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ABSTRACT 

 

REFINED TRUE TRIAXIAL APPARATUS FOR TESTING UNSATURATED 

SOILS UNDER SUCTION-CONTROLLED STRESS PATHS 

 

Diego D. Pérez-Ruiz, Ph.D. 

 

The University of Texas at Arlington, 2009 

 

Supervising Professor: Laureano R. Hoyos 

A novel, computer-driven, true triaxial (cubical) apparatus has been developed 

to test unsaturated soil specimens under suction-controlled multi-axial stress paths that 

are not achievable in a conventional cylindrical apparatus. The cubical cell implemented 

in this research work is a considerably refined version of those previously reported by 

Hoyos (1998) and Laikram (2007). The refined version is a servo-controlled, mixed 

boundary type of cell that allows for full control and real time measurements of matric 

suction, net principal stresses and soil deformations along a wide range of simple-to-

complex stress paths induced on cubical specimens of unsaturated soil. The specimen 

seats on top of a high-air-entry ceramic disk with a 5-bar entry value. 
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A comprehensive series of drained (constant-suction) hydrostatic compression 

(HC), conventional triaxial compression (CTC), triaxial compression (TC), triaxial 

extension (TE), and simple shear (SS) tests were conducted on compacted, 3 in (7.62 

cm) per side, cubical specimens of clayey sand (SP-SC) under constant suction states. 

Target suction levels are induced and kept constant during testing using the axis-

translation technique. Results from suction-controlled tests under axisymmetric 

conditions (σ2 = σ3) were used for a thorough calibration of the elasto-plastic, critical 

state-based frameworks previously postulated by the Barcelona Basic Model (Alonso et 

al., 1990), the Modified Barcelona Basic Model (Josa et al., 1992), and the Oxford 

Model (Wheeler and Sivakumar, 1995). 

Results from suction-controlled conventional triaxial compression (CTC) and 

triaxial compression (TC) tests were used for the validation of these models in 

predicting stress-strain response of compacted clayey sand under 50, 100, and 200 kPa 

suction states. Results were also used to validate the modifications proposed under the 

Refined Barcelona Basic Model framework developed in the present work. 

Finally, results from the series of suction-controlled triaxial compression (TC), 

triaxial extension (TE), and simple shear (SS) tests were used to evaluate the nature of 

the major, minor and intermediate principal strain response of compacted clayey sand 

under multi-axial shearing, as well as the influence of suction on the shape and position 

of the failure envelope of compacted clayey sand in the octahedral plane. 
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CHAPTER 1 

1 INTRODUCTION 

1.1 Background and Importance 

Unsaturated conditions predominate in all ground that lies above the water table. 

This may be natural level ground or slopes, fill materials and other earth structures that 

are constructed above the water table. The water meniscus formed between adjacent 

particles of unsaturated soil is subjected to tensile stress (i.e. negative pore water 

pressure) and thus creates a normal force between the particles, which bonds them in a 

temporary way. This phenomenon, known as soil suction, can improve the stability of 

earth structures (Kayadelen et al., 2007). Soil suction also provides an attractive force 

for free water, which can result in a loss of stability in loosely compacted soils or 

swelling in densely compacted soils. A large number of engineering problems involve 

the existence of partially saturated soils where the space between particles (i.e. pores) is 

filled with air, water, or a mixture of air and water. Conventional soil mechanics only 

consider soils as either fully saturated (i.e. pores fully occupied by water) or completely 

dry (i.e. pores fully occupied by air). Nevertheless, it has been recognized that 

unsaturated soil behaviour could be completely different to that of saturated or dry soils. 

The development and understanding of soil mechanics for unsaturated soils has 

been relatively arduous due to the experimental and theoretical complexities of the 

subject. However, the rapid development of computers and powerful analytical methods 
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in recent years has changed the way to approach the solution of soil engineering 

problems. Less idealized geometrical and boundary conditions allow for the analysis of 

more realistic, necessarily non-linear and inelastic soil behaviour. The solutions 

obtained through these methods have to be complemented by the description of the 

material properties, typically formulated in terms of strength and stress-strain 

relationships (Sture and Desai, 1979). Several theoretical frameworks and constitutive 

models have been proposed to represent the mechanical behaviour of partially saturated 

soils. Although the constitutive models proposed are able to reproduce important 

features of unsaturated soil behaviour, most of them offer plenty of room for 

improvement and are usually restricted to a specific type of soil. Therefore, it is 

necessary to increase our understanding of the mechanical behaviour of unsaturated 

soils in order to improve the constitutive models developed in this area. 

In order to obtain realistic predictions from the analytical methods an accurate 

assessment of the constitutive behavior of the material is required. It is well known that 

the intermediate principal stress σ2 plays a fundamental role on soils’ stress-strain 

response. However, most experimental equipments, and therefore, methods of analysis 

employing constitutive relations, have usually been restricted to axisymmetric stress 

state with major and minor principal stresses only (σ2 = σ3). Due to the complexity of 

specimen preparation, equipment operation, and experiment execution, multiaxial 

testing where the principal stresses are independently controlled (σl ≠ σ2 ≠ σ3) are 

conducted only in research laboratories. A variety of practical problems have been 

found during the use of multiaxial testing techniques. The principal is the interference 
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of the corners and edges of the cubical sample confined by rigid or flexible membranes. 

The friction generated between rigid platens and the sample observed in a triaxial 

apparatus with rigid boundaries tends to produce a confining effect that can compromise 

the test results (Sture and Desai, 1979). The application of multiaxial loads through 

flexible membranes, on the other hand, may result in uniform and known boundary 

stresses on all six faces of the cubical specimen. However, the inability of measuring 

the deformation accurately when measured at three discrete points on each of the faces 

of the cubical specimen confined by flexible membranes becomes a limitation in the 

capability of triaxial devices with flexible boundaries. 

True triaxial devices have been previously implemented with relative success to 

study the behaviour of partially saturated soils (Hoyos and Macari, 2001; Matsuoka et 

al., 2002; Park, 2005; Pyo, 2006; Laikram, 2007). The mixed-boundary type true 

triaxial implemented by Hoyos and Macari (2001) presented serious limitations, among 

them, occasional clogging of the HAE ceramic disk due to the debris generated by the 

cubical steel frame corrosion, low durability of the latex membranes when exposed to 

hydraulic fluid for a extended period of time, and delay in the equalization stage due to 

the impossibility of controlling pore-water temperature. Additionally, changes in pore-

water and pore air-volume could not be measured in this setup. 

On the other hand, the rigid type true triaxial cell implemented by Matsuoka et 

al. (2002) presented undesirable boundary effects experienced with the rigid loading 

platens. This limitation reduces the capability of the device to induce a wide range of 

stress paths on the octahedral plane. In addition, the method used to impose suction to 
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the soil specimen by using negative pore-water pressure, via the ceramic disks located 

in the upper and lower loading plates, reduce the capability of the device to perform 

tests at high values of matric suction. 

Laikram (2007) utilized a mixed boundary type true triaxial device similar to the 

one used by Hoyos and Macari (2001). Although several limitations detected in the cell 

used by Hoyos and Macari (2001) were corrected, the low resolution of the pressure 

transducers in the pressure control panel used to apply and control the stress application 

restrict the load rate to a minimum value of 1 psi (6.9 kPa). In addition, load increments 

of 2 psi (13.8kPa) were applied equally spaced in time. The load increment is applied 

instantly at the beginning of the time period and not in an incremental way as it would 

be required during a ramped loading process. Moreover, the deformation induced on 

each face of the sample was obtained by averaging the readings of the three LVDTs 

located on each wall assembly (top and lateral) at the end of this period. Therefore, the 

strain data acquisition becomes manual with no data recorded between two consecutive 

load increments. Furthermore, corrosion of the springs in the extension rods of LVDT's 

occasionally clogged the core housing, thus increasing the friction with the extension 

rods of the LVDT’s. 

The refined, mixed-boundary type true triaxial device implemented in this 

research work is a servo-controlled cubical device that allows for measurement and 

control of stress, strain, and soil suction in real time. Once the sample is mounted into 

the cubical cell, no manual intervention is required and the test is completely computer-

driven via three servo valves. The output signal generated by the pressure sensors is 
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used to control the stress path when used completing a stress-controlled test. The output 

signal from the pressure sensors is captured by the computer, which controls the three 

separate servo valves to either increase or reduce the pressure applied to each sample 

face. On the other hand, when the cubical device is used to complete strain-controlled 

tests, the deformation in a specific direction (i.e X, Y, or Z) of the cubical soil specimen 

is used by the computer to control the test by changing the external pressure on each 

face in real time. In both cases, the applied pressure and the induced deformation were 

measured and stored in a data file in real time. 

Results of shearing tests conducted on soil samples prepared using tamping 

compaction method show that test repeatability cannot be easily achieved using this 

compaction method. Therefore, in order to reduce the anisotropy of the soil specimens, 

all the samples were statically compacted in one lift using a triaxial frame at a 

monotonic displacement rate of 1.0 mm/min. This procedure permits to reproduce 

samples with similar soil fabric and characteristics that have been proven to offer the 

necessary conditions to guarantee the repeatability of the tests conducted in the true 

triaxial apparatus. 

The experimental data obtained from a comprehensive suction-controlled test 

program on compacted clayey sand via the refined cubical cell have been used to 

validate the prediction capabilities of the Barcelona Basic Model (Alonso et al., 1990), 

the Modified Barcelona Basic Model (Josa et al., 1992), and the Oxford Model 

(Wheeler and Sivakumar, 1995). Considering the limited prediction capabilities 

observed in these models, a refinement of the Barcelona Basic Model framework has 
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been proposed. Although no perfect predictions have been obtained with the 

modifications proposed, the results show considerable improvement and better 

predictions over those obtained with the models evaluated in their original frameworks. 

1.2 Objective and Scope 

In this research work, an attempt has been made to achieve an accurate 

assessment of the constitutive behavior of statically compacted clayey sand specimens 

subjected to multiaxial loading under constant matric suction state in order to validate 

and further refine, wherever possible, the pioneering elasto-plastic constitutive 

frameworks previously proposed to predict the mechanical response of an unsaturated 

soil. To achieve this goal, the results from a series of drained (constant suction) stress-

controlled true triaxial tests conducted on cubical samples of compacted clayey sand 

(SP-SC) were used to evaluate the prediction capabilities of these previously proposed, 

elasto-plastic, critical-state based constitutive models. The main objective of the present 

study is hence threefold, as described in the following. 

First, to identify and further refine, to the largest extent that is technically 

possible, the features and testing capabilities of an existing true triaxial device 

previously used by Park (2005), Pyo (2006) and Laikram (2007). The cubical device 

has been used to study the stress-strain response of 3 in (7.62 cm) per side cubical 

specimens of unsaturated soil under different matric suction conditions and for various 

stress paths not achievable using conventional triaxial cells. 

Second, to conduct a comprehensive review of the most widely used critical 

state based constitutive models for unsaturated soils. Some of the constitutive models 
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proposed for unsaturated soils have been thoroughly reviewed and parametrically 

studied. 

Third, to validate and further refine, wherever possible, the investigated models. 

True triaxial test data from a series of drained, suction-controlled HC, CTC, and TC 

tests conducted on cubical SP-SC soil specimens have been used to calibrate all models 

parameters. In addition, true triaxial test data from a series of drained, suction-

controlled TC, TE, and SS tests are used to evaluate the soil response under different 

matric suction conditions for a wide range of stress paths on the octahedral plane. 

1.3 Thesis layout 

This dissertation has been divided into eight chapters. A brief summary of each 

chapter is presented in the following. 

Chapter 2 presents a brief review of the basic concepts of unsaturated soil 

mechanics. Special attention is given to the concept of soil suction, the relationship 

between soil suction and water content, and the relevant stress state and volumetric state 

variables used for unsaturated soil behaviour representation. 

Chapter 3 includes a comprehensive review of the elasto-plastic, critical state 

based frameworks previously proposed to describe the constitutive response of 

unsaturated soils. A brief description of the original and modified Cam Clay models is 

also included in this chapter. 

Chapter 4 presents a brief description of the previous work accomplished by 

Hoyos and Macari (2001), Matsuoka et al. (2002), and Laikram (2007), and summarizes 
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the main features and refinements of the computer driven, suction controlled true 

triaxial testing device developed in this research work. 

Chapter 5 presents a detailed description of the basic laboratory tests conducted 

to classify the test soil used in this research work, the soil-water characteristic curve 

(SWCC), the selection of the compaction method and appropriate dry unit weight, as 

well as the procedure recommended to obtained identically prepared specimens with an 

adequate value of isotropic yield stress, po(0). 

Chapter 6 describes the experimental program undertaken in this work and the 

procedures followed to conduct drained (suction-controlled) hydrostatic compression 

(HC), conventional triaxial compression (CTC), triaxial compression (TC), triaxial 

extension (TE), and simple shear (SS) tests. The chapter includes all of the experimental 

results from this program, as well as results from tests performed to validate the 

dependability of the cubical cell in producing repeatable results and to select the 

adequate loading rate. 

Chapter 7 describes the models’ calibration process and presents the numerical 

predictions of compacted clayey sand behaviour from Barcelona Basic Model (BBM), 

Modified Barcelona Basic Model (MBBM), Oxford Model (OM), and the Refined 

Barcelona Basic Model (RBBM) proposed as a result of the current research work. 

Chapter 8 summarizes the main conclusions of this research work and presents 

some recommendations for future experimental investigations in this discipline. 
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CHAPTER 2 

2 BASIC UNSATURATED SOIL MECHANICS CONCEPTS 

2.1 Introduction 

In natural condition, soils are subjected to temporal and spatial water content 

variation. Water can infiltrate during precipitation providing a downward flux into the 

soil, eventually saturating the material. The depth at which soil become fully saturated 

with water is called the water table. Conversely, water can be removed by evaporation 

and/or evapotranspiration processes generating an upward flux of water out the soil, 

producing a gradual drying and cracking of the material (Fredlund and Rahardjo, 1993). 

Groundwater is also often withdrawn for agricultural, municipal and industrial use by 

constructing and operating extraction wells. 

Considering that groundwater table is controlled by the climate variation, it is 

possible to differentiate the saturated and the unsaturated zone in natural soils (See 

Figure 2.1). The thickness and depth of these two zones is subjected to the influence of 

meteorological forces, the soil cover, and the characteristics and type of soil. According 

to Nan et al. (2005), the magnitude of soil water variation becomes smaller with 

increases in soil depth and the influence of meteorological forces is reduced gradually 

with distance downward. 
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Figure 2.1 Soil classification based on the degree of saturation (modified from: 

Fredlund, 1996). 

The unsaturated zone is the zone between the land surface and the regional 

water table. It includes the capillary fringe. The capillary fringe is the soil layer in 

which groundwater rise from a water table due to capillary force. At the base of the 

capillary fringe pores are completely filled with water. However, due to variation in 

pore size, the saturated portion of the capillary fringe is less than the total capillary rise. 

Consequently, soils with small and relatively uniform pore size can be completely 

saturated with water for several feet above the water table. On the other hand, the 
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saturated portion will extend only a few inches above the water table when pore size is 

large (Fredlund, 1996). Therefore, capillary action supports a fringe zone above the 

saturated zone where water content decreases with distance above the water table. 

Except for the saturated portion of capillary fringe zone, pores in the unsaturated 

zone contain both water and air.  However, the pore-water pressure is negative relative 

to the pore-air pressure (Fredlung and Rahardjo, 1993). According to Fredlund (2006), 

in the unsaturated soil zone the pore-water pressure can range from zero at the water 

table to a maximum tension of approximately 1,000,000 kPa under dry soil conditions. 

In contrast, the unsaturated zone differs from the saturated zone in that pores in the 

latter are almost always completely filled with water and water pressure is greater than 

atmospheric pressure. 

2.2 Unsaturated Soils 

Below the phreatic surface, the soil may be saturated and water in soil voids is 

normally continuous, although there may be air present in dissolved state. Pore 

pressures in saturated soils are derived from the weight of the water column lying above 

the given elevation and the drainage conditions below. Under saturated conditions pore 

pressure normally has a positive value and can be measured using a piezometer with a 

porous filter material attached at the end, making intimate contact with the water in the 

soil. 

According to Fredlung and Rahardjo (1993), any shallow soil (i.e., near to the 

ground surface) in a relatively dry environment or subjected to excavation, remolding 

and compaction processes, could result in unsaturated conditions and consequently 
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subjected to negative pore-water pressure. A saturated soil is considered to have two 

phases mixture (i.e., solids and water). Although an unsaturated soil is considered to 

have three phases mixture (i.e., solids, air, and water), it is important to consider an 

additional fourth phase in order to adequately describe the stress satate (Fredlund, 

2006). The fourth phase, called the contractile skin or the air water interface, act as a 

partition between the air and water phase. According to Fredlund (2006), the contractile 

skin can be considered as part of the water phase, however, to adequately describe the 

stress state and phenomenological behavior of unsaturated soil, it must be considered as 

an independent phase. 

2.3 Soil Suction 

Porous materials have a fundamental ability to attract and retain water (Bulut et 

al., 2001). This property is generally referred as suction, which is no other than the 

negative stress in the pore water. Under dry conditions, if the water contained in the 

voids of a soil were subjected just to gravity force, the soil lying above the water table 

would be completely dry (Ridley et al., 2004). However, molecular and physico-

chemical forces, stronger than the gravitational force, acting at the boundary between 

the soil particles and the water, cause the water to be drawn up into the empty void 

spaces or held there without drainage. The attraction that the soil exerts on the water is 

termed soil suction and manifests itself as a tensile hydraulic stress in a saturated 

piezometer with a porous filter placed in intimate contact with the water in the soil 

(Fredlung and Rahardjo, 1993). 
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There are weak intermolecular physical attractions which result from short range 

dipole-dipole or induced dipole-dipole interaction. These forces, commonly referred as 

van der Waals’ forces, are additive and may result in considerable attraction for large 

molecules. On the other hand, hydrogen bounding is a type of dipole-dipole interaction 

where hydrogen atoms serve as a bridge between two electronegative atoms. The forces 

of attraction are weaker than ionic but stronger than van der Waals’ forces (Cresser et 

al, 1993). Therefore, a field of strong interaction between water and soil particles can 

result from the combination of hydrogen bounds and van der Waals’ forces (Susuki, 

2000). This field where water molecules are strongly adsorbed, forming a film covering 

the soil particle, is represented in Figure 2.2 by the dotted line surrounding the soil 

particle. 

 

Figure 2.2 Schematic diagram of water soil interaction (modified from: Suzuki, 2000). 
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On the other hand, due to the capillary force produced by the surface tension 

occurring between water and air, water is retained near to the contact point of two 

particles. The contact angle between water and soil particles determines the concave 

surface of the meniscus. In general, water is retained either by the strong adsorbing 

forces at the surface of the soil particle (i.e. retaining water at surface) and by capillary 

forces at the contact point of the soil particles (i.e. retaining water in voids). The 

magnitude of the attractive force that soil above the water table exerts on water is 

governed by the size of the voids in manner similar to the way that the diameter of a 

small bore glass tube governs the height to which water will rise inside the tube when it 

is immersed in water. The smaller the void, the harder it is to remove the water from the 

void (Fredlund and Rahardjo, 1993).  

Hence, soil suction is a quantity that can be used to characterize the effect of 

moisture on the mechanical behavior of soils, and it is a measure of the energy or stress 

that holds the soil water in the pores or a measure of the pulling stress exerted on the 

pore water by the soil mass (US Army Corps, 1983). The total soil suction, ψ, is 

expressed as a positive quantity and is defined as the sum of matric suction, (ua – uw), 

and osmotic suction, π (US Army Corp of Engineers, 1983; Fredlund and Rahardjo, 

1993). 

2.3.1 Osmotic Suction 

The osmotic suction, π, is caused by the concentration of soluble salts in the 

pore water, and it is pressure-independent (Department of the Army USA, 1983). It can 

be measured as the difference between the partial pressure of water vapor in equilibrium 
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with pure water to that in equilibrium with the groundwater. Although the osmotic 

effect has been associate more than unsaturated soils than with saturated soils, Salt in 

the pore water can be found in both saturated and unsaturated soils. Therefore, osmotic 

suction is equally applicable to both saturated and unsaturated soils (Fredlund and 

Rahardjo, 1993).  

The osmotic effect may be observed if the concentration of soluble salts in the 

pore water differs from that of the externally available water. Therefore, if the salt 

content in a soil changes there will be a change in the overall volume and shear strength 

of the soil (Fredlund and Rahardjo, 1993). For example, swell may occur in the 

specimen if the external water contains less soluble salts than the pore water 

(Department of the Army USA, 1983). The effect of the osmotic suction is assumed 

small when compared with the effect of the matric suction (Fredlung and Rajardjo, 

1993). Hence, the osmotic suction should not significantly affect the soil behavior if the 

salt concentration is not altered. Consequently, a change in total soil suction, ψ, is 

essentially equivalent to a change in matric suction, (ua – uw) (Gardner, 1961; 

Department of the Army USA, 1983; Fredlund and Rahardjo, 1993; Öberg, 1997). 

2.3.2 Matric Suction 

The matric suction, (ua – uw), is related to capillary tension in the pore water, 

and water sorption forces of the soil particles, both of them associated to the 

geometrical configuration of the soil structure (Department of the Army USA, 1983; Lu 

and Likos, 2004). Matric suction is defined as the difference between the pore-air 

pressure, ua, and the pore-water pressures, uw (Fredlund and Rahardjo, 1993). It may 
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vary with time due to weather and surrounding environmental changes. Hence, as 

shown in Figure 2.3, dry and wet seasons cause variation in the suction profile, 

particularly close to the ground surface (Fredlund and Rahardjo, 1993). 

Matric suction is also influenced for the depth of water table. Hence, higher 

matric suction can be expected for a deeper water table. On the other hand, ground 

surface vegetation can apply a tension to the pore-water of up to 1 MPa to 2 MPa 

through the evapotranspiration process. Therefore, an increase in the matric suction can 

result from the evapotranspiration process (Fredlund and Rahardjo, 1993). 

Water is a simpler molecular structure where one molecule of water has two 

hydrogen atoms covalently bonded to a single oxygen atom via a shared pair of 

electrons (Snoeyink and Jenkins1980). Oxygen attracts electrons much more strongly 

than hydrogen, resulting in a net positive charge on the hydrogen atoms, and a net 

negative charge on the oxygen atom. The presence of a charge on each of these atoms 

gives each water molecule a net dipole moment. Therefore, the electrical charge made 

water molecules to be attracted, pulling individual molecules closer together and 

making it difficult to separate (Snoeyink and Jenkins, 1980). This attractive force gives 

water its cohesive and also adhesive properties that made water molecules stay together 

aggregated in drops rather than spread out over a surface as a thin film. This property 

also causes water to stick to the sides of vertical structures despite gravity's downward 

pull. Therefore, when water is carried through small diameter tube the strong 

intermolecular attractions hold the water column together (Snoeyink and Jenkins1980). 
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Figure 2.3 Typical pore-water pressure profile (modified from: Fredlund and 
Rahardjo, 1993). 

2.4 Surface Tension 

In a system composed of two contiguous materials (i.e. a two phases system) 

which have significantly uniform distribution of matter throughout their interiors (e.g. 

air and water) but which meet in a thin of physical inhomogeneity where the transition 

takes place from the distribution on one phase to that in the other (e.g. air-water 

interface) (Tolman, 1948). The system can be considered as precisely separated by the 

construction of an imaginary geometrical surface, which lies within the layer of 

physical inhomogeneity. Such a surface, which gives a precise separation of the system 
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into two parts, with the homogeneous portions of the two phases located in its opposite 

sites was called “divided surface” (Tolman, 1948). The inhomogeneous surface region 

is considered as a third phase, the surface phase, in equilibrium with the two bulk 

phases (Navascués, 1979). 

The theory of surface tension given by Gibbs (1928) was developed with a 

minimum of hypothesis as to the detailed structure of the transition layer, this being 

reduced essentially to the assumption that all the properties of the layers can be 

regarded as determined by the area and curvature of some selected imaginary divided 

surface.  This procedure has the advantage of providing a very general theory, which is 

valid for a wide range of possible kinds of transition layers (Tolman, 1948). 

Therefore, applying to a system of two homogeneous fluids at pressures p’ and 

p’’ , separated by a spherical membrane without rigidity (i.e. surface of tension), having 

a radius Rs and tension Ts. The pressure in the interphase will gradually change from 

one bulk value, say p’ to the other, p’’. Therefore, the molecules within the divided 

surface experiences an unbalanced force which is equilibrated by the tensile pull 

generated along the surface of tension called surface tension, Ts (Tolman, 1948; Kuz et 

al., 1987; Navascués, 1979; Schmelzer et al., 1996). Moreover, due to the 

inhomogeneity of the interphase, the pressure on an element of area depends on the 

orientation of that area in the interphase (Figure 2.4). 

It is important to have an expression where the surface tension can be related to 

other macroscopic properties of the system. Hence, considering the hydrostatic 
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equilibrium of the equivalent system shown in Figure 2.5, the total force acting in the 

horizontal direction requires that 

( ) sss TRppR ππ 2'''2 =−        (2.1) 

The following equation, which is the well-known Laplace equation, is a relation 

between surface tension, Ts, the two bulk pressures, and the radius, Rs, of the surface of 

tension (Navascués, 1979). 
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Figure 2.4 Surface tension on a spherical surface (modified from: Fredlund and 
Rahardjo, 1993). 

Assuming than Ts is constant, it is possible to deduce from this equation that     

p’ > p’’  and the radius Rs decreases as ∆p ≡ p’ – p’’ increases. On the other hand, if the 

interphase is not spherical, the Laplace equation can be generalized easily as 

(Navascués, 1979): 
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With R1 and R2 been the radii of the curvature of the non spherical divided 

surface in two orthogonal principal planes (see Figure 2.6). 
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Figure 2.5 Diagram of the hydrostatic equivalent to a drop in equilibrium with its vapor 
(modified from: Navascués, 1979). 

As mentioned before, a soil is commonly referred to as a three-phase mixture 

(i.e., solids, air, and water). However, more recently a fourth independent phase called 

the contractile skin or the air-water interface has been included for purposes of stress 

analysis (Fredlund and Morgenstern, 1977; Fredlund, 2006). Tolman (1948) referred to 

the air-water interface as “divided surface” in the surface tension physics literature. 

Hence, an element of an unsaturated soil can be analyzed considering a mixture with 

two phases (i.e. solid and contractile skin) coming to equilibrium under applied external 
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stresses, and another two phases (i.e. air and water) flowing under applied external 

stress. As a result, the contractile skin provides an isotropic stress to the pore-water 

pressure. The surface tension causes the contractile skin to behave like and elastic 

membrane. Therefore, Equation (2.2) can be used to calculate the pressure difference 

across a curved surface with the same radius of curvature, Rs, in all directions and 

surface tension Ts. 
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Figure 2.6 Surface tension on a non-spherical surface (modified from: Fredlund and 
Rahardjo, 1993). 

In an unsaturated soil, the contractile skin would be subjected to an air pressure, 

ua, which is greater than the water pressure, uw (Fredlund and Rahardjo, 1993), and 

Equation (2.2) becomes 
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The pressure difference is referred, (ua – uw), is referred to as matric suction. 

According to Wang and Fredlund (2003), based on the assumption that the 

surface tension is 71.99 mN/m and the thickness of contractile skin is 5 Å at 25 °C, the 

equivalent tensile stress in the contractile skin can be estimated as 140,000 kPa. 

Therefore, the contractile skin is under a high tensile stress. 

2.5 Capillary phenomena 

Capillary in porous materials is defined as the movement of water within the 

interconnected void spaces due to the forces of adhesion, cohesion, and surface tension. 

According to Pakarinen et al. (2005), the capillary force in a porous material is caused 

by the condensation of humidity forming a meniscus or a liquid capillary neck between 

particles. This meniscus grows in size, until its surface curvature has decreased to a 

value where the rate of evaporation and condensation is in equilibrium. The surface 

curvature of the meniscus determines the pressure inside the meniscus. The capillary 

force is often said to arise from the pressure difference between the inside and the 

outside of the meniscus. The nature of the interaction between the particle and surface is 

strongly modified by the water meniscus which forms between them. This meniscus 

results in an additional capillary force increasing the particle’s adhesion to the surface. 

A simple capillary tube model can be used to describe the pressure changes 

across an air-water interface and explain an important component of suction in 

unsaturated soil. However, due to the various particles sizes and shapes, assumptions 

must be made about the complex pore geometry in order to extend the capillary tube 

model to analyze the unsaturated soil (Lu and Likos, 2004). 
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2.6 Soil-Water Characteristic Curve 

The unsaturated soil properties can be better interpreted if the influence of 

matric suction is taken into account (Fredlund 2000). Hence, the soil-water 

characteristic curve (SWCC) describes the relationship between suction and the water 

storage capacity of a soil. The water content defines the amount of water contained into 

the soil pores. It can be expressed in various forms such as gravimetric water content, w, 

volumetric water content, θ, or degree of saturation, S. The suction can be either the 

matric suction (i.e. ua – uw), or total suction of the soil, which is defined as matric plus 

osmotic suction. The total suction related to zero water content appears to be basically 

the same for all types of soils and a value slightly below of 1,000,000 kPa has been 

reported for several researcher (Fredlund and Xing, 1994; Vanapalli et al., 1999). 

When the suction range used for soil testing is small (i.e. 0 to 1,000 kPa), the 

soil-water characteristics are plotted on an arithmetic scale However, if the suction 

range used for testing is large, it is common to plot the soil-water characteristic curve 

behavior on a semi-logarithmic plot (Vanapalli et al., 1999). A typical soil-water 

characteristic curve, adopts an S-shape when the soil suction is plotted on logarithmic 

scale. Several features of the soil characteristic curve can be identified on in Figure 2.7 

(Vanapalli et al., 1999). 

2.6.1 Air-Entry Value of  Soil 

According to Fredlund and Rahardjo (1993), the air-entry value of the soil, is the 

matric suction value that must be exceeded before air resides into the soil pores. It 

represents the differential pressure between the air and water that is required to cause 
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desaturation of the largest pores (Vanapalli et al., 1999). Thus, the air-entry value of the 

soil is obtained by extending the constant slope portion of the soil-water characteristic 

to intersect the line on the portion of the curve for suction at 100% saturation, as shown 

in Figure 2.7. The corresponding value of suction for that point of intersection is taken 

as the air entry value of the soil. 

2.6.2 SWCC Identifiable Zones 

Based on the S-shape of the soil-water characteristic curve it is possible to 

identify three zones of desaturation (Figure 2.7): the residual zone of unsaturation, the 

transition zone, and the boundary effect zone (Vanapalli et al., 1994). 

As shown in Figure 2.7, in the boundary effect zone, almost all of the soil pores 

are filled with water. In this zone, the flow of water is in the liquid phase. As the 

applied suction increases, water is released and the soil dries at slow rate until the air 

entry value is reached. 

The soil desaturates at the air-entry value of suction, which is the point 

indicating the beginning of the so called transition zone. In this zone, the flow of water 

remains in liquid phase (Vanapalli et al., 1994). However, as the applied suction 

increases, water is released faster and the soil dries rapidly producing reduction in the 

connectivity of the water in the voids or soil pores. Eventually, at the end of the 

transition zone, large increases in suction lead to relatively small changes in soil water 

content. This is the so called residual zone of saturation. 
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Figure 2.7 Typical soil-water characteristic curve showing different zones (modified 
from: Vanapalli et al., 1999). 

The residual zone of saturation can be considered to be the zone where the liquid 

phase becomes discontinuous due to the low soil water content (Vanapalli et al., 1999). 

Hence, the residual zone of saturation represents humidity at which it becomes 

increasingly difficult to remove water from a specimen by increasing the suction. The 

point at which residual saturation is reached is not always clearly defined. A suction 

value of 1500 kPa, corresponding to the wilting point for many plants is recommended 

as residual suction (van Genuchten, 1980). However, a graphical procedure can be used 

to better define the residual condition of saturation when the entire suction range is used 

(Vanapalli et al., 1999). Thus, the residual point can be obtained on the intersection of 
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the tangent line through the inflection point, on the central straight portion of the soil-

water characteristic curve, and the line extending from 1,000,000 kPa tangent to the 

final portion of the curve. 

2.6.3 Soil-moisture Hysteresis 

The complex nature of the liquid-phase in an unsaturated soil, produce a no 

unique relationship between water pressure and water content and presents hysteresis 

effects (Richards, 1941; Poulovassilis, 1962; Topp and Miller, 1966; Poulovassilis and 

Tzimas, 1974). The drying  and wetting SWCCs are significantly different an in many 

cases it becomes necessary to differentiate the soil properties associates with the drying 

curve from those associates with the wetting curve (Fredlund et al., 1994; Fredlund, 

2006). The essence of this phenomenon in soils is that water required less mechanical 

work to go into unsaturated soil than that required to be drained from it (Hillel, 1982). 

Thus, due to the hysteretic nature of the soil-water characteristic curve, the drying and 

wetting curves differ significantly with reference to each other. 

As shown in Figure 2.8, for a specific matric suction a soil typically shows a 

water content that is lower on a wetting process than that found on a drying process 

(Maqsoud et al., 2004; Tami et al., 2004). Therefore, it becomes necessary to 

differentiate the soil properties associated with the drying process, such as evaporation 

or drainage, from these associated with the wetting process, such as infiltration. This 

means that it is convenient to establish under which condition the material is been tested 

and/or decide which process is to be modeled. It could also be appropriate in some cases 
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to use an average of the drying and wetting soil-water characteristic curve (Fredlund, 

2006). 
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Figure 2.8 Schematic representation of the soil-water characteristic curve with 
hysteresis effect (modified from: Maqsoud et al., 2004). 

