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ABSTRACT 

 
NUMERICAL SIMULATION OF PARTICLE ADHESION 

DYNAMICS FOR APPLICATIONS IN  

NANOMEDICINE AND  

BIOSENSING 

 

Samar Shah, M.S. 

 

The University of Texas at Arlington, 2009 

 

Supervising Professor: Yaling Liu 

 Multifunctional nanoparticles hold considerable promise as the next generation of 

medicine that allow for detection of early on-set of diseases and targeted therapy with minimal 

toxicity. To achieve targeted drug delivery, nanoparticles are usually functionalized with certain 

ligands (polymers) that bind specifically to a particular type of receptors on the endothelial cell 

surface, which are expressed exclusively during its diseased state. The ligand coated 

nanoparticles, loaded with drugs inside, transport in blood stream, and adhere to diseased cells 

via specific adhesion. However, this whole procedure becomes complicated due to 

simultaneous involvement of hydrodynamic force, adhesion force and Brownian force. In 

particular, the ligand-receptor interaction is a sophisticated chemical process. So, the property 

of functionalized ligands would play a crucial role to dictate the efficiency of the targeted drug 

delivery by providing targeted selectivity. Similarly, the shape and dimension plays a vital role in 

maximizing the binding efficiency of nanocarriers. To capture nanoparticle transportation and 

adhesion at nanoscale, a numerical tool is developed that describes the nanoparticle motion 
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under vascular flow conditions. Computational modeling of targeted drug delivery via 

nanoparticles will offer insights to the dynamic delivery process, thus facilitate better design of 

nanocarriers to address the challenges of nanomedicine. The deposition process and 

distribution of nanoparticles under various flow rates and vascular geometry are explored.  

Another aspect of this developed tool is to characterize the performance of biosensors. 

Nanosensors are time and cost efficient, sensitive, and enable new applications in medicine, 

drug discovery, and environmental monitoring. Various nanosensor platforms have been 

proposed, such as planar electrodes, nanowire, and nanospheres. To fully realize the potentials 

of the nanosensor for biomarker/nanoparticle detection, however, several key research 

challenges must be addressed. In particular, Nanosensors are needed for detection of low 

concentration biomarker such as cancer marker for early disease detection. The goal of this 

work is to develop an understanding of the diffusion and binding process of biomarkers under 

fluid flow through a novel multiscale/multiphysics computational model. 
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CHAPTER 1 

INTRODUCTION 

This thesis work consists of modeling projects in two application areas: nanomedicine 

and biosensor. Both applications involve modeling of brownian adhesion dynamics of 

functionalized nanoparticles/biomolecules onto receptor coated surface. In this chapter, the 

backgrounds of the two applications are addressed separately. 

1.1 Introduction to nanomedicine 

Nanomedicine defines itself as fundamental biomedical research, and is application 

oriented like all other biomedical research. It is one of the promising prospect by which medicine 

can advance. Once it reaches to the fully developed stage, it will have contributed new 

treatment options for better treatment of certain diseases, better imaging-techniques and early 

detection of disease. These will add extensively to the currently available arsenal of medicines 

and treatments. Over the past decade, we have witnessed mammoth research and 

development of nanoparticulate systems for diagnostic imaging and targeted therapeutic 

applications [1-7]. Various nanoplatforms, including liposomes [8, 9], polymeric micelles [10-12], 

quantum dots [13, 14], Au/Si/polymer shells [15-17], and dentrimers [18-20] etc. have been 

established with distinctive chemical compositions and biological properties. Most current 

nanoparticulate systems are spherical in shape.  Extensive studies have been devoted to study 

their biological behaviors in vitro and in vivo. For example, it is known that spherical particles 

bigger than 200 nm are efficiently filtered by the spleen, while particles smaller than 10 nm can 

be quickly cleared by the kidney, thus making 10-200 nm as the ideal size range for spherical 

carriers. Furthermore, studies have elucidated the effects of particle size (mostly from spherical 

ones) on their clearance, circulation, extravasation, and distribution in vivo. However, effects of 

particle shape have been seldom studied.  
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1.2 Proposed work in nanomedicine 

Nanomedicine is a well-defined application of nanotechnology in medical applications. 

For example, targeted drug delivery, where controlled drug dosage is administered in a patient 

body to treat certain disease such as Cancer. The targeted drug delivery holds very promising 

future because of its efficiency, perhaps reducing any risk of side effect or eliminating possible 

damage to surrounding healthy cells. However, one of the major hurdles and current problem in 

nanomedicine is to improve nanoparticle cell selectivity and adhesion efficiency through 

appropriate design of nanoparticles of various shapes, sizes, and materials. Similar to size, the 

shape of nanoparticle is a fundamental property of micro/nanoparticles that dictates their 

intended biological functions.  

Nature has inspired us with a rich complexity of shapes at nanoscale.  Among various 

microorganisms (e.g., bacteria, yeast), virus represents the most relevant nanoscale object in 

nature to artificial nanomedicine.  The majority of viruses have a particle diameter between 10 

and 300 nanometers [21-26]. Some filamentous viruses can have a total length of up to 1400 

nm. However, their diameters are only 80 nm.  Virus has a diverse collection of shapes ranging 

from icosahedral (a) to spherical (b, c) to bullet/rod (d, f) to filamentous (e, h), as shown in Fig. 

