is obtained by expanding the above equation, ig-

noring the complex part because being an odd function of w it disappears upon

integration over w.
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Y (t, 1) = kikjkikpuiuiu) v, —

S

1 <\’ . Cs:!!
2 Cs Cs

, 4 2 /N2 / 2
SZ// Sz SZ// SZ
(cﬁ) . (C ) n (c,.)%c ] Wil + (Cc_) k;ju kmul uzuy (5.37)

1/ \>  con
§(§> +CC ]k‘ku' LU —

", 1
kiku) ul ugusy +

S

T 21, ]
Sy (w, Ky ¢ / / / 2V (L, 7;)e T @B dB gt

VI e / / / ol TO’ e (o LT e

472)2¢4(T0;)

F(w, k) =

|27'z|2

Substituting the value of ¢, /¢, = 2Q, Eq. 5.37 is reduced to

Y(t,7) =< (kub)?(kaul)? > —303 o{< (kiu; )ng’ug’ >4+ < (k‘iu")2ugug >}

/)

+905 < uguguguy > +408 < (k) (ko yuguy > (5.38)

To reduce the fourth-order velocity correlation to a second-order velocity correlation,

we use the formula introduced by Zhou (5.39) in 1954.

< Uty >=< Uty >< usuy > + < uguy >< ugtty > + < ugty >< gy >
(5.39)

/o2

Y(t, 1) = 2w* < v'v" >? +40w? < V'V >< uuly > —80Vgw?* < v'uy >

+18Q < uguy > (5.40)
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5.8 Convolution of the turbulence spectra

Generally, the Fourier transform of the product of the second-order velocity correla-

tions is expressed as

1 o
/d?’?/ e RN gt < wh! >< ulul >
= / / Aim (F = 7w = 0) Ano(7, 0) PP do = Jimno (5.41)

where \;;, the Fourier transform of the velocity correlation < wjuj >, is defined as:

P

1 o
Aij = ) / / < wi (T, to)u, (T + 7 tg + t) > RN @BF at (5.42)
s

From the phenomenological treatment of turbulence, the correlations between
the instanteous velocity components at two different locations in the turbulent region
can be evaluated when a turbulent energy spectrum E(/g,w) is specified. Assuming
the turbulence to be isotropic, homogeneous and incompressible, A;; can be expressed
as

. E(k,w) kik;
)\ij(k,td) = Ark? ( [/ kQJ)

(5.43)

Even though the medium is nonisothermal, it can be treated locally as homoge-
neous and isotropic, hence the application of the above equation. It is further assumed
that the turbulence energy spectrum, E (l;, w), can be factored into the frequency in-
dependent spatial turbulent energy spectrum E(k) and the turbulent frequency factor
Aw, k), E(k,w) = E(k)A(w, k), which in turn can be substituted in (5.43) to simplify

the calculation of (5.41).

L[ [ BG-PE® ;
(4@2// P NS IS,

kikm, knko. 5,
(61m — ’(1—2)(5% - V&5 do = Jimno (5.44)
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where ¢ = k— p. The integration of o, which has the frequency terms only, can be

performed separately,

gm%wﬁE[mAW—mQAw@Ma

and Eq. (5.44) can be rewritten as

kiky,

k. k,
q—g) (5710 -

p2

L /E@E@ YD = Jimno (5.45)

(477)2 q2 p2 g(p7Q’w)(6lm -

The integration of d®p is simplified by taking ki as the axis of the spherical

cordinate system, d®p = p*dpsin 0dfd¢ = p*dpdudg = 2mp*dpdu with p = cos b, =

cosf and |q] = \/(k?* + p* — 2kpp). The Fourier transforms of velocity correlations
appearing in (5.40) contain four terms, namely Jrkk, Jrzkzs Jrkze and J..... Next we

substitue Jkkkk7 szkz7 Jkkzz and Jzzzz n (540)7 take (%) f()oo dp f_+11 dﬂMg(pv g, CU)

q2

as common, and define the remaining equation as f(w,0,p,q, p).

f(w707p7Qau) - fq+fd+fm

2 2 k 1
fa= —8w2Q§{u2 cos? O (1 — 2—(1 — %)) + (%;ﬁ - %)5(1 — p?) sin? Qk}
2

1
+4w2§23{p—2(1 — ) {1 — p? cos? O, — 5(1 — p?) sin? Hk}},
q
1 k? 1
fn = 18(23{1—,u2 cos? Gk—ﬁ(l—uz) sin’ Opt+—{— cos? Oy +p? cos* 9k+§(1—u2) cos® 0y, sin? 6 }
q

2
1
+p—2{—,u2 cos® Oy, + p* cos® Oy, + 3u* (1 — p?) cos® O sin® 0, — 5(1 — p?) sin’ 6y,
q

3 2pk 3
+=(1 — p*)?sin* 0.} + pQM{cos2 0 — p? cos* 0, — 5(1 — p?) cos? B, sin® Qk}}
q

8
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The emitted acoustic energy flux for a given frequency, calculated in 7 space,

1s:

Toq

B 1 7 (w?— Q)12 i
Ft,7) = —— w ) e%/md?’

T 16 )2 w cs(70i)

[e'e) +1
i dp/_ duwg(nq,w)ﬂw?k,p,q,u) (5.46)

1
The obtained results show that the temperature gradient leads to monopole and
dipole type of emission, which is different than quadrupole emission that dominates

in Lighthill’s theory of sound generation.



CHAPTER 6
PROPAGATION OF TORSIONAL TUBE WAVES

Propagation of torsional tube waves in various magnetic flux tubes has been
extensively discussed in the literature (see Chapter 2). However, it has been recently
shown by Musielak, Routh and Hammer (2007) that the propagation of these waves
inside a thin and isothermal magnetic flux tube is cutoff-free. Other important results
are related to the origin of a cutoff frequency for torsional waves propagating inside
a thick but isothermal flux tube (Routh, Musielak and Hammer 2007), and inside a
thin but non-isothermal flux tube (Routh, Musielak and Hammer 2009). The results

obtained in the above papers are described below.

6.1 Cutoff-Free Propagation of Torsional Waves
6.1.1 Formulation and governing equations

We consider an isolated and vertically oriented magnetic flux tube that is em-
bedded in a magnetic field-free, compressible and isothermal medium. The tube
has a circular cross-section and is in temperature equilibrium with the external
medium. Let us introduce a global cylindrical coordinate system (7, ¢, z), with z
being the tube axis, and describe the background medium inside the tube by the
gas density po = po(r, z), the gas pressure py = po(r,z) and the magnetic field
By = By (r,2)7 + B,.(r,z)2. The physical properties of the external medium are
determined by p. = pe(r, 2), pe = pe(r,z) and B. = 0. Moreover, we also have

To =T, = const.

95
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To describe torsional waves, we introduce U = vy(r, z,t)ngS and b = be(r, z,t)ngS,

and assume that the waves are linear and purely incompressible, which means that
both the perturbed density p and pressure p can be neglected. As a result of these
assumptions, the propagation of the waves is fully described by the momentum and
induction equations. The ¢-component of the momentum equation can be written in

the following form

9 rvs 1 0 0
— (=) — ———= | Bopy=— + By,— = 1
ot < r ) 47 por? { o Oy Ozaz} (rbs) =0, (6.1)

and the ¢-component of the induction equation becomes

5 [ 0 07 rve\
5000~ 12 B+ B | (%) =0, (62)

The derived momentum and induction equations are our basic equations for all the

results derived and discussed in this chapter.

6.1.2 Thin flux tube approximation

Solar magnetic flux tubes are considered to be thin if their magnetic field is
horizontally uniform, which means that at a given height all magnetic field lines have
the same physical properties (e.g., Priest 1982). The essence of the so-called thin flux
tube approximation (Roberts & Webb 1978, 1979; Spruit 1981, 1982; Priest 1982;
Hollweg 1985; Ferriz-Mas, Schiissler, & Anton, 1989; Ferriz-Mas & Schiissler 1994;
Musielak et al. 1995; Roberts & Ulmschneider 1997; Hasan et al. 2003) is that radial
expansions around the axis of symmetry can be truncated at a low order. For the

radial component of the magnetic field the leading term is of first order,

0By, (r,
By, (1, 2) = Bop(r, 2)|r=0 + 7 {M} +
r=0

or



o7
since By, (r =0, z) = 0 at the symmetry axis (cf. Ferriz Mas & Schiissler 1989). Away

from the tube axis By, (r,z) can be expressed in terms of r and By,(z). Using the

solenoidal condition V - éo = 0, we obtain
r !/
Bor(r,z) = =5 Bo.(2) , (6.4)

where B, = dBy,/dz.

The thin flux tube approximation also requires that py = po(z), po = po(2),
Bo. = Bo.(2), pe = pe(z), pe = pe(z) and Ty = T, = const. In addition, the horizontal
pressure balance must be satisfied, py + B3, /87 = p. at r = Ry, where R, is the
tube radius. The increase of R; with height is determined by the conservation of the
magnetic flux TRZBy, = const. As a result of the above assumptions, the Alfvén
velocity ¢4 = By./+/4mpe remains constant along the entire length of a thin and
isothermal magnetic flux tube, and B}, = —By,/2H, where the pressure (density)
scale height H is also constant. For reasons explained in the next subsection, the
wave variables v, and b, are considered here to be functions of time and both spatial

coordinates r and z.

6.1.3 Wave equations
Using Eq. (6.4) and taking into account the fact that the variables  and z are

independent in the global coordinate system, we write Egs. (6.1) and (6.2) as

8v¢, B(/] 8b¢ B()z ab¢
2 < 1p, ) = —2 -0 6.5
ot i 87 o "or 09 dmpy Oz ’ (65)

and

8b¢, Béz 8v¢, 8% .
ot + 9 (T — U¢) — BOz =0. (66)
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We combine the above equations and derive the wave equations for the wave

variables vy (r, z,t) and by(r, z,t)

v, 2 D*v, i% B A ;
oz 92 " 2H 9z 16H® °
Ce (I () L g%V 1 Ove]
ca <4H) {(4}1) o e Tamar |~ (6.7)

and
82b¢ 2 62b¢ 0124 8b¢ 0?4

o2 A2 2H 9 16H2?
Ce (I [y Pl 9 0o 3 O] _
ca <4H> [<4H) o2 20r82 Timor ] T v (6.8)

The derived wave equations show that the value of the parameter (r/4H) deter-

mines the contributions of the r-dependence of the wave variables v, and by to the
propagation of torsional tube waves. For wide flux tubes, the contributions are im-
portant, however, for very thin flux tubes with (r/4H) << 1, the contributions
become negligible. It must be noted that the limit (r/4H) — 0 is not allowed be-
cause vy (7, 2,t)|,=0 = 0 and by(r, 2,t)|,—=0 = 0. From a physical point of view, this
means that a flux tube reduced to a single magnetic field line cannot support torsional
waves.

Since the derived wave equations have different forms for vy and by, the wave
variables behave differently. In the following, we transform these wave equations to

new variables that obey the same wave equations.

6.1.4 Transformed wave equations

Using the transformations vy (r, z,t) = v(r, 2,t)p~ Y4 and by (r, 2, t) = b(r, z, ) p*/4

(see Musielak et al. 1995; Musielak & Ulmschneider 2001; Noble et al. 2003), we obtain

=0, (6.9)

o~ “o2 “A\am) |\1m
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and

b, 0% 2(7’){(7")8% 0%b 1 0b 0 (6.10)

o~ “az 9 \am) [\am) a2 T or0: Tamar|
Clearly, the behavior of the transformed wave variables v and b is identical.

To remove the first-order derivatives from the above equations, we use the

transformation d¢ = (4H/r)dr, which gives
0? , 02 , 02 , 0°
(@ T Caga T g QCAM) [v(¢, 2, 1);0(¢, 2,8)] =0, (6.11)
where ¢ = 4H In|r|. This is the most general equation that describes the propagation

of torsional waves along thin and isothermal magnetic flux tubes. The equation shows

that there is no cutoff frequency for torsional tube waves.

6.1.5 Dispersion relation
Since all the coefficients in Eq. (6.11) are constant, we make Fourier transforms

in time and space, and derive the following dispersion relation
w? = (k2 + 2k.ke + k) (6.12)

where w is the wave frequency and k. and k¢ are the z and ¢ components of the wave
vector E, respectively. Note that the same dispersion relation is obtained for each
wave variable.

Let us define k = k, + k¢ and write
w? = K, (6.13)

which shows that the propagation of linear torsional Alfvén waves along thin and

isothermal magnetic tube waves is not affected by any cutoff frequency.
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6.1.6 Other approaches

To demonstrate that the propagation of torsional tube waves is cutoff-free,
we used the global coordinate system and the original wave variables vy and by,
which were transformed to the new variables v and b. Two different approaches
were developed by Ferriz-Mas et al. (1989), who adopted the same coordinate system
but used different wave variables, and by Hollweg (1978, 1981, 1992), who chose a
local coordinate system and introduced different wave variables (see also Edwin &
Roberts 1983 and Poedts et al. 1985). In addition, Noble et al. (2003) considered
the global coordinate system and used the wave variables vy and b,. However, their
assumption that By, = 0 was inconsistent with the solenoidal condition, which makes
their claim of the existence of the cutoff frequency for torsional Alfveén waves invalid.
In the following, we demonstrate that the momentum and induction equations derived
by Ferriz-Mas et al. and Hollweg lead to the same results as those found in this
dissertation.