Several factors can cause hysteresis of the soil-water characteristic curve (Bear, 

1979; Hillel, 1980; Iwata et al., 1995; O’Kane et al., 2004): geometric nonuniformity of 

individual pores, variation in contact angle between liquid and soil particles, the 

entrapped air in the voids, and the aging due to wetting and drying history, and the air-

water interface development during the wetting or drying process. The air-water 

interface or meniscus between the same soil particle and the receding air water interface 

during the drying process is different from that during the wetting process. It is due to 
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the different spatial connectivity of pores during drying or wetting process. This 

phenomenon is called the rain-drop effect (Bear, 1979). 

During the drying process the water drainage from the pore is controlled by the 

“neck pore diameter” or “open pore diameter”. On the other hand, the wetting process is 

controlled by the “body pore diameter” (Haines, 1930). Therefore, an increase in 

pressure is required on the water front in order to water re-enters in small pores. This 

condition generates an unbalanced in pore pressure that does not allow water flowing 

into the small pores until the surrounding pores are completely filled. This phenomenon 

is called the ink-bottle effect (Bear, 1979). Many researchers have used the ink-bottle 

effect to develop hysteresis models for predicting soil water characteristic curve 

hysteresis (Everett, 1955; Poulovassilis, 1962; Topp, 1971; Jaynes, 1984; Mualem, 

1984; Haverkamp and Parlange, 1986; Hogarth et al., 1988; Jaynes, 1992). Important 

and successful mathematical descriptions of soil-moisture have been suggested by 

several authors (Parlange, 1980; Haverkamp and Parlange, 1986; Parlange et al., 1999; 

Poulovassilis and Kargas, 2000; Angulo-Jaramillo et al., 2003; O’Kane et al., 2004, 

Gandola et al., 2004).  

2.6.4 Measurement Methods 

Soil-water characteristic curve can be determined in the laboratory using either 

direct or indirect methods (Ridley and Wray, 1996). A number of devices have been 

developed to adequately measure soil suction. Tensiometers, null pressure plates, 

pressure membranes, or suction plates are some of the conventional equipment used in 

the measurement of matric suction in the laboratory (Power et al., 2008). A detailed 
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description of these devices and their correspondent testing procedure are provided for 

different authors (Fredlund and Rahardjo, 1993; Marinho, 1994; Öberg, 1997; 

Khanzode, 1999; Khanzode et al., 1999; Yaldo, 1999; ASTM, 2003; Fredlund, 2006). 

On the other hand, indirect methods use measurements or indicators of water 

content or another physical property that is sensitive to a change in water content to 

measure either the matric or total suction of a specimen. Examples of those methods are 

relative humidity, electrical resistance, or heat dissipation (Power et al., 2008). Some 

Instruments used for the measurement of suction in the field and laboratory are 

Psychrometers (e. g. transistor, thermocouple, or chilled-mirror), filter paper method, 

thermal conductivity sensors, capacitance-based polymer sensors, and electrical 

conductivity sensors (Gourley and Schreiner, 1995; Albrecht et al., 2003; Leong et al., 

2002; Agus and Schanz, 2007). 

2.6.4.1 Pressure Plate Drying Test 

A pressure plate consists of a pressure vessel with a high-air entry ceramic disk 

(Figure 2.9). The high-air entry ceramic disk is used as an interface between air and 

water pressure. As long as the applied matric suction does not exceed the air entry value 

of the disk, air will not be able to pass through the saturated high-air entry disk (Aung et 

al 2001). The axis-translation technique (Hilf, 1956) is employed in the pressure plate 

test to apply matric suction to soil specimens. Air pressure is supplied within the 

pressure vessel and the lower part of the high-air entry disk is connected to a burette of 

water under atmospheric pressure. Since the water pressure below the disk is 

atmospheric, the applied air pressure represents the applied matric suction. 
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2.6.4.2 Filter Paper 

Filter paper can be used to measure either total or matric suction. The filter 

paper method is based on the premise that a filter paper will come to equilibrium with 

respect to moisture flow with a soil having a specific suction. When the filter paper is 

placed in direct contact with the soil, water will flow from the soil into the filter paper 

until equilibrium is achieved (Leong and Rahardjo, 2002). When the filter paper is not 

in contact with the soil, only water vapor flow will occur. In the contact method the 

filter paper measures matric suction, whereas in the noncontact method the filter paper 

measures total suction (Fredlund and Rahardjo, 1993). 

 

Figure 2.9 A 15 bar ceramic plate extractor. 
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The filter paper method measures suction indirectly, and the measurement 

accuracy is dependent on the moisture-suction relationship of the filter paper (Fredlund 

and Rahardjo, 1993). In essence, filter paper method is based on that the humidity of the 

filter paper will come to equilibrium with the soil having a specific suction. Equilibrium 

can be achieved by either liquid or vapor moisture exchange between the soil and the 

filter paper. Hence, the filter paper is used as a sensor which when placed in direct 

contact with the soil specimen, allows determining the matric suction (Figure 2.10). 

Theoretically, the matric suction is related to the water content of the filter paper when 

the paper is placed in direct contact with the water in the soil (Fredlund and Rahardjo, 

1993). 

On the other hand, when a dry filter paper is not in direct contact with the soil, 

vapor of water will flow from the soil to the filter paper until equilibrium is achieved 

(Figure 2.10). Due to the possible presence of dissolved salts in the soil, the water-vapor 

molecules have to escape from the soil not just by overcoming the matric suction in the 

soil but also the possible osmotic suction due to the presence of salts. Therefore, the air 

space left between the soil water and the filter paper provides a barrier to the salts, 

allowing only water vapor to flow (Marinho and Oliveira, 2006). The measure of the 

water content of the filter paper leads to the total suction value (Fredlund and Rahardjo, 

1993). 

Figure 2.11 shows the laboratory procedure followed to obtain matric suction 

using filter paper method.  
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Figure 2.10 Filter paper method for measuring matric and total suction (modified from: 
Fredlund and Rahardjo, 1993). 

   
 

    
 

Figure 2.11 Filter paper method for measuring matric suction. 
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The ASTM D5298-03 standard states that “the precision of the filter paper test 

method is currently being evaluated”. Also, they state that “there is no accepted 

reference value for this test method therefore bias cannot be determined”. For that 

reason, the ASTM D5298-03 propose to discard filter paper results if the “difference in 

suction between the two filter papers exceeds 0.5 log(kPa).” Nevertheless, the filter 

paper method has as an advantage that it is not based on high air pressure such as the 

axis translation technique. This allows performing the test in environments which 

closely simulate in situ conditions (Ridley et al., 2003). 

2.6.4.3 Calibration Equations from Filter Paper Test 

The water content of the filter paper is related to a suction value though the filter 

paper calibration curve or equation. The calibration curve for the filter paper is the 

equivalent to the soil water characteristic curve for that porous material. Considering 

the rigorous quality control during the filter paper production, the retention curve 

should not change from batch to batch (Marinho and Oliveira, 2006). 

The calibration curve for a specific filter paper can be obtain by measuring the 

water content of filter paper once it reaches equilibrium with a salt solution having a 

known osmotic suction (Fredlund and Rahardjo, 1993; Marinho and Oliveira, 2006; 

Power et al, 2008). Hence, several water contents can be plotted against their 

corresponding suction values to obtain the calibration curve. However, different 

researchers have suggested different calibration curves for the same filter paper 

(Fawcett and Collis-George, 1967; van Genuchten, 1980; McKeen, 1980; Hamblin, 

1981; Chandler and Gutierrez, 1986; Chandler et al., 1992a; Chandler et al., 1992b; 
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Fredlund and Xing, 1994; Deka et al., 1995; Leong and Rahardjo, 2002; and Power et 

al., 2008). Furthermore, the experimental procedure of the contact filter paper method 

published in ASTM standard D5298-03 covers the two most commonly used filter 

papers, Whatman No. 42 and S&S 589. The equations for the matric suction calibration 

curves of Whatman No. 42 filter papers recommended by various researchers are 

presented Table 2.1 in plotted in Figure 2.12. 

Table 2.1 Calibration equations for Whatman 42 filter paper 

Author Matric Suction Equation Suction Rrange 
(kPa) 

 
van Genuchten (1980) 
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N/A 

 

Hamblin (1981) log ψ = 8.022 − 3.683 log(wfp) 
 

1 – 3000 

 
Chandler et al. (1992b) 

log ψ = 4.84 – 0.0622 wƒp,    wƒp < 47% 
 
log ψ = 6.05 – 2.48 log wƒp,   wfp ≥ 47% 
 

≥ 80 
 

≤ 80 

 
 
Fredlund and Xing (1994) 

101.2
268

629.0

23.0
















−=















ee fpwψ  

 

 
 

N/A 

 
Leong and Rahardjo (2002) 

log ψ = 4.945 − 0.0673wfp,    wƒp < 47% 
 
log ψ = 2.909 − 0.0229wfp,   wfp ≥ 47% 
 

<1000 
 

<1000 

 
ASTM D5298-03 (2007) 

log ψ = 5.327 − 0.0779wfp, wƒp < 45.3% 
 
log ψ= 2.412 − 0.0135wfp, wfp ≥ 45.3% 
 

N/A 
 

N/A 

 
Power et al. (2008) 

log ψ=151.13−94.343log(wfp), wƒp≤38% 
 
log ψ= 6.712−2.933 log(wfp), wƒp > 38% 

300 
 

20 – 300 
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Figure 2.12 Calibration curves for Whatman No. 42 filter paper. 

Several factors may affect the filter paper calibration (Leong and Rajardjo, 

2002): quality of filter paper, suction source used in calibration, hysteresis and 

equilibration time. Since the accuracy of the filter paper method is dependent on its 

moisture-suction relationship, the calibration procedure for the filter papers as well as 

the quality control during the application of the filter paper method is very important. 

2.6.5 SWCC Mathematical Models 

Several empirical equations describing the soil-water characteristic curve has 

been established by numerous researchers (van Genuchten, 1980; Fredlund and 

Rahardjo, 1993; Fredlund and Xing, 1994; Fredlund and Xing, 1994; Durner, 1994; 

Rahardjo et al., 1995; Fredlund et al., 1996; Tzimopouos, 1996; Leong and Rajardjo, 

1997; Kastanek and Nielsen, 2001; Sillers and Fredlund, 2001; Zhou and Yu, 2005; 
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Fredlund, 2006; Lu and Likos, 2006; Sreedeep and Singh, 2006). Many of these 

equations have been developed to achieve reliable estimates of the unsaturated 

hydraulic conductivity required for simulating fluid flow and mass transport in the 

unsaturated zone (van Genuchten, 1980; Lappala, et al., 1987; Tindall and Kundel, 

1999; Assouline and Tartakovsky, 2001; Šimůnek and van Genuchten, 2005). Reliable 

estimates of the unsaturated hydraulic conductivity are particularly difficult to obtain, in 

part because of its extensive variability in the field, and partly because measuring this 

parameter is time-consuming and expensive (van Genuchten, 1980). 

Although each of the proposed empirical equations can be best fit to either the 

dry or wetting curves (Fredlund, 2006), the most universally used model are those 

proposed by Brooks and Corey (1964) and van Genuchten (1980), which are discussed 

in this document. Due to its simplicity, the model proposed by Brutsaert (1967) is also 

considered as, well as the model proposed by Fredlund and Xing (1994). 

The effective water content, Se, also known as normalized water content, defined 

as: 

rs

r
eS

θθ
θθ

−

−
=         (2.5) 

where  

θ = any volumetric water content 

θs = saturated water content 

θr = residual volumetric water content. 
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The effective water content can also be expressed in terms of the gravimetric 

water content as: 

rs

r
e ww

ww
S

−
−

=         (2.6) 

where  

w = any gravimetric water content 

ws = gravimetric water content at saturation 

wr = residual gravimetric water content. 

The soil-water characteristic equations suggested by Brooks and Corey (1964) is 

given as follows: 

be

b
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       (2.7) 

where 

ψ = soil suction 

Se = effective water content as defined by Equation (2.6) 

ψb = air-entry value of the soil 

λ = pore size distribution index that is a function of soil texture 

The van Genuchten (1980) equation is given as follows: 
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where 

m, n, α = empirical parameters 

In addition, a simple two-parameter model proposed by Brutsaert (1967) can be 

considered as follows: 
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where 

α − pressure potential at which Se = 0.5 

β − empirical parameter 

The Fredlung and Xing (1994) equation is as follows: 
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af  = soil parameter which is primarly function of the air entry value of the soil 
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nf = soil parameter which is function of the rate of water extraction of the soil 

mf = soil parameter which is function of the soil water content 

C(ψ) = correction factor function which is function of the suction of the suction 

at which residual water occurs. 

A list of more common equations appearing in the literature can be found in 

Fredlund et al. (1994), Fredlund (2006), Sillers and Fredlund (2001) and various forms 

of equations are evaluates for different types of soils by Leong and Rajardjo (1997). 

2.7 Unsaturated Soil State Variables 

To study particular aspects of soil behavior it is required to develop physical 

models. An example of physical model is a full-scale testing where all features of the 

phenomenon been studied is reproduced at full scale (Wood, 2004).  However, most 

physical models are constructed at a reduced scale to obtain information more rapidly, 

reducing the cost and complexity related with full scale-testing. 

Hence, the application of techniques of physical geotechnical modeling requires 

extrapolating the observed behavior in small physical models to the expected behavior 

in the full-scale prototype. Therefore, it required to understand the factors that influence 

the behavior of the material that are being modeled (Wood, 2004). 

Considering that simple models are easier to describe and comprehend, and 

extra complexities can always be incorporated if necessary, the complex behavior of 

heterogeneous materials could be described in terms of stress-strain which has been 

successfully used to describe continuous materials (Beer and Watson, 1992; Wood, 

2004; Smith and Griffiths, 2004; Yu, 2006). Therefore, a simplest partial description of 
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the structure of the soil can be made by using volumetric state variable (Fredlund and 

Rahardjo, 1993; Wood, 1999). 

2.7.1 Volumetric Variables 

Different to continuous materials, soils have a large portion of volume made up 

of voids. The voids may be filled with two ore more fluids, usually water and air, but 

also oil or gas instead or even in addition (Wood, 1999; Wood, 2004; Fredlund and 

Rahardjo, 1993). Hence, when a soil is deformed, it might experience significant and 

often irreversible changes in volume. For that reason, description of soil response must 

incorporate the possibility of large volumetric changes. 

Considering the percentage of the void space occupied by water, which is 

expressed as the degree of saturation, S, soils can be subdivided into three groups 

(Fredlund and Rahardjo, 1993): (1) Dry soils where not water is present, consist of soil 

particles and air (i.e., S = 0%) and (2) Saturated soils where all of the voids are filled 

with water (i.e., S = 100%). 

Unsaturated soils also referred as partially saturated soils can be further 

subdivided, depending upon whether the air phase is continuous or occluded. Thus, an 

unsaturated soil with a continuous air phase generally has a degree of saturation less 

than 80%. Occluded air bubbles commonly occur in unsaturated soils having a degree 

of saturation greater than 90%. The transition zone occurs when the degree of saturation 

is between 80% and 90%. 

The water content, w, is defined as the ratio of the mass of water to the mass of 

solids in any volume of soil. On the other hand, the void ratio, e, is defined as the ratio 
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of the volume of voids to the volume of solid solids. With knowledge of the specific 

gravity of the soil particles, Gs, the void ratio of a saturated soil can be linked to the 

water content by  

S

wG
e s=         (2.12) 

The specific volume, v = 1 + e, which is the volume composed of a unit volume 

of solids with its surrounding void, defined by 

ev +=1         (2.13) 

In addition, the specific water volume, vw, which is the volume composed of a 

unit volume of solids with its surrounding voids filled with water, is defined by 

sw Gv +=1         (2.14) 

It is recommended by Wheeler and Sivakumar (1995) to be used as the 

parameter describing the amount of water within a soil element, rather than water 

content, w. Figure 2.13 shows the three phases diagram and volumetric state variables 

for an unsaturated soil. 

Water

Air

1

e

v
vw

e

Soil solids

 

Figure 2.13 Three phases diagram and volumetric state variables for unsaturated soils 
(modified from: Wood, 1999). 
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2.7.2 Effective Stress Variables 

Development of models describing the link between changes in stress and 

changes in strain require correct choice of strain increments and stress variables (Wood, 

2004). As mention before, soils are referred as to a three-phase system (i.e. soil, water, 

and air phase). Therefore, volume changes are an important characteristic of the 

mechanical response of soils. 

Effective stress, σ', has been considered a fundamental state variable for 

describing the state of stresses in soil (Wood, 2004; Fredlund and Rahardjo, 1993). For 

saturated soils, Therzaghi (1943) expressed the stress state variable controlling the soil 

behavior as the difference between the total stress, σ, and the pore pressure, uw. 

Considering the effective stress as the stress acting on the soil skeleton of a saturated 

soil, the effective stress theory establishes that the effective stress controls the 

deformation behavior of the soil. However, two additional factors must be considered 

for unsaturated soils (Lu and Likos, 2004): (1) the pore air pressure, ua, which is the 

stress acting through the air phase and (2) the matric suction, ψ, which is the difference 

between the pore air pressure, ua, and the pore water pressure, uw. In order to consider 

these factors, Bishop (1959) expanded Therzaghi’s classic effective stress theory as 

follow (Fredlund and Rahardjo, 1993; Wood, 2004) 

)()(' wa uu −+−= σχσσ       (2.15) 

where 

σ' = effective normal stress 
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σ = total normal stress 

ua = pore-air pressure 

uw = pore-water pressure 

χ = a parameter related to the degree of saturation of the soil, known as effective 

stress parameter 

The magnitude of the effective stress parameter varies between zero and unity, 

where χ parameter is unity for a saturated soil and zero for a dry soil (Fredlund and 

Rahardjo, 1993). Hence, for fully saturated soils equation 2.11 reduces to classical 

Terzaghi’s effective stress equation (σ' = σ – uw). 

The first term on the right-hand side of equation 2.11 (i.e. the difference σ – ua) 

is referred as the net normal stress applicable to bulk soils. On the other hand, the 

second term χ(σa – uw) represents the stress due to suction linking soil particle referred 

as to as suction stress. 

Several other equations to calculate the effective stress have been proposed 

(Fredlund and Rahardjo, 1993), all of them trying to incorporate a soil parameter in 

order to form a single-valued effective stress variable. However, experimental results 

have shown that there is dependence on the stress path followed (Fredlund and 

Rahardjo, 1993). It is possible to evaluate the magnitude of the effective stress 

parameter by considering the microscale forces acting between and among idealized 

assemblies of spherical particles under unsaturated conditions (Lu and Likos, 2004). 

According to Lu and Likos (2004), the water meniscus formed between 

spherical particles might be described by the particle radius, R, the two radii describing 
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the curvature of the water phase, r1 and r2, and the filling angle. The two particles 

system also known as contacting sphere model is shown in Figure 2.14. The 

relationship between matric suction, ua – uw, surface tension, Ts, and the variables 

describing the geometry of the water meniscus between two spherical particles of 

identical radius R can be written as (Lu and Likos, 2004). 
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Figure 2.14 Air-water-solid interaction for two spherical particles and water meniscus 
(modified from: Lu and Likos, 2004). 

The relationships between r1, r2, R, θ, and contact angle α is given by (Lu and 

Likos, 2004) 
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As shown in Figure 2.15 two different packing orders for uniform spherical 

particles can be considered as two limit cases. The losses possible packing of a soil can 

be represented by considering an idealized material comprised of uniform spherical 

particles organized in a simple cubic (SC) packing. On the other hand, the densest 

possible packing can be represented by considering an idealized material comprised of 

uniform spherical particles organized in a simple tetrahedral (TH) packing (Lu and 

Likos, 2004). 

     

 (a)        (b) 

Figure 2.15 Packing order for uniform spherical particles: (a) simple cubic packing 
representing the loosest packing order, and (b) tetrahedral packing representation 

densest packing order (modified from: Lu and Likos, 2004). 

The water content of an idealized soil of uniform spherical particles organized in 

a simple cubic (SC) packing can be written in terms of the filling angle, θ, and contact 

angle, α, as (Lu and Likos, 2004) 
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Gs = specific gravity 

The gravimetric water content in a TH packing is twice that of SC packing (i.e. 

wTH = 2WSC) 

As shown in Figure 2.16, Equation 2.15 can be used to evaluate the effect of the 

contact angle, a, on the water content on an idealized soil. For both SC and TH packing, 

larger contact angles result in larger values for water content. 

The effective stress parameter, χ, as a function of filling angle, θ, and contact 

angle, α, can be calculated by (Lu and Likos, 2004) 

)cos(

cos1

cos

sin
2tan

)cos(

cos1

cos

sin
tan

cos

sincos

)cos(

cos1
tan

2

αθ
θ

θ
α

θ

αθ
θ

θ
α

θ

θ
αθ

αθ
θ

θχ

+
−






 −−

+
−








+








 −
+

−
−=  (2.21) 

According to equation (2.17), large contact angles, a, result in large values of χ. 

Figure 2.17 and Figure 2.18 shown that χ exceeds unity which is contrary to previous 

experimental results (Lu and Likos, 2004). 
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Figure 2.16 Effect of the contact angle, α, on the gravimetric water content for simple 

cubic (SC) and tetrahedral (TH) packing (modified from: Lu and Likos, 2004). 
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Figure 2.17 Theoretical relationship between water content, w, and effective stress 

parameter, χ, for particles in SC packing (modified from: Lu and Likos, 2004). 
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Figure 2.18 Theoretical relationship between water content, w, and effective stress 
parameter, χ, for particles in TH packing (modified from: Lu and Likos, 2004). 

2.8 Stress Tensor Representation 

Generally, unsaturated soils are modeled within the framework of continuum 

solid mechanics, which is concerned with the mechanical behavior of solids on the 

macroscopic scale (Yu, 2006). Continuum solid mechanics ignores the discrete nature 

of matter and treats materials as uniformly distributed and generally isotropic. Stresses 

are forces per unit area inside the solid. They can be visualized by cutting the solid in a 

particular plane (i.e. x-y, x-z, y-z). Figure 2.19 shows the stresses acting on an 

infinitesimally small cube. There are three normal stress components, one in each 

coordinate direction (σx, σy, σz), and three shear stress components (τxy, τxz, τyz). 
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Figure 2.19 Stresses acting on an infinitesimal cube. 

The state of stress on a soil can be described by three stress variables namely, 

the total stress, σ, the pore-air pressure ua, and the pore-water pressure uw (Fredlund and 

Morgenstern, 1977; Fredlund and Rahardjo, 1993; Li, 2003; Wood, 2004; Tarantino and 

Mongiovi, 2005). Usually these three stress variables can be reduced to two stress state 

variables by assuming that the soil particles and water are incompressible and thus 

eliminating the stress state variable ua (Fredlund and Morgenstern, 1977; Lu and Likos, 

2004). 

In dry soils the stress variables are the principal stress in each coordinate 

direction and the pore-air pressure (Lu and Likos, 2004). Hence, as shown in Figure 

2.20, the stress state variable in dry soil is the net normal stress, which is the difference 

between the total normal stress and the pore-air pressure (σ – ua). On the other hand, in 

saturated soils the stress state variables are the principal stress in each coordinate 
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direction and the pore water pressure (Lu and Likos, 2004). Thus, the stress state 

variable in this case is the Terzaghi’s classic stress, which is the difference between the 

total normal stress and the pore-air pressure (σ’ = σ – uw). Figure 2.21 shows the stress 

state variables for a cubic element of fully saturated. 
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Figure 2.20 Normal and shear stress on a cubical element of dry soil. 

Unsaturated soil behavior is more complicated than saturated soil behavior. 

However, unsaturated soil mechanics may be effectively approached as an extension of 

saturated soil mechanics assuming that the state of stress can be described by two 

independent stress state variables namely, net normal stress, σ – ua, and matric suction, 

ua – uw (Figure 2.22). These two variables are commonly referred to as state stress 

variables for an unsaturated soil (Fredlund and Morgenstern, 1977; Fredlund and 

Rahardjo, 1993).  
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Figure 2.21 Normal and shear stress on a cubical element of fully saturated soil. 

Therefore, in accordance with the continuum solid mechanics methodology, the 

stress state variables can be represented in three-dimensional space as two independent 

tensors. The normal stress tensor, σij - uaδij, with δij being the Kronecker delta 
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and the matric suction tensor, (ua - uw)δij 
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Figure 2.22 Normal and shear stress on a cubical element of unsaturated soil. 

2.9 Axis Translation Technique 

As mentioned before, soil suction is one of the two variables that control the 

behavior of unsaturated soils (Fredlund and Morgenstern, 1977; Fredlund et al, 1994; 

Lu and Likos, 2004). The volume of water in an unsaturated soil is determined by the 

suction present in the soil. Therefore, matric suction is an important variable in 

describing the state of stress in an unsaturated soil. Consequently, measurement or 

control of matric suction is essential when the behavior of an unsaturated soil is been 

evaluated for different conditions of stress. However, the measurement and control of 

negative pore-water pressure has practical limitations (Lu and Likos, 2004). 

Cavitation is a phenomenon which occurs when water pressure goes below -1 

amt. As cavitation take place, the water phase in both soil and measurement systems 

become discontinuous, forcing the water to move from the measurement systems into 
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the soil making the measurements unreliable (Fredlund and Rahardjo, 1993). For that 

reason, alternatives to measure or control of negative water pressures less than -1 atm 

are desirable. 

In general, the axis translation technique consists on elevating pore air pressure 

in the unsaturated soil while the pore-water pressure maintain at atmospheric pressure. 

Hence, the matric suction, ua – uw, may be controlled over a range greater than the 

cavitation limit for water under negative pressure (Lu and Likos, 2004). The procedure 

involves the translation of the origin of reference (i.e. axis) for the matric suction (Hilf, 

1956; Fredlund, 1989; Lu and Likos, 2004). Therefore, the pore-water pressure can be 

referenced to a positive air pressure rather than negative pressure. In this manner, matric 

suction can be easily controlled by applying and measuring positive air pressure. 

The axis translation technique requires the control of the pore-air pressure and 

the control or measurement of the pore-water pressure. This process is accomplished by 

separating the air and water phase of the soil using a saturated high-air-entry (HAE) 

material, usually a ceramic disk. The high air entry material is a porous material which 

when saturated allows free advection of water but prevent the advection of free air. 

In order to establish the matric suction adequately it is essential to guaranty 

continuity between the water in the soil and the water in the ceramic disk. Therefore, by 

placing a soil specimen in good contact with a HAE material, positive air pressure can 

be applied to the sample on one side of the HAE material, increasing the pore-air 

pressure, while allowing the pore water to drain freely through the pores of the HAE 

material to the other side, which is maintained under atmospheric pressure. Drainage 
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continues until the water content of the specimen reaches equilibrium with the applied 

matric suction. The pressure in the soil specimen, which is the induced matric suction, 

must not exceed the air entry value of the HAE material. The entry value for a HAE 

material range between 0.5 bars (50.5 kPa) up to 15 bars (1515 kPa) for ceramic disks 

(Fredlund and Rahardjo, 1993) and can be as high as 10,000 kPa for special cellulose 

membranes (Lu and Likos, 2004). 

2.10 Shear Strength and Extended Mohr-Coulomb Failure Envelope 

Strength can be defined as the ability of a material to carry stresses (Wood, 

2004). The shear strength of soils may be defined as “the maximum internal resistance 

per unit area that the soil is capable of sustaining along the failure plane under external 

or internal stress loading” (Lu and Likos, 2004). For saturated soils, shear strength is 

described using the Mohr-Coulomb failure criterion, which defines shear strength in 

terms of the material variables and effective stress as (Terzaghi, 1936) 

'tan)(' φστ fwff uc −+=       (2.24) 

where 

τf = shear stress on the failure plane at failure 

c' = effective cohesion 

(σf – uw)f = effective normal stress on the failure plane at failure 

σf = total normal stress on the failure plane at failure 

uw = pore-water pressure at failure 

φ' = effective angel of internal friction. 
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Mohr’s circles can be used to represent the state of normal and shear stress 

acting on any plane in a soil element. As shown in Figure 2.23, Equation (2.24) defines 

a line with a slope equal to tanφ’. This line is commonly referred as the failure 

envelope, which represents all the possible combinations of shear stress and normal 

stress on the failure plane at failure. For some state of stress, the tangent point on the 

Mohr’s circle at failure represent the stress state on the failure plane at failure. Hence, 

the failure envelope is obtained by plotting a line tangent to a series of Mohr’s circles 

representing failure condition. Therefore, if the Mohr’s circle for a specific state of 

stress falls entirely below the failure envelope, the shear strength is not exceeded and 

the soil mass remains stable. 
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Figure 2.23 Mohr-Coulomb failure envelope for a saturated soils. 
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Fredlund et al. (1978) proposed the so called extended Mohr-Coulomb criterion 

to determine the shear strength of unsaturated soils in terms of two stress state variables 

(i.e. net normal stress, σ – ua, and matric suction, ua – uw). Hence, the shear stress may 

be calculated by 

b
fwafaff uuuc φφστ tan)('tan)(' −+−+=     (2.25) 

where 

c' = effective cohesion, which is the shear strength intercept when the net normal 

stress and the matric suction are equal to zero 

(σf – ua)f = net normal stress state on the failure plane at failure 

ua = pore-air pressure on the failure plane at failure 

φ' = effective angel of internal friction associated with the net normal stress state 

variable, (σf – ua)f 

(ua – uw)f.=matric suction on the failure plane at failure 

φb = angle describing the rate of increase in shear strength associate with matric 

suction, (ua – uw)f. 

As shown in Figure 2.24, the first two terms on the right hand side of above 

equation describes the Mohr’s Coulomb failure envelope for unsaturated soils on the 

shear stress, τ, and normal stress, σ – ua, plane. The third term incorporates the increase 

in shear strength with increasing matric suction. 
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Figure 2.24 Mohr-Coulomb failure envelope for a unsaturated soils. 

The failure envelope for an unsaturated soil is obtained by plotting a series of 

Mohr’ circles corresponding to a failure condition in a three dimensional space (Figure 

2.25). Different to saturated soils where the Mohr’s circles are plotted with respect to 

effective stress axis, σ – uw, the Mohr’s circles for unsaturated soils are plotted with 

respect to the net normal stress axis, σ – ua (Figure 2.24). However, the location of the 

Mohr; circle plotted in the third dimension is a function of the matric suction. The 

matric suction axis extends orthogonally from the shear stress versus net normal stress 

plane. The surface tangent to the whole Mohr’s circles at failure is referred to as the 

extended Mohr Coulomb failure envelope for unsaturated soils (Figure 2.26). This plane 

defines the shear strength for an unsaturated soil. The frontal plane represents a 
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saturated soil (i.e. matric suction is zero) and the intersection line between the extended 

Mohr Coulomb failure envelope and the frontal plane is the failure envelope for the 

saturated condition. 

 
Figure 2.25 Mohr’circle failure envelope for unsaturated soils. 

As shown in Figure 2.27, the horizontal projection of the failure surface for a 

constant matric suction results in a series of contours in the space of net normal stress, σ 

– ua, and shear stress, τ,. Each line has different cohesion intercept, ci, which is a 

function of the corresponding matric suction. Hence, for a matric suction equal to zero 

the intercept (i.e. co in Figure 2.27) becomes the effective cohesion, c’. I addition, all 

contours have the same slope angle, φ', as long as the failure plane is planar (Fredlund 

and Rahardjo, 1993). Thus the shear strength for a specific matric suction at failure can 

be calculated as 
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'tan)( φστ fafif uc −+=       2.26 

where 

ci = total cohesion also called the apparent or total cohesion for each matric 

suction 

b
fwai uucc φtan)(' −+=       2.27 

0

200

400

600

800

0 200 400 600 800 1000 1200 1400

S
he

ar
 s

tr
e

ss
, τ 
 (

kP
a)

φ'

c2

P

0

0

200

400

600

800

0 200 400 600 800 1000 1200 1400Net normal stress, σ - ua  (kPa)

S
he

a
r 

st
re

ss
, τ 
 (

kP
a)

φ'

c'
k

0

φb

φb

Extended Mohr-Coulomb failure envelope

τf = c' + (σf - ua)f tanφ' + (ua -uw)f tan φb

 
 

Figure 2.26 Extended Mohr-Coulomb failure envelope for unsaturated soils (modified 
from: Fredlund and Rahardjo, 1993). 
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On the other hand, the projection of the failure surface for constant net normal 

stress, σ – ua, results in a series of contours in the space of matric suction, σ – uw, and 

shear stress, τ, as illustrated in Figure 2.28. The line intercepts can be calculated by 

'tan)(' φσ faf ucc −+=       2.28 

Although the extended Mohr-Coulomb criterion can adequately describe the 

behavior of unsaturated soils, it has some limitations. According to Vanapalli et al. 

(1996) the shear strength can be adequately described using the extended Mohr-

Coulomb criterion for values of matric suction below the air entry value of the soil. 

However, The increase in shear strength becomes no linear between the air entry value 

and the suction corresponding to residual water content condition (Gan et al., 1988; 

Escario et al., 1989; Vanapalli et al., 1996; Fredlund et al. 1996). 

To describe a physical process, it is necessary to observe and understand its 

characteristics and the conditions under which it occurs. Hence, it is convenient to 

determine qualitatively the variables influencing the process and what relations exist 

between them. Furthermore, it is appropriate to establish the connections and mutually 

operative conditions affecting the variables which, under given circumstances, are 

reproducible (Muller, 1978). Therefore, measurements are necessary to allow a 

comparison of these observations. This is achieved with the aid of suitable physical 

processes using units or comparative standard (Greca and Moreira, 2001). The physical 

quantities observed are mapped to facilitate the comparison between different observed 

quantities or with a defined variable of the same kind. 
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Figure 2.27 Contour lines of failure envelope on the t versus σ – ua plane (modified 

from: Fredlund and Rahardjo, 1993). 
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Figure 2.28 Contour lines of failure envelope on the t versus uw – ua plane (modified 

from: Fredlund and Rahardjo, 1993). 
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To study particular physical processes some times it is required to use models. 