1.1. Unlike size, the effect of particle shape is much less understood in biology. Recent data on 

cylindrically shaped filomicelles are beginning to reveal that non-spherical particles remarkably 

improved the biological properties over spherical counterpart. Despite such exciting advances, 

non-spherical particles haven’t been widely used in nanomedicine applications due to the lack 

of fundamental understanding of shape effect on targeting efficiency. 
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Figure 1.1 Virus nanoparticles with different shape: (a) Adenovirus (b) Rotavirus (c) Influenza 
virus (d) Vesicular stomatitis virus (e) Tobacco mosaic virus (f) Alfalfa mosaic virus (g) T4 

bacteriophage (h) M13 bacteriophage (Adapted from: www.answers.com/topic/virus) 
 

One of the objectives of this work is to explore the shape effect on targeted drug 

delivery by qualitative and quantitative numerical analysis. Recently, Geng et. al. [27] performed 

an in vivo study to determine effect of shape on circulation and demonstrated that spheres or 

short filomicelles are consumed by cells more easily than longer filaments. This suggests that 

non-spherical particle has higher chances of survival during circulation in blood vessel compare 

to its counter part spherical ones. Moreover, Mitragotri and coworkers have shown that the local 

shape of the particle at the point where a macrophage is attached, not the overall shape, 

dictated whether the cell began internalization [28]. These results indicate the significant 

advantage of controlling particle shapes in nanomedicine applications. So, this work will provide 
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fundamental knowledge on how shapes affect particle circulation in blood and targeting to 

surface receptors, which may provide biological insights on the function of viral shapes as well. 

In addition, it is possible to produces those different shapes of nanoparticle in the lab as shown 

in Fig. 1.2. 

 

Figure 1.2 Various nanoparticles with different shapes and materials (Source: UCSB; Adapted 
from: http://www.sciencedaily.com/releases/2007/07/070709171558.htm). 

 

The proposed method of this work is to uncover the shape-dependent adhesion kinetics 

of non-spherical nanoparticles through an unique and novel multiscale computational technique 

computational modeling that includes a transport-reaction model to track nanoparticle species, 

account for transport phenomena and define adhesion kinetic parameters for attachment and 

detachment process. Furthermore, adhesion/deposition process of nanoparticles under shear 

flow will be explored. Such process is complex due to the interplay of transport, hydrodynamic 

force and multivalent bond formation dynamics. The ligand-receptor binding kinetics is coupled 

with Brownian Dynamics to study the dynamic process of nanorods/nanodisks tumbling, 

diffusion and adhesion in various vascular flow conditions. This research work will result in 
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fundamental and in depth knowledge of shape dependent transport and targeting efficiency of 

nanomedicine carriers, which will provide a new guidance to the design of nanomedicine for 

better treatment of diseases in general.  

Nanoparticles are delivered to human body by various means, oral delivery, inhalation, 

or injection. Among these methods commonly used method for nanoparticle drug delivery is an 

intravenous injection [29-31] and after injection nanoparticles transport along the blood flow. 

Blood itself is a complex fluid which includes red blood cell (RBC), plasma, White blood cell 

(WBC), etc. So, it is very likely that nanoparticles transportation will be affected by blood 

property as well. Blood is treated as a newtonian fluid in normal conditions, but there are certain 

conditions where it should be treated as a non-newtonian fluid, such as in microcirculatory flow. 

The main challenge of modeling blood flow with its components is to be able to incorporate 

physical principles into a biologically relevant model while retaining the capability to solve it 

numerically. For the simplicity and to focus on nanoparticle transportation/adhesion, in our 

modeling approach, blood is treated as a Newtonian fluid. Furthermore, transportation and 

distribution of nanoparticles within blood would be affected by physical interactions with blood 

components, in particular with RBC.  For example, red blood cell collisions have been shown to 

enhance the diffusivity of platelets and polymer microparticles, perhaps, it causes margination 

of particles towards the vessel wall. In fact, nanoparticle interaction with blood components is 

beneficial for adhesion efficiency [32-34]. In addition, when flowing through blood, blood cells 

tend to concentrate towards center of the vessel, while leaving empty space to filled up with 

fluid and forming “cell-free” zone near to the vessel wall [35]. Thus, our focused is on modeling 

nanoparticle motion on micro/nano scale, assuming it has already dispersed into cell-free zone, 

close to the vascular wall. But, modeling of nanoparticles motion along with blood components 

will be a potential extension of this work. The process of nanoparticle deposition at the targeted 

site is divided into three distinct stages. First, the nanoparticles are marginated from the blood 

stream to move close to the vascular wall. The dispersion of the nanoparticles in a tube with 



 

 6

flow can be described by the Taylor-Aris theory [36, 37]. The diffusion process can be described 

by a Brownian motion, observed apparently at nanoscale. The non-spherical shape of 

nanoparticles adds more complexity during transportation and collision with blood components. 

Secondly, the interaction of nanoparticles with the vessel wall surface through ligand-receptor 

binding [38, 39]. The ligands on nanoparticle surface bind with receptors on vessel wall, leading 

to large adhesive forces. Other factors such as electrostatic, hydrodynamic, steric interactions 

or van der Waals (vdW) forces also lead to non-specific interactions between nanoparticle and 

cell membrane. However, these forces are usually several orders of magnitude smaller 

compared to specific adhesive force. Hence, it can be safely neglected from the present study. 

Finally, after initial binding, the nanoparticle may firmly adhere or may get unbound, depending 

on the strength of bonding, flow conditions, etc. It has been reported recently that the 

nanoparticle detachment is a time-dependent process with detachment probability decreases 

with elapsed attachment time [40].  