In their work on propagation of waves along thin magnetic flux tubes, Ferriz-
Mas et al. (1989) used the global coordinate system and derived the first and second-
order equations that describe the propagation of sausage, kink and torsional Alfvén
tube waves. In their approach, each wave variable is expanded in a Taylor series and,
specifically for torsional tube waves, the new variables vy and bgi, which represent

the first order expansion in the series, are introduced. These variables are given by
8v¢ 8b¢

t) = —|= d  bsi(z,t) = —|=0 - 6.14

vz t) = S0 and baa(z,t) = 521 (614

Since v4(r, 2,t)|r=0 = 0 and by(r, z,t)|,—0 = 0 (see Sec. 3.2), we may use Eq.
(6.14) to write vy(r, 2,t) = 1v41(2,t) and by(r, z,t) = rby(z,t) in first order. Substi-
tuting these new variables into Eqgs. (6.5) and (6.6), we obtain

81](;51 1 ’ 8b¢1
— (Blby — B2t ) =0, 6.15
ot N A7 po ( 0=701 % 0z (6.15)




61

and

% — Bozagjl =0, (6.16)
which are the same equations as those obtained by Ferriz-Mas et al. (1989, see their
Eqgs. 14 and 16; note that our B, corresponds to their rB,;, and v, and v, vanish
in our case). Despite the fact that vy and by depend solely on z and ¢, the above
equations are not valid at the tube axis (see discussion above).

The wave equations resulting from the above momentum and induction equa-
tions become

82U¢1 2 82U¢1
o5~ g =0, (6.17)

and
82b¢1 2 826¢,1 6?4 8b¢1 6?4
J— C —_— — J—
o2 4022 H 9z  AH?

bor =0 . (6.18)

Clearly, the derived wave equations have different forms, which implies that the wave

variables vy and bg; behave differently. To remove the first-order derivative from Eq.

(6.18), we use the transformation by (z,t) = by (z,t)p"/?, and obtain
Py 5 Py
ati — & 8,2(; =0 . (6.19)

Hence, the behavior of the wave variables v4 and l~)¢1 is the same and there is no cutoff
frequency that affects the wave propagation. This is an important result as it shows
that the non-existence of a cutoff frequency for torsional tube waves is independent
of the choice of the wave variables.

Propagation of torsional waves along magnetic flux tubes can also be described
by using a local orthogonal curvilinear coordinate system (&, 6, s), with s being the
length measured along a magnetic field line, 6 the azimuthal angle about the axis of
symmetry, and & a coordinate in the direction é =0 x §. In this case, B% = Bos(s)8,

Boe = 0 and Byy = 0. We also have 7 = (s, )0, b= by(s,t)0 and R = R(s), where R
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represents the distance from the magnetic field line to the tube axis. This approach
was first considered by Hollweg (1978), who also applied it to solar magnetic flux
tubes (see Hollweg 1981, 1992).

Following Hollweg, Jackson, & Galloway (1982), the curvilinear scale factors
are hy = R and hy = 1, and we determine h¢ from the condition he R By, = const,
which results from V- EO = 0. To conserve the magnetic flux, we must choose he = R.
Using these scale factors, the explicit form of the momentum and induction equations

18

0 Vo BQS 0

Z (29 _ - — 2

ot <R> A7 po R2 g5 Ttbe) =0, (6:20)
and

8 2 8 Vo

— — R°Bys— (=) =0. 21

g7 (Ro0) = R*Bae () =0 (0:21)

It is easy to see that the magnetic field éo(s) in the local coordinate system can
be described in the global coordinate system (see Egs. 6.1 and 6.2) by the By, (r, z)
and By, (r, z) field components. This means that the following relation must hold

between the spatial operators in these two coordinate systems
= Bos— . (6.22)

This relation is consistent with the fact that EO -V must be the same in the global
(the LHS of Eq. 6.22) and local (the RHS of Eq. 6.22) coordinate systems. Moreover,
vy and vy are also related, as the former can be treated as a projection of the latter
on the ¢-axis of the global coordinate system. Obviously, the same is true for the
wave variables b, and by.

We follow Hollweg (1978, 1981) and introduce the new variables x = vy/R and

y = Rby. The wave equations for these variables are

0%z O*x
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and
Py 0 [ ,0y
— = = — | =0 6.24
o2 0s (CA Os ’ (6.24)
where in general ¢4 = ca(s). However, for thin magnetic flux tubes c4 = const (see

Sec. 3.1) and the wave equations become

(5 ~ s ) ets. 035,01 = 0. (6.25)

Again, no cutoff frequency exists. It is a significant (but expected) result that this
non-existence of a cutoff frequency for torsional tube waves is independent of the

choice of the coordinate system and the wave variables.

6.1.7 Implications of the obtained results

We considered the propagation of linear torsional waves along thin and isother-
mal magnetic flux tubes using the global coordinate system, and derived new wave
equations describing this propagation. The derived wave equations were then used to
demonstrate that no cutoff frequency exists for these waves, which means that tor-
sional waves of any frequency are freely propagating along the tubes. We also showed
that this result is independent of different choices of the coordinate systems and wave
variables adopted by Ferriz-Mas et al. (1989) and Hollweg (1978, 1981, 1992).

As first shown by Defouw (1976) for sausage tube modes and by Spruit (1981)
for kink tube modes, the propagation of both waves is affected by their corresponding
cutoff frequencies. With their cutoff-free propagation, torsional Alfvén modes seem to
be exceptional among the tube waves. In general, the existence of cutoff frequencies
is caused by either gravity or gradients of the characteristic wave velocities, which
result from an inhomogeneity of the background medium. In the cases discussed in
this paper, the characteristic wave velocities are constant for all tube modes because

of the thin flux tube approximation. Hence, it is gravity which leads to the origin of



64

the cutoff through either stratification (sausage tube waves) or buoyancy force (kink
tube waves).

The fact that stratification leads to a cutoff frequency for acoustic waves propa-
gating in a stratified and isothermal medium was first demonstrated by Lamb (1908,
1911). Since sausage tube waves are essentially acoustic waves guided by the tube
magnetic field, and since they propagate in a stratified and isothermal medium inside
the tube, it is stratification of the background medium that is responsible for the
existence of the cutoff frequency for these waves.

The nature of kink tube waves is significantly different than sausage tube waves
and yet it is again gravity that is responsible for the existence of the cutoff frequency
for these waves. The main reason is that magnetic tension and buoyancy are the
restoring forces for kink tube waves, and that the buoyancy force through its depen-
dence on gravity leads to the cutoff frequency (e.g., Spruit 1982; Hollweg 1985), which
is lower than that for sausage tube waves.

Now, despite some similarities between kink and torsional Alfvén tube waves,
the main difference is that magnetic tension is the only restoring force for the latter.
Since linear torsional tube waves have only purely axisymmetric twists in the ¢-
direction and show no pressure fluctuations, the twists are neither coupled to the
gravitational force nor affected by stratification. As a result, no cutoff frequency can
exist for linear torsional waves propagating along thin and isothermal magnetic flux
tubes.

The cutoff-free propagation of torsional tube waves may have important im-
plications on theories of wave heating of the solar and stellar atmospheres. The
theoretical models of stellar chromospheres constructed by Fawzy et al. (2002a,b) are
based on the amount of energy carried by acoustic waves and by sausage and kink

tube waves; these waves are generated by turbulent motions in the solar and stellar
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convection zones. The models point to a missing amount of heating for stars with
high levels of activity. It is likely that the energy carried by torsional Alfvén waves
could be used, at least partially, to account for these “heating gaps”. Since there
is no cutoff frequency for torsional tube waves, a broad spectrum of these waves is
expected to be generated in the solar and stellar convection zones. The waves of dif-
ferent frequencies of this spectrum may transfer energy to different parts of the solar
and stellar atmospheres. Hence, new studies are required to determine the efficiency

of generation of torsional tube waves and their dissipation rates.

6.2 Non-isothermal and thin magnetic flux tubes

Our results described above showed that there is no global cutoff frequency for
torsional tube waves propagating inside a thin and isothermal magnetic flux tube.
From a physical point of view, the cutoff-free propagation of torsional tube waves can
be explained by the fact that magnetic tension is the only restoring force for these
waves and that neither stratification nor buoyancy force affects their propagation.

We now demonstrate that temperature gradients inside a thin, but non-isothermal
magnetic flux tube lead to a cutoff frequency for torsional tube waves. We consider
a tube that is in thermal equilibrium with the external medium. Since the tempera-
ture in the surrounding medium varies with height, our assumption implies that the
same temperature gradient must be inside the flux tube. This vertical temperature
gradient causes the characteristic speed of torsional tube waves and the pressure and
density scale heights to vary with height. Having these physical parameters varying
along the tube requires the method describe in Chapter 3 to determine local cutoff
frequencies.

We study the effects of different temperature gradients on the local cutoff fre-

quency by considering several power-law temperature models as well as a more real-
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istic model of the solar atmosphere developed by Vernazza, Avrett & Loeser (1981).

The cutoff frequency is used to determine the conditions for the propagation of tor-
sional tube waves. The obtained results are also compared to recent observational
data which clearly indicate that torsional tube waves do exist in the solar atmosphere
(e.g., Bonet et al. 2008; Jess et al. 2009). According to Jess et al., there are oscilla-
tions in the solar atmosphere with periods ranging from 126 s to 700 s that can be
identified as a signature of torsional waves propagating along expanding magnetic flux
tubes. We use our theory to determine whether this range of frequencies corresponds

to the propagating torsional tube waves in the solar atmosphere.

6.2.1 Flux tube model and wave equations

We consider an axisymmetric, isolated and vertically oriented magnetic flux
tube whose cross-section is circular. The tube is assumed to be thin (e.g., Spruit
1981; Priest 1982; Roberts 1991; Stix 2004) and embedded in the magnetic-free solar
atmosphere with a vertical gradient of temperature. Since the tube is thin, its in-
ternal structure is assumed to be in thermal equilibrium with the external medium,
which means that the temperature inside and outside the tube is the same at a given
atmospheric height.

To describe the propagation of linear torsional waves inside this non-isothermal
magnetic flux tube, we use the cylindrical coordinate system (r, ¢, z) and introduce
the wave variables 7 = v4(r, z,1)¢ and b = by(r,z,t)¢. Following Musielak et al.

(2007), we write the ¢-component of the linearized equation of motion as

d(ve/T) 1 [Bor% i Boz%:| (rby) =0 | (6.26)

ot 47 p,r?

and the ¢-component of the linearized induction equation as

8(7’b¢) 2 (9 8 o
5 r BDT@T + Bozaz (vp/1) =0, (6.27)
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where B, and B,, are the radial and vertical components of the tube magnetic
field. Since the considered magnetic flux tube is thin, we use the thin flux tube
approximation discussed above.

In addition, at r = R,;, where R; is the tube radius, the horizontal pressure
balance is satisfied

2

BOZ
pO + 87'[' :pe 9 (628)

with p. being the gas pressure of the external medium.
We use Eq. (7.93) and take into account the fact that the variables r and z are

independent of each other. This allows us to write Egs. (7.89) and (7.90) as

c%d, 1 8b¢ dBoz Boz 8b¢
e i — — = 2
ot * 87, (r or + b¢) dz dmp, 0z 0, (6:29)
and
8b¢ 1 0v¢ dBOZ 6U¢ o
ot (TW - %) 5. B, =0 (6.50)

As already mentioned above, the temperature inside the tube is T, = T,(z)
with T,(z) = T.(z) because of the temperature equilibrium between the internal and
external media.

Let us introduce the pressure scale height H, = H,(z) given by

1dp, 1dp, 1dT, 1
- = — =—— . 31
T, dz H, (6:31)

po dz E dz
Since H,(z) is the same as the pressure scale height of the external medium
H.(z2), we maye write H,(z) = H.(z) = H(z) = C%(2)/vg, where C?(z) = C2 (z) =
C2,(z) is the sound speed, g the gravitational acceleration, and ~y the ratio of specific
heats, which we assume to be constant. In addition, we introduce the Alfvén speed
Ca(2) = Box(2)/ /47 po(2).
Using the horizontal pressure balance and applying the thin flux tube approx-
imation (r/H << 1 and r?/H? << 1), we obtain [dB,,(2)/dz]/B,.(z) = —1/2H(z)
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and derive the following wave equations for torsional waves propagating inside the

non-isothermal magnetic flux tube

2 2 2
07w CAaW’ CA%_&<1+CZ_H)U¢:07 (6.32)

ot? 022 2H 0z 4H? \ 4 dz
and
Pby _ n @by Ch (| AHACy\ by C3 (1 2HdCy dHY, =
o2 A92 o Cy dz ) 0z 4H2\4  C, dz dz ) ®
(6.33)

The fact that the wave equations are different for v, and b, clearly implies that these
wave variables behave differently in the non-isothermal medium and that both wave
equations are needed to determine a cutoff frequency. It must also be noted that for
an isothermal medium, where C'y and H are constants, Eqgs. (7.97) and (6.33) reduce
to the wave equations describing the propagation of torsional waves along a thin and

isothermal magnetic flux tube is cutoff-free (see above).

6.2.2 Cutoff frequency with local time
In order to cast the above wave equations in their standard forms, we remove

the terms with the first-order derivatives by using the following transformations

vs(z,t) = v(z,t) exp [4 / CZ} , (6.34)

and
1 [ AH dC4\ dz
by(z,t) = b(z,t —= 1 . .
o(2,1) (Z,)exp{ 4/<+CA dz) ] (6.35)
The resulting wave equations are:
0*v , 0%
w—C’A@—O , (6.36)
and
0?b 0%b 9
atg CAa 2 Qcmtb 0 ) (637>
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where ., is the critical frequency (Musielak, Fontenla, & Moore, 1992; Musielak et

al. 2006) given by

d*Cy
2
Vi = Ca—s (6.38)
Note that the critical frequency for the wave variable v, is zero.
We make the Fourier transform in time [v(t, z), b(t, 2)] = [0(2), b(z)]e ™", where
w is the wave frequency. Then, Eqs (7.12) and (7.13) become
0% W]
[@ + C—i} 0(2)=0, (6.39)
and
9 w027
—+ —|b(2) =0. 4
[(922 + cz ] (2)=0 (6.40)

Since the physical parameters in the above equations depend on z, the range
of w that corresponds to propagating wave solutions can be determined by using
the oscillation theorem (see Chapter 3). The theorem requires that the equations
are compared to Euler’s equation, for which the solutions are well-known (again see
Chapter 3). As a result of this comparison, the wave propagation conditions and
the turning-point frequencies are obtained. There are two conditions that must be

obeyed in order to have propagating waves

> — 6.41
C3(z) = 4227 ( )
and
w? — Q2 . 1
— > — 6.42
C3(z) 422 (642)
The resulting turning-point frequencies (see Appendices B and C) for v, and
b, are

2
Qtp,z,v(z) = 4t12(2) )

(6.43)
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and

1
Q7 (2) =%, (2) + —— 6.44
tp, ,b( ) t( ) 4t12(2) ( )

where ;(z) = z/Ca(z) is a quantity with dimension of time, which we call “local
time” hereafter, and which will later be compared to the wave travel time along a
flux tube. According to the results of Appendix C, solutions of Eqs (7.15) and (7.16)
describe propagating waves only if w > €, ., and w > €y, . 5.