Minshull (1975) states that a model can be a theory, law, hypothesis, structured idea, 

equation, reasoning or synthesis of data. According to Wood (2004), “a model is an 

appropriate simplification of reality.” Therefore, a model may also be a physical 

representation or abstraction of the reality. 

Next chapter briefly describes the original Cam clay model (Roscoe and 

Schofield, 1963), and the modified Cam clay model (Roscoe and Burland, 1968) both of 

which have been used as the basis fro describing the constitutive behavior of saturated 

soils. In addition, a brief description of the Barcelona Basic Model –BBM (Alonso et 

al., 1990), the Modified Barcelona Basic Model –MBBM (Josa et al., 1992), and the 

Oxford Model –OM (Wheeler and Sivakumar, 1995) is included in next chapter. These 

three models have been proposed to describe the constitutive behaviour of partially 

saturated soils. 
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CHAPTER 3 

3 CONSTITUTIVE MODELING OF UNSATURATED SOIL BEHAVIOUR 

3.1 Introduction 

To describe a physical process, it is necessary to observe and understand its 

characteristics and the conditions under which it occurs. Therefore, it is convenient to 

determine qualitatively the variables influencing the process and what relations exist 

between them. Furthermore, it is appropriate to establish the connections and mutually 

operative conditions affecting the variables which, under given circumstances, are 

reproducible (Muller, 1978). Measurements are necessary to allow a comparison of 

these observations. This is achieved with the aid of suitable physical processes using 

units or comparative standard (Greca and Moreira, 2001). The physical quantities 

observed are mapped to facilitate the comparison between different observed quantities 

or with a defined variable of the same kind. 

To study particular physical processes some times it is required to use models. 

Minshull (1975) states that a model can be a theory, law, hypothesis, structured idea, 

equation, reasoning or synthesis of data. According to Wood (2004), “a model is an 

appropriate simplification of reality.” Therefore, a model may also be a physical 

representation or abstraction of the reality. 

Generally, to study particular aspects of soil behavior it is required to perform 

physical modeling. An example of physical modeling is a full-scale testing where all 
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features of the phenomenon been studied are reproduced at full scale (Wood, 2004). 

This kind of representation is usually referred as field testing. However, in 

representations with models, nonessential elements, or variables which do not have a 

particular influence on the nature of the process are disregarded or neglected (Muller, 

1978). Consequently, a process under consideration can be represented by a simplified 

physical process or physical model. In this manner, it is possible to even go so far as “to 

represent one process onto another physical process which has nothing more in common 

with the original than a formally identical mathematical description” (Muller, 1978). 

This simplification of the reality let us to create a system where is easier to measure the 

so called essential variables and consider just the necessary elements abstracted from 

the process in consideration. Hence, most physical models are constructed at a reduced 

scale to obtain information more rapidly, reducing the cost and complexity related with 

full scale-testing. 

Once the model has been conceived and measures have been taken, it is 

necessary to establish the mathematical relationship between the variables. To do this, it 

is convenient to create a mental model of the process and then represent it analytically. 

The analytical function or functions describing the process permit to represent the 

physical event by a numerical analogous procedure (Muller, 1978). In other words, it is 

possible to use a mathematical model to describe the physical process. Mathematical 

models are extremely powerful because they usually allow making prediction about a 

process. The predictions may provide information for further experimentation or model 

improvements. 
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The application of techniques of physical geotechnical modeling requires 

extrapolating the observed behavior in small physical models (i.e. reduced scale 

prototype) to the expected behavior in the full-scale prototype. Therefore, it required to 

understand the factors that influence the behavior of the material that are being 

modeled. Considering that natural soils are heterogeneous and some of their properties 

are likely to vary from place to place. It could seem unlikely that the behavior of 

heterogeneous materials could be described in terms of stress-strain which has been 

successfully used to describe continuous materials (Beer and Watson, 1992; Wood, 

2004; Smith and Griffiths, 2004; Yu, 2006). However, different authors have proposed 

several models to represent the soil behaviour relating stress state variables (Roscoe and 

Schofield, 1963; Roscoe and Burland, 1968; Fredlund and Morgenstern, 1977; Lloret et 

al., 1987; Lade and Nelson, 1987; Alonso et al., 1990; Gens and Alonso 1992; Alonso 

et al., 1994; Shuai and Fredlund, 1998; Alonso et al., 1999; Matsuoka et al., 2002; 

Matsuoka and Hajime, 2006; Sun et al., 2006; Yao et al., 2008) 

3.2 Critical State Theory 

“The critical state theory assumes that soils under stress ultimately reach a state 

of plastic behaviour characterized by continuous deformation without further increase in 

stress” (Adams, 1996.). 

According to Yu (2006), it is possible to say that the critical state soil mechanics 

theory may be regarded as the ultimate state anticipated by Drucker et al. (1957). 

However, the concept of critical state emerged from the observed behaviour of saturated 

clay based on limited triaxial data obtained on reconstituted clay (Roscoe et al., 1958; 
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Roscoe and Schofield 1963; Roscoe and Burland, 1968). The approach initially 

proposed as a framework for representing shear and volume changes behaviour of 

unsaturated soils under external loading, involves only the deviatoric stress, spherical 

stress and volumetric strain. 

The earliest critical state model was the Cam Clay model proposed by Roscoe et 

al. (1958) which was previously modified by Roscoe and Burland (1968). Some 

assumptions must be made to simplify the complex nature of soils. Kurtay and Reece 

(1970) outline some assumptions required for formulating constitutive relations of soils 

based on the critical state theory: 

• Soil material is homogeneous and isotropic. 

• Soil is not viscous material. 

• Soil behaviour can be described using the appropriate stress state variables. 

• Soil behavior representation is not subjected to interaction between individual 

particles and can be described using macroscopic continuum mechanics theory. 

• Soil behaviour is not time dependent. 

3.3 Constitutive Models 

The constitutive model for a material is a set of equations relating stress to strain 

and possibly strain history of the soil and the future stress changes that the soil is likely 

to experience (Wood, 1990). Constitutive models combines laws of equilibrium and 

continuity through so called constitutive relations which relates the changes in loads 

applied on the soil material to the deformation or gradients of displacement developed 

on the soil (Wood, 2004). 
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The constitutive models presented in this research work can be groped in two 

categories; elastic models and elastoplastic models. Elastic or recoverable materials are 

those for which the deformation produced by applying a load is fully recovered when 

the load is removed. However, most materials experience irrecoverable deformations 

when the applied load exceeds the elastic deformations. The irrecoverable or permanent 

deformation that remains under zero load are plastic deformations. 

The classical elastic model has been derived from the properties of elastic solids 

such as metals. Hence, the behavior of an isotropic elastic material can be described by 

relating strain increments to increments of net stress and suction (Fredlund and 

Morgenstern, 1977; Lloret et al., 1987; Lade and Nelson, 1987). Although the 

measurement of the relevant parameters of this kind of models is relatively easy and the 

numerical implementation is moderately simple, there are major disadvantages. The 

most important is that elastic models do not differentiate between reversible and 

irreversible strains (Wheeler and Karube, 1996). However, modeling a complex process 

lead to a complex model which requires more soil parameters and consequently more 

complex laboratory testing to determine those parameters, a balance should be found 

between the cost of testing large number of samples to evaluate a large number of 

parameters for heterogeneous soil and the possible benefit of using a complex rather 

than a simple model (Wood, 1990). 

Different to metal materials which do not experience volume changes, frictional 

materials (i.e. soil, rock, concrete, among others) experience both plastic compaction 

and dilation (Lade, 1988). Therefore, once certain stress level has been reached on 



 68

frictional materials irrecoverable or permanent deformation will appear. Nonetheless, if 

the loading is subsequently removed the strains do not revert to zero as they do for 

elastic materials. The strains remaining after the loading has been removed are called 

plastic strains and the stress level at which plastic strains start to occur is the yield stress 

(Beer and Watson, 1992). 

Elasto-plastic models can be divided into two main categories; expansive and 

non-expansive models. Some models for expansive soils have been proposed by Gens 

and Alonso (1992), Alonso et al. (1994), Shuai and Fredlund (1998), and Alonso et al. 

(2000). However, expansive soil modelling is not discussed in this document. 

Low plasticity soil behaviour can be described using Non-expansive models. 

Non-expansive models can be separated into two categories. Models relating net mean 

stress and suction as stress variables which are called total stress models (Alonso et al., 

1990; Wheeler, 1991; Josa et al., 1992; Wheeler and Sivakumar, 1995; Georgiadis et 

al., 2005) and those using effective stress and suction as stress variables called effective 

stress models (Bolzon and Schrefler, 1995; Bolzon et al., 1996). 

The Cam clay model is an ideal elastoplastic constitutive model that adopt the 

metal plasticity theory to describe the behaviour of normally consolidated clay 

(Matsuoka and Sun, 2006). This model, is considered a classical model in the field of 

the constitutive studies of geomaterials. Large number of models has been developed 

basis on the Cam clay model (Alonso et al., 1990; Wheeler, 1991; Josa et al., 1992; 

Wheeler and Sivakumar, 1995; Bolzon et al., 1996; Kohgo et al., 1993; Kohgo et al., 
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1993b, Kim and Lade, 1988a; Kim and Lade, 1988a; Cui et al., 1995, Kato et al. (1995), 

Georgiadis et al., 2005) 

3.3.1 Original Cam Clay Model 

Cam clay is a critical state-based, strain hardening plasticity model that can 

represent the mechanical behaviour of normally consolidated clays (Roscoe and 

Schofield, 1963).  

In the elastoplastic constitutive model, the total strain increments ca by 

expressed by 

pe ddd εεε +=          (3.1) 

where 

dεe = elastic strain increment calculated by Hooke’s law 

dεp = plastic strain increments determined based on the plasticity theory 

3.3.1.1 Principal Direction of Plastic Strain Increments 

As shown in Figure 3.1, similar to most of elastoplastic models, the Cam-Clay 

model assumes that the principal direction of stresses, σij, and plastic strain εij increment 

are coaxial. 
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Figure 3.1 (a) principal stress space, and (b) principal plastic strain increment space 
(modified from: Matsuoka and Sun, 2006). 

The stress sate variables adopted in the Cam Clay model are the net mean stress, 

p, also known as octahedral normal stress σoct, and the deviatoric stress, q. The plastic 

strain increments are dεv
p and dεq

p. The mean stress and deviatoric stress are defined as 

follows: 

3
321 σσσ ++

=p        (3.2) 

2

)()()( 2
13

2
32

2
21 σσσσσσ −+−+−

=q     (3.3) 

where 

σ1 = vertical principal stress 

σ2 = horizontal principal stress (y axis direction) 

σ3 = horizontal principal stress (x axis direction) 

pppp
v dddd 321 εεεε ++=         (3.4) 
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where 

dεv
p = plastic volumetric strain increment 

dεq
p = plastic deviatoric strain, also known as shear plastic strain. 

3.3.1.2 Plastic Potential and Yield Function 

The energy dissipation equation was used in the Cam clay model to determine 

the plastic potential surface. The plastic work per unit volume of a true triaxial sample 

with the externally applied principal stresses can be expressed by (Matsuoka and Sun, 

2006) 

p
q

p
v

ppp qdpdddddW εεεσεσεσ +=++= 332211    (3.6) 

To determine how the plastic energy is dissipated it is assumed that all the 

plastic work is dissipated entirely in friction. Therefore, at failure q = Mp and dεv
p = 0 

and the energy dissipation equation becomes (Yu, 2006) 

p
q

p
q

p
v MpdqdpddW εεε =+=      (3.7) 

where 

M = the ratio q/p at critical state 

In addition, Cam clay model assume that there is a family of surfaces normal to 

the plastic strain increment in the stress space (i.e. the normality condition). This 

surface is the plastic potential, g, which can be derived from the energy dissipation 

equation and written as (Yu, 2006) 
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where 

po = constant which indicates the size of the plastic potential. 

Figure 3.2 shows the plastic potential function in the p – q plane which have 

been obtained combining the direction of plastic strain increments vector and stress 

ratio with the normality condition. It can be observed on the intersection of the plastic 

potential function and the Critical State Line (CSL), that the volumetric strain increment 

is equal to zero when q/p = M. It is also true for any stress ratio falling on the plastic 

potential surface. 

 
Figure 3.2 Plastic potential and plastic strain increment vectors in Cam Clay model. 
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Additionally, in the Cam clay model, it is assumed that the soil obeys and 

associative flow rule, i.e. the yield function, f, is identical to the plastic potential 

function, g, (Wood, 1990; Wood 2004; Yu, 2006; Matsuoka and Sun, 2006). Thus the 

yield function, f, may be expressed as 

0ln),,( =







+==

o
o p

p

pM

q
pqpff        (3.9) 

Figure 3.3 shows the shape of the yield surface expressed by the yield function. 

The yield surface, also known as yield locus, contains all stress ratio combinations 

producing only elastic strain. Therefore, elastoplastic strain occurs when the stress state 

is outside the current yield locus. 

 
Figure 3.3 Yield surface and critical state line (CSL) in Cam Clay model. 
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In Figure 3.3, po is the preconsolidation pressure which acts as the hardening 

parameter that changes with the plastic strain (Figure 3.4). 
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Figure 3.4 Yield loci progress in Cam clay model. 

3.3.1.3 Strain-hardening Rule 

When plastic strain is reached in a soil sample, knowing the strain increment 

ratio is not sufficient to calculate the magnitude of plastic strain. To do so, it is 

necessary to introduce the so called strain-hardening rule. As mentioned before, in Cam 

clay the preconsolidation pressure, po, is assumed to change with the plastic volumetric 

strain. It can be observed from Figure 3.4 and equation (3.9) that the size of the yield 

surface is represented by, po. The change in po may be calculated by 
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p
v

o d
vp

dp ε
κλ −

=0        (3.10) 

where 

v = specific volume = 1 + e 

κ = elastic stiffness parameter 

λ = stiffness parameter. 

In Cam Clay model, these parameters can be determinate from the results of an 

isotropic compression test. In other word, an isotropic test can be used to derive the 

strain-hardening rule. As is well known, an isotropic test is a simple test that measures 

the stress–strain relation of a soil sample under isotropic stress state. As shown in 

Figure 3.5 the results are usually plotted in the v – ln p plane and the virgin loading 

curve, also known as normal consolidation line (ncl), and the unloading-reloading curve 

(url) are assumed to be straight lines. The slopes of the two lines are generally denoted 

by λ and κ respectively. In the v – log p plane the slopes of the slopes of the two lines 

are the compression index, Cc, and the swelling index, Cs, respectively (Matsuoka and 

Sun, 2006). The compression index, Cc, and λ are related by λ = 0.434Cc. In a similar 

way κ = 0.434Cs (Wood, 1990). 

3.3.2 Modified Cam Clay Model 

Cam clay model was modified by Roscoe and Burland (1968) by deriving a new 

plastic potential and yield equation which leads to a different relation between the stress 

ratio and the strain increment ratio. To do that the authors adopted the following work 

equation. 
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v MddpqdpddW εεεε +=+=      (3.11) 

Under the same assumptions the resulting plastic potential, g, and therefore the 

yield function, f, can be written as 

0),,( 0
2222 =−+== ppMpMqpqpff o       (3.12) 
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Figure 3.5 Results of isotropic compression test. 

As shown in Figure 3.6, in the modified Cam clay model, the plastic potential 

curve as well as the yield surface is normal to the p-axis. The modification proposed 

overcome with the limitation of the original Cam clay model which predicts plastic 

strain during isotropic compression loading which contradicting experimental results. 

Figure 3.7 shows the yield surface for both original and modified Cam clay model. 
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The strain-hardening rule used in the modified Cam clay model is the same as 

that used in the original Cam clay model. As shown in Figure 3.8, the yield loci of the 

modified Cam clay model are ellipses in the q – p plane. It also can be observed that the 

volumetric plastic strain gradually increment as the yield surface expands. 
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Figure 3.6 Plastic potential and plastic strain increments vectors in the modified Cam 
Clay model. 
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Figure 3.7 Yield surface of original and modified Cam Clay model. 
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Figure 3.8 Yield surface progress in Cam Clay model. 
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3.3.3 Barcelona Basic Model 

The Barcelona Basic model (BBM) proposed by Alonso et al. (1990) is a critical 

state model for describing the most important features of partially saturated soils 

behaviour. The model has been formulated within the framework of the strain-

hardening plasticity, and can be used to represent the behaviour of unsaturated soils. 

The model is intended for partially saturated soils such as sand, silts, clayey sands, 

sandy clays and low plasticity clays which are slightly or moderately expansive. 

The Barcelona basic model is an extension of the modified Cam clay model 

proposed by Roscoe and Burland (1968). Therefore, it is also defined in terms o the net 

mean stress, p, and the deviatoric stress, q, as stress state variables. In addition, the 

matric suction, s = ua – uw, has been included as a third stress state variable in order to 

incorporate the suction effect, particularly important in unsaturated soils. Hence, the 

Barcelona basic model rigorously continues working under the well established 

framework of the modified Cam clay model and been consistent with this framework, 

the model can predict saturated behaviour of the soil when the value of suction reduces 

to zero. Consequently, the modified Cam clay model becomes a particular case of the 

Barcelona basic model when the soil suction is equal to zero. 

3.3.3.1 Principal Direction of Plastic Strain Increments 

Similar to the Cam-Clay model, the Barcelona basic model assumes that the 

principal direction of stresses, σij, and plastic strain εij increment are coaxial (Figure 

3.1). The plastic strain increments are dεv
p and dεq

p as well. 
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3.3.3.2 Model Formulation for Isotropic Stress State 

Alonso et al. (1990) derives the loading-collapsing (LC) yield curve in the (p, s) 

space considering the boundary imposed by the behaviour of the saturated condition and 

the isotropic and oedometer compression testing under controlled suction. Hence, on an 

isotropic test under controlled suction (i. e. at constant s), the variation of the specific 

volume, v = 1 + e, with the net mean total stress, p, and suction, s, along the virgin-

loading curve is given by 

cp

p
ssNv ln)()( λ−=        (3.13)  

where 

λ(s) = soil stiffness parameter which depend on matric suction, s 

pc = reference stress state for which v = N(s) 

The soil stiffness parameter can be obtained from the following equation: 

( ) ]1)[0()( rers s +−= −βλλ         (3.14) 

where 

r = constant related to the maximum stiffness of the soil, r = λ(s �∞)/λ(0) 

β = parameter which control the rate of soil stiffness with matric suction. 

The variation of the soil stiffness parameter, λ(s), for several values of r, when 

the soil stiffness parameter for the saturated condition, λ(0) = 0.23, and β = 17.33 MPa-1 

is presented in Figure 3.9. Additionally, the variation of the soil stiffness parameter, 

λ(s), for different values of β and r = 0.268 is shown in Figure 3.10. 
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Figure 3.9 Stiffness parameter variation for different values of r. 
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Figure 3.10 Stiffness parameter variation for different values of β. 
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Similar to the modified Cam clay model, the Barcelona basic model assume that 

on the unloading reloading line, url, the soil behave elastically. Hence, changes in 

specific volume can be calculated by 

p

dp
dv κ−=           (3.15) 

where 

k = elastic swelling index 

Although changes in κ could be expected with variations in matric suction, s, the 

model adopt a constant value to ensure that the elastic part of the model is conservative 

(Alonso et al., 1990). 

The proposed variation of the specific volume on an isotropic test of a saturated 

sample (i.e. suction s = 0) and a partially saturated sample is shown in Figure 3.11. 

The saturated sample yields at a stress po(0) (i.e. po(0) = saturated 

preconsolidation stress), whereas the partially saturated sample yield at a larger 

isotropic stress po(s). Assuming that both point po(0) and po(s) belong to the same 

loading-collapse yield curve, a relationship between the generic yield stress, po(s), and 

the saturated preconsolidation stress, po(0), can be writhen as (Alonso et al., 1990). 
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Figure 3.11 Expected specific volume variation for saturated and unsaturated soils 

(modified from: Alonso et al., 1990). 
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This equation plays a central role in the Barcelona basic model to account the 

apparent increase in preconsolidation stress associate with increasing suction. The 

variation of the shape of the loading collapse yield curves for different values of po(0) 

and parameter values of β = 8.9 MPa-1 and r = 0.649 is shown in Figure 3.12. It is 

important to notice that the LC yield curve becomes a straight line when po = pc. In this 

case, changes in suction do not result in plastic deformations. In order to isolate a single 

LC yield curve, it is necessary to specify the preconsolidation net mean pressure for 

saturated condition po(0) which may be viewed as a hardening parameter in Equation 

(3.17) (Alonso et al., 1990). 
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Figure 3.12 Shape of the Loading collapse yield curve for different values of po(0). 
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In the same way, the soil experiences deformation when the suction increases, 

and at a certain value of suction, the soil could also experience irrecoverable strains. 

Therefore, it is possible that whenever the soil attains the maximum past suction ever 

experienced and bounds the transition from the elastic state to the plastic state, 

irreversible strains will begin to develop (Figure 3.13). Due to the lack of experimental 

evidence, Alonso et al. (2009) assume that the yield condition associate with the 

maximum previously attained value of suction, so, is described by s = so = constant. 

This yield locus is named suction increase (SI) yield locus. Consequently, the elastic 

region in the (p, s) plane is enclosed by both, LC and SI yield loci as shown in Figure 

3.14. 
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Figure 3.13 Definition of suction increase (SI) yield surface. 
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Figure 3.14 Loading collapse (LC) and suction increase (SI) yield loci (modified from: 

Alonso et al., 1990). 
 

3.3.3.3 Model Formulation for General Stress State 

Alonso et al. (1990) adopts the modified Cam clay model as a limit condition to 

represent the saturated condition of the soil sample. Consequently, the authors assume 

that the yield curve for a soil sample at constant suction, s, can be adequately described 

by a ellipse. In addition, similar to the modified Cam clay model, it is also assumed that 

the size of the ellipse will be determined by the value of the preconsolidation stress, po. 

However, in order to incorporate the effect of suction the Barcelona basic model assume 

that the increase in suction induce a increase in cohesion while maintaining the slope M 

of the critical state line (CSL) for saturated condition. Hence, the model also assumes 

that the increase in cohesion follows a linear relationship with suction. Thus, the ellipse 
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will intersect the p axis at a point for which p = - ps = -ks where k is the parameter 

controlling increase in cohesion with suction, s. Therefore, the major axes of the ellipse, 

which coincide with the p axis, will extent from –ps(s) to po(s). Consequently, for a 

particular value of matric suction, s, the yield surface, f, in the (p, q) plane could be 

represented by 

[ ] 0)()(),,( 22 =−+−== pspppMqsqpff os      (3.17) 

where 

ksps =  

k = constant 

s = soil suction 

The physical meaning of all parameters in Equation (3.13) as well as the 

representation of the yield surface for saturated condition (i.e. s = 0) and unsaturated 

condition (i.e. s ≠ 0) are depicted in Figure 3.15. In addition, the evolution of the yield 

surface for lightly overconsolidated and normally consolidated soils in the (p, q, s) 

space is shown in Figure 3.16 and Figure 3.17, respectively. In these figures, the yield 

surface extends into the region q ≥ 0 and the intersection of the yield surface with the 

(p, s) plane corresponds to the loading-collapse (LC) yield curve. 
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Figure 3.15 Yield surface of Barcelona basic model for s = 0 and s ≠ 0. 
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Figure 3.16 Yield surface in (p, q, s) stress space – Lightly overconsolidated soil. 
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Figure 3.17 Yield surface in (p, q, s) stress space – Normally consolidated soil. 
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3.3.3.4 Strain-hardening Rule 

When plastic strain is reached in a soil sample, knowing the strain increment 

ratio is not sufficient to calculate the magnitude of plastic strain. To do so, it is 

necessary to introduce the so called strain-hardening rule. As mentioned before, the 

BBM assumes that the evolution of the yield surface on unsaturated soil is controlled by 

the hardening parameters po(0) and so. In addition the model assumes that both 

hardening parameters can be described as a function of the soil deformation. 

Generally speaking, in elasto-plastic modelling the total volumetric strain 

increments can be calculated as dεv = dεv
e + dεv

p. Nevertheless, for unsaturated soil 

modelling purposes the elastic, dεv
e, as well as plastic, dεv

p, volumetric strain 

increments must be calculated considering the effect of increase in net mean stress as 

well as increase in suction. Then, elastic and plastic strain increments may be computed 

by 

e
vs

e
vp

e
v ddd εεε +=        (3.18) 

p
vs

p
vp

p
v ddd εεε +=        (3.19) 

where 

dεe
vp = elastic volumetric strain increment due to changes in p 

dεe
vs = elastic volumetric strain increment due to changes in s 

dεp
vp = plastic volumetric strain increment due to changes in p 

dεp
vs = plastic volumetric strain increment due to changes in s. 
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The total volumetric strain increments due to change in net mean stress, p, can 

be calculated by 

p
vp

e
vpvp ddd εεε +=        (3.20) 

The total volumetric strain increments due to change in matric suction, s, can be 

expressed as 

p
vs

e
vsvp ddd εεε +=        (3.21) 

The elastic modulus is related to the swelling index, κ, from the assumption that 

soil behaves elastically during the isotropic unloading and reloading. Therefore, an 

increase of p in the elastic region will induce a volumetric deformation given by 

p

dp

v
d e

vp

κ
ε =         (3.22) 

Similarly, an increase in suction within the elastic region will result in the 

volumetric strain given by 

)( atm

se
vs ps

ds

v
d

+
=

κ
ε        (3.23) 

Once the net mean stress, p, reaches the LC yield value po(s) the total volumetric 

strain for any further increase in p for a specific value of matric suction, s, may be 

calculated as 

)(

)()(

sp

sdp

v

s
d

o

o
vp

λ
ε =        (3.24) 

Therefore, the plastic component of the total volumetric strain increment can be 

obtained by subtracting the plastic volumetric strain increment from the total volumetric 

strain increment. The difference among these two values can be expressed as 
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κλ
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−
=       (3.25) 

On the other hand, if the matric suction, s, reaches the suction SI yield value so, 

any further increase in suction along a specific value of mean stress, p, will induce a 

total volumetric strain increment given by 

)( atmo

os
vs ps

ds

v
d

+
=

λ
ε        (3.26) 

Likewise, the plastic component of the total volumetric strain increment due to 

the increase in suction can be obtain by subtracting the plastic volumetric strain 

increment from the total volumetric strain increment. The difference among these two 

values can be expressed by 

)( atmo

ossp
vp ps

ds

v
d

+
−

=
κλ

ε       (3.27) 

Alonso et al. (1990) argue that both sets of plastic deformations have similar 

effect on the control of the position of the LC and SI yield surfaces. Hence, a simple 

manner to couple both yield curves results if their positions is controlled by the total 

plastic volumetric strain, dεv
p, Therefore, the change in po(0) and so may be calculated 

by 

p
v

o d
o

vp
dp ε

κλ −
=

)(

)0(
)0(0       (3.28) 

p
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=
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      (3.29) 
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3.3.3.5 Flow Rule 

According to Alonso et al. (1990), the plastic strain increments associated with 

the yield surface f (Equation 3.17) are the plastic volumetric strain increment, dεp
vp, and 

the plastic deviatoric strain increments, dεp
q. A non-associated flow rule has been 

suggested to determine the direction of plastic strain increments. Hence, considering 

that conventional critical state models often overestimate Ko values (Gens and Potts, 

1982) the expression for the associated flow rule is modified by introducing a parameter 

α proposed by Ohmaki (1982), resulting in the following equation 

)](2[

2

0
2 spppM

q

d

d

s
p
vp

p
q

−+
=

α
ε

ε
      (3.30) 

The value of α derived by considering Ko = 1 – sin(φ’) = (6 – 2M)/(6 + M) and 

ignoring the deviatoric strain increments (i.e. dεp
q = 0), can be computed by 

( ) 







−−

−−
=

)0(
169

)3)(9(

λ
κ

α
M

MMM
      (3.31) 

The vector of plastic strain increment associated with the suction increase (SI) 

yield surface will be the plastic volumetric strain increment due to changes in s, dεp
vs, 

which is given by Equation (3.26). 

The elastic strain increments induced by changes in deviatoric stress, q, can be 

calculated as function of shear modulus, G, by 

dq
G

ddddddd eeeeeee
d 3

1
)()()(

3

2 2
13

2
32

2
21 =−+−+−= εεεεεεε  (3.32) 
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3.3.4 Modified BBM (Josa et al., 1992) 

Alonso et al. (1987) stated that during wetting a partially saturated soil may 

either expand if the confining stress is sufficiently low, or collapse if the confining 

stress is sufficiently high. It is also possible that a soil might experience an initial 

expansion followed by collapse (Escario and Saez, 1973; Josa et al., 1987; and Burland 

and Ridley, 1996). Therefore, when the stress state is such that collapse occurs upon 

wetting, the soil deformations depend on the confining stress at which wetting takes 

place. In general, if the stress state is not high enough to cause collapse during wetting, 

low plasticity non-expansive soil will be experience small and reversible swelling. On 

the other hand, high plasticity expansive clays can experience large and irreversible 

deformations (Georgiadis, 2003). 

Considering that the potential collapse due to wetting initially increases with 

confining stress reaches a maximum value and then decreases, the potential collapse in 

the v –ln p space is the difference between the partially and fully saturated isotropic 

compression lines. Therefore, the value of λ(s) may depend not just on the soil suction 

but also on the range of mean net stress at which the tests were conducted (Wheeler and 

Karube, 1996). 

The Barcelona basic model assumes linear isotropic compression lines for 

partially saturated conditions. These lines diverge from the fully saturated compression 

line (see Figure 3.11) which implies that the potential collapse due to wetting increases 

indefinitely with the confining stress. However, for most partially saturated soils the 

amount of potential collapse initially increases with confining stress reaches a 
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maximum value and then decreases tending to zero at very high stresses (Josa et al., 

1992). To overcome this problem, Josa et al. (1992) presented a modified elasto-plastic 

model for unsaturated soils which incorporates curved normal compression lines that 

initially diverge and then converge. The formulated model is similar to the Barcelona 

Basic Model and will not be discussed here in its whole extension. 

The propose modification allows the prediction of the maximum collapse at 

some value of confining stress through the introduction of a new expression to calculate 

the loading collapse (LC) yield curve in the p – s space. This expression which replaces 

Equation (3.16) of the Barcelona Basic model is given by 

( ) ])1[()0()( mempppsp scc
oo +−+−= −α     (3.33) 

where, 

a = parameter controlling the shape of yield surface 

m = parameter related to the difference between po(s) for high suction values 

        (i.e. s = ∞) and po(0). 

The parameter m, which is always higher that one, can be calculated by 

( ) c
x

ox

p
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y epp
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m −

−

−
−

−
+= ζ

ζ

ζ

ζ )0(

0 )0(
1

1      (3.34) 

Josa et al. (1992) suggest that ζx can be replaced by the value of po(0) 

corresponding to maximum collapse and ζy by the maximum plastic volumetric strain, 

ev
p
max. Although no specific limits are provided, they also establish that the expression 

is valid in the range where adjacent yield surfaces do not intersect one to each other. 

Figure 3.18 shows the variation of m with po(0). In this figure it is possible to see that m 
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reaches a peak value equal to ζy when  ζx = po(0) and m tend to one for large values of 

po(0). Additionally, from Equation (3.34) it can be established that m is equal to one 

when po(0) = pc. 
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Figure 3.18 Variation of m with po(0) for ζx = 61.8 and ζy = 3.0, 3.49, and 4.0. 

 

The variation of the shape of the loading collapse yield curves for different 

values of α, po(0) = 61.35 kPa, pc = 28 kPa and m = 3.494 is shown in Figure 3.19. In 

addition, the variation of the shape of the LC yield curve for different values of po(0) 

and α = 0.00382, pc = 28 kPa and m = 3.494 is shown Figure 3.20. 
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Figure 3.19 Shape of the Loading collapse yield curve for different values of po(0). 
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Figure 3.20 Shape of the Loading collapse yield curve for different values of po(0). 
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Furthermore, Josa et al. (1992) suggest a modification on the hardening laws. 

Similarly to the Barcelona basic model, they assume that the evolution of the LC and SI 

yield curves is controlled by the hardening parameters po(0) and So. However, they 

propose to replace Equations (3.28) and (3.29) and calculate the change in po(0) and so 

using the following equations 

p
v

o d
o

p
dp ε

κλ −
=

)(

)0(
)0(0       (3.35) 

p
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atmo
o d
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ds ε

κλ −
+

=
)(

       (3.36) 

In order, to avoid negative values of void ratio, e, for high stresses or suction, it 

is established a hyperbolic relationship between specific volume, v, and both mean net 

stress, p, and soil suction, s. This contrast with the logarithmic relationship establish by 

the Barcelona basic model. 

Similarly, hyperbolic relationship is also suggested to calculate elastic 

deformations as follow 

)( atm
s

e
v ps

ds

p

dp
d

+
+= κκε       (3.37) 

3.3.5 Oxford Model (Wheeler and Sivakumar, 1995) 

Wheeler and Sivakumar (1995) use the results o a series of suction-controlled 

triaxial tests performed on unsaturated samples of compacted speswhite kaolin, to 

develop an elastoplastic critical state constitutive framework for partially saturated 

soils. Although the proposed framework is very similar to that proposed by Alonso et al. 

(1990), the new framework assumes that all the model parameters are suction-
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dependent. In addition, instead of use the reference stress, pc, proposed by Alonso et al. 

(1990), the authors use the atmospheric pressure, patm, as reference stress. The 

fundamentals of the framework proposed by Wheeler and Sivakumar (1995) are 

presented in this section. 

3.3.5.1 Model Formulation for Isotropic Stress State 

Basis on results of suction-controlled hydrostatic compression tests conducted at 

preselected values of confinement, p, Wheeler and Sivakumar (1995) identified the 

existence of the LC yield curve produced by the initial compaction process. Hence, 

inside the LC yield curve the soil behaviour would be elastic. Therefore, increase in p 

would cause elastic compression and a decrease in s would cause elastic swelling. 