A qualitative understanding of such dynamic deposition process experimentally is very 

challenging, so, a theoretical model can help to elucidate the underlying deposition 

mechanisms. To achieve dynamic process described as above, a 3D multiscale model of 

nanoparticle transport and adhesion dynamics will be established. Recently, established 

Immersed Finite Element Method (IFEM) for arbitrarily-shaped immersed fluid-structure 

interaction will be extended with adhesion kinetics to study non-spherical nanoparticle 

transportation, diffusion, tumbling, and adhesion [41]. At the end, the developed model will be 

use to characterize the influence of nanoparticle shape, size, and ligand density on adhesion 

probability. The deposition process and distribution of nanoparticles under various flow rates 

and vascular geometries will be explored. 

1.3. Background information on Biosensors 

A vast range of bio-measurements involves reaction between biomolecules in a solution 

and a functionalized/receptor coated surface, such as DNA microarrays [42, 43]. An important 
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problem in these measurements is how to perform a large number of measurements with small 

portions of a precious sample or how to detect biomolecules in a sample with extremely low 

concentration. Microfluidic system integrated with silicon-based nanosensors are considered 

one of the promising candidate [44]. These nanosensors are ultra sensitive to biomolecule 

binding due to the large surface area to volume ratio, thus enable it to detect and quantify 

binding of a few molecules. Researchers are investigating the potential of nanosensors to 

achieve rapid, ultra-sensitive, label-free detection of biomolecules at low concentration [45-49]. 

Bunimovich [50] reported that nanowire sensors can detect charge density change as the result 

of a single binding event. Morgan [51] demonstrates two ways to detect the binding of species, 

an indirect immunosensor, and a direct immunosensor. The indirect sensor uses a labeled 

element with fluorescence or luminescence after binding. The direct sensor detects the binding 

event through change in potential, current, resistance, mass, heat, or optical properties.  Among 

different types of nanosensors, electrochemical sensors that translate biomolecular adsorption 

to change in current [52, 53] have drawn most attentions. It has been reported recently that 

nanowire based nanosensors can be triggered by a few binding events, thus can detect 

femtomolar concentration [49, 54]. It is important to design those sensors to detect target 

molecules with extremely low concentration within reasonable time. 

1.4 Proposed work in characterizing performance of Biosensor 

Nearly in all kind of biosensors, the focus would be to achieve best sensitivity by 

detecting ultra low concentration within minimal time. How to increase nanosensor sensitivity or 

to achieve fastest response time? A significant amount of efforts have been devoted to address 

this question. Sheehan et. al. [55] theoretically studied the diffusive transport of molecules 

toward a small sensor and claimed that sub-picomolar concentration detection using nanoscale 

sensors would require very long detection time (hours to days). Furthermore, they concluded 

that fluid flow, as high as 3.5 mm/s, marginally favors sensing with nanosensors. In contrary to 

their conclusion, experiments with nanowire has shown clear signal of detection in few minutes 
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for ~10 fM concentration solution [49, 54]. Moreover, there has been a dilemma in nanosensor 

community about the sensitivity of various biosensors, i.e., planar sensor, nanoelectrode, 

nanowire, or nanospheres. Squires et al [56] calculated the nanowire sensitivity for fM low 

concentration solution to be limited by a reaction limits, which indicates that even in equilibrium 

condition sensor can find single target molecule < 1% of the time.  On other hand, planar 

microsensor operates neither in reaction limited nor diffusion limited regime, which suggests 

that micro-scale planar sensor will always have higher sensitivity compare to nanowire at ultra-

low concentration. However, Nair et al. [57] reports an opposite observation from their study, 

which indicates at low concentration nanowire performs far better than planar sensor. In a 

recent work of Go et. al. [58], they explain their numerical method of detection, where they 

assume that out of 2000 sensors array, if as few as 5 sensors detect target molecule than they 

consider target molecule have been detected. While, Hahm et. al. [45] claimed that even single 

nanowire can always detect fM concentration within a few minutes. Thus, these contradictory 

studies of different group of researchers suggest that the working principles of biosensors at 

nanoscale are still vague and needs further investigation to predict sensor performance 

accurately.  

Binding of biomolecules onto sensing elements, which enables detection in biosensor, 

is a random dynamic process. Real-time biosensors can take multiple temporal measurements 

of this process, thus allowing observation of the binding kinetics as well as a precise 

characterization of biomolecule concentration. Continuum diffusion theory has been widely used 

for analysis of nanosensor binding process. However, the diffusion theory breaks down at low 

molecular concentration < 1pM. Moreover, the continuum diffusion theory analysis does not 

provide stochastic error estimation for the detection process due to its continuum nature. This 

proposed work develops a stochastic particle model for biomolecule binding and detection 

process. By using different initial distributions, the error estimation can be given, which provides 

better solution of nanosensor detection. The developed tool will be used in the design of 
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nanosensor for ultra-sensitive detection of biomolecules at extremely low concentrations. The 

performance (i.e., sensitivity and response time) of various nanosensors will be evaluated. 
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CHAPTER 2 

INTRODUCTION 

2.1 Introduction to targeted drug delivery 

In recent times, the targeted drug delivery system has become a popular idea among 

the researchers for the cancer treatment. The major advantage of such system is that it 

provides therapeutic concentration of anticancer drug at the targeted site without causing 

damage to the normal cells. To achieve the maximum targeting efficiency, the targeted drug 

delivery system should be designed optimally, especially the shape and size of nanoparticles. 