Typically, the larger turning-point frequency is identified as a cutoff frequency
(Musielak et al. 2006; Routh et al. 2007). From a physical point of view, this choice
guarantees that for any w larger than the cutoff frequency, both wave variables are
always described by the propagating wave solutions. In addition, the cutoff frequency
separates the propagating and non-propagating (evanescent) wave solutions. Since

the sign of d*C'y/dz* determines the sign of Q2 .,. the cutoff frequency Q. . is either

crity

Qeut,2(2) = Qup2p(2) = \/Qirit(z) + 20 (6.45)

if *Ca/dz*> 0, or
1
- 2tl(2) ’

if d?C4/dz* < 0. To determine the cutoff frequency, a model of the thin and non-

cht,z(z) - Qtp,z,v(z) (646)

isothermal magnetic flux tube has to be specified.

Our results show that the cutoff frequency depends on the local time ¢;(z),
which is evaluated at each height in the model, and that ¢;(z) plays an important role
in obtaining the cutoff frequency; only in cases when €..;; >> 1/2t, and the cutoff
is given by Eq. (7.21), the effects of t; become negligible (see Sec. 5 and 6). As
already discussed by Musielak et al. (2009) for transverse tube waves, ¢;(z) does not
represent the actual wave travel time ¢,(z) because in order to evaluate the latter
the expression 1/C4(z) must be integrated over z in the model. We now introduce a

method that allows us to express the cutoff frequency in terms of t,(2).
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6.2.3 Cutoff frequency with actual wave travel time

We begin with the transformation dr = dz/C4(z) and write Eqs (7.97) and

(6.33) as
0? 0? Cy C4\ O C’fl 1 H
and
0? 0? Cy C4\ O Ci 1 2HCY, H'
Z 2 (= Ay T A, m A T = 4
L’%? g (2H+CA>67 4H2<4+CACA CA>}6¢(T,75) 0, (6.48)

where C’y = dCy/dr and H' = dH/dr.
To remove the first order derivatives with respect to 7 from these wave equa-

tions, we use the following transformations

B 1 [T(Cy O N
vg(T,t) = v(7,t) exp [2 / (2H + CA> dT‘| : (6.49)
and
B 1 [T/Cy CY ~
be(7,t) = b(T,1t) exp [ 5 / <2H + OA) dT:| : (6.50)
and obtain
0? 0? 9 ]
|:@ - w + QCT’U(T)_ 'U(T, t) =0 s (651)
and
0? 0? 9 1
|:@ - 6_7'2 + ch,b(T)_ b(T, t) =0 s (652)
where
3/C,\° 1Y
2 _2 (XA} _ XA
QCT,U(T) - 4 (CA) QCA ) (653)
and
1c% 1/’
2 A _ - [Z4A
ch,b<T) - QCA 4 (CA) ) (654)

with C’f = d*C4/d7?. Note that .., and . are known as the critical frequencies
(Musielak, Fontenla, & Moore, 1992; Musielak et al. 2006; Routh et al. 2007), and

that they are zero if there are no temperature gradients.
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We make the Fourier transform in time [v(,t), b(7,t)] = [0(7), b(T)]e”™*, where

w is the wave frequency. Then, Eqs (7.104) and (7.105) become

) :
{% +w = Qg (7)| 8(r) =0, (6.55)
; :
and
2, 1
572 T = Qep(7) [ b(7) = 0. (6.56)

Applying the oscillation and turning-point theorems (see Appendix B) and the

results presented in Appendix C, we obtain the following turning-point frequencies

1

2 _ 02
Qtp,T,U(T) - QCT‘,’U(T) + 4_7_2 ) (657)
and
1
2 2
Qtp,T,b(T) = ch,b(T) + 4_7_2 ) (658)
where
(2) / QLI (6.59)
T Z = ~ T ) .
Ca(z) €

with 7¢ being an integration constant to be evaluated when flux tube models are
specified (see Sec. 5). According to Eq. (7.112), the variable 7(z) is the actual
wave travel time ¢,,(z) from the base of a flux tube model to a given height z. Since
7(z) = tw(z), the turning-point frequencies €, ,(7) and €2, ,(7) do depend on the
actual wave travel time but not on the local time (see Eqs 7.19 and 7.20).

The turning-point frequencies separate the solutions into propagating and non-
propagating (evanescent) waves. Since there is a turning-point frequency for each
wave variable, only one of them can be the cutoff frequency. We follow Musielak et
al. (2006) and Routh et. al. (2007), and identify the largest turning-point frequency
as the cutoff frequency. The choice is physically justified by the fact that in order

to have propagating torsional tube waves at a given height z, the wave frequency w
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must always be higher than any turning-point frequency at this height; note that as

a result of this choice both wave variables are always described by the propagating

wave solutions. Thus, we can write

Qeut. (1) = max([Qp .o (7), Qprp(7)] (6.60)

and use it to determine the cutoff frequency for each 7.
According to Eq. (7.112), the variables 7 and z are related to each other. Hence,

we may use

1 dCy dCy

s .61
Cy dr dz (6.61)
and
1 d2CA dQCA dCA ?
— — .62
Ca dr? Adz2+<dz) ’ (6.62)
to express the critical frequencies Q2, (1) and Q2. ,(7) in terms of 2
QR (2) =+ L (dCa)* _ (o #Ca (6.63)
T2 12\ dz a2 | '
and i i
1|1 /dCy\* | ., d*Cy
02 () == |= (& 64
cr,b(z) 219 ( dz ) +CA dz2 (66 )
The same conversion can be applied to the turning-point frequencies €, (1)
and Q7 _,(7), and the results are
02 (2) =02 (z)—i—l-/z R (6.65)
tp,T,v cr,v 4 I CA(é) ) .
and
L[ (% dz -
2 2
Boal®) = Bal)+7 | [ gz +7e| (6.66)
with the cutoff frequency given by
Qeut(2) = max|[Qypr0(2), Qpra(2)] - (6.67)
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Note that the effects of the wave travel time ¢,(z) = 7(z) on the cutoff frequency
are negligible when €., >> 1/27 and ., >> 1/27, which does occur in some flux
tube models.

Specific flux tube models are needed to compare the cutoft frequency €., , to
Qecut» that was obtained in Sec. 3 (see Eqs 7.21 and 7.22). Below we consider some
models of a thin and non-isothermal magnetic flux tube, and make a comparison
between these two cutoff frequencies.

Finally, we want to point out that when the following condition

1 (dCA\* ., d*Cy
5(%) =Ca—s (6.68)

is satisfied, Q. (2) = 0 and Qg p(2) = Qerir(2), where Q.1 (2) is the critical frequency
derived in Sec. 3 (see Eq. 7.14). To satisfy this condition, a solution in the form of a
power law, to be compared with the models in the subsequent Sec. 5, must have the
form of C4(2) = Cao(z/20)?, where 2 is a fixed atmospheric height and C4q is the

value of C'4 at this height.

6.2.4 Specific flux tube models
We now assume that a thin and non-isothermal flux tube is embedded in an

atmospheric model with the following temperature distribution (Routh 2006)
T()(Z) == Toggm > (669)

where £ = z/z is the distance ratio, with zy being a fixed height in the model, and
m can be any real number. We define Tyy to be the temperature at z; and take
Too = 5000 K for all considered models. With zy = 10 km and Cy(z) = Cyo = 10
km/s, all our calculations begin at £ = 1 and continue up to & = 10. Taking m to be
a positive integer, we plot the Alfvén speed C4 as a function of z in models with m

ranging from 1 to 5 in Fig. 6.1.
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Figure 6.1. Alfvén speed C4 vs. the distance ratio z/zq for the power-law temperature
models with m ranging from 1 to 5.

We consider two special cases of m = 1 and m = 2, and one general case of
m > 2. For each model, we calculate the critical frequencies by using Eqs (6.63) and
(6.64), the turning-point frequencies by using Eqs (6.65) and (6.66), and determine
the cutoff frequency Q.. -(§) from the condition given by Eq. (6.67). The calculations
of the turning-point frequencies require evaluation of the variable 7, which represents
the actual wave travel time ¢,. This is done by using Eq. (7.112) in which the
integration constant 7¢ is evaluated by taking 7(£ = 1) = 19 = 29/Cag, where Cyg
is the value of Cy at zy; we perform our calculations by taking zy = 10 km and
C4o = 10 km/s. Note that the integration constant is evaluated in the same way for
all considered power-law models.

For comparison, we also calculate the critical frequency given by Eq. (7.14),
and use Eqs (7.21) and (7.22) to determine the cutoft frequency Q.. .(§). We now

present and discuss the results.
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Figure 6.2. Cutoff frequencies €, » (solid lines) and €., . (dashed lines) are plotted
versus the distance ratio z/zy for the power-law models with m =1 and m = 2.

6.2.5 Linear temperature models
For this model Ty(¢) = Tpoé, which gives C4(€) = Co€'/?. In this case, the
turning-point frequency €, -, is always larger than €, ;;, and the cutoff frequency
is
Qeur(6) = P ! ;] Ce (6.70)
cut,T 017 (2612 —1)2 5
where Qy = Cy/22 has a fixed value at z,. The plot of the normalized cutoff

frequency [Qeye-(€)/€] versus € is shown in Fig. 6.2.

Since d*Cy/dz* < 0, the cutoff frequency Q.. (£) is given by

cht,z(&) - 906_1/2 ) (671)

and the ratio of Qg .(€)/ is compared to the normalized Q... -(§) in Fig. 2.
The comparison shows that €., , is larger than €., . throughout the model.

The reason for the difference is the discrepancy between the actual wave travel time
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Figure 6.3. The actual wave travel time ¢,, (solid lines) and the local time ¢; (dashed
lines) are plotted versus the distance ratio z/z, for the power-law models with m = 1
and m = 2.

tw, which mainly determines €2, -, and the local time ¢;, which uniquely establishes

the value of Q. . for this model. The discrepancy between ¢,, and ¢; is shown in Fig.

6.3.

6.2.6 Quadratic temperature models
With Ty(€) = Too&?, we find C4(€) = Co€, which gives the same turning-point

frequencies, and the cutoff frequency can be written as

1/2
O (€)= |14 ] (6.7

Since d*Cy/dz* = 0, the cutoff frequency Qe .(€) becomes

cht,z(g) - QO . (673)

The normalized cutoff frequencies Q.yt - (§) and Qe . (€) are plotted in Fig. 6.2.

The difference between these cutoff frequencies are even more prominent than those
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found for the model with m = 1. The reason is that for the model with m = 2,
both Q. and €., . are mainly determined by ¢; and ¢, respectively, and that in

addition €., . and t; are constant (see Figs 6.2 and 6.3).

6.2.7 Other power-law temperature models
We now consider the general case of Ty (&) = Too&™, where m > 2. This gives
C(€) = Co€™?, and among the two turning-point frequencies Qyp.rp is always larger

than €y, .. Hence, the cutoff frequency is

(m — 26G-m)/2)2

m(3m — 4)
4

Qeur+(€) = Qo g2 4 (6.74)

For this model d?C4/dz? is positive for all m > 2, thus the cutoff frequency

Qeur-(§) can be written as
et (€) = Qo [m(m — 2) +1]/2 gm=2/2 (6.75)

The normalized cutoff frequencies Q.y¢ - (€) and Qeye . (§) are plotted in Fig. 6.4
for m = 3, 4 and 5. A surprising result is that the cutoff frequencies are very similar
(see Fig. 6.4) despite large discrepancies between the actual wave travel time t,, and
the local time ¢; (see Fig. 5). This clearly implies that the contributions of t,, and ¢,
to the cutoffs are small when compared to the contributions of the critical frequencies
ch,b and Q¢

Specifically, we can use Eq. (7.47) to determine that the contributions due to
Qi exceed those due to t; by a factor of m(m—2), which means that for higher values
of m the contributions of ¢; are smaller. Very similar results are obtained from Eq.
(7.46) for the contributions of .., and t,. This shows that the critical frequencies
play a dominant role in evaluating the cutoff frequencies for the models with m > 2.

However, the opposite is true for the models with m = 1 and m = 2, as in these
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Figure 6.4. Cutoff frequencies Q. » (solid lines) and €., . (dashed lines) are plotted
versus the distance ratio z/zp for the power-law models with m = 3, m = 4 and
m =5.
models the cutoff frequencies were primarily determined by the contributions from ¢,
and ;.

Among the three models described here, the model with m = 4 plays a special
role because this is the only one considered in this paper that satisfies the condition
given by Eq. (6.68). As a result, the critical frequencies Q,,, and Q,,;; are equal and
they dominate the respective contributions from ¢,, and ¢; by a factor of 8 or more.
Even so, the cutoff frequencies (2., and (2., . are not exactly the same, actually,
Qeut» > Qeurr everywhere in the model (see Fig. 6.4). Hence, it is the contribution
from ¢; (see Fig. 6.5) to Q.. that accounts for these small differences despite the
factor 8.