Furthermore, once the initial LC yield curve Increase is reached additional increase in p 

or reduction in s would cause the expansion of the LC yield surface and large 

component of plastic compression or collapse. 

Thus, when the yield stress at a particular value of suction is exceeded, the soil 

fall on an isotropic normal compression that can be describe by 

atmp

p
ssNv ln)()( λ−=        (3.38)  

where 

λ(s) = soil stiffness parameter which depend on matric suction, s 

patm = atmospheric pressure = 100 kPa 

N(s) = specific volume at p = patm which vary with matric suction, s 



 101

As mention before, Atmospheric pressure, patm, is included as a reference 

pressure to guarantee dimensional consistency and obtain a value of N(s) corresponding 

to a value of p that falls within the expected range of experimental data. 

The expression to compute the LC yield curve is given by 

[ ] [ ]
atm
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o

p

ps
NsN

p

p

p

sp
s

+
+−+−=− ln)0()(

)0(
ln)0(

)(
ln)( κκλκλ   (3.39) 

where 

λ(0) = soil stiffness parameter for saturated conditions (i.e. s = 0) 

po(0) = Isotropic yield stress for s = 0 

N(0) = specific volume at p = patm for s = 0 

κ = elastic stiffness parameter for changes in net mean stress, p 

κs = elastic stiffness parameter for changes in suction, s. 

Some dependence of the elastic stiffness parameters κ and κs, on the net mean 

stress may be expected (Alonso et al., 1990). However, in absence of information they 

can be assumed to be independent p, and s (Wheeler and Sivakumar, 1995). 

3.3.5.2 Model Formulation for General Stress State 

The critical state corresponds to a condition where the soil structure is been 

continuously destroyed. Therefore, for constant soil suction, s, a soil sample subjected 

to continuous shearing will eventually arrive at a critical state condition, which 

corresponds to a certain values of net mean stress, p, and deviatoric stress, q. Hence, 

according to Wheeler and Sivakumar (1995) the critical state line in the p – q and p – v 

plane can be described respectively by 
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)()( spsMq µ+=        (3.40) 

atmp

p
ssv ln)()( ψ−Γ=       (3.41) 

The parameters M(s), µ(s), Γ(s), and ψ(s) are function of suction. The variation 

of M with suction would be equivalent to a variable value of φ’ in the conventional 

shear equation for unsaturated soils proposed by Fredlund et al. (1978) 

b
waa uuuc φφστ tan)('tan)(' −+−+=     (3.42) 

On the other hand, the non-linear variation of intercept µ(s) is equivalent to the 

non-linear variation of φb with suction reported in the literature (Wheeler and 

Sivakumar, 1995). 

In addition, an elliptical shape has been selected to describe the yield curve on 

the p – q plane. Hence, the yield surface for a particular value of suction, with the apex 

located at the intersection of the yield curve with the critical state line (i.e. at p = px, q = 

M(s)px + µ(s)), and crossing the isotropic normal compression line at p = po(s) can be 

computed by 

]2)(][)([2
*

2
xoo pspppspMq −+−=      (3.43) 

where 

M* = aspect ratio of the ellipse 

po(s) = Yield net stress at matric suction, s 

px = net mean stress at the intersection of the yields surface with the CSL. 
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The yield net stress at matric suction, po(s), which is the value of the net mean 

stress at the intersection of the yield surface with the isotropic normal compression line 

cam be calculated by 
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Similarly, the net mean stress, px,  at the intersection of the yield surface with 

the critical state line can be calculated by 
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ψ(s) = slope of the critical state line. 

The aspect ration of the ellipse, M*, is the minor axis (i.e. b = M(s)px + µ(s)) to 

major axis (i.e. a = po – px) given by 

x
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*

µ
       (3.46) 

µ(s) = intersection of the critical state line with the deviatoric stress axis. 

The physical meaning of all parameters in Wheeler and Sivakumar model are 

depicted schematically in Figure 3.21. 
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Figure 3.21 Schematic of constant suction yield surface and specific volume variation 

proposed by Wheeler and Sivakumar (1995) for unsaturated soils. 
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3.3.5.3 Flow Rule 

An associated flow rule is adopted to predict the development of plastic shear 

strain during suction-controlled shear tests. Hence, the development plastic shear strain 

increments, dεq, can be predicted by 

)(2
* x

p
vp

p
q

ppM

q

d

d

−
=

ε

ε
 

Elastic components of shear strain are predicted by assuming a constant value 

for shear modulus, G. The shear modulus is obtained as the average of the initial slope 

of the experimental stress-strain curve. 

Next chapter presents a brief summary of the previous work considered relevant 

for the development of this current research work. In addition, the chapter includes a 

detailed description of the novel servo-controlled cubical apparatus implemented in this 

dissertation work. 
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CHAPTER 4 

4 A REFINED SUCTION-CONTROLLED TRUE TRIAXIAL APPARATUS 

4.1 Introduction 

The development of true triaxial devices dates back to the 1930s. The idea of 

testing a cubical soil sample by applying three different normal stresses was first 

employed by Kjellman (1936). However, this device became popular until the 1960s, 

due to their capability of measuring and/or controlling deformation and stress under 

known stress pathS (Bell, 1965; Ko and Scott, 1967).  

On the other hand, in the past four decades the description of elastoplastic 

deformation behaviour of soils has found significant interest in the research literature 

and the development and validation of constitutive models has become an important 

research area. Soil modeling involves interaction and feedback between analytical and 

experimental work. Therefore, experimental results obtained from multiaxial tests 

conducted in true triaxial devices have become essential to evaluate the capability of 

these analytical models (Reedy et al, 1992). 

Several true triaxial devices have been developed by different researchers. All of 

them can be classified according to their boundary surfaces into three main categories 

(Airey and Wood, 1988; Arthur, 1988): flexible (i.e. stress-controlled) boundaries (Bell, 

1965; Ko and Scott, 1967; Sture and Desai, 1979; Reedy et al., 1992; Callisto and 

Calabresi, 1998), rigid (i.e. deformation-controlled) boundaries (Hambly, 1969; Airey 
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and Wood, 1988, Lanier, 1988; Matsuoka et al., 2002), and a combination of rigid and 

flexible boundaries (Lade and Duncan, 1973; Hoyos, 1998; Park, 2005). Strain 

distribution produced by a strain-controlled rigid boundary type device could be less 

sensitive to intrinsic sample heterogeneity than that produced by a stress-controlled, 

flexible type. Unrealistic behavior and premature failure due to the strain heterogeneity 

introduced in soil samples by using mixed rigid and flexible boundary conditions have 

frequently reported (Sture and Desai, 1979). 

The core system of the device implemented in this work is a mixed boundary 

type of device designed and manufactured at the University of Colorado-Boulder (Park, 

2005). It features a rigid surface at the bottom and five flexible membranes (one top and 

four laterals) that are used to transmit the applied pressure uniformly to the soil 

specimen faces. The core system was further modified at UT-Arlinton (Laikram, 2007) 

to accommodate a high-air entry (HAE) ceramic disk and four pore stones located at the 

bottom face to allow for the application of matric suction via axis translation technique. 

In addition, a pressure control panel (PCP-5000) from Geotechnical Consulting and 

Testing Systems (GCTS) is used to control and/or measure stress and strain during 

suction-controlled test. 

4.2 Previous Work 

True triaxial devices have the capability of applying three independent principal 

stresses or strains to a cubical soil specimen. Therefore, as an advantage, the true 

triaxial device offers one or more degree of freedom than the conventional triaxial 

apparatus. However, the principal axes remain fixed in the true triaxial apparatus, so 
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they can not be used to apply the continuous rotation of principal stresses that are 

possible in other apparatus, such as the hollow cylinder apparatus or the directional 

shear cell (Airey and Wood, 1988). Nevertheless, the flexibility of the cubical cell 

allows applying shear loading by following any specified stress or strain path. 

To take advantage of the capability offered by the true triaxial devices to test 

soil specimens along multi-axial stress paths, the design of true triaxial devices have 

been modified to conduct suction-controlled test on partially saturated soil specimens. It 

is in this context that the true triaxial apparatus have become a fundamental tool in the 

complete stress-strain characterization of the soil. As mentioned above, true triaxial 

apparatus have been fabricated with rigid boundaries (i.e. strain-controlled boundaries), 

flexible boundaries (i.e. stress-controlled boundaries), and combination of rigid and 

flexible boundaries. Three previous works, considered relevant for the development of 

this research will be discussed briefly in this section. 

4.2.1 True Triaxial With Mixed Boundaries by Hoyos and Macari (2001) 

Hoyos and Macari (2001) implemented a mixed boundary type true triaxial apparatus. 

As shown Figure 4.1, the setup consists basically of a frame that supports the bottom 

wall assembly and five wall assemblies (i.e. one top and four laterals). As shows in 

Figure 4.2, the bottom wall assembly, which imposes a rigid boundary at the bottom 

face of the cubical specimen, accommodates the cubical base piece housing a HAE 

ceramic disk. The ceramic disk is mounted in a 1.05 cm height and 8 cm diameter 

cavity machined on the top surface of the cubical base piece, which allows applying 

pore-water pressure, uw, at the bottom of the cubical specimen. HAE ceramic disk was 
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saturated in place using the triaxial cell (Hoyos, 1998). A flushing mechanism at the 

bottom wall assembly allows eliminating air bubbles that may be trapped or have been 

accumulated as a result of diffusion. Pore-air pressure, ua, is applied to the top and four 

lateral faces of the specimen via small cooper block attached to the flexible membranes 

with a threaded stem. Water pressure and external air pressure is applied via nylon 

tubing.  

 

1. Cubical frame 
2. LATEX/POREX 
3. Cubical base piece 
4. Ceramic disk 

5. Soil specimen 
6. Wall assembly 
7. LVDT 
8. Pressure inlet/outlet 

9. Cooper block/steam 
10. Air pressure valve 
11. Water pressure valve 
12. Flushing valve 

 
Figure 4.1 Cross-sectional view of complete wall assemblies (Hoyos and Macari, 2001). 

On the other hand, each lateral and top wall assembly accommodates a flexible 

membrane and three LVDTs. When the membranes are mounted on the frame each 

assembly provides an effective seal against the leaking of the pressurized fluid. The 
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flexible membranes transmit the applied pressure uniformly to the top and lateral faces 

of the cubical unsaturated soil specimen. The hydraulic pressure applied through 

flexible membranes to the top and bottom sides of the cubical unsaturated soil specimen 

is generated and controlled by a computer-driven electrohydraulic pressure system. 

The deformation of the cubical soil specimen is measured at three points on the 

top face, and on each of the four lateral faces, using the three LVDTs located on each 

wall assembly. Deformations on each side of the cubical soil specimen, along a 

particular direction are estimated by averaging the three LVDTs’ outputs. 

 

Figure 4.2 Bottom wall with HAE ceramic disk (Hoyos and Macari, 2001). 

The 10 cm per side cubical soil specimen were tested following a multi-stage 

testing procedure by controlling the major, intermediate, and minor principal stresses. 

Matric suction states in the specimens were induced and maintained constant during the 

testing via the axis translation technique (Hoyos, 1998). The soil material used in the 

study is a low-plasticity silty sand (SM). All 10 cm per side cubical specimens were 
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prepared using tamping compaction method. A series of 8 drained controlled-suction 

isotropic loading tests were conducted at constant matric suction, s = 50, 100, 200, and 

350 kPa. In addition a series of 12 drained, suction-controlled CTC and TC test were 

conducted on 6 identically prepared specimens of compacted silty sand. Figure 4.3 

Figure 4.4 show the experimental and predicted stress-strain relationship for the drained 

stress/suction controlled CTC and TC tests conducted on cubical recompacted silty sand 

specimens at different values of matric suction. Numerical predictions were calculated 

using both explicit and implicit integration technique. Good agreement is observed. 

Furthermore, soil specimens were monotonically sheared by following constant-

suction triaxial extension (TE) and simple shear (SS) stress path, until apparent 

deviatoric stress had reached a peak value. Figure 4.5 shows the predicted strength loci 

in the deviatoric plane for all TC, TE, and SS tests conducted under σoct = 50 and 200 

kPa. In general, good agreement is observed between the predicted and experimental 

soil response. 

The apparatus described above presented some limitations (Hoyos et al. 2008). 

Among them, occasional clogging of the HAE ceramic disk due to the debris generated 

by the cubical steel frame corrosion, low durability of the latex membranes when 

exposed to hydraulic fluid for a extended period of time, and delay in the equalization 

stage due to the impossibility of controlling pore-water temperature. Additionally, 

changes in pore-water and pore air-volume cannot be measured. As an advantage over 

rigid boundary type triaxial devices, the application of loads through flexible 

membranes that contain fluid under pressure, generated by three independent channels, 
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results in uniform and known boundary stresses on all six faces of the specimen. 

Therefore, a principal stress state is assured at the boundaries (Sture and Desai, 1979). 

 

Figure 4.3 Experimental and predicted stress-strain relationship for the drained 
stress/suction controlled TC tests conducted on cubical recompacted silty sand 

specimens at different values of matric suction (Hoyos, 1998). 
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Figure 4.4 Experimental and predicted stress-strain relationship for the drained 
stress/suction controlled CTC tests conducted on cubical recompacted silty sand 

specimens at different values of matric suction (Hoyos, 1998). 
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Figure 4.5 Experimental and predicted strength loci in deviatoric plane (Hoyos and 
Arduino, 2008). 

4.2.2 True Triaxial With Rigid Boundaries by Matsuoka et al. (2002) 

Matsuoka et al. (2002) described the use of a true triaxial apparatus with three 

pair of rigid loading plates in three orthogonal directions. As shown in Figure 4.6, one 

ceramic disk 70 mm diameters and two porous stones disks 5 mm diameter were 

mounted in both the upper and lower loading plates. With an air entry value of 300 kPa, 

the ceramic disks allow only water to move through by applying negative pore-water 

pressure to the specimen. A costume made cylindrical cell that allows saturation of the 

ceramic disk while mounted in the loading plate, was used to saturate the ceramic disk 

in the upper and lower plates before testing. The negative pressured water is connected 

to the pore water of the specimen trough the upper and lower loading plates through the 
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ceramic disks. On the other hand, the porous stones with polyfluorotetraethilene filter, 

allow only air to pass through. 

HAE ceramic diskPorous stone

 

Figure 4.6 Upper and lower rigid loading plates (Matsuoka et al., 2002). 

As shown in Figure 4.7, a cubical unsaturated silty soil specimens of 10 cm side, 

was sited between the two rigid loading plates housing the ceramic disks and the porous 

stones. A membrane is placed between the soil specimen and the other four rigid 

loading plates. Once the true triaxial device was assembled, the specimen was 

isotropically consolidated up to a consolidation pressure of 98 kPa under a matric 

suction, s = 59 kPa. After consolidation, a shear loading was applied to the cubical soil 

sample. The full shearing process was divided into about ten steps until peak failure. All 

plain-strain shear test were conducted at constant net mean stress, pini = 98 kPa, constant 

matric suction, s = 59 kPa, and under drained conditions. 
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Figure 4.7 Cubical silty soil specimen with the upper and lower loading plate (Matsuoka 
et al., 2002). 

The true triaxial tests in this study were conducted along the radial stress path in 

the π-plane. Since the normal stresses on the specimen are applied by three pairs of 

rigid plates, the interference between the loading plate in the σ1 and σ2 direction 

become notable when θ is large. For this reason, only stress paths with 0 ≤ θ ≤ 30o were 

performed (Figure 4.8). 

To calibrate the developed true triaxial device for unsaturated soils, Matsuaka et 

al. (2002) compared the test results obtained from drained suction-controlled triaxial 

compression (TC) tests conducted in the cubical cell with those conducted on a 

conventional triaxial. In both cases the TC tests were conducted on the same soil under 

identical conditions. Although the pore-water pressure in the conventional triaxial was 

applied at the pedestal, using a HAE ceramic disk with an entry value of 275 kPa, and 

the air pressure was applied at the top through a filter, the stress-strain relationship 

measured by the two methods shows good agreement (Figure 4.9). 
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Figure 4.8 Strength of unsaturated soil in the π-plane (Matsuoka et al., 2002). 

 

Figure 4.9 Comparison of results of suction-controlled TC tests using conventional 
triaxial and true triaxial apparatus (Matsuoka et al., 2002). 
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Although Matsuaka et al. (2002) report the use of floating suspension system 

counterweights to reduce the friction between the upper and lower loading plates and 

the surfaces of the specimen, undesirable boundary effects still experienced with the 

rigid loading platens are also reported. This limitation, which reduces the capability of 

the device to only stress paths with θ between 0o and 30o on the octahedral plane, could 

be attributed to the friction between platens and sample, normally observed in triaxial 

apparatus with rigid boundaries. The friction tends to produce a confining effect that 

can compromise the test results (Sture and Desai, 1979). Moreover, the method used to 

impose suction to the soil specimen through negative pressured water connected to the 

ceramic disks located in the upper and lower loading plates, reduce the ability of the 

device to perform tests at high values of matric suction. 

4.2.3 True Triaxial With Mixed Boundaries by Laikram (2007) 

Laikram (2007) implemented a mixed boundary type of true triaxial apparatus, 

similar to that implemented by Hoyos and Macari (2001). Some limitations on the 

cubical cell implemented by Hoyos (1998) were addressed and corrected in this 

research work. 

An aluminum frame supports the bottom wall assembly and five (one top and 

four lateral) wall assemblies. The bottom wall assembly, machined from a solid 

aluminum plate, match into the lateral cavities of the frame. A HAE ceramic disk and 

four coarse porous stones accommodated on the rectangular prism machined on top of 

the bottom wall assembly, allows keeping constant matric suction into the soil 

specimen, via axis translation technique. Pore-air and pore water pressure are applied at 
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the bottom of the cubical soil specimen through four coarse porous stones and one HAE 

ceramic disk, respectively. Air and water pressure are supplied via nylon tubing from a 

pressure control panel (PCP-5000) developed by GCTS. The PCP-5000 unit features 

pore-water volume, vw, with 0.01 cc resolution. HAE ceramic disks was saturated 

before testing in a custom made cylindrical cell that allows saturation of three ceramic 

disk at the time. Once saturated, the ceramic disk was mounted in the bottom wall 

assembly. 

The top and later wall assemblies, also machined from solid aluminum plate, 

have three holes machined into each cover plate to receive the stainless steel housing of 

three linear variable differential transformers (LVDTs), and two additional holes for the 

pressure inlet/outlet connection (Figure 4.10). When the membranes are mounted onto 

the frame, each assembly provides an effective seal against the leaking of the 

pressurized water. Latex membranes transmit the applied pressure uniformly to the top 

and four lateral faces of the cubical soil specimen. The membranes were prepared in the 

laboratory using a Silastic J-RTV Dow Corning silicone rubber. 

 

Figure 4.10 Photograph of wall assembly (Laikram, 2007). 
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Distilled water is used to apply pressure to the top and four lateral faces of the 

unsaturated cubical specimen; throughout the cubical latex membranes. A 50-gallon air 

compressor manufactured by Husky, with variable output pressure up to 125 psi, is used 

to supply pressurized air to the pressure panel shown in Figure 4.11. Three independent 

compressed-air pressure regulators are used to manually apply the three independent 

principal stresses to the cubical unsaturated soil specimen. The applied pressure is 

measured using three DPG 500 OM series pressure transducers, manufactured by 

Omega Engineering, Pressure regulators can be operated independently and almost 

simultaneously, allowing applying any stress path (Laikram, 2007). 

 

Figure 4.11 Pressure panel (Laikram, 2007). 

Although the test is manually conducted, an automated data acquisition system 

was used to monitor and store the resulting deformation measured by the LVDT’s. The 

analog input signals (Voltage) delivered by the LVDT are converted into digital signals 

by an analog-to-digital converter, SCB-100 from National Instruments, connected to the 

direct interface card, PCI-6603E from National Instruments. A DC Power Supply 
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6303D from Topward was used to supply excitation power the LVDTs. A photo of the 

setup is presented in Figure 4.12. 

Assembled Assembled 
Testing CellTesting CellExternal External 

Pressure Control Pressure Control 
PanelPanelSignal Conditioner 

(DC Power Supply)

Analog-to-
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Figure 4.12 True triaxial device setup (Laikram, 2007). 

After full saturation of the 5 bar HAE ceramic disk, housed by the bottom 

assembly of the test cell, poorly graded silty sand was used to prepare 10 cm per side 

cubical specimens by using tamping compaction on place. Each specimen was subjected 

to a multistage testing scheme in which the desired suction state was kept constant. 

Once the sample reached equilibrium under an initial net mean stress, pini, a monotonic 

shearing was imposed by following a suction-controlled CTC, TC, or TE stress path, 

until the deviatoric stress had reached a peak value. A detailed description of the test 

procedure is presented by Laikram (2007). Figure 4.13 and Figure 4.14, show the 

projection of the failure surface (incipient critical state condition at εq
tot = 10%), 

identified during TC and TE tests, on the deviatoric stress plane (or π-plane) for 

different values of matric suction, s = 50 kPa (7 psi), 100 kPa (14 psi), 200 kPa (29 psi), 

300 kPa (44 psi), and 400 kPa (58 psi), as a function of the initial net mean stress. 
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Figure 4.13 Projections of failure envelopes on octahedral plane at σoct = 150 kPa 
(Laikram, 2007). 

 

Figure 4.14 Projections of failure envelopes on octahedral plane at σoct = 200 kPa 
(Laikram, 2007). 
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Although several limitations of the cell used by Hoyos and Macari (2001) have 

been corrected, the pressure control panel used to apply and control the stress 

application and the low resolution of the DPG 500 OM series pressure transducers 

restrict the load rate to a minimum value of 1 psi (6.9 kPa). Load increments of 2 psi 

(13.8kPa) are applied equally spaced in time. The increment is applied instantly at the 

beginning of the time period. At the end of the period, the deformation experienced on 

each face of the sample is obtained by averaging the readings of the three LVDTs 

located on the wall assemblies (top and lateral). Therefore, the strain data acquisition 

becomes manual and no data is acquired between any two consecutive load increments. 

4.3 A Refined True Triaxial Apparatus 

The suction-controlled cubical test cell used in this research work is similar to 

that reported by Reedy et al. (1992), Hoyos and Macari (2001), and Laikram (2007). 

The true triaxial device consists of the following main components: a cubical frame, 

five wall assemblies, a bottom wall assembly, a deformation measuring system, a stress-

control system, five cubical latex membranes, a pore-air pressure control/monitoring 

system, a data acquisition and process control system, and a suction-controlled 

control/monitoring system. A detail, illustrated description of these components is 

provided in this section. 

4.3.1 Core Frame 

The true triaxial cubical frame shown in Figure 4.15 was machined from solid 

aluminum. A square cavity was machined into each of the six faces to accommodate the 

membranes and to form the pressure cavities. The frame supports the top and lateral 
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wall assemblies, and the bottom wall assembly with the high-air entry disk and four 

coarse porous stones. The six walls are securely attached onto the cubical frame through 

the six connection bolts provided on each face of the frame. The outside of the fame 

was machined to a dimension of 19 cm (7.5 in), while the inner cubic cavity has 

dimension of 8.15 cm (3.2 in). 

   

Figure 4.15 Core cubical frame. 

4.3.2 Bottom Wall Assembly 

The bottom wall assembly was machined from solid aluminum by Geotechnical 

Consulting and Testing Systems (GCTS). This assembly, which holds the high-air entry 

ceramic disk and four coarse porous stones, imposes a rigid boundary at the bottom face 

of the cubical unsaturated soil specimen. The 8.65 cm (3.4 in) height, 19 cm (7.5 in) 

side aluminum piece shown in Figure 4.16 was designed to conform the bottom wall 

assembly of the cubical frame. Therefore, a rectangular prism with 8.145 cm (3.2 in) 

side dimension and 5.46 mm (2.15 in) in height was machined on top of the bottom wall 

to match the bottom square cavity of the cubical frame. 
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Figure 4.16 Bottom wall assembly. 

A 0.76 cm (0.30 in) depth, 6.05 cm (2.38 in) diameter cavity was machined at 

the center of the top surface of the rectangular prism on the bottom wall to 

accommodate the HAE ceramic disk. This cavity has a grooved water compartment 

underneath the ceramic disk that serves as water channels for flushing air bubbles that 

may be trapped or have accumulated as a result of diffusion. In addition, the cavity 

allows uniform distribution of the pressure applied to the pore-water via the HAE disk. 

The ends of the water channel have been connected to the exterior face of the bottom 

wall assembly through two small 0.3 cm (1/8 in) diameter holes. As shown Figure 4.17, 

a 0.6 mm (1/4 in) fitting fastened on the outside face allows connecting 1/4 in OD 

tubing to each hole to control pore-water pressure, uw, and serve as flushing mechanism. 

In addition, four small 1.9 cm (0.75 in) diameter 0.6.5 mm (1/4 in) depth 

cavities were machined on each corner of the rectangular prism base, to accommodate 

equal number of coarse porous stones used to diffuse the pore-air pressure supplied to 

the cubical soil specimen. Each pore stone cavity is connected with the outside face of 

the wall assembly through a 0.3 cm (1/8 in) diameter hole. Air-pressure is supplied to 
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the bottom of the soil specimen using nylon tubing connected to the fittings fastened to 

the outside of the bottom wall assembly (Figure 4.17). The pore stones have been bound 

and sealed into the bottom wall assembly using slight amount of water-proof silicon 

resin along its perimeters. 

 

(a)      (b) 

Figure 4.17 Outside face bottom wall assembly: (a) Tubing fittings for pore-water 
control and flushing; (b) Tubing fittings for air-pressure control and supply. 

The HAE ceramic disk shown in Figure 4.18 has been secured and sealed into 

the stainless steel ring using water-proof silicon resin along its perimeter. The 70 mm 

(2.8 in) diameter o-ring used to attach the stainless steel ring to the cubical aluminum 

base cavity ensures that air will not leak into the water compartment located beneath the 

HAE ceramic disk. Once all the components of the bottom assembly are in place, the 

bottom assembly is fastened to the bottom face of the cubical frame by six steel studs 

mounted in threaded holes on the exterior of the frame as shown in Figure 4.19. The 
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cubical frame with the bottom assembly is secured to the supporting frame as shown in 

Figure 4.20. 

HAE ceramic diskPorous stone

 

Figure 4.18 Bottom wall assembly with HAE ceramic disk and four coarse stones. 

 

Figure 4.19 Cubical frame with the bottom assembly (shown upside down). 
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Figure 4.20 Cubical frame with the bottom assembly secured to the supporting frame. 

4.3.3 Top and Lateral Wall Assemblies 

The wall assemblies were machined from solid aluminum plates. As shown in 

Figure 4.21 the main plate, which provides the wall seal for the interior pressure cavity, 

has two threaded holes to connect the fluid pressure inlet and outlet respectively, and 

three holes to receive the stainless steel housing of the linear variable differential 

transformers (LVDT’s). Once the membranes are mounted on each wall assembly 

(Figure 4.22) and the cubical soil sample is in place (Figure 4.23), the lateral wall 

assemblies are fastened to the frame by steel bolts mounted in tapped holes on the 

exterior of the frame (Figure 4.24). Each membrane forms a pressure seal between the 

wall assembly and the reaction frame and also provides an effective seal against the 

leaking of the pressurized fluid. 
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Figure 4.21 Top and lateral wall assembly. 

    

Figure 4.22 Top/lateral wall assembly with rubber membrane. 

   

Figure 4.23 Sample into the cubical core frame. 

Fluid pressure inletFluid outletLVDT's housing
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Figure 4.24 Lateral and top wall assemblage. 

4.3.4 Flexible Membranes 

An assembly consisting of top and bottom molds machined from aluminum was 

used in this research work to prepare custom-made membranes (Figure 4.25). The 

membranes were prepared in the laboratory using Dow Corning silicone rubber, a 

Silastic J-RTV type that allows obtaining high tear strength and low stiffness rubber 

membranes. 

   

Figure 4.25 Top and bottom molds used to make the membranes. 
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The J RTV Silicone Rubber curing agent was mixed into the base material in the 

amounts of 10 parts base to one part curing agent by weight. As shown in Figure 4.26, 

the mixture was then poured into the bottom mold and inclusion of air was removed by 

applying a vacuum of 28 to 30 psi during 1 hour. Next, the top plate of the mold was 

carefully bolted in place and the mixture was allowed to cure for two days. The 

membrane was removed from the mold and stored for future use. As show in Figure 

4.27, the weight of the finished membrane is approximately 85 g. 

   

Figure 4.26 Custom-made mold and fabrication precces of cubical latex membranes. 

   

Figure 4.27 Rubber membrane. 
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The flexible membranes transmit the applied hydraulic pressure to the top and 

lateral faces of the cubical soil specimen. In addition, the membranes act as a fluid 

barrier between water inside the pressure cavity and the cubical unsaturated soil 

specimen. Figure 4.28 shows photographs illustrating the suitable flexibility of the 

rubber membrane for experimental stress-strain analyses of soil materials. The shape 

adopted by the membranes shows that the use of LVTD’s is not adequate to measure 

total principal strain increment experienced by the cubical soil sample along a particular 

direction. Measurements of change in volume could be more reliable. 

   

Figure 4.28 Stretched membrane at the end of a triaxial compression (TC) test: (a) 
failed sample, (b) exposed membrane by partial removal of soil 

4.3.5 Stress Application and Control System 

The hydraulic pressure applied trough flexible rubber membranes to the top and 

lateral faces of the cubical unsaturated soil specimen, is generated and controlled by a 

computer-driven Pressure Control Panel (PCP-5000) and a computer-driven pressure 

volume control system (PVC-100), both developed by GCTS, Tempe, AZ. Both units 

use hydraulic digital servo control that allows maintaining the necessary test conditions. 

(a)      (b) 
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Figure 4.29 Computer-driven Pressure Control Panel:(a) PCP-5000, and (b) PVC-100. 

The PCP-500 has been used in this research work to apply pressure to the soil 

sample in Z and X axes direction (i.e. σ1 and σ3). On the other hand, the PVC-100 has 

been used to apply pressure in the Y axis direction (i.e. σ2). Three servo valves control 

the displacement of equal number of hydraulic pistons. A pressure transducer or 

external LVDT provides a direct feedback response used in the control process. The 

system operation is integrated with the GCTS software, which has the flexibility to 

follow simple or complex test conditions. Any principal stress combination path can be 

achieved by simultaneous control over the three computer driven servo valves. In 

addition, the flexibility provided by the control system allows running strain or stress 

controlled tests. 

The output lines from the three pistons split into two lines to supply the pressure 

to the positive and negative faces of the cubical soil specimen. These positive and 

negative faces correspond to the X(+), X(-), Y(+), and Y(-), accounting for the four 

lateral sides, and Z(+), accounting for the top side. The output lines from PCP-5000 and 

PVC-100 valves are connected to the cubical cell via ¼” nylon hose having burst 

(a)      (b) 
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strength of 2000 kPa (290 psi). Quick connect fittings at the output connection and at 

the pressure fluid inlet connections of the wall assemblies make easy to assembly the 

system. 

4.3.6 Deformation Control/Measuring System 

Two methods are implemented on the true triaxial device to measure 

deformations of the cubical soil specimen. Deformation can be measured by using a set 

of 15 LVDTs (i.e. 3 LVDTs on each flexible boundary) and also can be measured by 

using the three LVDTs attached to each of the hydraulic pistons in the stress application 

and control system. 

The three DC-EC-500 Schaevitz series, high pressure sealed LVDTs, located on 

the top face, and on each lateral faces allow measuring the deformation on three 

different points of each side of the cubical soil specimen. Hence, the deformation along 

a particular direction, is estimated by averaging the three LVDTs’ outputs 

corresponding to the soil face perpendicular to that particular direction (i.e face X(+), 

X(-), Y(+), Y(-), or Z(+)). No deformations are measured at the bottom side, Z(-), since 

this side is directly in contact with the rigid boundary where the HAE ceramic disk and 

the four coarse porous stones are located. Therefore, total principal strain increments in 

the Z direction are only measured at the top side of the unsaturated soil specimen. 

Specific details of the calibration, operation and use of this deformation measuring 

system can be found in Park (2005), Pyo (2006) and Laikram (2007). 

As shown in Figure 4.15, the total principal strain increment experience by the 

cubical soil sample during a shearing test could not be adequately measured by 
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averaging the three LVDTs’ outputs. Therefore, in this research work the deformation 

of each side of the cubical soil specimen has been determined by measuring the change 

in volume in each flexible membrane. Change in volume of ach membrane can be 

obtained by measuring the volume of water displaced by the hydraulic pistons in the 

stress application and control system. 

Macro Sensors’ DC 750-5000 Series of 1.9 cm (3/4 in) attached to each 

hydraulic piston has been calibrated to measure the volume of water displaced by the 

piston. With the 45.5 cm (17.9 in) stainless steel housing the, the DC 750 LVDT has 

been calibrated to have a full scale range of 300 cc total volume that allows to measure 

positive (i.e. compression) and negative (i.e. extension) deformations in the cubical soil 

specimen. The output signal generated by the displacement of the DC 750 series LVDT 

and the pressure sensors is interpreted by the GCTS software which uses this 

information to measure the change in pressure and volume in a specific direction (i.e X, 

Y, or Z) of the cubical soil specimen. When the cubical device is used to complete a 

stress-controlled test the output signal from the pressure sensors is processed by the 

GCTS software which controls three separate servo valves to either increase or reduce 

the pressure applied to each sample face. On the other hand, when the cubical device is 

used to complete strain-controlled tests, the deformation readings, on each axis of the 

cubical soil specimen, are used to control the test by changing the pressure up to the 

value required to impose the deformation expected on each face of the cubical soil 

specimen. 
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4.3.7 Pore-air Pressure Control/Monitoring System 

Air-pressure is supplied to the bottom of the soil specimen using the air pressure 

outlet provided in the PCP-5000 unit. Nylon tubing connected to the quick connect 

fitting on the PCP-500 unit carries the pressurized air to the fittings fastened to the 

outside of the bottom wall assembly (Figure 4.17). The pore-air is introduced to the 

unsaturated soil specimen via four 1.9 cm (0.75 in) diameter 0.6.5 mm (1/4 in) thickness 

coarse pore stones. As shown in Figure 4.18, the pores stones are completely embedded 

in the bottom assembly corners, surrounding the HAE ceramic disk. 