The drug delivery process through complex vascular environment involves dynamic interactions 

with the vascular surface so it will be a lengthy and tedious process to design these drug 

carriers through experimental studies. An appropriate method would be to develop a 

computational modeling technique, which incorporates fundamental physical principles that 

dictates dynamics of nanoparticle delivery and adhesion process. The computational tool 

provides insights of the delivery process and the interaction of nanoparticle with the cells. 

Quantitative analysis based on the developed model will facilitate an optimum model of the drug 

delivery system to the researchers and support a rational framework for the cancer treatment 

research. 

Nanoparticles usually enter the vascular circulation stream through intravenous 

injection [29-31]. The targeted delivery efficiency is directly related to the nanoparticle 

selectively and ability to bind at the targeted site. Though highly selective nanoparticles have 

reduced binding probability in non-target regions, the majority of nanoparticles are still lost in the 

vascular network due to non-specific adhesion. It is thus important to predict the lost of 

nanoparticles in the up-stream and the nanoparticle concentration when it reaches the targeted 
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region. A multiscale framework is pursued to model the targeted drug delivery systems, as 

shown in Fig. 2.1.  

 

Figure 2.1 Multiscale model of the targeted drug delivery. 
 

The vessel scale involves interaction between nanoparticles and the blood components. 

Due to the limitation of capability of current model, this is not a part of current work, but it is 

considered as a potential future work. Moreover, the focus of this work is to explore an optimum 

Vessel scale 

Depletion Layer (Multi particles Model) 

Individual 
particle 

dynamics 



 

 12

design of nanoparticle near to the target region, where the effect of nanoparticle shape on 

binding probability becomes more apparent. The significance of the depletion layer will be 

discussed in section 2.4. 

2.2 Fundamental theories of targeted drug delivery 

 Theoretical modeling of nanoparticle adhesion dynamics has been focused mostly on 

spherical particles [59-61]. It is only recently that non-spherical nanoparticle attracts some 

attention. For example, Decuzzi and Ferrari [59, 62, 63] have studied the margination of 

nanoparticle vector in blood stream, where the dispersion of nanoparticles in a newtonian fluid 

is investigated. The same group of authors has also studied the adhesion probability of different 

shaped nanoparticles and has showed that oblate-shaped nanoparticles can considerably 

increase adhesion probability to the cellular receptors than spherical particles of the same 

volume. However, their model considers an equilibrium configuration and in reality, adhesion 

process is a dynamic process, thus an equilibrium model is unable to capture dynamic adhesion 

process. Also, in their work, the margination and adhesion process are studied separately. A 

coupled model that links margination with adhesion dynamics and applicable to nanoparticle of 

various shapes is yet to be developed. Moreover, the deposition and spatial distribution of 

nanoparticles in different blood vessel geometries are not studied at all, a major hurdle to 

compare simulation results directly with in vitro or vivo measurements. 

To address these imitations, an integrated model that couples the dynamic diffusion 

and tumbling motion together with nanoparticle adhesion dynamics is developed. Regardless of 

the potential mechanism that may affect drug delivery, a very recent computer simulation in two 

spatial dimensions have demonstrated that nanoscale drug delivery systems could in principle 

be affected by similar limitations as traditional chemotherapy. Nanoparticles first have to be 

transported in the blood stream to the vicinity of the tumor and extravagate from the blood 

vessels into the interstitial space; then the drug needs to be released and diffuse through or 

around the tumor cells [34].  
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There are two binding mechanisms for nanoparticles to adhere at any vascular site: 

specific and non-specific binding. Targeted drug delivery is achieved via specific adhesion, 

where, nanoparticles are functionalized with polymers that bind specifically to a particular type 

of receptors on the cell surface; these receptors are exclusively expressed during certain 

disease state. The commonly used ligands include small organic molecules (e.g. folic acid), 

peptides (cyclic RGD), antibody, or DNA/RNA aptamers. Besides specific adhesion, other 

factors such as electrostatic, hydrodynamic, steric interactions or van der Waals (vdW) forces 

lead to non-specific interactions between nanoparticle and cell membrane. Although non-

specific binding force is usually orders of magnitude smaller compared to specific adhesive 

force, significant amount of nanoparticles are deposited non-specifically along the long vascular 

pathway before it reaches the target region, leading to toxic effects on healthy tissue, 

inadequate targeting, and impaired transport to the tumor site. Thus, it is very critical to design 

and functionalize nanoparticle in a systematic manner to avoid damage to healthy cells due to 

non-specific adhesion. 

Particulate Brownian adhesion dynamics model is used to capture the nanoparticle 

adhesion process over the vascular surface. The ligand-receptor adhesion kinetics is integrated 

into the Brownian dynamics model to describe the transportation, diffusion, and adhesion of 

arbitrarily shaped particles. This model is then integrated in immersed finite element method 

(IFEM) to obtain quantitive results of nanoparticle binding probability under vascular flow 

condition. Although IFEM is an essential part of this modeling work, theoretical aspects of IFEM, 

which is already developed, isn’t covered in this work but reader can find details in references 

[64, 65]. 

IFEM can be used for fully coupled fluid-structure interaction problems, i.e., solving 

particle motion in a fluid while capturing the influence of nanoparticle on fluid flow. However, 

due to Brownian motion, it is computationally very expensive to calculate the change of fluid 

flow due to nanoparticle motion at each time step. Since effect of nanoparticle motion is limited 
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locally, we neglect the influence of nanoparticle motion on fluid flow and focus on the 

nanoparticle motion and adhesion under fluid flow. Moreover, although IFEM can handle 

deformable particles immersed in a fluid; the nanoparticles are treated as rigid bodies in this 

work since focus is on nanoparticle shape effect on adhesion process. The nanoparticle 

compliance will be the topic of future studies. 