Our results show that the cutoff frequencies Qeur - (§) and Qe . (€) are not the

same in the power-law temperature models and that the values of the cutoffs rapidly
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Figure 6.5. The actual wave travel time ¢,, (solid lines) and the local time ¢; (dashed
lines) are plotted versus the distance ratio z/zg for the power-law models with m = 3,
m =4 and m = 5.

increase when steeper temperature gradients are considered. There are also significant
discrepancies between the actual wave travel time ¢,, and the local time ;. However,
the contributions of ¢,, and ¢; to the respective cutoff frequencies Q. - (€) and Qeye - (§)
are model dependent; the contributions are dominant for the models with m = 1 and

m = 2, and they become small for the models with m > 2.

6.2.8 Flux tube embedded in the VAL solar model

We now consider a thin and non-isothermal flux tube that is embedded in the
VAL C model of the solar atmosphere (Vernazza et al. 1981), for which the height
z = 0 corresponds to the unity optical depth and the temperature 6420 K. The
model’s lowest (T}, = 4170 K) and highest (T},,4, = 4.47 x 105 K) temperatures are

located at z = 515 km z = 2543 km, respectively. The model also extends below the
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z = 0 height to z = —206.65 km, where the temperature is 1.017 x 10* K. We always

start our calculations at the height z = 0 and continue to z = 2543 km.

In our calculations, we first determine the tube magnetic field by using By(z) =
Booe */*M | where H is the scale height given by Eq. (7.96) and By = By(z) =
1500 Gs. Knowing By(z), we use the horizontal pressure balance (see Eq. 7.93) to
determine the gas pressure py(z) inside the tube, and then py(z). Having obtained
By(z) and py(z), we compute the Alfvén speed Cy as a function of z in the model.
Comparison of C4(z) to the sound speed Cy shows that C4(z) > Cs(z) in the entire
model, which means that the plasma-g is lower than 1.

In order to evaluate the cutoff frequencies Q.. and .y, (see Eqs 7.113 and
7.21 or 7.22), we must calculate the first and second derivatives of C'y with respect
to z. Because the VAL model contains unequally spaced data, the calculations must
be performed numerically. We use the method based on the second-order Lagrange
polynomial P,. The resulting cutoff frequencies are plotted in Fig. 6.6, which shows
that ., . is larger than ., , in almost the entire model, except in the upper most
layers where the cutoffs become practically the same.

To understand the differences between €., - and ., ,, we plot the local time
ti(z) and the actual wave travel time t,(z) = 7(z) in Fig. 7. It is seen that the
differences between ¢; and t,, are significant in the entire model, and that they are
very prominent in the model’s upper layers. Based on the comparison of €., , to
Qeut,z, and 1, to t;, it is easy to conclude that the contributions of ¢,, and ¢; to the
corresponding cutoff frequency are important only in the lower and middle layers of
the model, because they must be negligible in the upper most layers. Our results
in the model’s upper layers must be taken with caution since the thin flux tube

approximation breaks down in these atmospheric layers.
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Figure 6.7. The actual wave travel time ¢,, (solid line) and the local time ¢, (dashed
line) are plotted versus height in the VAL C model of the solar atmosphere.
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6.2.9 Discussion and comparison to observational data

The results presented in the last two sections clearly show that the cutoff fre-
quencies €. > and €., . are not the same in most flux tube models considered in
this paper. There are some models in which €., . approximates rather well Q. -,
however, some differences always remain. Based on the fact that (2., , depends on t,,,
which is the actual wave travel time, and €2, . depends on ¢;, which is the local time,
we consider €., . to be the true cutoff frequency for torsional waves propagating
inside a thin and non-isothermal magnetic flux tube.

An important result is that the true cutoff frequency is a local quantity that
varies with height z. From a physical point of view, Q.. (%) represents locally the
cutoff frequency in the atmosphere, and torsional waves must have their frequency w
higher than ., , at a given height in order to reach this height and be propagating
waves there. In other words, the cutoff allows us to determine the height in the model
at which torsional waves of a given frequency become non-propagating waves.

The effects of different temperature gradients on the true cutoff frequency €y -
were studied in Sec. 5. According to the results, the true cutoff frequency decreases
with height when m = 1, shows a small decrease near the model’s base and then
remains practically constant for m = 2, and increases with height when m > 2; in
the latter case, the rate of increase is higher for larger values of m.

Our results obtained for a thin and non-isothermal flux tube embedded in the
VAL C model of the solar atmosphere showed that the true cutoff frequency is 0.017

1

s~1 at the base of the model, increases to 0.02 s~!

in the middle chromosphere, and
to 0.03 s~! in the upper chromosphere. In addition, there is a steep increase of the
true cutoff frequency in the upper most chromospheric layers and at the base of the

solar transition region; however, these results should be taken with caution because
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the thin flux tube approximation is not valid any longer in this part of the VAL C

model.

In their recent paper, Jess et al. (2009) reported a detection of torsional tube
waves with periods ranging from 126 s to 700 s, which corresponds to wave frequencies
w in the interval [0.009, 005] s~!. Comparison of this wave frequency interval to our
theoretical results shows that the detected torsional waves with periods ranging from
126 s to 368 s are propagating waves at the base of the VAL C model. However, in
the middle and upper chromosphere, the range’s upper limit decreases to 314 s and
209 s, respectively. Hence, the wave period interval corresponding to the propagating
detected waves decreases with the atmospheric height. The effect will be important
in estimating periods of torsional tube waves that can reach the solar chromosphere

and corona.

6.3 Isothermal and thick magnetic flux tube

In a thin flux tube, all magnetic field lines have the same physical properties
across the tube, which means that the field has no structure in the horizontal direction.
However, at a given height of a thick flux tube, each magnetic field line is characterized
by different physical parameters and this leads to different Alfvén velocity for each
line (e.g., Hollweg 1981). The results presented below show that the gradients of
Alfvén velocity are responsible for the origin of a cutoff frequency for torsional waves
propagating along the thick tube. The cutoff frequency that originates as a result of
this inhomogeneity is a local quantity, and at a given atmospheric height torsional
tube waves must have frequencies higher than the cutoff in order to be propagating
waves at this height (Routh et al. 2007).

To determine this new cutoff frequency, the method described in Chapter 3 is

used. The resulting cutoff frequency is calculated for specific models of solar magnetic
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flux tubes. We discuss the physical meaning of this cutoff and show that in the limit

of thin flux tube approximation the cutoff disappears, which is in agreement with the

results described at the beginning of this chapter.

6.3.1 Formulation and basic equations

We consider an isolated and vertically oriented magnetic flux tube that is em-
bedded in a magnetic field-free, compressible and isothermal medium that has the
same density stratification as the solar atmosphere. The tube is untwisted, has a
circular cross-section and is in temperature equilibrium with the external medium.
According to Hollweg (1978, 1981, 1992; see also Kudoh & Shibata 1999, and Saito
et al. 2001, for more recent work), propagation of torsional Alfvén waves along this
flux tube can be described by using an orthogonal curvilinear coordinate system (&,
0, s), where s is a parameter along a given magnetic field line, # is the azimuthal
angle about the axis of symmetry, and ¢ is a coordinate in the direction é =0 x 3.
The background magnetic field becomes By = Bos(s)$, with Bpe = 0 and By = 0.
Since only linear torsional waves are considered, the pressure and density variations
associated with the waves are neglected and the waves are described by U = vy(s, t)é
and b = by(s, ).

We follow Hollweg, Jackson, & Galloway (1982) and introduce the curvilinear
scale factors h, = R, where R = R(s) represents distance from the magnetic field
line to the tube axis, hy = 1, and he = R, with the latter being determined by the
conservation of the magnetic flux. Using these scale factors, the following momentum

and induction equations are obtained

0 (719) By 8(

— =) - —(Rby) =0 6.76
ot \R 4 poR? s 2 ’ (6.76)
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and

0 0

These are the basic equations that describe the propagation of torsional waves along

the magnetic flux tube embedded in the solar atmosphere.

6.3.2 Wave equations

We now combine Egs. (6.76) and (6.77) and derive the wave equations for
torsional tube waves. Two different sets of wave variables are considered, namely,
vp and by, and =z = v,/R and y = Rb,. We selected these variables to study their

behavior in the solar atmosphere.

6.3.3 Variables vy and by
To derive the wave equations for the variables v, and by, we use the conservation

of magnetic flux wR?(s)Bys(s) = const to express R(s) in terms By, and write Egs.

(6.76) and (6.77) as

g 1 Oby 1 (dBys
— = Bys— — = bg| =0, 6.78
ot 4mpg [ * 95 2( ds ) 9} (6.78)
and
81)9 81}9 1 dBOs
- _|B,. =% 4+ = =0. :
ot [ * B i 2 ( ds )UG} 0 (6.79)
The wave equations resulting from the above equations are
0%vy 2 0%y B % ([ dBy, vy 2 1 dBos \ > 1 d? By, 0
ot? 49s2 By, \ ds ) Os A14B2, \ ds 2By \ ds? o '
(6.80)
and
82179 2 02[)9 i 2 1 dBOS o 2 dCA 069
ot? ca 052 ‘A Bos \ ds ca \ ds 0s
1 (dea\ 1 (dBy, 3 [(dBy,\* 1 [(d®By,
78 e - bp=0, (6.81
Al (dS)BOS( ds ) 4B§8< ds > T op sz )= 0 (68D
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where c4(s) = Bos(s)/v/4mpo(s) is the Alfvén velocity along a given magnetic field
line. Note that the derived wave equations have different forms, which means that

behavior of the wave variables v4 and by is not the same.

6.3.4 Hollweg’s variables
Another set of wave equations is obtained for the wave variables = v,/R and
y = Rb, originaly introduced by Hollweg (1981, 1992). Using these variables, we

write Eqgs. (6.76) and (6.77) as
ox BQS 83/ .

- -7 = .82
ot 4mwpyR? Os ' (6.82)
and
oy 5., Ox
9 RB, 2 0. .
7 — BBy, 5= =0 (6.83)

Since the condition By, R?(s) = const must be satisfied, the wave equations for z and

y are given by
Px O

W_CA(S)@ =0 s (684)
and
Py 0 Jy

Again, the different forms of the derived wave equations reflect the fact that the wave
variables x and y behave differently. Comparison of the above wave equations to those
derived for the wave variables vy and by (see Egs. 6.76 and 6.77) clearly shows that
each wave variable has different behavior. The comparison also shows that there is
advantage in using Hollweg’s variables because the wave equations for these variables
are much simpler than those obtained for the variables v, and bg.

An interesting result is that Eqs. (6.84) and (6.85) are of the same forms as
those derived by Musielak et al. (2006, see their Eqs. 5 and 6) in their studies of

acoustic waves propagating in a non-isothermal medium.
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6.3.5 Klein-Gordon equations

In the derived wave equations, the characteristic wave velocity, ¢4, is a function
of s. A general method to determine a cutoff frequency for such cases was devel-
oped by Musielak et al. (2006). The first step of this method is to transform the
wave equations into the corresponding Klein-Gordon equations and then the cutoff

frequency is derived by using the oscillation theorem (e.g., Kahn 1990).

6.3.6 Variables vy and by

Let us introduce the new variable dr = ds/c4 and write Egs. (6.80) and (6.81)

as
82U9_82U9+ é B B, %
ot? o2 ca Bos or
1 /e (BL\ 1/B.\®> (B _
*5[(3) (Be)+3(5) ~(G)|w = (050
and

P P () (BaN]
ot? or? ca By, or

) (B 3B\, (B
CA BOs 2 BOs BOs

where ¢y = dca/dr, B}, = dBys/dr and B[, = d*By,/dr>.

by = 0 (6.87)

1
2

The terms with the first-order derivatives can be removed from these equations
by using the following transformations: wvy(t,7) = y(t, 7)e¢/? and by(t,7) = by(t,7)
e=¢/2 where ¢ = f:o [4(T)/ca(T) — By, (7)/Bos(T)] d7; note that 7y is chosen in such
a way that the constant resulting from the lower limit of the integration is zero. The

resulting Klein-Gordon equations are

I B o
@ - ﬁ + Qv,b(T) [U(ta T)v b(ta 7—)] =0 ) (688>
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where Q, and €, are known as the critical frequencies (Musielak, Fontenla, & Moore
9 3¢\ 1/,
Q =-(=) —= (= .
n=3(2) -5(2). (6.5

1/ 1/cd0\?
2 __(A) _ - [=A
Q1) = 5 (CA> 1 (CA> , (6.90)

1992) and are given by

and

where ¢/} = d?c4/dT?.

6.3.7 Hollweg’s variables

Using dr = ds/ca, we write Eqgs. (6.84) and (6.85) in the following form:

D*r Oz Ay Ox

o o <CA> or — O (6.9
and

Py Py [\ Iy

w—w—(a)af” (6.92)

where ¢, = dca/dr.

To remove the first order derivatives from these equations, we use z(t,7) =
B(t,7)et* and y(t,7) = g(t,7)e""?, where ¢ = [[c/4(7)/ca(7)] dF; again, 7y is
chosen so that the lower limit of the integration is zero. Thus, the transformed wave

equations become the Klein-Gordon equations

5~ o+ 0 | e = 0, (6.99)

where (2, and €2, are the critical frequencies given by

2m =S (h) (4 (6.94)
v 4 CA 2 CA ’ ’

1 /) 1/d0\°
QZ _ = 0 U A '
(1) =3 (—CA) 1 (—CA) : (6.95)

and
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with ¢} = d?ca/dT>.
Comparison of the critical frequencies for the wave variables vy, bs,  and y
shows that €2, = €2, and €, = €2,. This means that vg behaves as x and that b, and y
have also the same behavior. Note that along s all wave variables behave differently

(see Eqgs. 6.80, 6.81, 6.84 and 6.85).