4.3.8 Pore-water Monitoring System 

A ceramic disk and four coarse pore stones were used to impose matric suction 

in the cubical unsaturated soil specimen using the axis translation technique. The 

selection of the HAE ceramic disk for testing unsaturated soils should be primarily 

based upon the maximum possible matric suction that can occur during the test. In this 

research work, a maximum value of matric suction of 350 kPa was imposed to the 

cubical saturated specimen. The 5.4 cm (2.125 in) diameter, 0.72 cm (0.3 in) height, 5 

bars (505 kPa) manufactured by Soilmoisture Equipment Corp. has an approximate pore 

diameter of 0.5x10-3 mm, a coefficient of permeability with respect to water, kd, of 

1.21x10-9, and an air entry vale greater that 550 kPa. 

The tubing fittings for the pore water pressure, uw, control and flushing 

mechanism installed on the outside face of the bottom wall assembly are shown in 

Figure 4.17. One tubing fitting (i.e. flush-in) is directly connected to the water supply 

on the PVC-100 front panel using ¼” nylon hose. The other tubing fitting (i.e. flush-
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out) allows the water flow when its valve is opened. The main function of this system is 

to release the air bubbles entrapped into the water compartment underneath the HAE 

ceramic disk, during saturation of the HAE ceramic disk or suction controlled system. It 

is important that all tubing, as well as the water compartment underneath the ceramic 

disk are saturated by creating a continuous flow from the water-supply and the flush out 

tubing. The flushing procedure is done each 12 hours during the suction-controlled test. 

The HAE ceramic disk was saturated in place using the cubical cell. A detailed 

description of the HAE ceramic disk saturation procedure is presented by Hoyos (1998). 

4.3.9 Data Acquisition System 

The digital servo controller software developed by GCTS (2000) is capable of 

controlling up to three servo channels. To control one or more servo channels the GCTS 

software uses a Keithley Metrabyte DAS-16 board that serve as an interface with the 

hardware, and a servo amplifier to drive the servo valves. Control is always specified in 

terms of direct measurement inputs, like deformation and pressure. It is not possible to 

specify control in term of indirect parameters, like strain calculated from deformations. 

The GCTS software and therefore, the deformation control/measuring system 

can be used to follow any specified stress or strain path. In addition, the software allows 

storing the output data from the sensors measuring the stress and strain on each face of 

the cubical soil specimen on real time. The data stored in a file can be analyzed using 

any data processing tool. A detailed description of the software and its capabilities are 

given by GCTS (2004a) and GCTS (2004b). 
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4.4 Calibration 

Numerous factors contribute to errors in sensor measurements. Before use a 

sensor, the device must be calibrated to adjust its accuracy against the expected 

measurement scale. The calibration in the laboratory has been achieved by comparing 

the sensor readings with an accurate hand-held instrument reading taken near the sensor 

being checked or calibrated. The calibration has been performed by measuring the 

resistance or forward voltage of the sensor under test and the hand-held reading. 

Although two point calibration method works for any linear sensor, the accuracy 

of this procedure depends on the accuracy of the known value read on the hand-held 

instrument. Therefore, several readings have been done on both, the hand-held 

instrument and the sensor. These values have been used to determine the zero offset of 

the device and the gain offset (slope). The adjustments on the sensor are made by 

applying the offset. Figure 4.30, Figure 4.31, and Figure 4.32, show the zero offset and 

the gain offset (slope) of the pressure sensors measuring the principal stresses, σ1, σ2, 

σ3, respectively. The zero offset and the gain offset (slope) of the LVDTs measuring 

deformation on the face of the cubical soil specimen, perpendicular to axes X, Y, and Z, 

are presented in Figure 4.33, Figure 4.34, and Figure 4.35, respectively. 

Next chapter presents the classification of the soil according to their engineering 

properties, the relationship of water content and suction for the soil (i.e. soil-water 

characteristic curve), the selection of the compaction method and dry unit weight, as 

well as the procedure recommended to obtained “identically” prepared soil samples 

with and adequate value of isotropic yield stress, po(0). 
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Figure 4.30 Calibration data for the pressure sensors measuring σ1. 
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Figure 4.31 Calibration data for the pressure sensors measuring σ2. 
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Figure 4.32 Calibration data for the pressure sensors measuring σ3. 
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Figure 4.33 Calibration data for the LVDT measuring deformations on the cubical soil 
specimen faces, perpendicular to axis X. 
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Figure 4.34 Calibration data for the LVDT measuring deformations on the cubical soil 
specimen faces, perpendicular to axis Y. 
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Figure 4.35 Calibration data for the LVDT measuring deformations on the cubical soil 
specimen faces, perpendicular to axis Z. 
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CHAPTER 5 

5 SOIL PROPERTIES AND SPECIMEN PREPARATION 

5.1 Introduction 

A soil may be visualized as a discontinued assemblage of solid mineral particles 

mixed together with open spaces or pores. Solid particles in soils vary widely in size, 

shape, mineralogical composition, and chemical characteristics. The arrangement of the 

individual particles or aggregation and combination of particles is called the soil 

structure. Pores are created by the contacts made between irregular shaped soil particles. 

(Spangler and Handy, 1982). 

Soils are generally classified into four groups: gravel, sands, silt, and clays. Soil 

texture, refers to the relative proportion of sand, silt and clay size particles in a sample 

of soil. Hence, fine textured soil has more pore space than coarse textured. As a result, 

fine textured clay soils hold more water than coarse textured sandy soils. Coarse 

textured soils tend to have large, well-connected pore spaces and hence it is expected 

that sandy soils dry out rapidly. Therefore, the distribution of the size throughout the 

soil mass as well as the soil texture is an important factor which influences many other 

soil properties and engineering behaviour. 

The soil tested in this work was artificially prepared by mixing 30% of fine 

material obtained from North Arlington, Texas, and 70% of clean sand commercially 

available. The soil was classified and its basic properties determined to adequately 

design the suction controlled experimental program, and to better understand the 
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mechanical response observed from multiaxial stress states. Several tests were 

performed on the artificially prepared soil in order classify the material, based on the 

textural characteristics of its fine portion and grain size distribution of the mixture. In 

addition, other laboratory tests were conducted to determine some engineering 

properties of the soil, such as density, unit weight, and specific gravity. 

5.2 Soil Classification 

Similar environments that share comparable soil forming factors produce similar 

types of soils. This phenomenon makes classification possible. Soil Classification 

Systems such as ASTM D422, AASHTO, and Unified Soil Classification System 

(USCS) have been developed to provide generalized information about the nature of a 

soil. Engineer soil classification systems can be used to classify the soil and identify the 

expected engineering behaviour. These classifications are based upon purely subjective 

considerations. 

Several laboratory tests are required to identify a soil using the engineering soil 

classification system. Among them are the grain size analysis, Attemberg limits which 

includes liquid limit test, and plastic limit tests. The results of these tests as well as a 

brief description of the physical meaning are given above. 

5.2.1 Grain Size Analysis 

A soil consists of particles of different shapes, size and number. The grain size 

analysis divides these particles into size groups and determines their relative proportion 

by weight. The grain size curve is plotted as the percentage finer than a given size 
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versus the particle size on log arithmetic scale. Figure 5.1 shows the particle size 

distribution for the material used during the experimental phase of this work. 

No. 30

0.6

No. 50

0.3

No. 100

0.1500.075

No. 200 No. 20

0.85

No. 40

0.425

No. 60

0.25

No. 140

0.106

0.02 0.03 0.04 0.05 0.2 0.3 0.4 0.5 1.00.10.01

0

10

20

30

40

50

60

70

80

90

100

0.01 0.1 1

Particle size (mm)

P
er

ce
nt

ag
e 

fin
er

0

10

20

30

40

50

60

70

80

90

100

P
er

ce
nt

ag
e 

fin
er

SP-SC (Apr, 2008)

SP-SC (May, 2009)

Coarse sand

Granular materialFine material

Fine sandSilt size

 
Figure 5.1 Grain size distribution of test soil. 

5.2.2 Liquid Limit Test 

Soil when mixed with water may exist in any one of several states of matter, 

depending on the amount of water in relation to the amount of soil. As the moisture 

content decreases a cohesive soil may goes from a true liquid at very high moisture 

content, through viscous, liquid, plastic solid, and semisolid, to that of a solid state. 

Hence, the moisture content above which a soil become upon stirring is called the liquid 

limit (Spangler and Handy, 1982). The liquid limit (LL) test of the fine fraction of the 

soil used in this work was perform using the liquid limit device (ASTM D423-66, 2004) 
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The flow curve and the moisture content at which it intersects the 25 blows  abscissa are 

shown in Figure 5.2. Hence, the soil material has LL = 64.2 and the flow index FI = 

9.31. The flow index is the slope of the best fit line fitted to the liquid limit laboratory 

data. 

 
Figure 5.2 Liquid limit determination using Casagrande’s device. 

5.2.3 Plastic Limit Test 

When the moisture content of the soil is reduced below the liquid limit the 

material moves to a plastic state. In this state, the material become stronger and its 

bearing capacity begins to increase considerably. It loses its stickiness and can be 

molded into almost any shape using the hands (Spangler and Handy, 1982). The 

minimum moisture content at which the soil behaves as a plastic solid is called the 
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plastic limit (PL). Three different plastic limit tests were performed on the fine portion 

of the soil used in this work. The average value of moisture contents obtained was PL = 

22.24% 

5.2.4 Plasticity Index 

The range of moisture content within which the soil exhibits the properties of a 

plastic material is defined as the plasticity index (PI). It is a measure of the cohesive 

properties and indicates the degree of surface chemical activity and the bounding 

properties of the fine clay and colloidal fraction of the material. This property is defined 

by the numerical difference between the liquid limit and the plastic limit (Spangler and 

Handy, 1982). The plastic index for the fine portion of the material used in this work is 

PI = LL – PL = 41.97%. 

5.2.5 Unified Soil Classification System 

According to USCS clay particles are particles less than 0.002 mm in size; Silt 

particles are bigger than clay particles, falling between 0.002 and 0.074 mm in size; 

sand may be considered as medium particles with diameters between 0.074 and 2.0 mm. 

Soils that are dominated by clay are called fine textured soils while those dominated by 

larger particles are referred to as coarse textured soils. Therefore, with a 10% of the 

total material passing the No 200 sieve (i.e. particles size less than 0.074) the soil can be 

described as sand (S). 

However, although the curve in Figure 5.1 can be used to describe the soil, it is 

convenient to use statistical measures such as uniformity coefficient, Cu, and the 
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coefficient of gradation, Cz. Both coefficients can be calculated basis on the grain size 

distribution curve as. 

2.3
10

60 ==
D

D
Cu        (5.1) 

52.1
1060

2
30 ==
DD

D
Cz        (5.2) 

Although both coefficients indicate that the soil is fairly uniform in size which 

allows classifying the coarse portion as poorly graded sand (SP). 

A better description can be obtained by plotting the Atterberg limits on the so 

called plastic chart (Figure 5.3). Attemberg limits, which were performed on the fine 

portion of the soil, reveal properties related to consistency of the material. These 

include liquid limit (LL), plastic limit (PL) and shrinkage limit (SL) which are essential 

to correlate the shrink-swell potential of the soils to their respective plasticity indices 

(PI). 

The Attemberg limits plotted in Figure 5.3 shown that the fine portion of the 

material is inorganic clay of high plasticity (CH). In addition, an approximate value of 

the shrinkage limit, which is the water content at which further loss in moisture content 

will not cause a decrease in its volume, is also obtained from the plastic limits chart. 

The resulting value of shrinkage limit is SL = 14%. 

Finally, using the USCS and basis on the Attemberg limits and the grain size 

distribution curve, the soil is classified as poorly graded sand with clay (SP-SC). 

Furthermore, the soil can be also classified using the ASTM D2487-00, the soil can be 

classified as sandy fat clay. 
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Figure 5.3 Plastic chart. 

5.2.6 Specific Gravity 

Specific gravity, Gs, of a soil is the ratio of density or specific weight of the soil 

particles to the density or unit weight of water. The specific gravity for the SP-SC was 

determined in the laboratory through the procedure depicted by ASTM Standard D 854-

06. Three different tests were conducted on three different samples and the resulting 

values were Gs = 2.71, 2.70, and 2.70. An average value of Gs = 2.70 has been adopted 

for the SP-SC. 

5.3 Soil-water Characteristic Curve 

As mentioned in chapter 2 the soil-water characteristic curve of a soil relates the 

moisture content to the applied matric suction in the soil (Fredlund and Rahardjo, 
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1993). In a partially saturated soil, the pore-air pressure, ua, is generally atmospheric 

and the pore -water pressure, uw is negative. Hence, the soil matric suction of a soil is 

the difference between the pore-air pressure and pore-water pressure (ua - uw). 

In the laboratory, matric suction can be measured either in a direct or indirect 

manner. In this work the matric suction has been measured with a pressure plate, using 

axis translation technique for direct measurements. In addition, filter paper has been 

used as a sensor to indirectly measure the matric suction at pressures that can not be 

reached using axis translation technique. 

5.3.1 Pressure Plate Drying Test 

A pressure plate extractor manufactured by Soilmoisture Equipments 

Corporation (see Figure 5.4) was used in the laboratory to develop a soil water 

characteristic curve, using the axis translation technique. The pressure plate extractor 

was used to apply various matric suctions to compacted SP-SC samples. 

Speaking in terms of gauge pressure (i.e. the pressure relative to the local 

atmospheric or ambient pressure), matric suction can be applied to a soil specimen into 

the closed pressure chamber by applying a positive pore-air pressure while a zero pore-

water pressure is sustained. Before start the test, the high air entry disk is saturated, and 

during the test it is always in contact with the water contained in the membrane below 

the disk. The water compartment is maintained at zero pressure. 

The matric suction data obtained using the pressure plate is plotted against the 

water content on Figure 5.5. Although a 15 Bars high air entry value ceramic disk has 

been used, due to the maximum air pressure available in the laboratory, the data 
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obtained is limited to 850 kPa. However, considering that a 5 Bars high air entry value 

ceramic disk is installed in the base of the true triaxial cubical cell, detailed data was 

obtained between 50 and 500 kPa. 

         

Figure 5.4 Pressure plate extractor and high-entry-value ceramic disk. 

5.3.2 Filter Paper  

The filter paper method to measure matric suction is based on the assumption 

that a filter paper will come to equilibrium with a soil having a specific suction. 

Therefore, when a dry filter paper is placed in direct contact with a soil specimen, it is 

assumed that water flows from the soil to the filter paper until equilibrium is achieved. 

Once equilibrium conditions are achieved, the water content of the filter paper is 

measured (Fredlund and Rahardjo, 1993). 
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Figure 5.5 Matric suction versus water content for SP-SC soil using pressure plate. 

As illustrated by Figure 5.6 the water content of the filter paper corresponds to a 

specific matric suction value. The equations used to calculate the calibration curves for 

filter paper Whatman No. 42 shown in Figure 5.6 are included in chapter 2. These 

equations were developed basis on the theory that equilibrium water content of the filter 

paper corresponds to the matric suction of the soil when the paper is placed in direct 

contact with the soil. The filter paper sensor used to measure the matric suction was 

Whatman No. 42 which is a ash-free, quantitative Type II recommended by ASTM D 

5298-03. Acrylic disks where placed on the top and bottom of the sample to guaranty 

intimate contact between the soil sample and the filter paper. Figure 5.7 shows the filter 
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paper location, sample preparation and storage of the glass container. The samples were 

storage in the constant humidity room during the equilibration period (i.e. seven days).  

In addition to the moisture content of the filter paper, the soil water content was 

also measure to correlate the matric suction obtained from the filter paper with the 

moisture content of the soil. The resulting matric suction values from Figure 5.6 are 

plotted against the water content as shown in Figure 5.8. Values shown in Figure 5.8 

correspond to those calculated using the equation proposed by ASTM D 5298-03. 

Figure 5.9 presents the matric suction data obtained using the pressure plate among the 

values obtained using filter paper method. 
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Figure 5.6 Calibration curves for filter paper Whatman No. 42. 
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Figure 5.7 Filter paper location and sample preparation and storage. 
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Figure 5.8 Matric suction versus water content for SP-SC soil using filter paper method. 
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Figure 5.9 Matric suction versus water content for SP-SC soil using pressure plate and 

filter paper methods. 

5.3.3 SWCC Modeling 

As mentioned in chapter 2, several empirical equations have been proposed to 

best-fit soil water characteristic curve (SWCC) data. The most universally used model 

are those proposed by Brooks and Corey (1964), van Genuchten (1980) and Fredlund 

and Xing (1994). In addition to these three equations, the equation proposed by 

Brutsaert (1967) has been also included in this work due to its simplicity. 

The parameters involved in the four selected equations have been determined 

using a least squares regression and its values are presented in Table 5.1. The fitted 

curves are plotted among the laboratory data in Figure 5.10. 
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Table 5.1 Fitted parameters for selected SWCC functions 

Brooks and Corey, 
1964 

Equation (2.7) 

van Genuchten, 
1980 

Equation (2.8) 

Brutsaert, 
1967 

Equation (2.9) 

Fredlund and Xing, 
1994 

Equation (2.10) 
ψb = 0.155 α = 0.210 α = 13.278 af = 0.350 
λ = 0.158 n = 2.941 β = 0.341 mf = 2.100 

 m = 0.056  nf  = 0.270 
wr = 0.150 wr = 0.150 wr = 1.6648 wr = 1.790 
ws = 26.91 ws = 26.94 ws = 26.94 ws = 26.94 

R2 = 0.975 R2 = 0.975 R2 = 0.954 R2 = 0.987 
 

0.01

0.1

1

10

100

1000

10000

100000

1000000

0 5 10 15 20 25 30

Water content, w (%)

M
at

ric
 s

u
ct

io
n

, 
u a

 -
 u

 w
 (

kP
a)

Lab Data
Brooks & Corey (1964)
Brutsaert (1967)
Van Genuchten (1980)
Fredlund and Xing (1994)

 
Figure 5.10 Soil water characteristic curves fitted to laboratory data. 

From Table 5.1 and Table 5.1 Fitted parameters for selected SWCC 

functionsFigure 5.10 it can be observed that the three more universally used equations 

perform much better than the equation proposed by Brutsaert (1967). Among the more used 

equations, Fredlund and Xing (1994) perform slightly better that Brooks and Corey (1964) and 
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van Genuchten, 1980. However, Fredlund and Xing (1994) seems better predict the matric 

suction at low values of moisture content. It is worthy mentioning that regardless the simplicity 

of the equation proposed by Brooks and Corey (1964) it predict adequately the matric suction 

basis just in three parameters. 

5.4 Specimen Preparation and Compaction Method 

The shear strength parameter of a soil can be defined in the laboratory using soil 

specimens taken from the field as well as compacted samples. These samples can be 

tested under stress conditions that are likely to be encountered in the field. However, in 

order to obtain unique stress parameters the soil conditions of the specimens must be 

essentially identical. Therefore, only specimens with the same geological conditions and 

stress history should be used to define a specific set of shear stress parameters (Fredlund 

and Rahardjo, 1993). 

In some cases, unsaturated soils testing is conducted on compacted specimens, 

which are usually prepared by compaction. According to Fredlund and Rahardjo (1993), 

in order to be considered as “identical”, specimens prepared in the laboratory must be 

compacted at the same initial water content to produce the same dry density. However, 

the compaction method has an important effect on the soil sample properties. 

Soil samples are compacted by reducing the air voids present in the soil and 

hence increase the dry density of the sample. Dynamic compaction achieves this by 

permitting a moving mass to strike the surface of the soil sample and delivering energy 

into the sample that causes densification. On the other hand, soil samples can also be 

compacted by subjecting it to a static load which is built up slowly to some 
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predetermined value and then released. This process is referred as to static compaction. 

In other methods the soil is compacted by repeatedly applying a predetermined pressure 

to small areas of the soil, maintaining the pressure for short time, and then gradually 

reducing the pressure. This process is named kneading compaction. 

The level of densification that can be achieved relates to a number of different 

parameters. The most important are the moisture content and the compacting energy 

transferred to the soil sample. Other factors that affect the densification are the number 

of blows applied to the soil, the momentum of each blow delivered by the falling mass, 

and the period of time during which the pressure is maintained. 

5.4.1 Proctor Standard Test 

To achieve the required soil density it is necessary to determine the moisture 

content and dry density of the specific soil material. There are a number of methods 

used to determine that moisture content, but the most used is the Proctor standard test. 

The modified Proctor test is used when the soil load is expected to be high. 

The Proctor standard test has been conducted on the SP-SC soil following the 

ASTM standard D698-07e1, the resulting density curve is shown in Figure 5.11. The 

moisture content corresponding to the maximum unit weight is called the standard 

Optimum Moisture Content (OMC). In Figure 5.11 a dry unit weight of 19.18 kN/m3 

(122 lb/ft3) correspond to an optimum moisture content of 11.55%. 
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Figure 5.11 Proctor density curve for SP-SC soil. 

In order to consider all the soil specimens compacted in the laboratory as 

“identical” all of them were compacted at the same initial water content to produce the 

same dry density. Therefore, considering the Proctor standard test results, a dry unit 

weight equal to 80% of the optimum value has been selected as a target for all the 

samples. As shown Figure 5.11, soil samples with a dry unit weight, γd = 15.344 kN/m3 

(97.6 lb/ft3) which correspond to the 80% of the optimum, can be obtained using a 

moisture content higher than or lower than the optimum moisture content, wopt = 

11.55%. On the other hand, it can be observed in Figure 5.10 that moisture content in 

the order of 10% corresponds to a matric suction of 50 kPa. Therefore, to reduce the 

time required to equalize the matric suction in the samples, water content, w = 10% has 
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been selected as the initial water content. Although the samples were compacted at the 

same initial water content (i.e. w = 10%) to produce the same dry density (i.e. γd = 

15.344 kN/m3), it has been proven that the compaction method plays an important role 

in the isotropy of the soil characteristics.  

5.4.2 Tamping Compaction 

As previously mentioned, a soil material classified as poorly graded sand with 

clay (SP-SC) was used for suction-controlled testing. To define the compaction method 

to be used, a series of drained, stress/suction-controlled CTC tests were conducted on 

several cubical compacted, specimens 7.62 cm (3 in) per side. Initial water content, w = 

10%, was used to achieve a cubical sample with unit weight, γd = 15.344 kN/m3 

approximately. The specimens were compacted in-place using tamping compaction 

process. A 1.5 mm (0.06 in) thick stainless steel shaft is introduced into the cubical 

cavity of the true triaxial cell to facilitate the tamping compaction process (See Figure 

5.12). 

As shown in Figure 5.13, specimens were prepared in approximately eight lifts, 

with each lift compacted at initial moisture content, w = 10%. The amount of material 

in each lift was controlled by weight with a 61.5 g first lift and seven other 100g lifts. 

Each layer was tamped using a compactive effort considerably less than that used in the 

Proctor standard. 
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Figure 5.12 In-place tamping compaction: (a) mold and tamper, (b) compaction process. 

Figure 5.13 shows that soil specimen compacted using tamping method can not 

be considered as “identical” samples. Although the same number of blows has been 

applied to each layer the resulting height is different. In addition, layers show different 

structure which is a clear symptom of a sample with anisotropic characteristics. 

  

Figure 5.13 Typical layered SP-SC samples compacted using in-place tamping method. 

(a)      (b) 
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In addition, two fully-drained CTC tests at constant matric suction, s = 50 kPa, 

and two fully-drained CTC tests at constant matric suction, s = 100 kPa, were conducted 

on four different SP-SC specimens. Tamping method were used to prepare the four 

samples, with initial water content, w = 10%, and the effort required to achieve a 

cubical sample with unit weight, γd = 15.344 kN/m3. 

The principal strain response during the CTC tests conducted at matric suctions, 

s = 50kPa and s = 100 kPa, is presented in Figure 5.14 and Figure 5.15, respectively. 

The tests results shown that not consistent behavior can be obtained using samples 

compacted by taping method. 
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Figure 5.14 Response from two CTC trial tests at s = 50 kPa on SP-SC specimens 

prepared by tamping. 
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Figure 5.15 Response from two CTC trial tests at s = 100 kPa on SP-SC specimens 

prepared by tamping. 
 
5.4.3 Static Compaction 

Several cubical, compacted specimens of dimensions of 7.62 cm (3 in) per side 

were prepared using static compaction. Same as the samples prepared using tamping 

method, initial water content, w = 10%, was used to achieve a cubical sample with unit 

weight, γd = 15.344 kN/m3 approximately. As shown in Figure 5.16 the triaxial load 

frame was use to apply a quasi static axial load to reduce the void of the soil and 

achieve the volume required. 

The sample was prepared by using a custom-made stainless steel mold shown in 

Figure 5.17. The mold was filled with 761.5 g of poorly graded sand with high plasticity 

clay (SP-SC). Then, the loose material in the mold was sited on the triaxial load frame 
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and the axial load was applied at a monotonic rate of 1 mm per minute. Once the sample 

was compacted, it was extruded from the stainless steel mold and delivered into the 

cubical cell to be tested. In Figure 5.18, the texture of the sample prepared using static 

compaction can be compared to that texture obtained by tamping method. 

 

Figure 5.16 Static compaction using triaxial load frame. 

   

Figure 5.17 Homogeneous SP-SC sample compacted using static approach. 
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Figure 5.18 Compacted SP-SC samples using: (a) static compaction method, and (b) 

tamping compaction method. 

A homogeneous specimen obtained by static compaction contrasts with a 

layered sample compacted using the tamping method. Four SP-SC samples were 

prepared using static compaction. Two of them were tested following a drained CTC 

path at constant matric suction, s = 50 kPa, and two were tested following a fully-

drained CTC path at constant matric suction, s = 100 kPa. The principal strain response 

during the CTC tests conducted at matric suction, s = 50 and 100 kPa, is presented in 

Figure 5.19 and Figure 5.20 respectively. The tests results show that consistent behavior 

can be obtained using samples prepared using static compaction method. 

5.4.4 Selection of Dry Unit Weight for SP-SC soil 

A series of four fully drained isotropic loading tests were conducted at constant 

matric suction, s = 100 kPa in the cubical testing device, to experimentally determine 

the adequate density of the soil sample to be tested during the experimental program. 

The intent was to reproduce specimens with a relatively small preconsolidation pressure 

so that it was feasible to bring the soil to a virgin state and, hence, induce elasto-plastic 

deformations. 

(a)      (b) 
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Figure 5.19 Response from two CTC trial tests at s = 50 kPa on statically compacted 
SP-SC specimens. 

 
Figure 5.20 Response from two CTC trial tests at s = 100 kPa on statically compacted 

SP-SC specimens. 
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Four cubical compacted sand specimens SP-SC were prepared using static 

compaction method. Although the four samples were compacted at the same initial 

water content (i.e. w = 10%) each of them had enough solid mass to attain different dry 

unit weight at the same total volume. The selected dry unit weights were γd = 19.18, 

17.26, 16.30, and 15.34 kN/m3 which correspond, respectively, to 100%, 90%, 85%, 

and 80% of the maximum dry unit weight, γd, max. In order to obtain similar soil fabric 

and texture for every soil specimen, all of them were compacted following the same 

procedure. The reason for choosing this lower average value of dry unit weights were, 

γd, was to try to ensure “identical” soil specimens with adequate value of isotropic yield 

stress, po(0). Thus, it was possible to reconsolidate the soil samples to a virgin state for 

calibration of the elasto-plastic models parameters (Alonso et al, 1990; Josa et al., 1992; 

Wheeler and Sivakumar, 1995). 

Figure 5.21 shows the variation of the specific volume, v = 1 + e, with the neat 

mean pressure, p, during isotropic loading tests conducted at constant matric suction, s 

= 100 kPa and initial confinement, pini = 20 kPa. Based on the results, a dry unit weight, 

γd = 15.34 kN/m3, was selected to produce “identical” samples hard enough to be easily 

reconsolidated to the virgin state and determine the value of isotropic yield stress, po(0). 

All the subsequent cubical sand SP-SC samples were prepared with initial average 

moisture content, w = 10%, following the procedure previously described for static 

compaction. The resulting samples had and average dry unit weight, γd = 15.34 kN/m3, 

with an initial average specific volume, v = 1+ e = 1.72, and an average degree of 

saturation, S = 37.5%. 
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Figure 5.21 Response from HC tests at s = 100 kPa on four statically compacted SP-SC 

specimens prepared at different dry densities. 

Next chapter describes the experimental procedure to conduct drained suction-

controlled hydrostatic compaction (HC), conventional triaxial compression (CTC), 

triaxial compression (TC), triaxial extension (TE), and simple shear (SS) tests. In 

addition, the chapter includes some experimental results verifying repeatability of 

suction controlled testing in the refined cell, as well as tests conducted to select the 

appropriate loading rate. 
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CHAPTER 6 

6 SUCTION-CONTROLLED EXPERIMENTAL PROGRAM AND RESULTS 

6.1 Introduction 

The fully computer-driven, suction-controlled cubical test cell described in 

chapter 5 was used to validate three of the most widely used elasto-plastic constitutive 

models for unsaturated soils: BBM (Alonso et al., 1990), MBBM (Josa et al., 1992), and 

Oxford Model (Wheeler and Sivakumar, 1995). In addition, further refinement of the 

Barcelona Basic Model, proposed as part of this research work, has also been validated 

with the experimental data. For this purpose, a series of suction-controlled hydrostatic 

compression (HC) tests and suction-controlled shear loading (CTC, TC, TE, and SS) 

tests were conducted on identically prepared cubical specimens 3 in (7.62 cm) per side 

of SP-SC soil. 

This chapter presents a comprehensive analysis of all these test results, focusing 

on the effect of matric suction and net confinement on the general stress-strain response 

of SP-SC soil in q-p plane, principal stress plane and octahedral plane. 

6.2 Experimental Procedures

A series of 26 suction-controlled triaxial tests was performed on an equal 

number of samples of poorly graded sand with high plasticity clay (SP-SC). Cubical 

samples, 76.2 mm (3 in) per side, were identically prepared by using static compaction 

in a cubical stainless steel mold at water content of 10%, as explained in Chapter 5. All 
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samples were compacted in one lift using a triaxial compression frame at a monotonic 

fixed displacement rate of 1.0 mm/min. This procedure yields a compactive effort 

considerable less than that of standard proctor test, which permits to reproduce samples 

with an average dry unit weight, γd = 15.34 kN/m3, initial average specific volume, v = 

1+ e = 1.72, and an average degree of saturation, S = 37.5%. All the samples were 

prepared following the same procedure in order to produce samples with similar soil 

fabric prior to suction controlled testing. 

Soil volume changes as well as the applied external load, can be controlled 

and/or measured in real time by a computerized system developed by GCTS. Pore water 

pressure, uw, was controlled through a high air entry value ceramic disk of 5 bar (505 

kPa), located beneath the cubical soil sample. Matric suction, (ua – uw), was controlled 

by using the axis translation technique proposed by Hilf (1956). Pore-air pressure, ua, 

was applied at the bottom of the sample through a set of four pore stones with a low air 

entry value. Although the system allows controlling pore-water pressure, uw, was kept at 

atmospheric pressure. 

A typical fully-drained suction-controlled axisymmetrical loading test 

performed as part of this research started with the sample preparation process described 

in Chapter 5. Once the sample was prepared, the cubical specimen was gently slid in 

through one of the lateral cavities of the cubical frame as shown in Figure 6.1. The 

specimen ultimate sits on top of the already saturated HAE ceramic disk, as shown in 

Figure 6.1. 
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Figure 6.1 Sample placement in the cubical cell. 

Once the soil sample was adequately placed into the cubical cell cavity, the 

remaining five walls were securely attached onto the cubical frame, as shown in Figure 

6.2. After the true triaxial testing device was fully assembled (Chapter 4), the cubical 

specimen inside the cubical cell was subjected to an initial hydrostatic confinement, (σ 

– ua), and a constant matric suction, (ua – uw). Then, equalization was allowed until no 

water change was detected. Finally, the sample was subjected to either isotropic 

consolidation or shearing loading in accordance with the programmed test. 

   

Figure 6.2 Cubical cell assemblage 
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6.2.1 Equalization Stage 

After sitting up the soil sample and completely assembling the true triaxial 

device, the equipment is ready to perform the programmed test. The first stage of each 

test requires to bring the sample to a pre-selected initial net mean stress, pini, of 50, 100, 

or 200 kPa, and a corresponding matric suction, s, of 50, 100, 200, or 350 kPa. To 

accomplish this, the cell pressure was increased isotropically on each face of the cubic 

sample, starting at p = 0. When the cell pressure reached the desired initial net mean 

stress, p = pini, the air pressure was increased while being supplied to the soil pores at 

the bottom of the specimen until the selected value of matric suction, s = (ua – uw), was 

reached. To ensure that the initial net mean stress induced on the test specimen remains 

constant, both matric suction and the principal stresses were incremented in the same 

magnitude at the same rate throughout the entire equalization stage. 

The equalization stage in every test specimen was considered accomplished 

when the rate of change of specific water volume was less than 0.035 ml per day. 

Considering that each soil specimen was prepared with the same moisture content (i.e. 

w = 10%), which corresponds to a matric suction below 50 kPa, all the suction-

controlled tests were readied by achieving suction along the drying path of the SWCC 

of the soil; therefore, not hysteresis was induced in the soil specimens. The time 

required for the equalization ranged between 5 to 10 days, depending on the selected 

value of suction. 