2.2.1. Adhesion Kinetics of nanoparticle 

 The ligand-receptor binding is described as a bond reaction process. When a 

nanoparticle approaches the vascular wall, ligands on the nanoparticle surface form bonds with 

receptors on the vascular wall, as demonstrated in Fig. 2.2.  

 

Figure 2.2 Model of ligand-receptor binding kinetics between ligand-coated nanoparticle surface 
and receptor coated vascular wall surface. 

 

An adhesion kinetic equation is used to calculate the bond density Nb [38] and the rate 

of bond formation is given by: 

( )( )b
f l b r b r b

N
k N N N N k N

t

∂
= − − −

∂
   (2.1) 

Where, Nl and Nr are the ligand and receptor densities, respectively; kr and kf are the 

reverse and forward reaction rates, respectively. This reaction model represents a conservation 

equation of the different species (ligands, receptors, and bonds). kr and kf are functions of bond 

lengths: 

Shear Flow 

 Receptor Ligand 
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( )0 2exp ( ) / 2r r ts zk k k L Bσ= − −    (2.2) 

( )0 2exp / 2f f ts zk k k L B= −     (2.3) 

Where, σ is the bond elastic constant; kts is the bond elastic constant at transient state; 

Bz is thermal energy; kr
0 and kf

0 are the reverse and forward reaction rates at zero load of 

ligand-receptor pair, respectively; L is the difference of bond length y and equilibrium length λ. 

The physical parameters are mentioned in the Table 2.1.  

Table 2.1 List of physical parameters 
 

Definition Symbol Value Reference 

Ligand Density Nl 2.0 x 1010  (sites/cm2) 
Lawrence and Springer 

(1991)[66] 

Receptor Density Nr 2.0 -5.0 x 1010  (sites/cm2) Bell et al. (1984)[67] 

Reverse reaction rate kr 0.5 (1/s) Bell (1978)[68] 

Forward reaction rate kf 1.0 x 10-9  (cm2/s) Bell (1978) [68] 

Equilibrium bond 
length 

λ 20 nm Bell (1978)[68] 

Static bond spring 
constant 

σ 0.5 (dyne/cm) Dembo et al. (1988)[38] 

Transient bond elastic 
constant 

kts 0.48 (dyne/cm) Dembo et al. (1988)[38] 

Thermal Energy Bz 4.0 x 10-14 (erg) Dembo et al. (1988)[38] 

Fluid viscosity µ 0.01 (g/cm-s) - 

 
The receptor-ligand bonds are modeled as springs with spring constant σ and 

equilibrium length λ, thus the bond forces are described as a function of bond length y. Then, 

the ligand-receptor bond forces can be accumulated on finite element surface through 

integration over the nanoparticle surface. Equations of bond forces and integrated adhesion 

forces are given as [69]: 
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)( λσ −= yf L       (2.4) 

∫ Γ=⋅ dXfNn c
Lb

S )(σ     (2.5) 

Such, adhesion force is coupled with the fluid-structure interaction force in the IFEM 

formulation. Similar, adhesion model has been used by Chang et al. [70] and Dong et al. [39] in 

the study of white blood cell rolling.  

2.2.2. Brownian Dynamics 

 Fundamental theories of Brownian dynamics indicates the impacts of random collisions 

from surrounding liquid molecules on motion of a immersed small particle [71-73]. The influence 

of Brownian motion on behavior of platelets and blood cells in blood flow has been studied 

extensively [74-76]. Patankar et al. [77] have proposed an algorithm for direct numerical 

simulation of Brownian motion by adding random disturbance in fluids. At microscale, the drag 

force acting on particles such as blood cells is significantly large (> 50 pN for particle size > 1 

µm) compare to Brownian force, thus Brownian motion is negligible [74]. While, at nanoscale 

Brownian force becomes a dominant force to drive nanoparticle under vascular flow or near to 

the vascular wall surface, where, the drag force acting on a nanoparticle is relatively small. Due 

to Brownian motion, a nanoparticle may diffuse towards the wall surface, as it reaches close 

enough to the receptor coated vascular wall surface, the bond formation is initiated. The random 

forces R(t) and torque T(t) acting on a nanoparticle is responsible for Brownian motion and 

rotation and satisfy the second fluctuation-dissipation theorem [78]: 

( ) 0i t =R , ( ) 0i t =T      (2.6) 

( ) ( ') 2 ( ')i j B t ijt t k T t tβ δ δ= −R R δ    (2.7) 

( ) ( ') 2 ( ')i j B r ijt t k T t tβ δ δ= −T T δ    (2.8) 

Where, δ is the unit-second order tensor, δij is the Kronecker delta, δ (t – t’) is the Dirac 

delta function, kBT is thermal energy of system, βt and βr are the translational and rotational 

friction coefficient of nanoparticle, respectively.  
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Friction coefficients depend on several physical parameters, such as fluid viscosity, size 

and shape of the nanoparticle. The friction coefficient for spherical-shaped particles can be 

easily derived from Stokes’ law.  However, there is no empirical formula available for friction 

coefficient of arbitrarily-shaped particles. In literature [79-81], there are empirical formulas for 

friction coefficients of oblate or rod-shaped particle, but those are limited to only few shapes. 