6.3.8 Cutoff frequency
Having derived the critical frequencies for all considered wave variables, we now
introduce the so-called turning point frequencies (see Chapter 3). Let us make Fourier

transforms in time of Egs. (6.88) and (6.93), and obtain

s+ -] @b - o, (6.96)
and ]
@0z, @) = 0. (6.97

The above equations can now be compared to the Euler equation, for which the
solutions are well-known (e.g., Edwards & Penney 1989). We introduce €, = Q, = Q,

and Qy = ), = Q,, and define the turning point frequencies €, (see Appendix) as

1
Q?p,l,Q - Q%,z = 2 (6.98)

472
These frequencies separate the solutions into propagating and non-propagating (evanes-
cent) waves. Since there is the turning point frequency for each wave variable, only
one of them can be the cutoff frequency. We follow Musielak et al. (2006) and identify
the largest turning point frequency as the cutoff frequency. The choice is physically
justified by the fact that in order to have propagating torsional tube waves, the wave
frequency w must always be higher than any turning point frequency. In order to
determine which turning point freqeuncy is larger, we need to specify a model of

magnetic flux tubes embedded in the solar atmosphere.
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6.3.9 Conditions for torsional wave propagation
6.3.10 Thin magnetic flux tubes

The structure of a single, thin and isothermal magnetic flux tube embedded in
the solar atmosphere is well-known, i.e., the tube magnetic field diverges exponentially
with height as a result of the density stratification and, at a given height, the field is
uniform in the horizontal direction. Obviously, the validity of this simple flux tube
model in the solar atmosphere is restricted to the upper layers of the solar convection
zone, the photosphere and the lowest part of the solar chromosphere. According to
Priest (1982), Hollweg (1985) and Roberts & Ulmschneider (1997), the thin flux tube
approximation becomes invalid approximately 500 km above the solar temperature
minimum. Above this height, solar magnetic flux tubes must be treated as wide tubes
(see the next subsection).

At the beginning of this chapter, we showed that the propagation of torsional
waves along thin and isothermal magnetic flux tubes is cutoff-free. Here, we confirm
this result by applying the condition ¢4 = const, valid for thin and isothermal flux
tubes (e.g., Hollweg 1990; Roberts 1991), to Egs. (6.89), (6.90), (6.94) and (6.95),
and obtaining €2, = Q, = Q, = Q, = 0. Since all critical frequencies are zero, there is
no cutoff frequency for the wave propagation. Note that the same result is obtained
when the condition is directly applied to the wave equations given by Eqgs. (6.84) and
(6.85).

6.3.11 Thick magnetic flux tubes

A single and isothermal magnetic flux tube is considered to be wide when
its horizontal magnetic field is non-uniform, which means that each magnetic field
line has different physical properties in the horizonatal direction. Let us assume

that this tube is approximated by a simple model in which the Alfén velocity varies
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exponentially along a given field line; the model was originally considered by Hollweg
(1981) and we shall use it here to determine the cutoff frequency for torsional tube
waves propagating in this model.

s/mhwhere cag = ca(s = 0),

For the exponential model, we have c4(s) = cape
m is a positive scaling factor and h is the characteristic scale height; we take h = H,
with H being the pressure (density) scale height. The reason for choosing different

values of m is that, in general, c4(s) must be different for each magnetic field line.

S d"’
r= / S (6.99)
S0

CA(§)

and obtain 7 — 79 = —mH/Cy(s); where 7o = mH/C4(so)

To calculate 7(s), we use

We write ¢4 = mH/(T — 79) and calculate

/N 2 7
1 2
ay - g Ao _ (6.100)
cA (1 —170)? ca  (1—m)°

Now, the turning point frequencies are calculated by using Eq. (6.98) and also

Egs. (6.94) and (6.95), the cutoff frequency becomes Qup = 22 as Uy 2 is the larger

one.

1 ca(s) exp (2sg/mH) "
Qe (7) = = or Qeur(s) = ) 2
() - (s) omH |° T (exp (s/mH) — exp (so/mH)) (6.101)

To calculate the cutoff frequency for solar magnetic flux tubes, we consider
a magnetic flux tube with By = 1500 G at the atmospheric height s = 0, which
corresponds to the location in the solar atmosphere where the flux tubes have widened
enough, so that c4 is no longer constant but increases exponentially with height.
This height level depends on the local magnetic filling factor and typically it should
lie at the solar temperature minimum level or in the lowermost chromosphere. As

the characteristic temperature for our models, we choose the effective temperature
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Figure 6.8. The cutoff frequency .., normalized by c40/H, is plotted versus s for
the exponential model with m = 1, 2, 3, 4 and 5 (the labels on the curves). All
models are isothermal and the location of the solar temperature minimum is the base
of the models.

of the Sun, T.;y = 5770 K. All considered models are isothermal with 7¢.;¢. This
gives cqo = 11.0 km/s and H = 135 km. The cutoff frequency 2., is plotted as a
function of s for different values of m in Fig. 6.8. As expected, the cutoff is much
steeper for low values of m. It is also seen that the effect of the cutoff on the wave
propagation becomes important at atmospheric heights higher than 100 km above
the solar temperature minimum.

Clearly, the cutoff frequency is a local quantity that varies with s in the same
way as ¢y does. Since ()., depends on height, its physical meaning is different than
the global cutoff frequencies for longitudinal and transverse tube waves obtained by
Defouw (1976) and Spruit (1981), respectively. From a physical point of view, Q.,(s)
represents locally the cutoff in the atmosphere and torsional tube waves must have

their frequency w higher than 2., at a given height in order to reach this height
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and be propagating waves at this height. In other words, the cutoff allows us to
determine the height s in the model at which torsional waves of a given frequency

become non-propagating waves.

6.3.12 Discussion

The results presented in this paper showed that there is no global cutoff fre-
quency for torsional waves propagating along thin and isothermal magnetic flux tubes;
the same result was already obtained by Musielak et al. (2007). Since there are global
cutoff frequencies for both longitudinal (Defouw 1976) and transverse (Spruit 1981)
tube waves, the cutoff-free propagation of torsional tube waves seems to be excep-
tional. In the following, we discuss the reason for these differences and also present
physical arguments that justify the existence of local cutoff frequencies for wide mag-
netic flux tubes.

From a physical point of view, the existence of cutoff frequencies can be caused
either by the effects of gravity, such as density stratification and buoyancy force, or by
gradients of the characteristic wave velocities that result from an inhomogeneity of the
background medium. As discussed by Musielak et al. (2007), the density stratification
of the solar atmosphere is responsible for the existence of the global cutoff frequency
for longitudinal tube waves, and the buoyancy force leads to the existence of the
global cutoff frequency for transverse tube waves. However, for torsional tube waves
the situation is different because the purely axisymmetric twists in the ¢-direction
responsible for the existence of these waves are neither coupled to the gravitational
force nor affected by the density stratification. As a result, no cutoff frequency for
torsional tube waves can be introduced by the effects of gravity.

As mentioned above, cutoff frequencies can also be introduced by gradients

of the characteristic wave velocities (e.g., Musielak et al. 2006). These gradients
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are not present in thin and isothermal magnetic flux tubes, since ¢4 = const (see
Sec. 5.1), however, they may dominate the wave propagation in wide flux tubes for
which ¢4 # const. In such tubes, different magnetic field lines at a given height have
different physical properties and, in addition, each field line is characterized by the
Alfvén velocity that varies along the line. These variations of the wave velocity along
different field lines lead to the cutoff frequency that becomes a local quantity and has
a significantly different physical meaning that the global cutoff. In this paper, we
demonstrated how to determine the local cutoff frequency (see Sec. 4) and explained

the role played by this frequency in the wave propagation.



CHAPTER 7
PROPAGATION OF TRANSVERSE TUBE WAVES

The results described in Chapter 2 showed that the existence of the global cutoff
frequencies for longitudinal and transverse waves is restricted to thin and isothermal
magnetic flux tubes. However, our results presented in Chapter 6 demonstrated that
the propagation of torsional waves inside such tubes is cutoff-free. In more general
cases when the flux tubes are either wide and isothermal, or thin and non-isothermal,
or thick and non-isothermal, the resulting cutoff frequencies are local and they depend
on atmospheric height (Routh, Musielak & Hammer 2007).

We now use the method described in Chapter 3 to derive the cutoff frequency
for transverse waves propagating along a thin and non-isothermal magnetic flux tube
embedded in the solar atmosphere. The effects of temperature gradients on the cutoff
frequency are studied for several power-law temperature models as well as for the solar
atmosphere model given by Vernazza, Avrett & Loeser (1981). New results are also
presented for a thick and isothermal magnetic flux tube. The height dependence of
the cutoff frequency in these flux tubes models is calculated and it is shown that
the value of this cutoff at a given atmospheric height determines the frequency that
transverse tube waves must have in order to be propagating at this height. The results
are compared to those previously obtained for a thin and isothermal magnetic flux
tube. We also briefly discuss implications of our results for the heating of the solar

atmosphere and its oscillations.

96
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7.1 Non-isothermal and thin magnetic flux tubes
7.1.1 Flux tube model and governing equations

We consider a thin and non-isothermal magnetic flux tube that is embedded
in the solar atmosphere. The tube is assumed to be isolated with its axis oriented
vertically along the z-axis, so that gravity § = —¢z. The tube density, pressure and
temperature are respectively given by po = po(z), po = po(2) and Ty = To(z). Since
the tube is thin, its magnetic field is approximated by taking B, = Bo(z),§ (e.g.,
Priest 1982; Hollweg 1985; Ferriz-Mas et al. 1989; Roberts 1991).

The density, pressure and temperature of the external magnetic-free atmosphere
are represented by p. = pe(2), pe = pe(2) and T, = T,(z), respectively. We assume
that the tube is in thermal equilibrium with its surroundings, which means that
To(z) = Te(z) = T(z) and that the sound speed inside and outside the tube is the
same at each height z, so we can write cg(2) = cse(2) = ¢5(2). Our assumption of
thermal equilibrium can be justified by the fact that the considered tube is thin.

Based on this assumption, the pressure scale heights Hy(z) = c%,(z)/vg and
H.(z) = ¢%,(2)/vg, where v is the ratio of specific heats, are also equal. Hence, we
have Hy(z) = H.(2) = H(z), with H(z) = ¢?/~g.

The gas and magnetic pressure inside the tube is balanced by the gas pressure
in the external medium. This is the tube’s horizontal pressure balance that must be

satisfied at each height z. Typically, the balance is given by

po(e) + 0 = (z) (T.)

Let us consider linear oscillations of the tube with the velocity ¢ and the mag-
netic field b. Taking B = By+b, with |b| << |Bo|, the linearized momentum equation

describing these oscillations is

ov

B2 1
s, ==V (p0+—> +pog+ 1= (Bo- V) Bo

8T
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—

+% (éo : v) b (7.2)

Since the tube oscillates, its motion is responsible for generating a flow in the

external medium. The equation of motion for this flow is

ou

Py = —Vpe + ped (7.3)

where w4 is the velocity of the external fluid.

We combine Egs (7.90) and (7.91), and use Eq. (7.89) to obtain

ov ou o1 /5 .
Pogy ~ P = —(pe — po)g + - (Bo ' V) By

—

+% (éo : v) b (7.4)

To describe the propagation of transverse tube waves, we assume that these
waves are linear and that they can be represented by the perturbed velocity (z,t) =
v, (2, )2 and magnetic field b(z,t) = b,(z,¢)#; note that our restriction to tube oscil-
lations in the z-direction is made without any loss of generality as there is no physical
distinction between the x and y directions. Since for purely transverse tube waves the
tube cross section remains unchanged, the density and pressure perturbations caused
by these waves can be neglected.

With the above assumptions, the horizontal component of Eq. (7.92) becomes

0v, ou, @ 0b,,

A T T S (7.5)
Since at the tube boundary u, = —v,, we write the above equation as
o, ¢ Ob,
——— =10 7.6
ot B() 0z ' ( )
where
By(z
() () (7.7)

Vi (2) + o))
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Additional MHD equation that is needed to fully describe the wave propagation

is the induction equation

a—vX(ﬁxéo) = 0. (7.8)

The horizontal component of the above equation is

b ov

L _By—=—==0. (7.9)
ot 0z

We use the above equations to derive one-dimensional wave equations for the

variables v, (z,t) and b,(z,1).

7.1.2 Wave equations and conditions
for propagating wave solutions

We combine Eqgs (7.94) and (7.97), and derive the following wave equations

Py, 5, vy G(2) Qv
or (2) 022 * 2H(z) 0z 0, (7.10)

and
by 62(2)82191 _ (2) ob,
ot? 022 2H(z2) 02

—2¢4(2) [di’;—iﬂ % 0. (7.11)

These equations show that the behavior of the wave variables v, and b, in time and
space depends on the local values of both ¢, and H, and that the behavior of b, is
also affected by a gradient of c;. Since the wave equations have different forms, the
behavior of the wave variables v, and b, is also different.

To remove the first-order derivatives from the wave equations and write these

equations in their standard forms, we use

vn(2, 1) = By (2,1) exp H / ) %] | (7.12)
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and
¥ 1 z 4 de 1
by(z,t) = by(z,t —— —— + = | dz| . 1
(2,1) (z)exp{él/ (deZ+H> z] (7.13)
The standard forms of the wave equations are
0? 0% - .
{ﬁ - ci(z)ﬁ + Qim(z)l Uz(2,t) =0, (7.14)
and
L, P -, -
[@ — (g5 + ch,b(z):| bo(z,t) =0, (7.15)
where
~ H
0,0(2) = 9 (1445 ) (7.16)
and
= dH dc d*c
2 2 k e
ch,b<z> — QS<Z) (1 - 4%) + 205(2)% + Ckp (717)
are the critical frequencies (e.g., Musielak, Fontenla, & Moore, 1992; Musielak et al.
2006), and
ck(2)
Q = ) 7.18
) = 10 (7.18)

In this paper, we shall refer to Qg(2) as Spruit’s local cutoff frequency for the reasons
described in Chapter 2. In addition, we want to mention that the wave equations
written in their standard forms are also called the Klein-Gordon equations (e.g., Rae
& Roberts 1982; Musielak et al. 1987, 1995, 2006; Routh et al. 2007).