Figure 6.3 presents the change in specific volume, ∆v, with time that occurred 

during typical equalization stage from suction values of 50, 100, 200, and 350 kPa. All 
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tests started with an immediate reduction in specific volume due to the rapid increase of 

mean net stress, p, from zero to the selected pini = 50, 100, or 200 kPa. In all tests, the 

initial compression was followed by small changes in specific volume. In addition, due 

to the initial moisture content of the samples (i.e. w=10%), corresponding to a matric 

suction close to 40 kPa, no swelling was expected. 

Special care was taken at the beginning of the hydrostatic loading, to avoid 

premature failure of the sample due to the unequal application of confinement pressure 

on each face. Premature failure can occur when not all of the membranes are in full 

contact with the sample and the initial pressure is applied fully on one of the axis, with 

no adequate support on the other axis, as shown in Figure 6.4. 
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Figure 6.3 Typical change in specific volume with time during equalization stage. 
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Figure 6.4 Premature failure of soil specimen under initial isotropic confinement due to 
inadequate contact between soil and membrane. 

6.2.2 Isotropic Consolidation Stage 

After completion of the equalization stage, each sample was isotropically 

consolidated by increasing the cell pressure at a rate of 8 kPa/h while holding constant 

the air pressure (i.e. maintaining constant suction). The rate of increase of the cell 

pressure was selected to ensure repeatability of test results. The loading conditions and 

stress path followed during the equalization and consolidation stages are presented in 

Figure 6.6 and Figure 6.7. 

At the beginning of the test (i.e. point O in Figure 6.6), the cell pressure and 

pore-air pressure were both zero, and each compacted specimen was at a suction state 

close to 50 kPa. With the isotropic increment of the principal stresses, σi = σ1 = σ2 = σ3, 

the sample goes to point C where the pressure cell reaches the preselected initial net 

mean stress, p = pini. At this point the air pressure was increased at the same rate of the 

principal stresses increment, ∆σi = ∆σ1 = ∆σ2 = ∆σ3, until the selected matric suction, s 

= (ua – uw), was reached on point H50, H100, H200, or H350, accordingly with the 



 174

conditions established for the test. Finally in the isotropic consolidation stage, the net 

mean pressure, p, was isotropically incremented up to 800 kPa approximately while the 

matric suction, s, remained constant. 
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Figure 6.5 Hydrostatic compression (HC) loading condition. 

 

Figure 6.6 Typical stress paths during equalization and isotropic consolidation stage. 
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6.2.3 Shear Loading Stage 

At the end of the equalization stage, once no further water volume change is 

detected from the sample, the sample is considered to be in equilibrium (i.e. equalized). 

When the equilibrium is reached the soil specimen has a net confining pressure, pini = 

(σ1 – ua) = (σ2 – ua) = (σ3 – ua), and a matric suction of (ua – uw). For further shear 

loading, the sample was loaded at a constant stress rate, following one of four different 

stress paths (i.e. CTC, TC, TE, or SS) until failure was attained. Any excess in the pore-

air and pore-water pressure, caused by the applied load, was dissipated by allowing the 

pore fluid (air and water) to flow in or out of the soil specimen. 

6.2.3.1 Conventional Triaxial Compression (CTC) 

As shown in Figure 6.7, during drained constant-suction conventional triaxial 

compression (CTC) test, after completion of the equalization stage (i.e. point D50, D100, 

or D200 in Figure 6.8), principal stress, ∆σ1, was increased while maintaining the minor, 

(σ3 – ua), the intermediate stresses, (σ2 - ua), and the matric suction, (ua – uw), constants. 

As the vertical net normal stress is increased, the yield surface expands moving the 

stress point accordingly with the size of the new yield surface. The stress path 

established by joining the stress points for this loading condition is shown in Figure 6.8. 
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Figure 6.7 Conventional triaxial compression (CTC) loading condition 

 

Figure 6.8 Typical stress path during equalization and conventional triaxial compression 
(CTC) stage. 
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6.2.3.2 Triaxial Compression (TC) 

As shown in Figure 6.9, during drained constant-suction triaxial compression 

(TC) tests, starting at the end of the equalization stage (i.e. point TC50, TC100, or TC200 

in Figure 6.10), the principal stress, σ1, was increased while the intermediate and minor 

normal stress, σ3 and σ2, were reduced. As the minor and intermediate principal stresses 

were equally decrease (i.e. ∆σ3 = ∆σ2 = - ½∆σ1), the matric suction was kept constant. 

The stress path for this loading condition is shown in Figure 6.10. 
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Figure 6.9 Triaxial compression (TC) loading condition 

6.2.3.3 Triaxial Extension (TE) 

As shown in Figure 6.10, during drained suction-controlled triaxial extension 

(TE) tests, after completion of the equalization stage (i.e. point TE50, TE100, or TE200 in 

Figure 6.12), the principal stress, σ1, and intermediate stress, σ2, were equally increased 

while minor normal stress, σ3 was reduced (i.e. ∆σ3 = -2∆σ2 = -2∆σ1), and the matric 

suction was kept constant. The stress path for this loading condition is shown in Figure 

6.12. 
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Figure 6.10 Typical stress path during equalization and triaxial compression (TC) stage. 
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Figure 6.11 Triaxial extension (TE) loading condition 
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Figure 6.12 Typical stress path during equalization and triaxial extension (TE) stage. 

6.2.3.4 Simple Shear (SS) 

As shown in Figure 6.13, during drained suction-controlled simple shear (SS) 

tests, after completion of the equalization stage (i.e. point SS50, SS100, or SS200 in Figure 

6.14), the principal stress, σ1, was increase whereas the minor stress, σ3, was decreased 

and the intermediate stress, σ2, was held constant (i.e. ∆σ3 = -2∆σ1  and ∆σ2 = 0). In 

these tests, the matric suction was also kept constant. The stress path for this loading 

condition is shown in Figure 6.14. 
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Figure 6.13 Simple shear (SS) loading condition 

 

Figure 6.14 Typical stress path during equalization and simple shear (SS) stage. 
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6.3 Strain-controlled Versus Stress-controlled Testing Schemes 

The strength testing of unsaturated soils is usually performed at a constant rate 

strain. Therefore an appropriate rate of strain must be selected before start the testing. 

However, the true triaxial apparatus used in this experimental work has the capability of 

perform not just constant strain rate strength tests (i.e. strain-controlled tests) but also 

constant load rate strength tests (i.e. stress-control tests). 

When a drain triaxial test is performed very slowly (i.e. at a low strain rate or 

low loading rate) on a sample of soil it is likely that no pore pressure will build up in the 

soil and it could be observed a fully drained response of the soil. On the other hand, if 

the test is perform extremely fast, even if the drain connections are open, there will be 

no possibility for the pore-water to move into or out of the sample and it will observed a 

more or less fully drained response of the soil (Wood, 2004). The rate effect can be 

explained in terms of pore-water flow, which will obviously be more significant in a 

impermeable soil such as a clay that in a relative permeable soil such as a sand. 

However, the strain rate or load rate selection is related not just to the permeability but 

also to the flow path which is established by the dimension of the specimen been tested. 

To determine the effect of the stress and strain rate at which the tests should be 

performed on the SP-SC soil, four identically prepared cubical SP-SC soil specimens 

were compacted to complete equal number of CTC tests under different conditions of 

matric suction and control. A drained stress-controlled CTC tests was conducted at 

strain rate of 0.1 mm/min (i.e. 125 kPa approximately), constant matric suction, s = 50 

kPa, and initial net mean stress pini = 50 kPa. In addition, a drained strain-controlled 
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CTC test was conducted at stress rate of 10 kPa (i.e. 0.0078 mm/min approximately), 

maintaining the conditions of suction, s = 50 kPa, and net mean stress, pini= 50 kPa. The 

principal strain and total shear strain response of the soil samples tested, for both strain-

controlled and tress-controlled tests, are shown in Figure 6.15 and Figure 6.16, 

respectively. Furthermore, Figure 6.17 shows the variation of specific volume, v = 1 + e 

with the net mean stress, p. Although the trend observed during the strain-controlled test 

is similar to that in stress-controlled test, the dispersion of the data suggest that better 

results can be obtained performing stress-controlled tests rather than strain-controlled 

test. The results also reveal the capability of the cubical cell to obtain similar results in 

repeated tests when the initial conditions were kept constant. 

 

Figure 6.15 Response from strain-controlled and stress-controlled CTC tests at s = 50 
kPa on compacted SP-SC soil. 
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Figure 6.16 Total shear strain response from strain-controlled and stress-controlled CTC 
tests at s = 50 kPa on compacted SP-SC soil. 

 

Figure 6.17 Variation of specific volume from strain-controlled and stress-controlled 
CTC tests at s = 50 kPa on compacted SP-SC soil. 
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On the other hand, a drained strain-controlled CTC tests was conducted at strain 

rate of 0.1 mm/min (i.e. 125 kPa approximately), constant matric suction, s = 100 kPa, 

and initial net mean stress pini = 50 kPa. Additionaly, a drained stress-controlled CTC 

test was conducted at stress rate of 5 kPa (i.e. 0.0078 mm/min approximately), 

maintaining the conditions of suction, s = 100 kPa, and net mean stress, pini = 50 kPa. 

The principal strain and total shear strain response of the soil samples tested, for both 

strain-controlled and stress-controlled tests are shown in Figure 6.18 and Figure 6.19, 

respectively. Figure 6.20 shows the variation of specific volume, v = 1 + e with the net 

mean stress, p. 

 

 

Figure 6.18 Response from strain-controlled and stress-controlled CTC tests at s = 100 
kPa on compacted SP-SC soil. 
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Figure 6.19 Total shear strain response from strain-controlled and stress-controlled CTC 
tests at s = 100 kPa on compacted SP-SC soil. 

 

Figure 6.20 Variation of specific volume from strain-controlled and stress-controlled 
CTC tests at s = 100 kPa on compacted SP-SC soil. 
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The results presented in Figure 6.15 through Figure 6.20 show no effect of the 

stress rate on the response of the soil samples tested. That is, the permeability of the SP-

SC soil allows the water drain from the sample easily. However, the scattered data 

results obtained in the strain-controlled CTC tests compared with the results obtained in 

the stress-controlled CTC test substantiate the conclusion that the true triaxial apparatus 

used in this research should be used to perform stress-controlled test rather than strain-

controlled tests. 

6.4 Selection of Appropriate Stress-Controlled Loading Rate 

Four different samples were tested at different stress rate under isotropic 

consolidation compaction. Two drained stress-controlled HC tests where conducted on 

two identically prepared samples of SP-SC soils, at constant matric suction s = 50 and 

100 kPa, initial net mean stress pini, = 50 kPa, and stress rate of 10 and 2 kPa, 

respectively. The variation of specific volume, v = 1 + e, with the net mean stress, p in 

arithmetic scale is presented in Figure 6.21 and Figure 6.23. In addition, Figure 6.22 

and Figure 6.24 show the variation of specific volume, v = 1 + e, with the net mean 

stress, p in semi-logarithmic scale. Again the results confirm that the permeability of the 

sand allows water drain easily and no effect of the stress rate should be expected during 

the experimental program. Considering this a stress rate of 8 kPa/h has been selected for 

the execution of the suction-controlled experimental program designed for this research 

work and to be documented in the following sections. This loading rate was selected in 

order to accomplish the experimental program writhing a reasonable time frame of 12 

months. 
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Figure 6.21 Variation of specific volume from HC tests at s = 50 kPa on compacted SP-
SC soil – Arithmetic scale. 

 

Figure 6.22 Variation of specific volume from HC tests at s = 50 kPa on compacted SP-
SC soil – Semi-log scale. 
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Figure 6.23 Variation of specific volume from HC tests at s = 100 kPa on compacted 
SP-SC soil – Arithmetic scale. 

 

Figure 6.24 Variation of specific volume from HC tests at s = 100 kPa on compacted 
SP-SC soil – Semi-logarithmic scale. 
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6.5 Potential Sources of Experimental Error 

Experimental results are subjected generally to one or more types of error: 

human error, systematic error, and random error (Montgomery, 2005). Human errors 

are frequent in the laboratory and its identification is important to guarantee the 

repeatability of the test. Although the suction-controlled true triaxial testing device used 

during the experimental phase of this research work is computer driven, the sample 

preparation, sample mounting, cubical device assemblage, as well as confinement are 

processes were human errors are highly probable. 

On the other hand, systematic error is an error related with the experimental set 

up which causes the results to be skewed in the same direction every time 

(Montgomery, 2005). A sensor incorrectly calibrated could be a cause of systematic 

error in the cubical cell device. Additionally, all experiments have random error, which 

occurs because no measurement can be made with infinite precision (Montgomery, 

2005). Noise may be added to a signal in a sensor. A frequent cause of this type of error 

is unexpected vibration affecting a specific sensor. In order to guaranty the repeatability 

of the experiments, especial attention must be given to the calibration of the sensors as 

well as the reduction of unexpected vibration. In addition, special care must be taken at 

the initial phase of the experimental process to reduce the possibility of human errors. 

6.6 Repeatability of Stress-controlled Testing at Constant Matric Suction 

Once selected the stress loading rate and considering the possible sources of 

experimental error, the dependability of the true triaxial cubical device and the 

computerized pressure control system has been experimentally validate through a series 
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of repeated tests conduced in different compacted SP-SC soil specimens. Four drained 

stress-controlled HC tests and two drained stress-controlled TC test were conducted on 

four different compacted SP-SC soil specimens. All six tests were completed at constant 

matric suction, s = 50 kPa. The results from the HC tests are presented in Figure 6.25 

and Figure 6.26 in arithmetic and semi-logarithmic scale, respectively. In addition, two 

stress-controlled TC tests were conducted on equal number of SP-SC soil specimens at 

matric suction, s = 100 kPa, and initial net mean pressure, pini = 100 kPa. Figure 6.27 

and Figure 6.28 shown the results of the TC test conducted at constant matric, s = 50 

kPa and s = 100 kPa, respectively. 

 

Figure 6.25 Repeatability of HC test results at s = 50 kPa on four identically prepared 
SP-SC specimens – Arithmetic scale. 
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Figure 6.26 Repeatability of HC test results at s = 50 kPa on four identically prepared 
SP-SC specimens – Semi-log scale. 

 

Figure 6.27 Repeatability of TC test results at s = 50 kPa on two identically prepared 
SP-SC specimens. 
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Figure 6.28 Repeatability of CTC test results at s = 100 kPa on two identically prepared 
SP-SC specimens. 

In general, the results presented in Figure 6.25 to Figure 6.28 as well as those 

obtained from the tests conducted to determine the loading rate (i.e. Figure 6.15 to 

Figure 6.24), confirm the repeatability of the tests conducted on the true triaxial device. 

6.7 Experimental Program Results 

The tests discussed here were carried out using a true traiaxial apparatus, located 

in the Geomechanical Research Laboratory of the University of Texas at Arlington. As 

the equipment is computer driven, fully automated, and feedback-controlled, it is 

possible to a specimen under any stress path. Change in volume were measured on real 

time, taking in account the shape adopted by the flexible rubber membranes. 

The testing program consisted of 8 fully drained hydrostatic compression (HC) 

tests, 6 fully drained triaxial conventional (CTC) tests, 6 fully drained triaxial 
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compression (TC) tests, 3 fully drained triaxial extension (TE) tests, and 3 fully drained 

simple shear (SS) tests. 

6.7.1 Mechanical Response Under Isotropic Loading 

To study the mechanical response of an unsaturated soil under isotropic loading 

conditions, a series of 8 cubical compacted SP-SC soil specimens was identically 

prepared using static compaction, to conduct equal number of drained suction-

controlled hydrostatic compression (HC) tests at constant matric suction. Once 

completed the equalization stage for the pre-selected constant matric suction, s = 50 

kPa, s = 100 kPa, s = 200 kPa, s = 350 kPa, an isotropic ramped loading was applied at 

a rate of 8 kPa/h. After reached the final principal stress (i.e. σi = 800 kPa for s = 50, 

100, and 200 kPa; and σi = 950 kPa for s = 350 kPa) the specimen was unloaded to the 

initial stress state. 

Figure 6.29 shows the variation of the specific volume, v = 1 +e, with the net 

mean stress, p, obtained during the isotropic loading tets conducted on SP-SC soil 

samples at initial net mean stress, pini = 50 kPa, and different values of matric suction, s 

= 50 kPa, s = 100 kPa, s = 200 kPa, and s = 350 kPa, respectively. The initial change in 

the slope of the continuous v–p plot allows identifying the yield stress value, po(s), for 

each value of constant matric suction. This behaviour further substantiate the existence 

of an initial loading collapse (LC) yield curve induced by the equalization stage, as 

described later in Chapter 8. 

On the other hand, the variation of principal strains, ε1, ε2, ε3, with the net mean 

stress, p, for each value of matric suction, s = 50 kPa, s = 100 kPa, s = 200 kPa, and s = 
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350 kPa, is presented in Figure 6.30, Figure 6.31, Figure 6.32, and Figure 6.33, 

respectively. The difference is response among the intermediate principal strain, ε2, and 

minor principal strain, ε3, along the HC stress path, shows the degree of anisotropy 

induced by the static compaction method on the horizontal plane of each sample. No 

influence of the matric suction, s, on the degree of anisotropy is observed. For 

unloading paths, the specimens showed a similar response in terms of the unloading 

reloading line, regardless the value of matric suction. This result is in accordance with 

the assumption of a constant and independent of suction made for Alonso et al. (1990) 

for the elastic stiffness parameter, κ.  

 

Figure 6.29 Variation of specific volume from HC tests at s = 50, 100, 200, and 350 kPa 
on a SP-SC soil. 
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Figure 6.30 Principal strain response from HC test at s = 50 kPa on SP-SC soil. 

 

Figure 6.31 Principal strain response from HC test at s = 100 kPa on SP-SC soil. 
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Figure 6.32 Principal strain response from HC test at s = 200 kPa on SP-SC soil. 

 

Figure 6.33 Principal strain response from HC test at s = 350 kPa on SP-SC soil. 
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6.7.2 Mechanical Response Under Shear Loading 

A series of 6 drained suction-controlled CTC tests was conducted on equal 

number of cubical compacted SP-SC soil specimens, to experimentally study the 

mechanical behaviour of an unsaturated soil under axisymmetric shear loading (σ2 = σ3 

= constant) and constant matric suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa. 

Figure 6.34 and Figure 6.35 show the experimental variation of principal strains, 

ε1, ε2, ε3, with the net mean stress, p, for initial net mean stress, pini = 50 kPa and 200 

kPa, respectively. In addition, Figure 6.36 presents the results obtained during a CTC 

test conducted at constant matric suction, s = 50 kPa, and initial net mean stress, pini = 

100 kPa.  

 

Figure 6.34 Experimental deviatoric stress – principal strain response CTC tests at s = 
50, 100, and 200 kPa; and pini = 50 kPa on SP-SC soil. 
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Figure 6.35 Experimental deviatoric stress – principal strain response CTC tests at s = 
50, 100, and 200 kPa; and pini = 200 kPa on SP-SC soil. 

 

Figure 6.36 Experimental deviatoric stress – principal strain response CTC tests at s = 
100 kPa and pini = 50 kPa on SP-SC soil. 
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Furthermore, A series of 6 drained suction-controlled triaxial compression (TC) 

tests, 3 triaxial extension (TE) tests, and 3 simple shear (SS) tests was conducted on 

compacted SP-SC soil specimens at constant matric suction, s = 50 kPa, s = 100 kPa, 

and s = 200 kPa, for initial net mean stress, pini = 100 kPa. The variation of principal 

strains, ε1, ε2, ε3, with the net mean stress, p, for TC, TE, and SS stress paths is shown in 

Figure 6.37, Figure 6.38, and Figure 6.39, respectively. The effect of matric suction can 

be studied by observing the difference in response of the major principal strain, 

ε1, intermediate principal strain, ε2, and minor principal strain, ε3. Results in Figure 6.34 

to Figure 6.39 show a noticeable influence of matric suction on the shear resistance of 

the compacted SP-SC soil specimens. 

 

Figure 6.37 Experimental deviatoric stress – principal strain response TC tests at s = 50, 
100, and 200 kPa; and pini = 100 kPa on SP-SC soil. 
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Figure 6.38 Experimental deviatoric stress – principal strain response TE tests at s = 50, 

100, and 200 kPa; and pini = 100 kPa on SP-SC soil. 

 

Figure 6.39 Experimental deviatoric stress – principal strain response SS tests at s = 50, 
100, and 200 kPa; and pini = 100 kPa on SP-SC soil. 
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Next chapter describes the calibration process and numerical predictions 

obtained by using the Barcelona Basic Model (BBM), the Modified Barcelona Basic 

Model (MBBM), and the Oxford Model (OM), as well as the Refined Barcelona Basic 

Model (RBBM) proposed as result of the current research work. 
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CHAPTER 7 

7 MODELS CALIBRATION AND NUMERICAL PREDICTIONS 

7.1 Introduction 

Critical state models have been used successfully in describing the features of 

the mechanical behaviour of fully saturated soils (Gens and Potts, 1988; Wood, 1990; 

Wood, 2004; Matsuoka and Sun, 2006; Yu, 2006). However, these models can not be 

used to describe partially saturated soil behaviour. To overcome this limitation, 

constitutive model developed for partially saturated soils introduce suction as an 

additional state variable (Alonso et al, 1990, Josa et al., 1992; Wheeler and Sivakumar, 

1995; Wheeler et al, 2002; Georgiadis, 2003; Yu, 2006). 

Several different constitutive models have been proposed to describe partially 

saturated soil behaviour. Among them, the earliest model and most widely used is the 

Barcelona Basic Model (BBM) proposed by Alonso et al. (1990). This model was later 

modified by Josa et al. (1992). Wheeler and Sivakumar (1995), proposed an elasto-

plastic critical state constitutive framework for partially saturated soils similar to that 

proposed by Alonso et al. (1990). However, this framework assumes that all the model 

parameters are suction-dependent which is different from those assumed in Alonso et al. 

(1990). 

All these constitutive models require information on model parameters, initial 

volumetric state and stress state conditions of the unsaturated soil. Suitable selection of 
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parameter values is important to ensure the adequate numerical prediction of the model. 

This chapter describes the procedure followed to determine the parameters on the three 

constitutive models mentioned above. 

7.2 Calibration of Barcelona Basic Model 

Although many constitutive models have been proposed for partially saturated 

soils, the earliest model and perhaps the most influential, and most widely used has 

been the critical state model proposed by Alonso et al. (1990). The application of the 

model requires the experimental determination of several parameters associated with the 

isotropic stress state, change in suction, and parameter associated with changes in shear 

stress and shear strength (Alonso et al., 1990). 

7.2.1  Yield Functions 

As proposed by Alonso et al. (1990), due to the effect of both pressure and 

suction in partially saturated soils, it is convenient to define two separate yield 

functions. The first yield function, which is an expansion of the elliptical yield surface 

in the p-q plane proposed by Roscoe and Burland (1968), is related to the plastic 

compression that can occur because of increase of stress or decrease of suction (see 

Figure 3.15) 

[ ] 0)()(),,( 22
1 =−+−== pspppMqsqpff os      (7.1) 

where 

M = slope of the critical state line in the p-q plane 

ksps =  

k = constant 
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s = soil suction 

The second yield function, known as the suction increase (SI) yield surface (see 

Figure 3.14), is related to the plastic compression that can occur with increase of 

suction, s 

0),(2 =−== oo ssssff       (7.2) 

where, so is the maximum value of suction experienced during the soil history. 

7.2.2 Loading Collapse (LC) Yield Curve 

The yield surface for a soil sample at a constant matric suction, s, may be 

described by an ellipse which will exhibit an isotropic consolidation stress, po(s), which 

lies on the loading collapse (LC) yield curve. The LC yield curve in a p-s plane takes 

the following form (Alonso et al., 1990) 
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where 

po(s) = generic yield stress which depend on matric suction, s 

po(0) = saturated preconsolidation stress 

pc = reference stress 

λ(0) = compressibility coefficient for the saturated state along virgin loading 

λ(s) = soil stiffness parameter which depend on matric suction, s 

κ = compressibility coefficient along the elastic path. 

Alonso et al. (1992) assumed that the elastic behavior inside the yield curve with 

variations in matric suction, s, is determined by the LC yield surface which is controlled 
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by the slope of the normal compression line, λ(s). These assumptions led explicitly to 

the shape of the yield curve on expansion to higher values of po(0). The soil stiffness 

parameter can be obtained from the following equation: 

( ) ]1)[0()( rers s +−= −βλλ         (7.4) 

where 

r = constant related to the maximum stiffness of the soil, r = λ(s �∞)/λ(0) 

β = parameter which control the rate of soil stiffness with matric suction. 

7.2.3 Constitutive Behaviour Under Isotropic Loading 

In order to determine the parameters in Equation (7.4) and Equation (7.3), eight 

SP-SC soil specimens were identically prepared to conduct equal number of hydrostatic 

compression tests. Figure 7.1 to Figure 7.4 show the variation of the specific volume, v 

= 1 + e, with the net mean pressure, p, during the ramped consolidation stage conducted 

on samples at constant matric suction, s = 50 kPa, s = 100 kPa, s = 200 kPa, and s = 350 

kPa, respectively. A yield stress value, po(s), has been identified in each figure. This 

values were determined based on the clear change in the slope of the curve showing the 

specific volume variation with net mean pressure, p. Hence, yield values of po(50) = 75 

kPa, po(100) = 85 kPa, po(200) = 100 kPa, po(350) = 111 kPa, were identified for matric 

suction values, s = 50 kPa, s = 100 kPa, s = 200 kPa, s = 350 kPa, respectively. This 

behavior corroborate the existence of a initial loading collapse (LC) yield curve induced 

by the consolidation process experienced for each sample during the equalization stage. 

Figure 7.5 shows the initial LC yield curve obtained in this research work compared 

with previously reported LC yield curves. 
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Figure 7.1 Variation of specific volume from HC test consucted on a SP-SC soil sample 

at matric suction, s = 50 kPa. 

 
Figure 7.2 Variation of specific volume from HC tests conducted om a SP-SC soil 

sample at matric suction, s = 100 kPa. 
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Figure 7.3 Variation of specific volume from HC test conducted on a SP-SC soil sample 
at matric suction, s = 200 kPa. 

 
Figure 7.4 Variation of specific volume from HC test conducted on a SP-SC soil sample 

at matric suction, s = 350 kPa. 
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Figure 7.5 Initial experimental LC yield curve and previous experimental curves. 

The experimental results presented in Figure 7.5 show that the static compaction 

method used in this study can be used to induce a compactive effort higher than that 

induced with tamping and kneading compaction. Special attention must be given to the 

volume of solid particles and water content used during compaction process, in order to 

obtain samples with approximately the same dry unit weight, γd. 

On the other hand, Figure 7.6 shows the behavior of the soil under virgin state 

obtained for various values of matric suction, s. Inspection of this figure suggest a 

decrease in stiffness parameter, λ(s), with increase in matric suction, which is consistent 

with the variation observed by Alonso et al. (1990). Best fit values of the stiffness 

parameter, λ(s), are presented in Figure 7.7 through Figure 7.10. 
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Figure 7.6 Variation of specific volume with ln(p) from HC tests conducted on SP-SC 

soil samples at various matric suctions, s. 

 
Figure 7.7 Variation of specific volume with ln(p) from HC test conducted  on a SP-SC 

soil sample at matric suction, s = 50 kPa. 
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Figure 7.8 Variation of specific volume with ln(p) from HC test conducted on a SP-SC 

soil sample at matric suction, s = 100 kPa. 

 
Figure 7.9 Variation of specific volume with ln(p) from HC test conducted on a SP-SC 

soil sample at matric suction, s = 200 kPa. 
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Figure 7.10 Variation of specific volume with ln(p) from HC test conducted on a SP-SC 

soil sample at matric suction, s = 350 kPa. 

The slope of the normal consolidation line were found to be, λ(50) = 0.1275, 

λ(100) = 0.1286, λ(200) = 0.1033, and  λ(350) = 0.0970, for matric suction values, s = 

50 kPa, s = 100 kPa, s = 200 kPa, s = 350 kPa, respectively. In addition, best fit values 

of the compressibility coefficient, κ, were found to be κ(50) = 0.0314, κ(100) = 0.0308, 

κ(200) = 0.0326, and κ(350) = 0.0307, for matric suction values, s = 50 kPa, s = 100 

kPa, s = 200 kPa, s = 350 kPa, respectively. Considering that no trend is observed in 

this parameter, an average value, κ = 0.3138 is assumed from the elastic portion of the 

specific volume, v = 1 + e, curve on the p – v plane. 

7.2.4 Loading Collapse (LC) Yield Curve Parameters 

The least squares method has been used to approximately solve the over-

determined system proposed in Equation (7.4). Hence, using the experimental values 
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obtained for the slope of the isotropic normal consolidation line (ncl), λ(50) = 0.1275, 

λ(100) = 0.1286, λ(200) = 0.1033, and  λ(350) = 0.0970, the best fit values of the 

parameters λ(0), r, and β were found to be, λ(0) = 0.146, r = 0.649, and β = 0.0089517 

kPa-1. Figure 7.11 and Figure 7.12 show the experimental stiffness parameter data along 

with the predicted curves using Equation (7.3) for different values of r and β, 

respectively. Good agreement is observed between the experimental data and predicted 

values, which is confirmed by a correlation coefficient of 0.999. 
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Figure 7.11 Experimental stiffness parameter, λ(s), for a compacted SP-SC soil and 

predicted curves for various values of r using Equation (7.3). 
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Figure 7.12 Experimental stiffness parameter, λ(s), for a compacted SP-SC soil and 

predicted curves for various values of β using Equation (7.3). 

Similarly, experimental yield stress value, po(50) = 75 kPa, po(100) = 85 kPa, 

po(200) = 100 kPa, po(350) = 111 kPa, have been used to approximately solve the over-

determined analytical expression proposed for the LC yield curve. The best fit equation 

obtained using least squares method to solve Equation (7.3) results in a reference stress, 

pc = 31.91 kPa, and saturated preconsolidation stress, po(0) = 65.44 kPa, for the SP-SC 

soil. Figure 7.13 shows the experimental yield stress value obtained for the compacted 

SP-SC soil specimens used in this study, along with the best fit curve and typical curves 

predicted by Equation (7.4) for different values of po(0) with λ(0) = 0.146, r = 0.649, 

and β = 0.0089517 kPa-1. 
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Figure 7.13 Experimental yield stress value along the best fit LC curve and typical 

curves predicted for different values of po(0). 

As proposed by Alonso et al. (1990), Figure 7.13 shows the existence of a net 

mean stress value, pc, at which the soil may reach the saturated virgin state. In this case, 

changes in matric suction, s, has not resulting in plastic deformations. 

The values of the parameters obtained for the calculation of the LC yield curve 

basis in the equations and calibration procedure proposed by Alonso et al (1990), are 

summarized in Table 7.1. 
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Table 7.1 Model parameters for calculation of LC yield curve proposed by Alonso et al. 
(1990) 

Parameter Description Value 
λ(0) Compressibility coefficient for the saturated state 0.146 

r Constant related to the maximum stiffness of the soil 0.649 
β Parameter which control the rate of soil stiffness with s 895.17x 10-5 kPa-1 
pc Reference stress 31.922 kPa 

po(0) Saturated preconsolidation stress 65.44 kPa 
κ Compressibility coefficient along the elastic path 0.03138 

 

7.2.5 Constitutive Behaviour Under Shear Loading 

In order to study the behaviour of the partially saturated SP-SC soil under 

axisymmetric shear loading at various suction conditions, a series of 8 drained suction-

controlled CTC tests and 6 drained suction-controlled TC tests were conducted on equal 

number of cubical SP-SC soil specimens. As described in section 7.2, the specimens 

were compacted using static compaction and the shear strength tests were conducted by 

applying an incremental load until the condition of failure was reached. Before starting 

the shear loading, the soil specimens were subjected to a specific net confining pressure 

(i.e. initial net mean normal stress, pini). 

Under shear loading the specimens are failed by increasing the net axial pressure 

following a specific stress path. The difference between the major and minor normal 

stresses, commonly referred to as the deviatoric stress, q, is a measure of the shear stress 

developed in the soil. As the soil specimen is compressed, the deviatoric stress increases 

gradually until the maximum value is obtained. The applied deviatoric stress is usually 

plotted with respect to the axial strain, ε1, or total shear strain, εq
tot. The experimental 

variation of the total shear strain, εq
tot, measured on SP-SC soil samples tested following 
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a drained CTC path is plotted against the deviatoric stress, q. The results from the fully 

drained CTC tests conducted at initial net mean stress, pini = 50 kPa, pini = 100 kPa, and 

pini = 200 kPa are presented in Figure 7.14, Figure 7.15, and Figure 7.16, respectively. 

Figure 7.17 shows the experimental variation of the total shear strain, εq
tot, with 

deviatoric stress, q, for the fully drained TC tests conducted at constant matric suction, s 

= 50 kPa, s = 100 kPa, and s = 200 kPa; and at initial net mean pressure, pini = 100 kPa. 

In addition, experimental variation of the total shear strain, εq
tot, plotted against the q/p 

ratio is presented in Figure 7.18 to Figure 7.21. Although it is not totally clear, 

inspection of the Figure 7.18 to Figure 7.21 suggest that critical state condition for all 

the samples has been achieved at εq
tot = 15%. 

 
Figure 7.14 Experimental variation of the total shear strain, εq

tot, with deviatoric stress, 
q, from CTC tests at s = 50, 100, and 200 kPa, and pini = 50 kPa on SP-SC soil. 
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Figure 7.15 Experimental variation of the total shear strain, εq

tot, with deviatoric stress, 
q, from CTC test at s = 50 kPa and pini = 100 kPa on SP-SC soil.. 