So, the aim of this work is to develop a versatile model that can handle any arbitrary shape 

particle as well. To model dynamic translation and rotation of arbitrarily-shaped particles, a 

methodology similar to Tran-Cong et. al [81] is adopted. An arbitrarily-shaped particle is 

discretized into finite elements. Each element is considered effectively as a small sphere whose 

volume is equivalent that of the element. At the end, friction coefficient of the whole particle is a 

summation of the friction coefficient of discretized elements: 

,
1 1

3
n n

t i i i i
i i

t

v d v

V V

β π µ
β = =

⋅ ⋅
= =
∑ ∑

   (2.9) 

3
,

1 1

n n

r i i i i
i i

r

dβ ω π µ ω
β

ω ω
= =

⋅ ⋅
= =
∑ ∑

   (2.10) 

Where, µ is fluid viscosity, di is an effective diameter of ith element, βi is friction 

coefficient of small sphere, vi and V are the local and average velocity difference of nanoparticle 

and fluid field, ωi and ω are the local and average angular velocity difference of nanoparticle 

and fluid field, respectively. In real implementation, since the friction coefficient changes with the 

relative orientation of the particle with flow direction, an orientation factor is multiplied with 

friction coefficients to project the particle normal to the flow direction. 

The velocity of a particle moving under a deterministic force in a fluid with velocity Vf, is 

given by: 

t

deter

particle

1
t

m
fs e

β

β

⋅−

⋅= + −
   
    

  

F
V V    (2.11) 
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Where, Fdeter is the total deterministic forces acting on the nanoparticle (Brownian force, 

adhesion force, etc.), Vs and Vf  are solid and fluid velocity, respectively. For a time step much 

greater than characteristic time constant (m/βt), the nanoparticle moves with a terminal velocity 

and Eq. (2.11) reduces to: 

deter
s f

tβ
= +

F
V V      (2.12) 

By implementing this approach, we assume that deterministic force acting on the 

particle is balanced by the drag force from the fluid. This is a reasonable assumption since the 

mass of a nanoparticle is so small and that inertia effect can be neglected. This terminal velocity 

is use to update the nanoparticle position in translation direction. Similarly, the angular velocity 

of nanoparticle can be obtained through: 

deter
s f

rβ
= +

T
ω ω      (2.13)   

Where, ωf is the angular velocity due to fluid flow. Using this translational and angular 

velocity, particle nodal positions are updated based on its distance from the center of the 

particle as: 

i s i= + ×v V ω r      (2.14) 

Incompressible viscous fluid flow is solved by the Navier–Stokes equations:  

2f
f f ft

pρ µ
∂ 

+ ∂ 
⋅∇ = −∇ + ∇

v
v v v      (2.15)  

0f∇ ⋅ =v                   (2.16) 

To eliminate any numerical oscillations, the velocity test function is employed along with 

the stabilization parameters. Using integration by parts and the divergence theorem, the Patrov-

Galarkin weak form is obtained. Then, the non-linear system is solved using the Newton-

Raphson method. Moreover, the Generalized Minimum Residual (GMRES) iterative algorithm is 
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employed to improve computation efficiency and to compute residuals based on matrix-free 

techniques [82]. The details of the derivation and implementation can be referred to [64, 65]. 

2.3 Nanoparticle Adhesion Probability Model 

2.3.1. Theoretical adhesion probability model 

A numerical model is built based on the previous work by Decuzzi and Ferrari [60, 62] 

to describe the cell targeting processes of nanorods and nanodisks under flow conditions. The 

adhesion probability Pa is characterized by the probabilistic kinetic formulation of McQuarrie 

[83]: 

expo
a r l a c

B

f
P m m K A

k T

λ 
− 

 
;     (2.17) 

Where, mr is receptor density on the substrate surface, ml is ligand density on particle 

surface, Ac is contact area of particle, f is force acting per unit ligand-receptor pair, kBT is 

thermal energy of system, λ is a characteristic length of ligand-receptor bond, and  o
aK  is the 

affinity constant of ligand-receptor pair at zero load. Further, f can be expressed by following 

equation: 

2
( )

dis

c c c o

F F Tf A A A r= = +    (2.18) 

Where, Fdis is the dislodging force due to hydrodynamic forces, comprised of two 

components, drag force along the flow direction 6 sF al SFπ µ= and torque 34 sT a STπ µ= . 

The contact area of the particle Ac is a surface area of the spheroid below a separation distance 

ho from the wall surface. It can be approximated as following: 

2

2 2 1 1 o eq
c o

h
A r a

a

δ
π π γ

 − 
 ≅ = − − 
   

  (2.19) 

Where, a is a major radius of the particle, δeq is an equilibrium separation distance 

between the particle and wall surface, and γ is an aspect ratio of the particle. The details of the 

formulation and the constants used in the model can be found in a reference [84]. It is evident 
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from the equation (2.17) that the probability of adhesion is proportional to the term . . o
l l am m K . 

However, the focus is on studying the effect of particle volume and the aspect ratio on the 

adhesion probability. Thus, the equation(2.17) is normalized by dividing both the sides with the 

term . . o
l l am m K  to eliminate its effect. 

Normalized adhesion probability of oblate-, rod- and disc-shaped nanoparticles for a 

wall shear stress of 1 Pascal is plotted as a function of particle volume in Fig. 2.3. The aspect 

ratio of disc (diameter over height) and rod (length over diameter) are chosen to be 5.   