After making the Fourier transform in time, we obtain

2w =02 (2)]
Sk Ue(2) =0, 7.19
_dz2 ci(z) ] (2) ( )
and i i
2 W=, (2)] -
< b, =0 7.20
dz? ci(z) (2) ’ ( )

where w is the wave frequency.
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The fact that different solutions of Eqgs (7.19) and (7.20) are expected when the

sign of the second term changes is well-known (e.g., Murphy 1960). This becomes
especially obvious in the simplest case of a thin and isothermal magnetic flux tube
for which ¢, = const and H = const, and ch,v = ch,b = Qg = ¢x/4H = const, and
the wave equations for o, and b, are the same. As shown by Spruit (1981, 1982),
the solutions describe propagating waves when w > {0 and evanescent waves when
w < Qg, with Qg being Spruit’s global cutoff frequency (see Chapter 2). It must be
noted that (2g is also the natural frequency of the flux tube; this means that the tube
oscillates with its natural frequency when it is perturbed (e.g., Hasan & Kalkofen
1999; Musielak & Ulmschneider 2003).

In the general case of a thin and non-isothermal magnetic flux tube, the situ-
ation is more complicated because the physical parameters in Eqgs (7.19) and (7.20)
depend on z. As a result, the range of w that corresponds to the propagating wave
solutions must be determined by using the oscillation theorem (see Chapter 3) and
Euler’s equation (see Appendix C). The conditions for the existence of the propagat-

ing wave solutions at a given height z # 0 are

w? — Q2 (2) 1

D > — 7.21
ci(z) 4227 (7.21)
and
w? — Q2 ,(2) 1
— s 7.22
ci(z) 422 (7:22)
Using the results of Appendix B, we define the turning-point frequencies
2
2 02 i (2)
Qtp,v(z> - anv(’z) + 422 ) (723>
and
5 5 ci(2)
Q?p,b(z) - Q?r,b(z) + 222 ’ (724)

and write the conditions for the propagating wave solutions as w > Qtp,v and w > Qtp,b.
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Since the turning-point frequencies separate the propagating and non-propagating
wave solutions (see Chapter 3), one of these frequencies must be chosen as a cut-
off frequency. According to Musielak et al. (2006), the larger of the turning-point
frequencies must be selected as the cutoff because this choice guarantees that the

propagating wave solutions are obtained for both wave variables
Qeut(2) = maX[va(z), Qtpb(z)] : (7.25)

However, in order to determine which turning-point frequency is larger, we must have
models of thin and non-isothermal magnetic flux tubes.

Before such models are specified, we have to first discuss physical meaning of
the terms c7(z)/2z%, which are introduced by the oscillation theorem (see Eqs 7.21
through 7.24). Let us define the local time #;,(z) = z/cx(z), which is evaluated by
making the assumption that transverse tube waves travel the entire distance z along
the tube with the same speed ¢, whose value is fixed at the height z. Since ¢, is a
function of z, the correct way to calculate the actual wave travel time t,,(z) along the
tube is to integrate 1/cx(2) over z.

From a physical point of view, the conditions for the propagating wave solutions
and the turning-point frequencies must be determined by using t¢,,(z) instead of ¢;(2).
Such an approach is developed in the next section, where a new variable is defined

and the oscillation theorem is used to introduce the actual wave travel time ¢,(z).

7.1.3 Transformed wave equations and
conditions for wave propagation

Let us introduce a new variable given by

(7.26)
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The physical meaning of this variable becomes obvious after both sides of the above

equation are integrated. Then, 7(z) = t,(z) is the actual wave travel time between

a height at which a wave source is located and a given height z along the axis of a

magnetic flux tube.

We express Eqs (7.98) and (7.99) in terms of the new variable 7 and obtained

the following transformed wave equations

and

where ¢ = ¢,(7), H = H(7) and ¢}, = dcy/dr.

A S AN
ot? 012 2H ¢ ) O1]

9]

(0% 02 ¢\ 0
o8 "o (ﬁ+_> a7) b+(nt) =0,

(7.27)

(7.28)

To convert the transformed wave equations into their standard forms, we use

1 T Cr
v (7, t) = v(T,t) exp [4—5/ (ﬁ +
and
1 T CL
ba(r.) = tyexo |5 [ (577 +
and obtain
0? 0? 9 ]
{@ - W + QCT,’U(T)_ U(Tv t)
and
0? 0? 9
|:@ - ﬁ + ch,b(T)_ b(T7 t)
where
H' 1
0%,(r) = 95 (1445 ) + 3
’ Ck 2
and

H’ 1|1 /d\* o
2 (1) =2 (1-aL) 2L (e}
CT’,b(T) S(T) ( ) 2 [2 (Ck) Ck

/
C—’f) d%} ,
Ck
/
%) d%] ,
Ck

=0,

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)



104

+2Q5(7) (C—k) , (7.34)

Ck
with ¢ = d*c;,/dr?. The frequencies Q¢ and €2, are known as the critical frequen-
cies (Musielak, Fontenla, & Moore, 1992; Musielak et al. 2006).
We make the Fourier transform in time [v(7,t), b(7,t)] = [0(7), b(7)]e ™", where

w is the wave frequency, and write Eqs (7.105) and (7.106) as

[j—; +aw’ — ng(f)} (1) =0, (7.35)
and
Lf—; +w’ — er,b(T)} b(r) =0 (7.36)

Using the oscillation theorem (see Chapter 3) and comparing the above equa-
tions to Euler’s equation (see Chapter 3 again), we obtain the following conditions

for the wave propagation

1
2 _ P — 7.37
W02 (1) > (737
and
1
w2 - Qgr,b<7—> > F . (738)
According to the results of Chapter 3, the turning-point frequencies are
02 = (2 L 7.39
tp,v(7—> - cr,v(T) + ﬁ ) ( : )
and
1
() = O (r) + 1 - (7.40)

Comparison of these wave propagation conditions and turning-point frequencies
to those previously obtained shows that now the actual wave travel time is properly
accounted for because 7(z) = t,,(z). This is an important result as it demonstrates
that the oscillation theorem only allows introducing the actual wave travel time when

the derivations are performed with the 7 variable.
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7.1.4 Converting 7 into z

Having obtained the conditions for the wave propagation (see Egs 7.111 and
7.112) and the turning-point frequencies (see Egs 7.113 and 7.114) with the actual
wave travel time, we now express them in terms of the z variable; this requires
converting 7 to z.

We begin with the critical frequencies Q.. ,(7) and Q..,(7) given by Eqgs (7.107)

and (7.108). Using the following expressions

1 dck dck

= — 7.41
¢ dt dz '’ (7-41)
1d26k d2Ck dck 2
g_dTQ = Ck_d22 + (E) s (7.42)
and
1dH dH
T 7.43
c, dt dz '’ (7.43)
we obtain
dH1 1|1 [dep\? d2c
02 =2 [1+d—|+= |2 (=2L) —c—a 44
cT’,U(Z> S(Z) |: + d2:| + 2192 (dZ) Ck dz2 <7 )
and
dH1 1|1 [de,\® — d2c
2 02 Y e e k
h(z) = (=) [1 4dz}+2[2(dz) +de22]
dck
2Q) — . 4
+205(2) 7 (7.45)

Comparison of Q. ,(z) and 2., 4(2) to Qcm(z) and ch,b(z) obtained above shows
differences between the corresponding critical frequencies. An interesting result is that
these differences could potentially be eliminated by constructing a flux tube model

that would satisfy the following condition

! (dck>2 der (7.46)

2\dz) ~*dz



106

Such simple model can indeed be constructed by assuming that cx(z) ~ 2%, however,
other flux tube models with temperature distributions described by elementary math-
ematical functions, including the exponential function, do not satisfy this condition.
The same is true for more realistic models of the solar atmosphere, such as the VAL
C model considered below.

Having obtained the critical frequencies Q. ,(z) and Q,(2), we can now ex-
press the conditions for the wave propagation and the turning-point frequencies as

functions of z. This requires 7(z), which can be evaluated from

7(z) = / o o (7.47)

cr(Z)
where 7¢ is an integration constant to be evaluated when flux tube models are spec-
ified.

The conditions for the wave propagation can be written as

[w2 _ anb(z)] > 111 /Z c:lé:) + TC:| - , (7.48)
and
W~ 02,(2)] > 711 / Ck% +Tc} - (7.49)
The turning-point frequencies are
) =020+ 1[5 ] (7.50)
and ] o
Op () =2, (2) + i / Cjé) + | (7.51)

Clearly, the conditions for the wave propagation and the turning-point frequen-
cies given above are different than those obtained in Sec. 3. Since €y, ,(2) and 2, 5(2)
account for the actual wave travel time, we use these turning-point frequencies to de-

termine the cutoff frequency for transverse tube waves.
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7.1.5 The cutoff frequency

We follow Musielak et al. (2006) and take the larger of the two turning-point
frequency as the cutoff frequencies €.,;. As shown in Sec. 7, the selection process is

independent of the variable used. This means that we may consider either
Qeut (1) = max|[Qp (1), Qpp(7)] - (7.52)

or

Qeur(2) = max[Qyy,,(2), Qps(2)] - (7.53)

Our selection of €., is physically justified by the fact that in order to have
propagating transverse tube waves, the wave frequency w must always be higher
than any turning-point frequency. In other words, the choice guarantees that the
propagating wave solutions are obtained for both wave variables, and that the cutoff
frequency does separate the propagating and non-propagating wave solutions. Hence,
the condition for propagating waves is w > €).,;. Based on our definition of the
turning-point frequencies, the condition for non-propagating (evanescent) waves is
w < Qeye.

The above results show that the cutoff frequency can only be determined when
we know which turning-point frequency is larger; obviously this depends on models
of thin and non-isothermal flux tubes. In addition, one must keep in mind that the
conditions given by Eqs (7.52) and (7.53) must be checked at each height because in
some regions along the tube ,, could be larger than ,,, however, the opposite

could be true in other regions.
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7.1.6 Models with power-law temperature distributions
Let us consider the following temperature distribution inside the tube (Subra-

maniam 2006)

Ty(2) = Tool™ | (7.54)

where £ = z/zg is the distance ratio, with zy being a fixed height in the model, Ty
is the temperature at zy, and m can be any real number. Note that in all power-law
models a wave source is located at ¢ = 1, which means that in all calculations £ > 1.
In addition, for all models zy = 10 km, Tyo = 5000 K, cxo = 10 km/s, and for gravity
we take its solar value. The resulting temperature distributions for m being a positive

integer that ranges from 1 to 5 are presented in Fig. 4.1.

7.1.7 Caseofm=1
To describe the process of deriving a local cutoff frequency, we begin with the
simplest case of m = 1, which corresponds to the temperature varying linearly with

¢. We calculate py, po, Bo and ¢ as functions of £, and use Eq. (7.47) to obtain

T(€) = 2226V 4 7 (7.55)

CLo
where ¢y is the value of ¢, at 2y and 7¢ is the integration constant. To determine

this constant, we assume that 7(§ = 1) = 79 = z0/cxo, which gives 7o = —7y and
(&) = 1(26Y? = 1) . (7.56)

Knowing 7 as a function of &, we calculate

£(r) = i (T +T°)2 , (7.57)

To

() = 2eie ( i ) (758)

2 T0
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and

H(r) = -y, (T i 70)2 , (7.59)

where Hy is the value of the tube scale height at zj.
Now, we use Eqs (7.58) and (7.59) to determine the turning-point frequencies,

which become

1 2o \2 4z 1 1
02 = 0 043 S 7.60
tp,v(T) 4 [(Hoo) + HOO + (’7' -+ T())2 + 4712 ’ ( )
and
1/ 2 \? 1 1
02 (=) -1 — = 7.61
tp,b(T) 1 [(Hoo) (7 + 70)2 + Ar2 ( )

We identify the larger turning-point frequency as the cutoff frequency. Inspec-

2

tion of the above equations shows that €2

is larger than € ,, which means that

the local cutoff frequency is Qe (7) = Qupo(7) OF

2 /2
. 1 20 42’0 1
cht(T) = 5 (H—OO> + H_o() + fl (T)] (T n T0> y (762)

where

B AT + 2779 + Tg
— 5 )

fi(t)

(7.63)

T

It is important to point out that the above process of deriving the cutoff fre-
quency can also be done by using directly the £ variable, and that the result is the
same. To demonstrate this, we use Eq. (7.56) to express the turning-point frequencies

given by Egs. (7.60) and (7.61) in terms £. This gives

02, (¢) = 2 [1 1 o (H—) gl<5>] e (7.64)

<0 <0
where Qg = cro/4Hg and

166 — 12612 +3
gl(g) = (251/2 - 1)2 )

(7.65)
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and

Q?p,b (5) = Qg

- (@)2 ( —92(5))] = (7.66)

where

4¢

92(§) = [ (7.67)

The difference between the turning-point frequencies is

(&) — X&) _ (@) {1 + <@>} et (7.68)

Q(Z) 20 20

which shows that Q2

2o (€) is always larger than Q7 ,(€). Hence our choice of €y, as

the cutoff frequency is the same. Thus, we write Q..+(§) = Q4p,(€) and

1/2

2
Ly Ao (@) 91(5)] &, (7.69)

20 20

cht (f) - QO

which is the same result as that given by Eq. (7.64).

Finally, the same cutoff frequency is obtained when Eqs (7.50) and (7.51) are
directly used with the 2z variable being replaced by &.

The local cutoff frequency 2., is plotted as a function of £ in Fig. 7.1. It is
seen that the cutoff frequency decreases with the atmospheric height in the model

with m = 1.