 
Figure 7.16 Experimental variation of the total shear strain, εq

tot, with deviatoric stress, 
q, from CTC tests at s = 50, 100, and 200 kPa, and pini = 200 kPa on SP-SC soil. 
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Figure 7.17 Experimental variation of the total shear strain, εq

tot, with deviatoric stress, 
q, from TC tests at s = 50, 100, and 200 kPa, and pini = 100 kPa on SP-SC soil. 

 
Figure 7.18 Experimental variation of the total shear strain, εq

tot, with q/p stress ratio, 
from CTC tests at at s = 50, 100, and 200 kPa, and pini = 50 kPa on SP-SC soil. 
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Figure 7.19 Experimental variation of the total shear strain, εq

tot, with q/p stress ratio, 
from CTC tests at s = 50 kPa, and pini = 100 kPa on SP-SC soil. 

 
Figure 7.20 Experimental variation of the total shear strain, εq

tot, with q/p stress ratio, 
from CTC tests at s = 50, 100, and 200 kPa, and pini = 200 kPa on SP-SC soil. 
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Figure 7.21 Experimental variation of the total shear strain, εq

tot, with q/p stress ratio, 
from TC tests at s = 50, 100, and 200 kPa, and pini = 100 kPa on SP-SC soil. 

7.2.6 Critical State Condition 

Under shearing, continued loading is associated with plastic hardening 

expansion of the yield surface and increase of stress ratio, until ultimately the effective 

stress state is at the top of the current yield surface plotted on the p-q stress plane (See 

Figure 3.15). There, the plastic strain increment vector is directed vertically parallel to 

the q axis, and a perfectly critical state is reached (Wood, 1990). Hence, when the stress 

state is at the top of the current yield locus, it is assumed that an indefinitely plastic 

shearing can occur without changes in volume or stress. In other words, plastic shearing 

could continue indefinitely without further expansion or contraction of the yield surface. 

This condition of perfect plasticity has become known as a critical state. 
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The locus of critical state in the p-q stress plane is the line joining the top of the 

yield surfaces (see Figure 3.8) and can be calculated by 

cscs Mpq =         (7.5) 

The subscript cs denotes the critical state condition of the line described in 

Equation (7.5) which is called the critical state line (cls). 

7.2.7 Model Parameters Associated With Shear Strength 

Following the procedure recommended by Alonso et al. (1990), the results of the 

CTC and TC tests, presented in Figure 7.14 to Figure 7.17, are used to determine the 

slope of the critical state line, M, and the parameter that controls the increase in 

cohesion with suction, k. Hence, the plane described by Alonso et al. (1990) as: 

MksMpq +=         (7.6) 

has been adjusted to the p, q data obtained at critical state condition which was 

previously identified at approximately 15% of the total shear strain εq
tot. 

The best fit values of the parameters M and k in the over-determined Equation 

(7.6) were found to be, M = 1.103 and k = 0.616. The experimental data along with the 

predicted values in the p-q plane are presented in Figure 7.22. Although a correlation 

coefficient of 0.904 has been obtained, no agreement is observed between the 

experimental and predicted values. This observation is corroborated by the results 

presented in Figure 7.23. Notice that the tests were conducted at different values of 

constant matric suction, s, and initial net mean pressure, pini. The range of stresses 

applied were, constantan matric suction, s = 50 kPa to 200 kPa, and initial net mean 

stress, pini = 50 kPa to 200 kPa. 
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Figure 7.22 Experimental and predicted values of the deviatoric stress, q, at 15% of 

total shear strain, εq
tot plotted in the p-q plane. 

 
Figure 7.23 Comparison between experimental and predicted values of the deviatoric 

stress, q, at 15% of total shear strain, εq
tot. 
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7.2.8 Shear Modulus 

As a consequence of the flow rule assumed in the Barcelona basic model, no 

shear strain occurs at the beginning of the shearing tests (Alonso et al., 1990). Hence, in 

a drained shear test where the axial stress is increased while the lateral is held constant, 

the initial linear section of the stress-strain curve might be interpreted as the elastic 

response of the soil to the imposed changes of the stress (Wood, 1990). Therefore, the 

shear modulus, G, was obtained using the initial linear section of the deviatoric stress-

total shear strain curves. An average value of G = 5500 kPa has been obtained. 

7.3 Implementation of Barcelona Basic Model 

According to Alonso et al. (1990), the BBM is intended for partially saturated 

soils such as sand, silts, clayey sands, sandy clays and low plasticity clays which are 

slightly or moderately expansive. The representation of this model can be successfully 

followed and it will become relatively straightforward to make the changes that are 

required to incorporate more realistic features of soil response. 

Following the Cam clay framework, the BBM assume that any change in net 

mean stress, p, produce recoverable changes in volume expressed by 

p

dp

v
d e

vp

κ
ε =         (7.7) 

which Implies that there is a linear relation, in the compression plane, between 

specific volume, v, and logarithm of mean stress, p, for the elastic unloading reloading 

(url) of the soil. It is also assumed that any change in deviatoric stress, q, produces 

recoverable shear strain as per 
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In addition, the model assumes that the yield locus in the p-q stress plane might 

be described by an elliptical shape according to Equation (7.1). Elliptical shape is 

simple and permits to use the ratio of major to minor axis as a shape parameter of the 

model. It is assumed that yield surface expand at constant shape, with the size been 

controlled by the yield stress, po(s). The expansion of the yield surface and the 

hardening of the soil are linked with the normal compression of the soil. The 

relationship between specific volume, v = 1 + e, and logarithmic of net mean stress, p, 

during isotropic normal compression (iso-ncl) is assumed to be described by 

cp

p
ssNv ln)()( λ−=        (7.9) 

The magnitude of the plastic volumetric strain is given by 
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The BBM is completely general and is applicable for all stress paths that might 

be followed in the p-q stress plane. Hence, the use of the BBM model is most easily 

understood by deducing the strain increments of effective stress as shown in Figure 7.24 

and Figure 7.25. 

7.3.1 Conventional Triaxial Compression Test 

In a drained suction-controlled conventional triaxial compression (CTC) test, the 

soil specimen is subjected to constant matric suction and initially surrounded by a 

constant confining net mean pressure, pini. Then, the specimen is failed by increasing 
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the net axial pressure, σ1, while the lateral pressure is kept constant (i.e. ∆σ3 = ∆σ2 = 

constant). The difference between major and minor normal stresses, commonly referred 

as deviatoric stress, q, can be calculated as 

)(3 inippq −=         (7.11) 

Therefore, as shown in Figure 7.24, during a CTC test the deviatoric stress, q, is 

increased with a shear loading ratio, dq = 3dq, until the critical state line (CSL) is 

intercepted. At this point, unlimited plastic shear strain develop with no plastic 

volumetric strain and the loading can continue no further. 

7.3.1.1 Numerical Predictions in p-q Stress Plane 

In order to define the elliptical yield surface in the p-q stress plane, it is 

necessary to specify the failure state. Alonso et al. (1990) assumed that the critical state 

line (CSL) for non-zero suction can represent the increased strength induced by suction. 

Hence, maintaining the slope of the CSL for saturated conditions, M, the increase in 

suction will be represented by an increase in cohesion which is assumed to follow a 

linear relationship with suction given by 

kspsp −=−=        (7.12) 

According to Equation (7.1), the major axis of the ellipse extents from –ps to 

po(s) and the trajectory of the critical state line can be described by 

)( sppMq +=        (7.13) 

The preconsolidation or stress state history of the soil is a parameter that defines 

how the soil sample could respond under and additional applied load. As shown in 

Figure 7.24, soils samples whose initial net yield stress, po(s) = po
A(s), exceed the initial 
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mean stress, pini, are said to be lightly overconsolidated. On the other hand, soil samples 

in which the initial mean stress, pini, applied during the equalization stage exceed the 

initial net yield stress, po(s), as shown in Figure 7.25, are normally consolidated. 

The size of the initial yield surface on lightly overconsolidated soils is controlled 

by the initial yield stress, po
A(s), and ps. In this case, the initial yield stress, which lies 

on the loading collapse (LC) yield curve, is calculated using Equation (7.3). The initial 

LC yield curve and increase in cohesion, ps, is presented in Figure 7.26. Hence, for 

lightly overconsolidated soils, it is assumed that given an initial net stress state, pini, and 

the current yield surface defined by po(s) = po
A(s), any loading increment lying on the 

initial yield surface do not generate plastic deformations and the yield surface does not 

change in size. On the other hand, if the increment of stress goes beyond of the initial 

yield surface, the yield surface expands to accommodate the new stress state, and plastic 

strain is expected to occurin the soil sample. As shown in Figure 7.24, the yield surface 

will expand to the next net yield stress, po
B(s), which controls the size of the new yield 

surface in the p-q stress plane. The new LC yield curve can be calculated using 

Equation (7.3). Figure 7.27 show the expansion of the LC yield curve induced for the 

expansion of the yield surface. Explicit integration is used to compute the constitutive 

relations that simulate the incremental stress-strain behaviour of unsaturated soils under 

varying stress. 
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Figure 7.24 Stress increment expanding current yield surface for a drained CTC test 

conducted at constant matric suction, s, on a lightly overconsolidated soil. 

 
Figure 7.25 Stress increment expanding current yield surface for a drained CTC test 

performed at constant matric suction, s, on a normally consolidated soil. 
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Figure 7.26 Experimental yield stress values and predicted LC yield curve in p-s stress 

plane, as proposed by Alonso et al. (1990). 

 
Figure 7.27 Stress increment expanding loading collapse (LC) yield surface in BBM. 
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The intersection of the CTC stress path and the initial yield surface can be 

calculated by replacing Equation (7.11) in Equation (7.1) and solving the following 

quadratic equation by pA 

02 =++ cbpap AA        (7.14) 

where 

29 Ma +=  

[ ] inios pMsppb 18)( 2 −−=  

22 )(9 Mspppc osini −=  

The deviatoric stress at point A, qA, in Figure 7.24 can be calculated by 

replacing in Equation (7.11) the value of the net mean stress, pA. This is the point used 

to start the loading increment when explicit integration is used to solve the model. 

Different to lightly overconsolidated conditions, in normally consolidated 

samples the initial yield surface of the specimen has been exceeded during the 

equalization stage, and the yield surface at the beginning of the shearing stage is 

controlled by the initial yield stress, po(s) = pini, and ps. As shown in Figure 7.25, the 

intersection of the CTC stress path and the initial yield surface coincide with the tip of 

the yield surface, at q = 0 and p = pini. This is exactly the point where the CTC stress 

path begins. 

In both, lightly overconsolidated and normally consolidated cases, further 

loading increments result in expansion of yield surface. The size of the expanded yield 

surface will be determined by its intersection with the CTC stress path and the new 
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yield stress surface. The coordinates of the intersection point of the CTC stress path 

with the expanded yield surface are given by 

dqqq A +=         (7.15) 

3

dq
pp A +=         (7.16) 

From Equation (7.1), the yield stress generated by the new yield surface, po
C(s), 

can be calculated by 
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Since there is a common point where the stress path intersects the yield function 

and the CSL, the stress state at failure, (pf, qf) can be obtained by combining Equation 

(7.12) and (8.13) 
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From Equation (7.1), the yield stress at failure, po
f(s), can be calculated by 
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Once the yield stress at failure, po
f(s), has been determined it is possible to 

calculate the yield surface at failure by replacing, po
f(s) and ps in Equation (7.1) and 

solving either by deviatoric stress, q, or net mean stress, p. 

It is clear that the size of the yield surface in not controlled by the yield stress, 

po(s). Instead of that, the size of the ellipse is controlled by the increase in cohesion, ps, 
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which has been assumed to follow a linear relationship with suction (Alonso et al., 

1990). Thus, the LC yield curve which according to Alonso et al. (1990) “plays an 

important role in the development of the model” is used only to calculate the yield 

stress on the initial yield surface for lightly overconsolidated soils, but indeed has 

nothing to do with the calculation of the expanded yield surface and the stress state at 

failure. 

Figure 7.28, Figure 7.29, and Figure 7.30 show the predicted yield surface and 

the experimental stress state at failure resulting from a drained conventional triaxial 

compression test conducted on different SP-SC soil specimens at constant matric 

suction, s = 50 kPa,100 kPa, and 200 kPa, respectively. The experimental values of the 

BBM parameters used to predict the soil response are summarized in Table 7.2. 

 
Figure 7.28 Predicted yield surface of BBM in drained CTC tests conducted at constant 

matric suction, s = 50 kPa and initial net mean stresses, pini = 50, 100, and 200 kPa. 
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Figure 7.29 Predicted yield surface of BBM in drained CTC tests conducted at constant 

matric suction, s = 100 kPa and initial net mean stresses, pini = 50, 100, and 200 kPa. 

 
Figure 7.30 Predicted yield surface of BBM in drained CTC tests conducted at constant 

matric suction, s = 200 kPa and initial net mean stresses, pini = 50, 100, and 200 kPa. 
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Table 7.2 Experimental values of model parameters used to validate the BBM 

Parameter Description Value 
λ(0) Compressibility coefficient for the saturated state 0.146 

r Constant related to the maximum stiffness of the soil 0.649 
β Parameter which control the rate of soil stiffness with s 895.17x 10-5 kPa-1 
pc Reference stress 31.922 kPa 

po(0) Saturated preconsolidation stress 65.44 kPa 
κ Compressibility coefficient along the elastic path 0.03138 
M Slope of the critical state line (CSL) 1.103 
k Parameter describing the increase in cohesion with s 0.616 
G Elastic shear modulus 5500 kPa 

 

Although the BBM is able to adequately predict the critical stress state at failure 

for some of the experimental conditions, in general, no agreement is observed between 

the experimental and predicted values in Figure 7.28, Figure 7.29, Figure 7.30 

7.3.1.2 Numerical Predictions in the Normal Compression Plane 

So far, the progress of the drained CTC test has been described with reference 

only to the p-q stress plane. As mentioned before, a yield surface describes the 

boundary of the region where any state stress combination may generate pure elastic or 

recoverable deformations. Hence, following the drained CTC stress path, at each point 

A, B, C, …, f, where a new yield surface has been identified is possible to calculate the 

specific volume, v = 1 + e, corresponding to the unloading-reloading line (url) in the p-v 

compression plane. As shown in Figure 7.31 and Figure 7.32, each new yield surface 

expands up to the corresponding net yield stress, po
A(s), po

B(s), po
C(s), …, po

f(s), that 

can be associated with the respective elastic unloading-reloading line, urlA, urlB, urlC,.., 

urlf, ending on its respective net mean stress, po
A(s), po

B(s), po
C(s), …, po

f(s), on the 

isotropic normal compression line (ncl). 
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Figure 7.31 Successive yield surfaces and the associated unloading-reloading lines (url) 

resulting from a CTC test conducted on a lightly overconsolidated soil. 
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Figure 7.32 Successive yield surfaces and the associated unloading-reloading lines (url) 

resulting from a CTC test conducted on a normally consolidated soil. 
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As shown in Figure 7.31, for a drained CTC test performed on a lightly 

overconsolidated soil sample at initial mean pressure, pini, and constant matric suction, 

s, the initial specific volume, vini, lays on the url defined by the yield surface associated 

with the initial net yield stress, po
A(s). Therefore, the drain compression experienced by 

the soil from point pini to point A represent changes in stress laying inside the initial 

yield surface and consequently generate pure elastic deformations. The projection of 

points, pini and point A lies on the unloading-reloading line urlA associated with the 

initial net yield stress po
A(s). The specific volume vA defined for the projection of point 

A on the unloading reloading line urlA, can be calculated by 
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Similarly, the projection of point po
A(s) which lies on the intersection of the 

unloading reloading line, urlA, and the isotropic normal compression line (ncl) can be 

calculated by  
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Once the specific volume on the isotropic-ncl, vo
A, corresponding to the initial 

net yield stress po
A(s) has been calculated, it is possible to calculate the specific volume 

on the isotropic normal compression line (ncl) associated to any net yield stress, po(s), 

(i.e. po
B(s), po

C(s), …, po
f(s) in Figure 7.31). 
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This specific volume, vo, also corresponds to the ending of the respective elastic 

unloading-reloading line (i.e. urlB, urlC,.., urlf in Figure 7.31). Therefore, the specific 

volume associated with the point B on the stress path can be calculated by 
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Equation (7.21) can be used to calculate the specific volume associated to any 

point on the drained CTC stress path by replacing the corresponding net mean stress, p, 

net yield stress, po(s), and the associated specific volume on the isotropic normal 

compression line (ncl), vo. 

The same procedure can be used to calculate the specific volume for a drained 

CTC test performed on a normally consolidated soil sample at initial mean pressure, pini, 

and constant matric suction, s. The isotropic normal compression (iso-ncl) has been 

calculated using Equation (7.10) and the parameters presented in Table 7.1. The 

predicted specific volume for four different values of matric suction, s = 50 kPa, s = 100 

kPa, s = 200 kPa, and s = 350 kPa and initial net mean stress, pini = 50 kPa, have been 

plotted against net mean stress results in Figure 7.33 and Figure 7.34. 
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Figure 7.33 Specific volume predicted for compacted SP-SC soil using BBM. 

 
Figure 7.34 Specific volume predicted for compacted SP-SC soil using BBM- Net mean 

stress, p, in logarithmic scale 
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7.3.1.3 Numerical Predictions in the Shear-Strain Plane 

Following the drained CTC stress path, the changes in volume between two 

consecutive yield surfaces (e.g. A and B in Figure 7.35 and Figure 7.36) will have 

recoverable elastic deformations resulting from the change in net mean stress, p, and 

irrecoverable plastic deformations resulting from the expansion of the yield surface. 

Plastic deformations are represented by the change in volume or vertical separation 

between the correspondent unloading-reloading lines (e.g. urlA and urlB) in the 

compression plane. 

From Equation (7.8), the elastic deformation between points A and B, also 

known as elastic shear strain increments, can be calculated as 
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On the other hand, from specific volume of the soil at points A and B (i.e. vA 

and vB), the irrecoverable change in volume between points A and B can be used to 

calculate the elastic volumetric strain increment by using Equation (7.7) 
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The total volumetric strain increments between points A and B can be calculated 

by 
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Hence, from Equation (3.20) the plastic volumetric strain increment can be 

computed as 

e
vp

tot
vp

p
vp ddd εεε −=        (7.28) 

Finally, considering the assumption of a non-associative flow rule for the 

direction of plastic shear strain increments due to the deviatoric stress, dεq
p, the plastic 

shear strain increments between points A and B can be calculated from Equation (3.30) 

as (Alonso et al., 1990) 
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Explicit integration has been used in this research to simulate a drained CTC test 

conducted on a lightly overconsolidated soil and normally consolidated soil. A 

schematic of the results for both lightly overconsolidated and normally consolidated 

soils is presented in Figure 7.35 and Figure 7.36 respectively. 

Figure 7.37, Figure 7.38, and Figure 7.39, show the comparison of experimental 

and predicted stress-shear strain relationship resulting from the fully drained CTC tests 

conducted on cubical SP-SC soil specimens at different values of constant matric 

suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa, with initial values of net mean stress, 

pini = 50 kPa, pini = 100 kPa, and pini = 200 kPa, respectively. Numerical predictions 

were calculated using explicit integration technique. As expected, no good agreement is 

observed among the comparison between experimental and predicted values. 
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Figure 7.35 Sequence of stress increments resulting from BBM for a drained CTC 
conducted on a lightly overconsolidated soil at constant matric suction, s. 
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Figure 7.36 Sequence of stress increments resulting from BBM for a drained CTC 
conducted on a normally consolidated soil at constant matric suction, s. 
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Figure 7.37 Measured and predicted stress-shear strain relationship from CTC tests 

conducted on compacted SP-SC soil at at s = 50, 100, and 200 kPa, and pini = 50 kPa. 

 
Figure 7.38 Measured and predicted stress-shear strain relationship from CTC tests 

conducted on compacted SP-SC soil at at s = 50 kPa, and pini = 100 kPa. 
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Figure 7.39 Measured and predicted stress-shear strain relationship from CTC tests 

conducted on compacted SP-SC soil at at s = 50, 100, and 200 kPa, and pini = 200 kPa. 

7.3.2 Triaxial Compression Test 

Similar to a CTC test, in a suction controlled drained triaxial compression (TC) 

test, the soil specimen is subjected to constant matric suction and initially surrounded by 

a constant confining net mean pressure, pini. Then, the soil specimen is failed by 

increasing the net axial pressure, σ1. However, the lateral pressure is not kept constant, 

instead of that, lateral pressure is reduced in half of the amount increased in the axial 

direction (i.e. ∆σ3 = ∆σ2 = - ½∆σ1). Therefore, the mean total stress, pini, remains 

constant throughout the test (i.e. p = pini) and the deviatoric stress, q, is increased with a 

shear loading ratio, dq, until the critical state line (CSL) is intercepted (see Figure 7.40 

and Figure 7.41). 
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Figure 7.40 Stress increment expanding current yield surface for a drained TC test 

conducted at constant matric suction, s, on a lightly overconsolidated soil. 

 
Figure 7.41 Stress increment expanding current yield surface for a drained TC test 

conducted at constant matric suction, s, on a normally consolidated soil. 
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7.3.2.1 Numerical Predictions in p-q Stress Plane 

During a constant suction drained TC tests conducted on lightly 

overconsolidated soils, the initial yield stress, po(s) = po
A(s), is calculated using 

Equation (7.3). As shown in Figure 7.40, using explicit integration to compute the 

constitutive relations that simulate the incremental stress-strain behaviour of 

unsaturated lightly overconsolidated soils, it is expected that given an initial net stress 

state, pini, and the current yield surface defined by po(s) = po
A(s), any loading increment 

lying into the initial yield surface do not generate plastic deformations and the yield 

surface does not change in size. However, if the increment of stress goes beyond of the 

initial yield surface, the yield surface expands to accommodate the new stress state, and 

plastic strain will occur. 

The intersection point between the TC loading path and the initial yield surface 

(i.e. point A in Figure 7.40) can be calculated by replacing p = pini in Equation (7.1) 

[ ]{ }2

1
2 )()( ini

A
osiniA pspppMq −+=      (7.30) 

This point is taken as the initial point to start the deviatoric stress increments and 

calculate de correspondent specific volume and deformations. Notice that, for normally 

consolidated soils where the initial net mean pressure, pini, exceeds the initial net yield 

stress of the soil sample, po(s), a new yield surface has been created in the soil during 

the equalization stage and the confinement pressure become the new yield stress 

controlling the size of the initial yield surface (i.e. po(s) = pini). Therefore, by replacing p 

= pini in Equation (7.27) the initial point to star the deviatoric stress increment 

correspond to the p = pini and q = 0. 



 247

The yield stress generated by the new yield surface, po
B(s), for both lightly 

overconsolidated and normally consolidated soils can be calculated using Equation 

(7.14). Since there is a common point where the drained TC stress path intersect the 

yield function and the CSL, the stress state at failure, (pf, qf) can be obtained by 

replacing p = pini in Equation (7.13) 

inif pp =         (7.31) 

)( sinif ppMq −=        (7.32) 

The yield stress at failure, po
f(s), can be calculated using Equation (7.17) 

Once the yield stress at failure, po
f(s), has been determined it is possible to 

calculate the yield surface at failure by replacing, po
f(s) and ps in Equation (7.1) and 

solving either by deviatoric stress, q, or net mean stress, p. 

Figure 7.42 shows the predicted yield surface and the experimental results 

obtained from drained suction-controlled triaxial compression (TC) tests conducted on 

SP-SC soil specimens at constant matric suction, s = 50,100, and 200 kPa and initial net 

mean stresses, pini = 100 kPa. In general, no agreement is observed between the 

experimental and predicted values presented in Figure 7.42.  
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Figure 7.42 Predicted yield surface of BBM in drained TC tests conducted at initial net 

mean stresses, pini = 100 kPa and constant matric suction, s = 50, 100, and 200 kPa. 

7.3.2.2 Numerical Predictions in Shear-strain Plane 

As shown in Figure 7.43 and Figure 7.44, during a drained triaxial compression 

(TC) test, each new net yield stress, po
A(s), po

B(s), po
C(s), …, po

f(s), can be associated 

with its respective net mean stress, po
A(s), po

B(s), po
C(s), …, po

f(s), on the isotropic 

normal compression line (ncl). These point correspond to the intersection of the 

isotropic ncl with its respective elastic unloading-reloading line, urlA, urlB, urlC,.., urlf. 

Hence, the variation of the specific volume can be computed by using Equations (8.18) 

to (8.21). Furthermore, shear strain increments can be calculated using Equations (8.22) 

to (8.26). 
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Figure 7.43 Successive yield surfaces and the associated unloading-reloading lines (url) 

resulting from a TC test conducted on a lightly overconsolidated soil. 
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Figure 7.44 Successive yield surfaces and the associated unloading-reloading lines (url) 

resulting from a TC test conducted on a normally consolidated soil. 
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Figure 7.45 shows the comparison of experimental and predicted stress-shear 

strain relationship resulting from the drained suction-controlled TC tests conducted on 6 

cubical compacted SP-SC soil specimens. The tests were conducted for different values 

of constant matric suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa, with initial values 

of net mean stress, pini = 100 kPa. Numerical predictions were calculated using explicit 

integration technique to solve the BBM. As expected, no good agreement is observed 

between the experimental and predicted values. 

 
Figure 7.45 Measured and predicted stress-shear strain relationship from TC tests on 

SP-SC soil at s = 50, 100, and 200 kPa, and pini = 100 kPa. 
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7.4 Calibration of Modified Barcelona Basic Model 

The model formulated by Josa et al., (1992) is similar to the Barcelonan Basic 

Model. However, the proposed modification allows the prediction of the maximum 

collapse at some value of confining stress through the introduction of a new expression 

to calculate the loading collapse (LC) yield surface in the p – s space. The new 

expression replaces Equation (7.3) of the Barcelona Basic model by 

( ) ])1[()0()( mempppsp scc
oo +−+−= −α     (7.33) 

where, 

α = parameter controlling the shape of yield surface 

m = parameter related to the difference between po(s) for high suction values 

        (i.e. s = ∞) and po(0). 

The parameter m, which is always higher that one, can be calculated by 
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As suggested by Josa et al. (1992), ζx has been replaced by the value of po(0) 

corresponding to maximum collapse and ζy by the maximum plastic volumetric strain, 

ev
p
max. Hence, using the experimental yield stress value, po(50) = 75 kPa, po(100) = 85 

kPa, po(200) = 100 kPa, po(350) = 111 kPa, the least squares method has been used to 

approximately solve the over-determined system proposed in Equations (8.33) and 

(8.31). The best fit values of the parameters ζx, ζy, pc, po(0), m, and α, were found to 

be, ζx = 61.35, ζy = 3.494, pc = 28.37 kPa, po(0) = 61.35 kPa, m = 3.494, and α = 

0.00382. Figure 7.46 and Figure 7.47 show the experimental yield stress value, po(s), 
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along with the LC curves predicted using Equation (7.33) for different values of po(0) 

and α, respectively. Good agreement is observed between the experimental data and 

predicted values, which is confirmed by a correlation coefficient of 0.999. 

Figure 7.48 shows the experimental yield stress value, po(s), along with the LC 

curves predicted using the equation proposed by Josa et al. (1992) and the equation 

proposed by Alonso et al., (1990). Although good agreement is observed in both cases, 

the equation proposed by Josa et al. (1992) appear to over-predict the yield stress value, 

po(s), for high values of matric suction, s. 

 
Figure 7.46 Experimental yield stress value, po(s), along the best fit LC curve and 

typical LC curves predicted for different values of po(0) - Equation (7.30). 
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Figure 7.47 Experimental yield stress value, po(s), along the best fit LC curve and 

typical LC curves predicted for different values of α using - Equation (7.30). 

 
Figure 7.48 Experimental yield stress value, po(s), along the best fit LC curves proposed 

by Alonso et al. (1990) and Josa et al. (1992). 
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The values of the parameters obtained for the calculation of the LC yield curve 

basis in the equations proposed by Josa et al (1992), are summarized in Table 7.3. The 

other parameters necessary to solve the model proposed by Josa et al. (1992) are the 

same parameters already calculated for the BBM, presented in Table 7.1. 

Table 7.3 Model parameters for calculation of LC yield curve proposed by Josa et al. 
(1992) 

Parameter Description Value 
po(0) Saturated preconsolidation stress 61.35 kPa 

pc Reference stress 28.37 kPa 

m 
parameter related to the difference between po(s)  
for high suction values 

3.494 

α Constant related to the maximum stiffness of the soil  0.00382 
 

7.5 Implementation of Modified Barcelona Basic Model 

The procedure described in section 8.3.2 can be extended to solve the 

constitutive relations proposed by Josa et al. (1992). Hence, using the experimental 

values of the parameters summarized in Table 7.4, it is possible to predict the soil 

response under shear loading. Figure 7.49 shows the initial LC yield curve and ps linear 

relationship on the p – s plane, along the experimental data. Although Figure 7.48 

shows difference between the LC curve proposed by Alonso et al. (1990) and Josa et al. 

(1992), this difference does not have effect on the calculation of the yield surface on the 

p- q plane. 
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Table 7.4 Experimental values of model parameters used to validate the MBBM 

Parameter Description Value 

m 
parameter related to the difference between po(s)  
for high suction values 

3.494 

α Constant related to the maximum stiffness of the soil 0.00382 
pc Reference stress 18.37 kPa 

po(0) Saturated preconsolidation stress 61.35 kPa 
λ(0) Compressibility coefficient for the saturated state 0.146 

r Constant related to the maximum stiffness of the soil 0.649 
β Parameter which control the rate of soil stiffness with s 895.17x 10-5 kPa-1 
κ Compressibility coefficient along the elastic path 0.03138 
M Slope of the critical state line (CSL) 1.103 
k Parameter describing the increase in cohesion with s 0.616 
G Elastic shear modulus 5500 kPa 

 

 
Figure 7.49 Experimental yield stress values and predicted initial LC yield curve in p-s 

stress plane, as proposed by Josa et al. (1990). 
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On the other hand, Figure 7.50 and Figure 7.51 show the predicted values for 

CTC tests conducted at constant soil matric suction, s = 50 kPa, s = 100 kPa, and s = 

200 kPa, and initial net mean stress, pini = 50 kPa and pini = 200 kPa, respectively. No 

significant difference is observed between total shear strain values, εq
tot, obtained using 

BBM and the MBBM proposed by Josa et al. (1992). 

 

 
Figure 7.50 Predicted stress-shear strain relationship from CTC tests at s = 50, 100 kPa, 

and s = 200 kPa, and initial mean stress, pini = 50 kPa. 
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Figure 7.51 Predicted stress-shear strain relationship from CTC tests at s = 50, 100 kPa, 

and s = 200 kPa, and initial mean stress, pini = 200 kPa. 

7.6 Calibration of Oxford Model 

The framework proposed by Wheeler and Sivakumar (1995) is very similar to 

that proposed by Alonso et al. (1990). However, the new framework assumes that all 

the model parameters are suction-dependent. In addition, instead of use the reference 

stress, pc, proposed by Alonso et al. (1990), the authors use the atmospheric pressure, 

patm, as reference stress. 

7.6.1 Yield Function 

The yield surface for a particular value of suction, with the apex located at the 

intersection of the yield curve with the critical state line and crossing the isotropic 

normal compression line at p = po(s) can be computed by 

]2)(][)([2
* xoo pspppspMq −+−=      (7.35) 
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where 

M* = aspect ratio of the ellipse 

po(s) = Yield net stress at matric suction, s 

px = net mean stress at the intersection of the yields surface with the CSL. 

The aspect ration of the ellipse, M*, is the minor axis (i.e. b = M(s)px + µ(s)) to 

major axis (i.e. a = po – px) given by 
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µ(s) = intersection of the critical state line with the deviatoric stress axis. 

Figure 7.52 shows the expansion of the yield surface for a drained conventional 

triaxial compression (CTC) test predicted by the Oxfor model (OM). 

 
Figure 7.52 Expansion of the yield surface predicted by W&S model during drained 
CTC test performed at constant matric suction, s, on a lightly overconsolidated soil. 
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7.6.2 Constitutive Behaviour Under Isotropic Loading 

The variation of the specific volume, v = 1 + e, with net mean stress, p, during 

drained isotropic consolidation tests conducted on SP-SC soil specimens is shown in 

Figure 7.53. For each test shown, there was a clear net yield stress, po(s), identified by 

the marked change in slope of the continuous plot of specific volume against the net 

mean stress, p, as shown in Figure 7.1 to Figure 7.4. Once the net yield stress for a 

particular matric suction, s, is exceeded, the soil state fell on an isotropic normal 

compression line (iso-ncl). The iso-ncl can be described by a linear relationship as 

atmp

p
ssNv ln)()( λ−=        (7.37)  

where 

λ(s) = soil stiffness parameter which depend on matric suction, s 

patm = atmospheric pressure = 100 kPa 

N(s) = specific volume at p = patm which vary with matric suction, s 

The best fit values of parameter N(s) for matric suction values, s = 50 kPa, s = 

100 kPa, s = 200 kPa, s = 300 kPa were found to be, N(50) = 1.700, N(100) = 1.704, 

N(200) = 1.707, and N(350) = 1.703, respectively. In addition, The slope of the normal 

consolidation line were found to be, λ(50) = 0.1275, λ(100) = 0.1286, λ(200) = 0.1033, 

and  λ(350) = 0.0970. Both, the slope λ(s) and the intercept N(s) of the iso-ncl were 

found to be function of soil suction. Nevertheless, an average value, κ = 0.03138 is 

assumed from the elastic portion of the specific volume, v = 1 + e, curve on the p – v 

plane.  
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Figure 7.53 Variation of specific volume with net mean stress from HC tests at s = 50, 

100, and 200 kPa, and pini = 50 kPa on SP-SC soil. 