 

Figure 2.3 Adhesion probabilities of nanoparticles of various shapes as a function of particle 
volume, γ is the aspect ratio. [85, 86] 

 

As shown in Fig. 2.3, when the particle volume increases, the adhesion probability 

increases first and then decreases for the spherical particle. With increase in particle volume, 

larger surface area is available for the bond formation, but after certain critical volume due to 

the large volume, Fdis becomes dominant factor and it further reduces the probability of 
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adhesion. While for oblate-, disc- and rod-shaped particles, this critical volume is comparatively 

large (out of the plot range). Due the shape effect, the critical volume of the non-spherical 

particles shifts to the right side of the plot. For the volume range considered, the oblate, rod and 

disc particles show remarkably higher adhesion probabilities than the spherical particles of the 

same volume. To further reveal the biological relevance of the data, particle volumes with 200 

nm in at least one dimension representing the spleen filtration threshold is indicated as lines in 

Fig. 2.3. Particles bigger than the spleen filtering boundary volumes (blue zone in Fig. 2.3) 

cannot pass through the spleen. This suggests that particle volumes should be below the 

spleen filtering boundary volumes for the targeted drug delivery application. Furthermore, the 

disc-shaped nanoparticles represent the highest adhesion probability and the largest volume to 

be pass through the spleen, resulting in a 300 times higher efficacy for cell targeting and 40 

times higher drug-loading capability than the spherical counterpart. The adhesion probability of 

the rod particle, with the aspect ratio of 5, is about 20 times higher than the spherical particle. 

Similarly, the oblate shaped nanoparticles exhibit almost 10 times higher adhesion probability 

compare to the spherical particles over the entire range of volume considered. The predicted 

adhesion probability agrees with the limited available experimental data in literature [85, 86] as 

marked on Fig. 2.3. These preliminary results strongly support the key hypothesis of this work 

and motivate to investigate the effect of particle shapes/size on targeted drug delivery. 

2.3.2. Effect of shear rate on dissociation probability of nanoparticles 

Once, the adhesion probability is derived from the equation of probabilistic 

formulation(2.17), the dissociations probability (Pd) can be easily calculated as 1-Pa. The 

dissociation probability is normalized by a factor, dissociation probability at zero shear rates. 

This defines the dissociation probability range from 0 to 1. The normalized dissociation 

probability (Pd) of nanorod and nanosphere under different shear rates is plotted in Fig. 2.4. 
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Figure 2.4 Particle dissociation probabilities as a function of shear rate for nanorod and 
nanosphere. The dissociation probability is normalized with zero shear rate. 

 

Nanosphere of radius of 100 nm is considered, while nanorod of the same radius but with 

aspect ratio of 5 is considered. Increase in magnitude of shear rate cause ascend in 

shear/dislodging force which increases the dissociation probability. Further, for a given shear 

rate the dissociation probability of a nanorod is significantly less as compared to a nanosphere, 

since the former has larger surface area available for binding. While an analytical expression 

can be derived for the dissociation probability of nanosphere or nanorod, the binding probability 

is much more complex and needs to be obtained numerically due to the dynamic binding 

process, where the configuration of nanoparticle changes constantly under deterministic forces 

and that will be discussed in next sections of this chapter. 

2.4 Simulation results on nanoparticle dynamics  

There are numerous physical factors that impact nanoparticle interaction with the 

vascular wall surface under vascular flow condition, such as nanoparticle-wall distance, 
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nanoparticle shape, ligand density, shear rate etc. The influences of nanoparticle shape, ligand 

density, and shear rates on adhesion kinetics is studied through simulation results. 

The theoretical [87] and experimental [88] efforts have revealed that while blood flows 

through small vessels, there is cell-free plasma layer near to wall and a core region of 

suspension of all the erythrocytes (blood cells). This two-phase model is treated as two fluid 

layers with different viscosities, mainly due to variation in percentage of hematocrit [89, 90]. Nair 

et al.[91] used a two-phase model for the blood in modeling transport of oxygen in the arterioles. 

In their model, they considered a cell-rich core surrounded by a cell-free plasma layer. Pralhad 

et. al.[92] used a two-fluid model of polar fluid to analyze the flow of blood through stenotic 

arteries. To initiate bond formation, nanoparticles must stay very close to the wall, inside the so 

call depletion layer/cell-free zone, a near-wall region [35], as shown in Fig. 2.1. The thickness of 

the depletion layer is found to be varying from 2-5 µm, independent of vessel size for vessels 

with diameter above 20 µm [93-95]. This suggests that binding probabilities of nanoparticles 

should be studied for a range of layer thicknesses.  

Dispersion of nanoparticles near to the depletion layer surface can be evaluated using a 

continuum model. The advantage of a continuum model is that it can effectively handle a large 

vascular network without much computational burden. However, it is unable to explore the 

adhesion process of individual nanoparticles, and it lacks in providing quantitative analysis of 

the drug delivery process. To demonstrate the capability of developed tool, multiple particles 

model have been developed (section 2.5), which can handle about ~1000 particles in a system. 

The following sections 2.4.1 and 2.4.2 demonstrate influence of shape and ligand density on 

nanoparticle adhesion kinetics. The details of mesh and dimensions of nanoparticle and 

channel used can be found in appendix A. 

2.4.1. Influence of shape on nanoparticle adhesion kinetics 

To test the influence of nanoparticle shape on adhesion kinetics, two nanoparticles of 

different shapes, spherical and non–spherical, but of the same volumes are considered. In the 
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simulation, a spherical particle and rod-shaped particle are initially positioned with their center 

600 nm above a receptor-coated surface, as shown in Fig. 2.5. 