7.1.8 Case of m = 2
Since the procedure to obtain the cutoff frequency for m = 2 is the same as
that described above for m = 1, we only write the resulting equations. In this case,
7(€) is given by
7€) = 2ing + 10 | (7.70)

Cro

where 7¢ is the integration constant determined from the assumption that 7(£ = 1) =

To = zo/cko- This gives 7o = 79 and

7(§) = no(ln{ +1) . (7.71)
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Figure 7.1. The normalized cutoff frequency €.,/ vs. the distance ratio z/z.

Now, ¢ as a function of 7 can also be calculated and the result is
(r) =er/mt, (7.72)

which can be used to evaluate ¢ (7) and H(7), and to obtain the critical and turning-

point frequencies. We introduce k = 1 — 7/75 and write the turning-point frequencies

as )
Qf (1) = }1 [(22)0()) e+ Z—ze“ +1 Tig + ﬁ (7.73)

and )
02 () = }l [(212;00) e 4+ 1 %Jr # . (7.74)

Since 7, (7) is always larger than QF, ,(7), we have Qey(7) = Qppo(7) and
1 20 2 ok . 220 i
Qeut(7) = g [(2]{00) e + H—Ooe + fg(T)] : (7.75)
where

fo(r) =1+ T (7.76)
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We now use Eq. (7.72) and calculate Q.,(§), which becomes

) 1/2
ou§) = |62+ 0014 (2m) g3<£)] (7.77)
where
1
93(§) =1+ A+ ind)? (7.78)

The plot of this cutoff frequency in Fig. 7.1 shows that it is practically constant

throughout the temperature model with m = 2.

7.1.9 Cases with m > 2

In this general case of m > 2, we obtain

T(§) = % (1 - %) - &y (7.79)

where the integration constant 7¢ is evaluated by taking 7(§ = 1) = 70 = z0/cko;
note that our choice of 7y gives the same physical parameters at z = 2y for all the

power-law models. After evaluating 7o, we write

6) = 70 (L> {1 - %g@mﬂ , (7.80)

m — 2

and

2r —nir =) e _

27’0

0= |
Using Eq. (7.81), we calculate ¢ (7) and H(7), and then the critical and turning-
point frequencies. The latter can be written as

21 —m(T — 19

, , ) 2m/(m—2)
Qtp7v<7_) = QO |: :|

27'0
2m 21 — m(T — 79) m/(m=2)
+ Q
21 — m(T — 19) 270
4 — 1
L _Uzmm 1 (7.82)

421 —m(T —10)]2 4727
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and
27 —m(1T — 70) 2m/(m=2)
0 () = f |22 =)
(3m —4)m 1

n (7.83)

AT —m(r — )2 472
To determine the local cutoff frequency, we use Eq. (7.80) and write Eqs (7.82)
and (7.83) as

2
2 (€)= 02 |4m (H—) '+ m(d—m) (H—) g2

20 <0
2 2
rema (P2 () 94(5)] , (7.84)
where
-2
a(©) = (1= 2¢me) (789
and

2 9 | .- Hoo\? s
02,(6) = 2 [ + m(3m — 4) (—) e

20

o <ng 2)2 (220)2%(@] ' (7.86)

We now calculate the difference between these turning-point frequencies and

obtain

2 02
Qzﬁp,u(ﬁ)Q2 me(f) =4m <@) [1 — (m — 2)€m71
0

20

« (ﬂ)} e (7.87)

20

2

o if Hyy > z9. Hence for Hyg > 2o, the

Since m > 2 and £ > 1, €, is larger than

local cutoff frequency is Qe (&) = Q5 (€) or

2
Qeut(€) = Qo | +m(3m — 4) <@> gm—2

20

1/2

+4 (mn_l 2>2 (ZZ°)294(5)] . (7.88)
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The cutoff frequency calculated for the power-law temperature models with m = 3,
4 and 5 is plotted versus the distance ratio in Fig. 7.1. It is seen that this cutoft
frequency always increases with the atmospheric height in the models with m > 2

and that its increase is much faster for higher values of m.

7.1.10 Discussion

The effects of different temperature gradients on the cutoff frequency for trans-
verse tube waves are presented in Fig. 2. Since the cutoff frequency is a local quantity,
its value at a given atmospheric height determines frequency that the waves must
have in order to propagating waves at this height. Our results demonstrate that the
conditions for the wave propagation strongly depend on the temperature gradients.

If the temperature increases linearly with height (m = 1), the cutoff frequency
reaches the maximum at z = 2y and then decreases with height. For the temperature
gradient with m = 2, the cutoff frequency remains practically constant with height.
However, the cutoff frequency always increases with height in the temperature models
with m > 3; the higher the value of m, the steeper the increase of the local cutoff
frequency with height is observed (see also Subramaniam 2006).

The main purpose of using the power-law temperature models was to demon-
strate the dependence of the local cutoff frequency on the increasing steepness of the
temperature models. Obviously, the power-law models do not properly describe the
temperature gradients in the solar atmosphere. Therefore, we now consider a more

realistic model of the solar atmosphere.

7.1.11 Applications to the solar atmosphere:
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VAL model of the solar atmosphere

We now assume that a thin flux tube tube is embedded in the VAL C model
of the solar atmosphere (Vernazza et al. 1981). In this model, the height z = 0
corresponds to unity optical depth at 500 nm, where the temperature is 6420 K.
At the height z = 2543 km the temperature reaches 4.47 x 10° K; the temperature
minimum 7,,;, = 4170 K is located at z = 515 km. Actually, the model also extends
to deeper photospheric layers with z = —206.65 km and the temperature 1.017 x 10*
K. All our calculations begin at the height z = 0 and continue to z = 2543 km.

To calculate the characteristic wave speed ¢, as a function of z, we have to
know the magnetic field By(z). Since the latter is not given in the VAL C model, we
evaluate By(z) from the horizontal pressure balance calculated at each height z and
starting with the value By(z9) = 1500 Gs (see Eq. 7.89). In Fig. 7.2, we plot c(2)
and for comparison the sound speed ¢, versus atmospheric height in the model. The
results show that ¢ is smaller than ¢, in almost the entire model except in the upper
chromosphere and lower transition region, where ¢, becomes comparable to, or even
slightly larger than c,.

Our results showed the role played by the local time #;(2) = z/cx(z) in obtaining
the cutoff frequency cht(z). Similarly, we derived the cutoff frequency Q.. (z) and
demonstrated that it depends on the actual wave travel time t,,, which is the same
as 7. In order to calculate 7, we use Eq. (7.47) and evaluate the integration constant
T¢ by taking 7 = 7(2z = 0) = 79. Since the VAL C model extends below the height
z = 0, it is reasonable to assume that transverse tube waves enter the atmosphere at
the model base located at z = —206.65 km. Hence, 7y is the actual wave travel time
between the model base and z = 0. The distance Az = 206.65 km is also added to

the value of z used to evaluate the local time #;(2).
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Figure 7.2. The characteristic tube speed ¢, and the sound speed ¢, vs. height.
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The local time ¢;(z) and the actual wave travel time ¢,(z) = 7(z) are plotted
versus height in Fig. 4. The results show that there are significant differences between
these two times in the lower and upper parts of the VAL C model. However, there
is a narrow region in the middle chromosphere where ¢; approximates t,, rather well.
As a result, in this region cht(z) ~ Qecut(2) but differences between the two cutoffs
remain in the other regions of the model. This clearly demonstrates the limitation of
the approach based on the local time #;(z).

It must also be noted that the solid line in Fig. 7.3 depicts 7 as a function of
z in the VAL C model. Having obtained 7(z), it is easy to determine z(7) and then
evaluate the 7-dependence of all physical parameters of the tube.

To determine the cutoff frequency Q.. (z) in the VAL C model, we have to
know which turning-point frequency is larger (see Sec. 6). Hence, both Qy,,(z) and
Qupp(z) given by Eqs (7.50) and (7.51) must be calculated and the larger one has
to be selected as Q. (z). To perform these calculations, we must evaluate the first
derivative of ¢, and H, and the second derivative of ¢;. The calculations have to
be done numerically because the model contains unequally spaced data. We tested
three different numerical methods and obtained similar results. However, the method
based on the second-order Lagrange polynomial P, gave more ’'smooth’ variations of
these derivatives with height than the other methods. Therefore, we use this method
to calculate the cutoff frequency for the VAL C model.

The results of our calculations show that the values of the turning-point fre-
quencies in the VAL C model are comparable, and that in the upper photosphere
Q4 (2) is slightly larger than €y, ,(2), however, the opposite is true in the lower and
middle chromosphere. There is one region in the upper chromosphere where Qy, ,(2)
dominates, and another one where €, ,(2) is larger. Similar situation is at the base of

the solar transition region. By selecting the larger turning-point frequency, we obtain
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Figure 7.4. The cutoff .,; and Spruit’s local cutoff Qg = ¢, /4H vs. height.

the cutoff frequency Q. and plot it versus height in the VAL C model (see Fig. 7.4).
Since the value of )., is different at each atmospheric height, the wave frequency
w must be higher than the cutoff at a given height 2z in order to have propagating
transverse tube waves at this height.

Since ., depends on Qg (see Egs 7.50 and 7.51, and also Eq. 7.53), the
contributions to 2., by the gradients of ¢, and H can be estimated by comparing
these two quantities. In Fig. 5, we plot Spruit’s local cutoff frequency Qg¢(z) =
ck(2)/4H (z) versus height in the model (see Eq. 7.18). Comparison of ., to Qg
shows that the former always exceeds the latter, which means that the contributions
due to the gradients are not negligible. The differences between €., and g are
especially prominent in the upper parts of the model. However, the results obtained

for the upper atmosphere must be taken with caution because the thin flux tube
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approximation, which is the basis for the results presented in this paper and for
Spruit’s results as well, is not longer valid at those heights.

We considered here an isolated magnetic flux tube. Therefore, the tube mag-
netic field expands exponentially with height in the VAL C model. As a result of this
expansion, the thin flux tube approximation breaks down in the upper atmospheric
layers. To determine the approximate behavior of the cutoffs in these layers, the cal-
culations were extended up to the uppermost layers in the model. This is beyond the
formal limit of validity of our analytical results. Nevertheless, the presented results
demonstrate that the temperature gradient in the upper solar chromosphere and in
the solar transition region will have a major influence on the propagation of transverse
tube waves.

The increase of temperature with height in the VAL C model requires atmo-
spheric heating that is typically identified with acoustic and flux tube waves, includ-
ing transverse tube waves, or with phenomena related to magnetic reconnection (e.g.,
Priest 1982; Narain & Ulmschneider 1996; Ulmschneider & Musielak 2003). Our re-
sults presented in Fig. 5 give constraints on the range of frequencies of transverse
tube waves that are propagating in different parts of the solar atmosphere. The con-
straints can be used to determine the role of transverse tube waves in the atmospheric
heating.

As discussed by Hasan & Kalkofen (1999), Musielak & Ulmschneider (2003)
and Hasan (2003), transverse tube waves may be responsible for excitation of solar
atmospheric oscillations observed in magnetically active regions outside of sunspots.
The results obtained in this paper can be used to determine the natural frequency
of the solar atmosphere inside thin and non-isothermal magnetic flux tubes and the

effects of temperature gradients on the solar atmospheric oscillations.
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7.2 Isothermal and thick magnetic flux tube

The main purpose of this chapter is to determine the conditions for propagation
of linear transverse waves along an isolated and isothermal magnetic flux tube that is
considered here to be thick. In a thin flux tube, all magnetic-field lines have the same
physical properties across the tube, which means that the field has no structure in the
horizontal direction. However, at a given height of a wide flux tube, each magnetic
field line is characterized by different physical parameters and this leads to different
wave velocity for each line (e.g., Hollweg, 1981). In addition, there is a gradient of
wave velocity along each field line and this results in a cutoff frequency, which is
determined here by using the method described in Chapter 3. The cutoff frequency
is calculated for specific models of solar magnetic flux tubes. We discuss the physical
meaning of this cutoff and show that in the limit of the thin flux tube approximation

the cutoff becomes Spruit’s global cutoff frequency.

7.2.1 Derivation of basic equations

We consider an isolated and vertically-oriented magnetic-flux tube that is em-
bedded in a magnetic-field-free, compressible, and isothermal medium that has the
same density stratification as the solar atmosphere. The tube is untwisted, has a
circular cross section, and is in temperature equilibrium with the external medium.

We use a two-dimensional coordinate system (8§, 7) where s is a parameter along
the magnetic field line and 7 is a unit vector along the perpendicular to the tangent
vector s.

The tube is assumed to be isolated with its axis oriented vertically along the

z-axis, so that gravity § = —g2. The tube magnetic field is given by By = Bo(s)g.
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The density, pressure of the external magnetic-free atmosphere are represented
by pe = pe(z), pe = pe(z) respectively. We assume that the tube is in thermal
equilibrium with its surroundings.

Based on this assumption, the pressure scale heights Hy(z) = ¢%(2)/vg and
H.(z) = ¢2.(2)/vg, where v is the ratio of specific heats, are also equal. Hence, we
have Hy(z) = H.(2) = H(z), with H(z) = ¢?/~g.

The gas and magnetic pressure inside the tube is balanced by the gas pressure
in the external medium. This is the tube’s horizontal pressure balance that must be

satisfied at each height z. Typically, the balance is given by
B
— =p.. 7.89
Pto- =P (7.89)

2
BQ

2
Note: you can choose any magnetic field line inside the tube as p; + % = ps + =

=.... DPn + ?—f = p. where 1,2, ...n the number of lines from the center of the tube
and n refers to the edge.
Let us consider linear oscillations of the tube with the velocity ¢ and the mag-

netic field b. Taking B = By+b, with |b| << |By|, the linearized momentum equation

describing these oscillations is

2

B2 R B
v <p0 + 87) +pod+ (B : v) B (7.90)

07 _
Poat*

Since the tube oscillates, its motion is responsible for generating a flow in the

external medium. The equation of motion for this flow is

ou

A 7.91
Pegy Pe + Ped (7.91)

where u is the velocity of the external fluid.