7.6.3 Loading Collapse (LC) Yield Curve Parameters 

The expression to compute the LC yield curve is given by (Wheeler and 

Sivakumar, 1995) 
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where 

λ(0) = soil stiffness parameter for saturated conditions (i.e. s = 0) 

po(0) = Isotropic yield stress for s = 0 

N(0) = specific volume at p = patm for s = 0 

κ = elastic stiffness parameter for changes in net mean stress, p 

κs = elastic stiffness parameter for changes in suction, s. 
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Using the experimental yield stress value, po(50) = 75 kPa, po(100) = 85 kPa, 

po(200) = 100 kPa, po(350) = 111 kPa, the elastic stiffness parameter for changes in 

suction, κs = κ = 0.03138, and Patm = 101.3 kPa, the over-determined system proposed 

in Equations (8.38) has been approximately solved by using the least squares method. 

The best fit values of the parameters, λ(0), po(0), N(0), were found to be, λ(0) = 0.146, 

po(0) = 63.86 kPa, and N(0) = 1.691. Figure 7.54 and Figure 7.55 show the 

experimental yield stress value, po(s), along with the predicted LC curves predicted 

using Equation (7.38) for different values of po(0) and Ν(0), respectively. Good 

agreement is observed between the experimental data and predicted values, which is 

confirmed by a correlation coefficient of 0.999. 

In addition Figure 7.56 shows the experimental yield stress value, po(s), along 

with the LC curves predicted using the equation proposed by Wheeler and Sivakumar 

(1995), the equation proposed by Alonso et al., (1990), and that proposed by Josa et al. 

(1992). Although all three models show a good agreement with the experimental data, 

The model proposed by Alonso et al. (1990) shows better agreement with the 

experimental data. 

 

 



 263

 
Figure 7.54 Experimental yield stress value, po(s), along the best fit LC curve and 

typical LC curves predicted for different values of po(0) - Equation (7.38). 

 

 
Figure 7.55 Experimental yield stress value, po(s), along the best fit LC curve and 
typical LC curves predicted for different values of Ν(0) using - Equation (7.38). 
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Figure 7.56 Experimental yield stress value, po(s), along the best fit LC curves proposed 

by Wheeler and Sivakumar (1995), Alonso et al. (1990) and Josa et al. (1992). 

7.6.4 Model Parameters Associated With Shear Strength 

The results of the CTC and TC tests, presented in Figure 7.14 to Figure 7.17, 

were used to determine the slope of the critical state line in the p – q plane, M(s), and its 

intersection with the deviatoric stress axis, µ(s). Figure 7.57 shows the critical state 

value of deviatoric stress, q, plotted against the net mean pressure, p, for shear tests 

conducted at constant matric suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa. The 

critical state condition has been previously determined to occur at approximately 15% 

of the total shear strain εq
tot. 

The critical state line at constant matric suction, s, can be represented by a linear 

equation as 

)()( spsMq µ+=        (7.39) 
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The best fit values of parameters M(s) in Equation (7.33) for matric suction 

values, s = 50 kPa, s = 100 kPa, s = 200 kPa, were found to be, M(50) = 0.963, M(100) 

= 0.971, M(200) = 0.975, respectively. Furthermore, the parameters, µ(50) = 79.29 kPa, 

µ(100) = 105.16 kPa, µ(200) = 139.41 kPa, were identified for constant matric suction, 

s = 50 kPa, s = 100 kPa, s = 200 kPa, respectively. Both the slope M(s) and the intercept 

µ(s) of the critical state line were found to be function of soil suction. The experimental 

data along with the predicted values in the p-q plane are presented in Figure 7.58. Good 

agreement is observed between the experimental and predicted values. This observation 

is corroborated by the results presented in Figure 7.59 and a correlation coefficient of 

0.998. 

 
Figure 7.57 Experimental deviatoric stress, q, plotted against net mean stress, p, at 

critical state. 
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Figure 7.58 Experimental and predicted values of the deviatoric stress, q, using the 

model proposed by Wheeler and Sivakumar. 

 
Figure 7.59 Comparison between experimental and predicted values of the deviatoric 

stress, q, using the model proposed by Wheeler and Sivakumar. 
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As established by Wheeler and Sivakumar (1995), the slope of the critical state 

line (CSL) varies with the matric suction, s. The assumption of constant M, proposed in 

the critical state model developed by Alonso et al. (1990) could be a reasonable 

approach to reduce the complexity of the model. Therefore, the linear equation in 

Equation (7.39) with constant parameters, M = 0.956 and µ = 103.8 kPa, can be fitted to 

the experimental data as shown in Figure 7.60. However, no good agreement is 

observed between the experimental data and the predicted values as shown in Figure 

7.61 and Figure 7.62. 

 
Figure 7.60 Experimental and predicted values of the deviatoric stress, q, using linear 

regression, q = Mp + µ. 
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Figure 7.61 Experimental and predicted values of the deviatoric stress, q, using the 
model proposed by Wheeler and Sivakumar. 

 

Figure 7.62 Comparison between experimental and predicted values of the deviatoric 
stress, q, using the model proposed by Wheeler and Sivakumar. 
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On the other hand, it can be observed in Figure 7.63 that the intercept of the 

critical state line, µ(s), varied in a non linear fashion with the matric suction, s. This 

observation is consistent with the experimental data presented by Wheeler and 

Sivakumar (1995), Escario and Saez (1996) and Laikram (2007). Variation on µ(s) 

would be equivalent to variation of φb with suction in the shear strength expression 

(Equation 3.42) reported by Fredlund et al. (1978). Figure 7.64 shows the curvature of 

the lines joining the deviatoric stress, q, obtained at different values of initial net mean 

stress, pini, for shearing tests conducted on cubical SP-SC soil specimens at constant 

matric suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa. Although, the results 

presented in Figure 7.64 are not conclusive due to the low number of matric suctions 

selected for tests purposes, the results agree with that presented by Escario and Saez 

(1996) and support their affirmation of the existence of a non constant φb parameter. 

Similarly, the results of the CTC and TC tests, presented in Figure 7.14 to 

Figure 7.17, were used to determine the slope of the critical state line in the p – v plane, 

ψ(s), and its intersection with the specific volume, v = 1 + e, axis, Γ(s). Figure 7.57 

shows the critical state value of specific volume, v = 1 + e, plotted with the net mean 

pressure, p, for shear tests conducted at constant matric suction, s = 50 kPa, s = 100 kPa, 

and s = 200 kPa. The critical state line at constant matric suction, s, can be represented 

by a linear equation as 

atmp

p
ssv ln)()( ψ−Γ=       (7.40) 
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The best fit values of parameters ψ(s) in Equation (7.40) for matric suction 

values, s = 50 kPa, s = 100 kPa, s = 200 kPa, were found to be, ψ(50) = 0.2268, ψ(100) 

= 0.2380, ψ(200) = 0.2804, respectively. In addition, the parameters, Γ(50) = 1.416 kPa, 

Γ(100) = 1.459 kPa, Γ(200) = 1.530 kPa, were identified for constant matric suction, s = 

50 kPa, s = 100 kPa, s = 200 kPa, respectively. The experimental data along with the 

predicted values in the p – v plane are presented in Figure 7.65. 

Table 7.5 summarizes the experimental values of the parameters required to 

solve the model proposed by Wheeler and Sivakumar (1995). 

 

 

Figure 7.63 Experimental variation of CSL intercept, µ(s), with matric suction, s. 
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Figure 7.64 Deviatoric stress, q, versus soil suction, s, for different values of initial net 
mean stress, pini. 

 

Figure 7.65 Experimental specific volume plotted against net mean stress, p, at critical 
state – p in logarithmic scale. 
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Table 7.5 Experimental values of model parameters used to validate the Oxford Model 

S 
(kPa) 

λ(s) N(s) M(s) µ(s) 
(kPa) 

ψ(s) 
(kPa) 

Γ(s) 

0 
50 

100 
200 
350 

0.1460 
0.1275 
0.1157 
0.1033 
0.097 

1.691 
1.700 
1.704 
1.707 
1.703 

 
0.963 
0.971 
0.975 

 
79.29 

105.16 
139.41 

 
0.2268 
0.2380 
0.2804 

 
1.416 
1.459 
1.530 

 

7.6.5 Shear Modulus 

Wheeler and Sivakumar (1995) adopted an associative flow rule to predict the 

development of plastic shear strain during constant suction shear loading. Although the 

shear modulus, G, likely varies with both, matric suction, s, and net mean stress, p, 

Wheeler and Sivakumar (1995) also assume a constant value for shear modulus, G. 

Hence, based on the initial linear section of the stress-strain curve the elastic 

components of shear strain can be predicted by considering a shear modulus, G, equal to 

the average value of the slope of the initial linear section of the experimental stress-

strain curve. An average value of G = 5500 kPa has been obtained from the constant-

suction tests for which the shearing path has been followed. 

7.7 Implementation of Oxford Model 

Similar to Alonso et al. (1990) the authors propose the use of an elliptical yield 

surface equivalent to the modified Cam clay model for saturated soils proposed by 

Roscoe and Burland (1968). However, the aspect ratio of the ellipse in not controlled by 

the slope of the critical state line, M, as proposed in the modified Cam clay model. 

Instead, Wheeler and Sivakumar (1995) proposed the aspect ratio, M*, of the ellipse, 
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which is a function of soil matric suction and the size of the yield surface (Equation 

(7.36)). As shown in Figure 7.66, the explicit integration procedure described in section 

8.3 can be extended to solve the constitutive relations proposed by Wheeler and 

Sivakumar (1995). 

The constitutive framework defined by Equations (8.35) to (8.40) together with 

the initial state of the soil specimen and test conditions, has been used to predict the 

shear strain variation with the increment of the deviatoric stress. 

7.7.1 Conventional Triaxial Compression Test 

Figure 7.67, Figure 7.68, and Figure 7.69, show the comparison of experimental 

and predicted stress-shear strain relationship resulting from drained CTC tests 

conducted on cubical SP-SC soil specimens at different values of constant matric 

suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa, with initial values of net mean stress, 

pini = 50 kPa, pini = 100 kPa, and pini = 200 kPa. The predicted values of shear strain 

obtained by using the Oxford Model show better agreement with the experimental data 

than the predictions obtained with both, the BBM and the MBBM. 
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Figure 7.66 Successive yield surfaces and associated url using Oxford Model to predict 

results from a CTC test conducted on a lightly overconsolidated soil. 
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Figure 7.67 Measured and predicted stress-shear strain relationship from drained CTC 

tests conducted on compacted SP-SC soil specimens at constant matric suction and 
initial mean stress, pini = 50 kPa – Oxford Model. 

 
Figure 7.68 Measured and predicted stress-shear strain relationship from drained CTC 

tests conducted on compacted SP-SC soil specimens at constant matric suction and 
initial mean stress, pini = 100 kPa – Oxford Model. 
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Figure 7.69 Measured and predicted stress-shear strain relationship from drained CTC 

tests conducted on compacted SP-SC soil specimens at constant matric suction and 
initial net mean stress, pini = 200 kPa – Oxford Model. 

7.7.2 Triaxial Compression Test 

Figure 7.45 shows the comparison of experimental and predicted stress-shear 

strain relationship resulting from drained TC tests conducted on cubical compacted SP-

SC soil specimens. The tests were conducted for different values of constant matric 

suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa, with initial values of net mean stress, 

pini = 100 kPa. Numerical predictions were calculated using explicit integration 

technique to solve the Oxford Model. 
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Figure 7.70 Measured and predicted stress-shear strain relationship from drained TC 
tests conducted on compacted SP-SC soil specimens at constant matric suction and 

initial net mean stress, pini = 100 kPa – Oxford Model. 

7.8 Refined Barcelona Basic Model 

Alonso et al. (1990) assumed that the slope of the normal compression line, λ(s), 

decreases with the increase in soil suction, s. Although the experimental results 

presented in this research works support this assumption, Wheeler and Sivakumar, 

(1995) shown experimental evidence of normal compression lines where the stiffness 

parameter, λ(s), increased with increase in suction. To overcome this limitation, Josa et 

al. (1992) proposed a modified elasto-plastic model for partially saturated soils which 

incorporates curved compression lines. However, this type of refinement can be avoided 

considering a value greater than 1 for the constant related to the maximum stiffness of 
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the soil, r, in Equation (7.4). Therefore, values of r parameter greater than 1 will extend 

the applicability of the BBM to consider the possibility of result stiffness parameter, 

λ(s), increasing with increase in soil suction, s (Wheeler et al. 2002). 

On the other hand, the model proposed by Wheeler and Sivakumar (1995) 

although produce better results; no good agreement is observed between the 

experimental and predicted values. In addition, the Oxford Model does not allow 

prediction of soil response for matric suction different to those evaluated experimentally 

in the laboratory. Moreover, a more complicated expression for the LC yield curve 

which requires the determination of additional parameters is proposed to replace the 

expression proposed by Alonso et al. (1990). On the other hand, the inclusion of the 

aspect ratio, M*, different to the slope of the critical state line, M, add to the model a 

degree of freedom which could result in illogical predictions of the yield surface in the 

p – q plane. These limitations together with the large number the parameters required 

become a disincentive in the use of this model. 

Therefore, considering the limited improvement achieved with the modifications 

proposed by Josa et al. (1992) and the complexity and large number of parameters 

required by the model proposed by Wheeler and Sivakumar (1995), special attention 

has been focused in the Barcelona Basic Model originally proposed by Alonso et al. 

(1990) in order to preserve a simple model. Some modifications to the Barcelona Basic 

Model as well as the calibration process proposed by Alonso et al. (1990) are 

recommended in this section to improve the ability of the model to predict the soil 

response of a soil specimen under shearing loading. 
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7.8.1 Loading Collapse (LC) Yield Curve 

Although the LC yield curve plays an important role in the development of the 

Barcelona basic model proposed by Alonso et al. (1990), its importance become 

diminished when the model is solved for separated values of soil suction, s. As shown 

in Figure 7.71, for lightly overconsolidated specimens subjected to a shear loading path 

(i.e. po(s) > pini), the initial yield surface and consequently the region were only plastic 

deformation are experienced by the soil will be defined by the LC yield curve. 

However, Figure 7.72 shows that for normally consolidated specimens (i.e. po(s) ≤ pini) 

the LC yield curve does not play any role in the evolution of the yield surface. In this 

case, the initial yield surface will be defined by the initial net mean stress, pini. 

On the other hand, for identically prepared soil specimens with the same initial 

conditions of confinement (i.e. pini) the initial net mean yield stress, po(s) could be lower 

than pini for low values of constant matric suction, s, and higher than pini for high values 

of matric suction, s. As shown in Figure 7.73, the initial net mean stress, pini, will define 

the initial yield surface for low values of matric suction, s, were the soil behaves as 

normally consolidated (i.e. po(s) ≤ pini). Once the increase in suction generates a net 

yield stress, po(s), which become larger that the pini, the specimen will behave as a 

lightly overconsolidated (i.e. po(s) > pini) and the initial yield surface will be defined by 

the LC yield curve. 
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Figure 7.71 Three-dimensional yield surface for a lightly overconsolidated SP-SC soil 
specimen subjected to CTC stress path (BBM). 



 281

 
 

 
Figure 7.72 Three-dimensional yield surface for a normally consolidated SP-SC soil 

specimen subjected to CTC stress path (BBM). 
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Figure 7.73 Effect of matric suction, s, in the behaviour of an unsaturated SP-SC soil 
specimen (BBM). 
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Therefore, due to the low impact of the LC yield curve on the development of 

the yield surface and considering the results presented in Figure 7.56, it is not 

convenient to introduce an additional degree of complexity in the determination of the 

initial net yield stress, po(s), to the model originally proposed by Alonso et al. (1990). 

7.8.2 Model Parameters Associated With Shear Strength 

The major assumption of Alonso et al. (1990) is that the yield surface for a 

specimen at constant matric suction, s, will be described by an ellipse which will exhibit 

an isotropic preconsolidation stress, po. This assumption aggresses with the assumption 

established for the modified Cam clay model (Roscoe and Burland, 1968). In addition, 

the increase of strength induced by the increase in soil suction, s, is assumed to be 

adequately represented by an increase in cohesion, maintaining the slope of the critical 

state line (CSL) for saturated conditions. Two hypotheses have been established by 

Alonso et al. (1990) in order to guaranty the achievement of these assumptions. As a 

first hypothesis, the slope of the CSL, M, is considered constant and equal to the slope 

of the saturated condition. The second hypothesis states that the increase in apparent 

cohesion, ps, due to the increase in matric suction, s, follows a linear relationship with 

suction (i.e. ps = ks). 

Experimental results presented in Figure 7.57 and Table 7.5 shown that the slope 

of the critical state line, M(s), in a SP-SC soil varies with suction, s. As shown in Figure 

7.74, similar results have been reported by other researchers. However, considering the 

small variation of the slope M, it could be acceptable to assume a constant value of M, 

independent of soil suction, for the slope of the critical state line.  
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On the other hand, experimental results show clear evidence of a non-linear 

variation in the increase in cohesion, ps, due to the increase in suction, s, in a SP-SC 

soil. Similar results in different type of soils have been reported for other authors. These 

results along with the experimental values obtained in this research work are presented 

in Figure 7.75. Therefore, considering that the increase in cohesion, ps, is fundamental 

for the prediction of the yield surface in the p – q space, the prediction of the total shear 

strain, εq
tot, and the determination of the loading path; and consequently, the change in 

the specific volume, v = 1 + e, the hypothesis of linear relationship of the increase of 

cohesion, ps, with suction, s, becomes a limitation in the BBM. 

 
Figure 7.74 Variation of the slope of critical state line, M(s) with soil suction, s. 
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Figure 7.75 Variation in the increase in cohesion, ps, due to the increase in suction, s 

To overcome this limitation and consequently improve the prediction capability 

of the Barcelona Basic Model, a more general equation to calculate the increase in 

cohesion, ps, is proposed in this research work. This new equation must consider the 

linear behavior in the increase in cohesion, ps, initially assumed by Alonso et al. (1990). 

The simplest model that can be fitted to the experimental trend observed in this research 

work as well as these previously reported by Wheeler and Sivakumar (1995) and 

Laikram (2007), is the potential equation. Hence, continuing with the notation proposed 

by Alonso et al. (1990), the increase in cohesion, ps, can be described by 

m
s ksp =         (7.41) 

where 

k = parameter controlling the magnitude of increase in cohesion, ps, with suction 
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m = parameter controlling the curvature of the curve describing ps. 

7.8.3 Shear Modulus 

The elastic strains induced by changes in deviatoric stress, q, in Barcelona Basic 

model are computed through the shear modulus, G, as described in Equation (7.8). 

Although the shear modulus, G, probably varies with both, matric suction, s, and net 

mean stress, p, the experimental data obtained in this research work is considered 

insufficient to validate the assumption of variable shear modulus, G. Hence, based on 

the initial linear section of the stress-strain curve the elastic components of shear strain 

can be predicted by considering a shear modulus, G, equal to the average value of the 

slope of the initial linear section of the experimental stress-strain curve. Therefore, no 

modifications are suggested in this matter. 

7.8.4 Model Parameters Associated With Increase in  Cohesion 

The increase in cohesion, ps, can be calculated using the p, q data obtained at 

critical state condition, which has been identified at approximately 15% of the total 

shear strain εq
tot. As shown Figure 7.76, experimental values of the slope of the critical 

state line, M(s), and its intersection with the deviatoric stress axis, B(s), can be used to 

calculate the increase in cohesion, ps, as 

)(

)(

sM

sB
ps −=         (7.42) 

 

 



 287

 
Figure 7.76 Variation of the increase in cohesion, ps, with soil suction, s. 

The least squares method has been used to approximately fit the Equation (7.41) 

to the experimental values obtained for change in cohesion, ps(0) = 0 kPa, ps(50) = -82.3 

kPa, ps(100) = -108.36 kPa, and ps(200) = -142.94 kPa. The best fit values of the 

parameters k and m were found to be k = 17.326 and m = 0.398. 

Figure 7.77 and Figure 7.78 show the experimental increase in cohesion with the 

predicted curves using Equation (7.41) for different values of k and m, respectively. 

Good agreement is observed between the experimental data and predicted values, which 

is confirmed by a correlation coefficient of 1.0. In addition, Figure 7.79 shows the 

experimental values of increase in cohesion, ps, along the linear relationship proposed 

by Alonso et al. (1990) and the best fit curve as per Equation (7.41). No agreement is 

observed between the experimental data and the values predicted by using a linear 

relationship. 



 288

 
Figure 7.77 Experimental increase in cohesion, ps, along the best fit curve and typical 

curves predicted for different values of k. 

 
Figure 7.78 Experimental increase in cohesion, ps, along the best fit curve and typical 

curves predicted for different values of k. 



 289

 

Figure 7.79 Experimental increase in cohesion, ps, along the linear relationship 
proposed by Alonso et al. (1990) and the best fit curve as per Equation (7.41). 

On the other hand, considering the small variation observed among the slope of 

the critical state line, M(s), with matric suction, s, it is necessary to evaluate the 

influence of the selection of the slope o the critical state line, M, in the final results of 

the Refined Barcelona Basic Model (RBBM). Two different calibration procedures are 

considered in this research work. The first alternative, is considering the slope of the 

critical state line, M(s), independent of matric suction, s. As described in section 8.6.4, a 

linear equation with constant parameters, M = 0.956 and u = 103.8 kPa, can be fitted to 

the experimental data. Although no good agreement is observed between the 

experimental data and the predicted values shown in Figure 7.61 and Figure 7.62, the 

effect of this assumption in the final results of the model will be evaluate latter in this 

section. 
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The second alternative, is considering the slope of the critical state line, M(s), 

varying with matric suction, s. In this case, no additional calibration will be required 

and the model must be evaluated by using the correspondent value of M(s) accordingly 

with the soil suction, s. The experimental values of the parameters required to predict 

the soil response using the Refined Barcelona basic model (RBBM) are summarized in 

Table 7.6. 

Table 7.6 Experimental values of model parameters used to validate the RBBM 

Parameter Description Value 
λ(0) Compressibility coefficient for the saturated state 0.146 

r Constant related to the maximum stiffness of the soil 0.649 
β Parameter which control the rate of soil stiffness with s 895.17x 10-5 kPa-1 
pc Reference stress 31.922 kPa 

po(0) Saturated preconsolidation stress 65.44 kPa 
κ Compressibility coefficient along the elastic path 0.03138 
M Slope of the critical state line (CSL) 0.956 
k Parameter controlling the increase in cohesion with s 17.326 
m Parameter controlling the curvature of ps 0.398 
G Elastic shear modulus 5500 kPa 

 

7.9 Implementation of Refined Barcelona Basic Model 

The procedure described in section 8.5 has been used to predict the soil response 

of soil samples subjected to drained suction-controlled shear loading path. The 

predicted values have been compared with the experimental results obtained from a 

series of suction-controlled shear loading (CTC, TC, TE, and SS) tests conducted on 

identically prepared specimens 3 in (7.62 cm) each side SP-SC soil. The RBBM has 

been evaluated assuming both a value of slope of the critical state line, M = 0.96, 

independent of soil suction, and values of M(s) varying as function of the soil suction. 
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7.9.1 Conventional Triaxial Compression Test 

Figure 7.80, Figure 7.81, and Figure 7.82 show the predicted yield surface and 

the experimental stress state at failure resulting from a drained conventional triaxial 

compression (CTC) test conducted on different SP-SC soil specimens at constant matric 

suction, s = 50 kPa,100 kPa, and 200 kPa respectively. As expected, better results are 

obtained when the slope of the critical state line, M(s), depends on soil suction, s. 

However, considering the small difference between the predicted values of stress state 

at failure and its proximity to the experimental values, the assumption of constant M 

independent of soil suction, initially made by Alonso et al. (1990) could be a 

satisfactory approximation to reduce the complexity of the model. 

In addition, Figure 7.83, Figure 7.84, and Figure 7.85 show the comparison 

between experimental and predicted stress-shear strain relationship resulting from the 

fully drained CTC tests conducted on cubical compacted SP-SC soil specimens at 

different values of constant matric suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa, 

with initial values of net mean stress, pini = 50 kPa, pini = 100 kPa, and pini = 200 kPa. 

Although the RBBM does not perfectly fit the experimental data, better predictions are 

obtained. Additional adjustments to the model could be proposed in order to account for 

the variation of the variation of the shear modulus, G, with change in net mean stress, p, 

and matric suction, s. The expected yield surface at failure for untrained, suction-

controlled CTC tests conducted on SP-SC specimens at initial net mean stress, pini = 

200 kPa in the (p, q, s) space is presented in  
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Figure 7.80 Predicted yield surface of RBBM in drained CTC tests at constant matric 

suction, s = 50 kPa and initial net mean stresses, pini = 50, 100, and 200 kPa. 

 
Figure 7.81 Predicted yield surface of RBBM in drained CTC tests at constant matric 

suction, s = 100 kPa and initial net mean stresses, pini = 50, 100, and 200 kPa. 
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Figure 7.82 Predicted yield surface of RBBM in drained CTC tests at constant matric 

suction, s = 200 kPa and initial net mean stresses, pini = 50, 100, and 200 kPa. 

 
Figure 7.83 Measured and predicted stress-shear strain relationship from CTC tests on 

SP-SC soil at s = 50, 100, and 200 kPa and pini = 50 kPa (RBBM). 
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Figure 7.84 Measured and predicted stress-shear strain relationship from CTC tests on 

SP-SC soil at s = 50 kPa, and pini = 100 kPa (RBBM). 

 
Figure 7.85 Measured and predicted stress-shear strain relationship from CTC tests on 

SP-SC soil at s = 50, 100, and 200 kPa, and pini = 200 kPa (RBBM). 
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Figure 7.86 Expected yield surface at failure for untrained, suction-controlled CTC tests 
conducted on SP-SC specimens at pini = 200 kPa (RBBM). 
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7.9.2 Triaxial Compression Test 

Similarly, Figure 7.87 shows the predicted yield surface and the experimental 

results drained triaxial compression (TC) test conducted on different SP-SC soil 

specimens at constant matric suction, s = 50,100, and 200 kPa and initial net mean 

stresses, pini = 100 kPa. In addition, Figure 7.45 shows the experimental and predicted 

stress-shear strain relationship resulting from the drained TC tests conducted on SP-SC 

soil specimens. The tests were conducted at initial net mean stress, pini = 100 kPa and 

different values of constant matric suction, s = 50 kPa, s = 100 kPa, and s = 200 kPa. In 

general, better agreement than that observed in BBM results is observed between the 

experimental and predicted values obtained with the RBBM. 

 

Figure 7.87 Predicted yield surface of RBBM in drained TC tests conducted at initial 
net mean stresses, pini = 100 kPa and constant matric suction, s = 50, 100, and 200 kPa. 
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Figure 7.88 Measured and predicted stress-shear strain relationship from TE tests on 

SP-SC soil at s = 50, 100, and 200 kPa, and pini = 100 kPa (RBBM). 

7.10 Failure Envelope in Deviatoric Plane 

Figure 7.89 shows the predicted failure envelopes on the deviatoric plane (i.e. π 

plane) obtained by using the first yield criterion for metal proposed by Tresca in 1864, 

along with those predicted by using the yield criteria proposed for soils by Mohr-

Coulomb in 1773, Matsuoka and Nakai in 1974, and Lade and Duncan in 1975 (Davis 

and Selvadurai, 2002). In addition, Figure 7.89 shows the projection of the experimental 

stresses obtained when the maximum shear stress reached a critical value identified 

during TC (θ = 0o), SS (θ = 30o), and TE (θ = 60o) tests, as a function of the initial net 

mean principal stress, pini and different values of matric suction, s = 50 kPa, s = 100 

kPa, and s = 200 kPa. It is clear that the experimental failure stress state obtained from 

drained suction controlled TC, TE, and SS tests conducted on SP-SC soil specimens are 
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closest to the Lade and Duncan failure criterion and are further from the Tresca, Mohr-

Coulomb, and Matsuoka and Nakai criterion. A significant influence of matric suction 

is observed on the size and shape of the yield loci, with a considerable expansion of the 

surface for s = 200 kPa. 

 

Figure 7.89 Experimental data and predicted yield loci in the deviatoric plane. 
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CHAPTER 8 

8 CONCLUSIONS AND RECOMMENDATIONS 

8.1 Summary 

A computer-driven, fully servo-controlled, mixed-boundary type of true triaxial 

device has been implemented to test unsaturated soil specimens under general stress 

states and controlled matric suction states. A comprehensive series of drained (constant 

suction) hydrostatic compression (HC), conventional triaxial compression (CTC), 

triaxial compression (TC), triaxial extension (TE), and simple shear (SS) tests were 

conducted on compacted, 3 in (7.62 cm) per side, cubical specimens of clayey sand (SP-

SC) under controlled suction states. Suction-controlled shearing was considered to have 

induced a critical state in all test samples when the applied deviator stress reached a 

peak value corresponding to a shear strain of approximately 15 %. 

Results from suction-controlled tests under axisymmetric conditions (σ2 = σ3) 

were used for calibration of the elasto-plastic, critical state-based frameworks 

postulated by the Barcelona Basic Model (Alonso et al., 1990), the Modified Barcelona 

Basic Model (Josa et al., 1992) and the Oxford Model (Wheeler and Sivakumar, 1995). 

Results from suction-controlled CTC and TC tests were used for validation of the 

models in predicting stress-strain response of compacted clayey sand under 50, 100, 200 

kPa suction states. Results were also used to validate the modifications proposed under 

the Refined Barcelona Basic Model framework developed in the present work. 
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Test data were also presented in the octahedral plane to study the influence of 

matric suction on the size and position of the failure envelopes of compacted clayey 

sand under suction-controlled general stress states. 

8.2 Main Conclusions 

1. The servo-controlled system adapted to the cubical cell has proven to be 

feasible for testing soils under controlled suction states and for real time measurements 

of matric suction, net principal stresses, and soil deformations along a wide range of 

simple-to-complex stress paths. 

2. The pore-water pressure and pore-air pressure application systems housed at 

the bottom wall assembly were found to be suitable for testing cubical soil specimens 

under suction states up to 350 kPa using a 5-bar HAE ceramic disk via the axis-

translation technique (Hilf, 1956). Testing at suction states above 350 kPa was not 

possible due to excessive diffused air through the ceramic. 

3. Comparison with previously reported results suggests that the static 

compaction method adopted in this study to prepare the cubical test specimens delivers 

a compactive effort considerably higher than that induced by in-place tamping or 

kneading compaction. Moreover, the static compaction process yields considerably 

more homogeneous and compact samples that those produced via in-place tamping. A 

more consistent stress-strain response (repeatability of soil behavior under same stress 

paths) is observed in samples prepared by static compaction when compared to the 

layered samples prepared by tamping. Special attention must be given to the volume of 
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solid particles and water content to be applied during the static compaction process in 

order to ensure a reasonably identical dry unit weight, γd, in all compacted samples. 

4. A suitable loading rate of 8 kPa/hr was empirically assessed for all suction-

controlled testing performed in this study via axis-translation technique. This loading 

rate was proved to allow for sufficient equalization time (equilibrium of pore fluids) 

during suction-controlled isotropic loading or shearing. 

5. Reasonably good agreement was observed between the experimental loading-

collapse (LC) yield curve induced by static compaction on clayey sand specimens and 

those predicted by the modeling frameworks postulated by Alonso et al. (1990), Josa et 

al. (1992) and Wheeler and Sivakumar (1995). 

6. In general, during suction-controlled shearing, the intercept of the critical 

state line, µ(s), with the deviator stress axis varied in a non linear fashion with the 

matric suction, s. This observation is consistent with the experimental findings reported 

by Wheeler and Sivakumar (1995), Escario and Saez (1996), and Laikram (2007). The 

variation with suction of parameter µ(s) would be equivalent to the variation of the 

angle φb in the unsaturated shear strength equation proposed by Fredlund et al. (1978). 

7. Predictions of deviator stress vs. shear strain response of SP-SC soil under 

suction-controlled CTC and TC tests, from all previously proposed models, offer plenty 

of room for improvement and further refinement. The experimental results substantiate 

the assumption of a non-linear increase in cohesion, ps, due to an increase in suction, s. 

Similar results have been reported in different types of soil by previous authors. 

Therefore, considering that the increase in cohesion, ps, with suction is critical in 
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predicting the yield surface in p–q space, total shear strain, εq
tot, sequence of loading 

path and, consequently, change in specific volume, v = 1+e, the postulated hypothesis 

of a linear relationship between cohesion, ps, and matric suction, s, can be further 

evaluated and refined. 

8. In light of experimental observations, a few modifications to the original 

BBM model, as well as its calibration process, have been devised in this work in order 

to improve the model’s capabilities in predicting soil response under suction-controlled 

shearing. The modifications to the BBM resulted in a Refined BBM model which 

allows for reasonably better predictions of stress-strain response of SP-SC soil under 

constant suction states. 

9. Matric suction was observed to exert a significant influence on the size and 

shape of the failure loci of compacted SP-SC soil in the octahedral plane (p-plane), with 

a considerable expansion of the failure locus for s = 200 kPa. 

10. Failure loci of compacted SP-SC soil in the octahedral plane are closest to 

those predicted by Lade and Duncan (1975) failure criterion, while farthest from those 

predicted by Tresca (1864), Mohr-Coulomb (1776), and Matsuoka and Nakai (1974) 

failure criteria. 

8.3Recommendations for Future Work 

Further improvements to the developed cell can be accomplished by installing 

wet/wet gage or differential pressure transducers to measure real-time changes in pore-

water volume during drained (constant suction) tests. This capability would allow for 

the calibration of constitutive models that have been proposed to predict the variation of 
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specific water volume in unsaturated soil specimens. In addition, a miniature pore-water 

pressure sensor could be installed. 

Further drained and untrained suction-controlled tests could be performed for a 

wider range of stress paths and matric suction states in order to fully describe the failure 

surface on both the deviatoric plane and the principal stress plane, and to study the true 

nature of the variation of the intercept of the critical state line, µ(s) with matric suction, 

s. Additional experimental evidence of this kind will play a fundamental role in further 

substantiating the refinements proposed in the present work for the increase in cohesion, 

ps, with matric suction, s. 
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