We combine Eqgs (7.90) and (7.91), and use Eq. (7.89) to obtain

ov ou L1 /5 =
pOE - pea = —(pe — po)g + e <B ) V) B (7.92)
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To describe the propagation of transverse tube waves, we assume that these
waves are linear and that they can be represented by the perturbed velocity (s, t) =
n (2, t)7 and magnetic field b(s, t) = b, (n, t)n. Since for purely transverse tube waves
the tube cross section remains unchanged, the density and pressure perturbations
caused by these waves can be neglected.

With the above assumptions, the horizontal component of Eq. (7.92) becomes

Ovy, ou, T 51
poﬁ—peﬁ—(po—pe)(sxg) XS—E[(B-V) Bl =0. (7.93)
Since at the tube boundary u, = —v,, we write the above equation as
(po + )8 — (po — )(§><“)><§—i[<§V)§] =0 (7.94)
Po T Pe ot Po — Pe g Ax L =Y, :

Now (E : v) B= ((éo +h)- v) (Bo+b) = Bo2(Bo$) + B,2ih
With B,2(B,s) = $52B2 + B2L5 (Spruit, 1980)

Here Q = k is the curvature of the magnetic field line which is directed towards

Qv

the center of curvature.

Now perpendicular to the tube the balance is between buoyancy and curvature.
So (po — pe)(§ x §) x § + L B2k = 0.

Thus Eq.(7.94) becomes

(o + Pe)Ovy

ob
ot — B, = 0.

(7.95)

Additional MHD equation that is needed to fully describe the wave propagation

is the induction equation

E -V X (U X Bo) = 0. (796)

The horizontal component of the above equation is

ob,, ov,
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We use the above equations to derive one-dimensional wave equations for the

variables v, (s, t) and b,(s,t).

7.2.2 Wave equations and conditions for
propagating wave solutions

We combine Eqs (7.95) and (7.97), and derive the following wave equations

@Zvn 820n Bé, avn
LA [LATETS (g) oy, (7.98)

and

9%b,, 9%b, ¢ B ob
2 2(){62 B} =0. (7.99)

— — ()= — (s — =

ot? b(s) 0s? k ds
These equations show that the behavior of the wave variables v,, and b,, in time and
space depends on the local values of both ¢, and gradientB,, and that the behavior of

b, is also affected by a gradient of ¢;. Since the wave equations have different forms,

the behavior of the wave variables v,, and b,, is also different.

7.2.3 Transformed wave equations and
conditions for wave propagation

Let us introduce a new variable given by

(7.100)

We express Eqs (7.98) and (7.99) in terms of the new variable 7 and obtained

the following transformed wave equations

92 o? o/ B\ 0]
o o T (é—ﬁ) ar| (m1) =0, (710
and
_82 82 Ck/ B/ 8 1
- - | E o) = — 102
_8252 or? (Ck Bo> 87‘_ bn(T? t) 0, (7 0 )

where ¢ = ¢, (1), H = H(7) and ¢}, = dcy/dr.
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To write the transformed wave equations into their standard forms, we use

(7, t) = v(, 1) exp {% / ' (C—k - %) dT] , (7.103)

Ck,
and
1 T / B/
bu(7,t) = b(7,t) exp [—5/ (2—: — EZ) dT:| , (7.104)
and obtain
32 82 ) ]
{ﬁ - w + ch,v(T) U(T, t) =0 ) (7105)
and
82 02 ]
[@ T 92 + er,b(T) b(r,t) =0, (7.106)
where
3/d\°> 1/(c\ (B 1 /B\* 1 1(B"
QQ e ] __ | Zk o)\ _ [ ¢ __Zk — | == N
cr,v(7_> 4 (Ck) 2 (Ck) (Bo> 4 (Bo> 2 ¢y + 2\ B, ’ (7 07)
and

1N\ L(e\ (B 3 (B\ 1c¢ 1/(B!
Q2 S _ |k - — | = k2 e 1
cr,b(T) 4 (Ck) 2 (Ck) (Bo) + 4 (Bo) + 2 Ck 2 Bo ’ (7 08)

with ¢} = d?c;,/d7?. The frequencies Q..,, and €, are known as the critical frequen-
cies (Musielak, Fontenla, & Moore, 1992; Musielak et al. 2006). Note that in the thin
flux tube limit the critical frequencies become
2 2
B, By _ By By
Q2 i (T) = —1 <3—0> + 55 and QF . (1) = § (B—o> — 55

Now for thin flux tubes B, = B,, exp(—z/2H) (see Chapter 6). Thus we obtain

Q2 hin = U nin = i/ 16H?, which is Spruit’s cutoff frequency.
We make the Fourier transform in time and write Eqs (7.105) and (7.106) as
. ]
e + w? — er’v(T)- v(r) =0, (7.109)
and

- ;
i w? = (1) v(r) =0 . (7.110)
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Using the oscillation theorem (see Chapter 3) and comparing the above equa-
tions to Euler’s equation (see Chapter 3), we obtain the following conditions for the

wave propagation

1
‘- — 7111
w cr,v(T) > 47_2 ) ( )
and
1
W= Q2 (7) > (7.112)
According to the results of Appendix B, the turning-point frequencies are
2, (r) = Q2 (1) + = (7.113)
tp,v T)= cr,v T 47_2 ) .
and
1
(1) = Qg (7) + 12 (7.114)

We choose the cutoff as the largest among the turning point frequencies.

7.2.4 Exponential model

A single and isothermal magnetic-flux tube is considered to be wide when its
horizontal magnetic field is nonuniform, which means that each magnetic-field line has
different physical properties in the horizontal direction. Let us assume that this tube is
approximated by a simple model in which the Alfvn velocity varies exponentially along
a given field line; the model was originally considered by Hollweg (1981), and we shall
use it here to determine the cutoff frequency for transverse tube waves propagating
in this model.

We have ¢, = cpooe® e and B, = By,e ¥ "8, where H, and Hp are the charac-
teristic scale heights of transverse wave velocity ¢, and magnetic field B, respectively.

To calculate 7(s), we use

dT:/ ds (7.115)



126

He
ck(s)

and obtain 7 = — + 7, where 7, is a integration constant and its value is

Hc/ck<30)-
Now the critical frequencies are calculated by using Equations (7.107) and

(7.108), and we obtain

Q)= {HCQ - 1] : (7.116)

and

%(r) -

1 1H> H., 3
B | (7117)

e |am: TH, 1
As Qb is larger than Qu? we take the cutoff as Quuorr = Qupp where Q) is

the turning point frequency for b. So Q2,,,++(7) = Q} 4+ 1 or

T

2

ci(s) (3 H. HZ

2 — 1 cx(So0)
Qeutors(s) = m 17, 4H%> +Z[Ck(5>_6k(so)]2. (7.118)

Now we can take H, = mH, and Hg = nH, where m,n are integers and H, is
the pressure scale height. Here m # n as otherwise there will be no density gradient
which is not the case for stratified atmosphere.

Now ci = B?/4rp,. Differentiating both sides with respect to s we get

o (po + pe)'

1
= —— . 7.119
H Hy~ 2(tp) (7.119)

From the above equation we can see that H. > Hpg i.e. m > n as the right hand

side is always positive.
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CHAPTER 8
SUMMARY AND FUTURE WORK

To establish theoretical bases for studying the propagation and generation of
waves in the solar atmosphere, a general method to determine cutoff frequencies
for waves propagating in inhomogeneous media was developed and apply to different
wave motions observed in the solar atmosphere. Specifically, the cutoff frequencies for
acoustic waves propagating in the non-isothermal solar atmosphere, and for torsional
and transverse waves propagating along non-isothermal (thin and thick) magnetic flux
tubes. Moreover, the method was also used to extent the original Lighthill theory
of sound generation to a non-isothermal medium. The results obtained in this PhD
dissertation shed a new light on the problem of heating and excitation of oscillations
in the inhomogeneous solar atmosphere.

One of the most important results of this PhD dissertation is the extension of
the concept of cutoff frequency to inhomogeneous atmospheres. To achieve this, a
general method to determine the cutoff frequency is described. The method is based
on integral transformations that give new forms of wave equations, and it uses the
oscillation and turning-point theorems to obtain the cutoff frequency without formally
solving the wave equations. The main result is that the derived cutoff frequency is
a local quantity and that its value at a given atmospheric height determines the
frequency that waves must have in order to be propagating at this height.

To determine the propagation conditions for acoustic waves in the non-isothermal
solar atmosphere described by the semi-empirical VAL C model, the method was used

to obtain the resulting acoustic cutoff frequency. This new cutoff frequency general-
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ized Lamb’s acoustic cutoff frequency that was obtained for an isothermal atmosphere.
In Lamb’s approach, the cutoff frequency was defined as the ratio of sound speed to
twice density (pressure) scale height and it was the same in the entire isothermal
atmosphere. However, the new cutoff depends on gradients of the sound speed and,
as a result, it is a local quantity. Acoustic waves freely propagating through the solar
atmosphere described by the VAL C model excite atmospheric oscillations with the
frequency that coincides with this local acoustic cutoff frequency.

The original Lighthill theory of sound generation was developed for an uniform
medium. To determine the effects of temperature gradients on the rate of the acoustic
wave generation in Lighthill’s theory, the method was used to extend Lighthill’s theory
to a non-isothermal medium. The model of this medium was assumed to be simple
enough so that that analytical solutions were obtained. The solutions were then
used to study the effects caused by one specific temperature gradient on the wave
generation. The results obtained in this PhD dissertation showed that a temperature
gradient in the region of wave generation is responsible for the origin of the monopole
and dipole sources of acoustic emission, and that the acoustic cutoff frequency arose
as a result of the temperature gradient.

Studies of torsional tube waves propagating inside non-isothermal thin and
isothermal thick magnetic flux tubes showed that gradients of temperature and mag-
netic fields were responsible for the origin of cutoff frequencies for these waves. The
fact that the propagation of torsional waves along a thin and isothermal flux tube
was cutoff-free was also demonstrated. An important result is that the cutoff fre-
quencies are local quantities, which means that torsional tube waves must have their
frequencies higher than these cutoffs at a given height in the solar atmosphere given
by the VAL C model in order to reach this height and be propagating waves at the

height. Comparison of the obtained results to the observational data showed that
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the detected torsional waves with periods in the interval [126, 368] s were propagating
waves at the base of the solar atmosphere model, and that in the middle and upper
chromosphere the interval became [126, 314] s and [126, 208] s, respectively. This de-
crease in the wave period interval restricts periods of torsional tube waves that can
effectively carry their energy to the solar chromosphere and corona.

The method was also used to the local cutoff frequency for transverse waves
propagating along non-isothermal thin and isothermal thick magnetic flux tubes.
The obtained results extend Spruit’s global cutoff frequency to these inhomogeneous
flux tubes. The resulting local cutoff frequency was calculated as a function of height
in the VAL C model and compared it to Spruit’s cutoff frequency that was treated
as a height-dependent quantity. The comparison showed that the local cutoff always
exceeded Spruit’s cutoff and that the differences were especially prominent in the
upper parts of the model, where the thin flux tube approximation may not valid
any longer. On the other hand, the differences in the solar photosphere, where the
thin flux tube approximation is valid, may be important for the energy carried by
transverse tube waves from the solar convection zone, where the waves are generated,
to the overlying solar atmosphere, where the wave energy is deposited.

The cutoff frequencies for transverse and torsional tube waves calculated for
the VAL C model give constraints on the range of frequencies of these waves that are
propagating in different parts of the solar atmosphere. Using these constraints, one
can determine the role played by transverse and torsional tube waves in the heating
of the solar atmosphere. Therefore, the results obtained in this PhD dissertation
can be used to determine the natural frequency of the solar atmosphere inside thin
and non-isothermal flux tubes and the effects of temperature gradients on the excita-
tion of atmospheric oscillations inside non-isothermal thin and isothermal thick solar

magnetic flux tubes.
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8.1 Future Work

The effects of the temperature gradient on the propagation conditions for lon-
gitudinal tube waves are being now studied as an extension of the work described in
this PhD dissertation.

Theoretical models of the solar atmosphere require the input of the acoustic and
magnetic wave energy fluxes produced by the solar convective motions. The so-called
"heating gaps” discovered by Fawzy et al. (2002a, b, ¢) require additional sources of
mechanical energy. One possible source is the energy carried by torsional tube waves.
We are developing a general theory describing the interaction between a thin magnetic
flux tube with the external turbulent flows and calculating the resulting wave energy

fluxes. These fluxes can be used in theoretical models of the solar chromosphere.
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Substituting Eq. (A.2) into Eq. (A.1) results in

1 3 3
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Comparing the last Eq. with the following Eq
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Time averaging of the flux requires the frequency of both factors, p’and u, to
be the same. Hence k] = k! = k;. Substituting (5.29) into (5.28) and performing the

required algebra, the Flux turns out to be:

5 T/2 . P QE (M 1 pi(w =" 361 3, 1,
F(k;) = lim l/ it /ﬁsﬁwb(w; kz)s;l(w  ki)e i d lzzdw dw
W =+ kP4 2 —w? + kS + Q2

T—=oo T J 13 PoCs
where the ”*” denotes a conjugate. Using [~ W=t dt = 276 (w' —w”) to integrate

by time, the equation is reduced to:

ﬁ(k ) 2 1 /(E)Sturb(wlj kl) ;kwb<w”7 kl>5<w/ . W”)dei dw' dw”

N — lim —=
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Integrating by dw” and using ﬁ(kl) = fﬁ(w’, k;)dw', the expression for ﬁ(n) is
evaluated as:

(B.1)
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B.1 Appendix C
Eq. (5.38) can then be rewritten by letting wv = kju; = kyuy + kous + ksus.
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Making use of (5.39), each term in the above equation can be simplified as

shown in the next five equations. The resulting spectral efficiency turns out to be

", .1

(5.40) after taking < v'ujj >?=< v"u} >2.
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