 

Figure 2.5 The shape dependent adhesion kinetics. The left column shows a spherical particle 
flow away without contact with surface; the right column shows a nanorod tumbles and gets 

deposited. (a), (b), (c), (d) are at time t=0 s, 0.25 s, 0.5s, and 0.75 s, respectively. The line on 
the spherical particle indicates its rotation (for dimensions refer to A.1). 

 

The shear velocity is applied at the top of channel to generate a shear rate of 8.0s-1. 

Nanoparticles are allowed to move freely through the channel under influence of shear flow and 

Brownian force. However, it fails to make any contact or interaction with the vessel wall. 

Although, Brownian motion is incorporated in the model, but for a given velocity and a channel 

length, the diffusion length isn’t large enough to make the spherical particle to reach close 

enough to the wall surface, required to initialize bonding. Due to the non-spherical shape, rod 

particle exhibits the tumbling motion while flowing through the channel. Thus, during such 

tumbling motion, the rod-shaped particle contacts with the receptor coated wall with bonds 

formed at the long axis end first. Then under steadily growing adhesion force, nanoparticle 
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firmly adheres to the vessel wall at its equilibrium state. Though, the simulation result is just for 

one trial and doesn’t provide any quantitative data, but it is able to capture performance 

difference of two different shaped nanoparticles. 

2.4.2. Effect of ligand density on nanoparticle adhesion kinetics 

Besides the shape, ligand density also largely influences nanoparticle adhesion 

kinetics. To investigate the effect of ligand density on nanoparticle adhesion kinetics, the 

deposition process of two nanorods is compared under same physical flow condition. Again, a 

shear rate of 8.0s-1 is generated within the channel, as shown in Fig. 2.6. 

 

Figure 2.6 Influence of ligand density on adhesion kinetics. The left column and right column 
has a nanorod with low and high ligand coating respectively; A, B, C, D are at t=0 s, 0.25 s, 

0.5s, and 0.75 s. 
 

Nanorods are coated with a ligand density of 410µm-2 and 3400µm-2, respectively. The 

corresponding number of ligands on each particle is 15 and 120, respectively. The significance 
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of ligand density is that larger the density stronger/faster the bond formation is. As shown in Fig. 

2.6, the nanorod with low ligand density contacts with the wall surface at its end during tumbling 

motion, still it gets unbounded due to weak adhesion force. Thus, the limited numbers of ligands 

on the surface are unable to hold the nanoparticle at the contact site. In comparison, the 

nanorod with high ligand density firmly adheres upon initial contact as a result of multivalent 

bond formation. Therefore, the large number of bond sites ensures firm adhesion of nanorod at 

the contact site. 

2.4.3. Statistical variance of nanoparticle trajectory 

Nanorods are expected to have a higher probability to contact with the wall surface than 

their spherical counter parts because of tumbling motion. To test this hypothesis, trajectories of 

spherical and non-spherical nanoparticles under the same flow condition are compared. A hear 

rate of 8.0s-1 is employed for the both cases. The simulations are carried over the channel with 

the length equal to 15 µm and the height equal to 5 µm. 

To illustrate the fluctuations of nanoparticle-wall distance, minimum distance between 

the nanoparticle surface and the wall surface is recorded over the time, as shown in Fig. 2.7 (a). 

Such nanoparticle trajectory indicates the path of nanoparticle during its motion through the 

channel. 

In a series of simulation runs, a nanosphere and a nanorod are placed initially 650 nm 

above the wall surface. The trajectories of nanorod and nanosphere of 20 independent 

simulations are plotted in Fig.2.7 (b). 



 

 27

 

Figure 2.7 Comparing trajectories of nanorod and nanosphere to study shape effect on particle 
adhesion dynamics. (a) Illustration of measurement of minimum distance between nanoparticle 

and wall surface at different times. (b) Trajectories of 20 trials of nanorod and nanosphere, 
where red spot indicates adhesion of nanorod and blue spot indicates adhesion of nanosphere 

at that location (c) Mean trajectory of 20 trials of nanorod and nanosphere with standard 
deviation shown as vertical bar. 
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The simulation result elucidates that a nanorod has larger fluctuations in trajectories 

due to tumbling motion, thus it has more contact/adhesion events compared to that of 

nanosphere, as shown in Fig. 2.7 (c). Moreover, in a fixed number of trials, ten nanorods are 

deposited while only three nanospheres are deposited. Probability of spherical particle to 

contact with wall surface solely depends on brownian diffusion; while in case of nanorod, 

probability of contact is enhanced by tumbling motion. Thus, this result supports hypothesis of 

this work that nanorod has higher contact probability than the nanosphere for given physical 

condition. 

2.4.4. Effect of depletion layer thickness on binding probability 

The focus of this simulation study is to characterize the binding probability of 

nanoparticles under vascular conditions for a given depletion layer thickness. The theoretical 

model has shown that adhesion probability is influenced by several parameters such as ligand 

density, nanoparticle shape and size, vascular flow condition, etc. The effect of ligand density 

on nanoparticle adhesion dynamics is already been shown qualitatively. However, actual 

targeting process is a dynamic process, involving transportation and diffusion process. This 

suggests the need of another parameter namely, binding probability, which effectively 

represents the binding probability of nanoparticle from a certain distance of the wall surface. It is 

the binding probability that actually dictates how many nanoparticles will actually bind to the 

surface among the number of nanoparticles present within the cell free zone. This study is 

dedicated on studying the effect of two parameters, the channel height and the shear rate, on 

nanoparticle binding probability. To ensure consistency and to study sole effect of mentioned 

parameters among all the cases, the rest of the parameters are kept constant. For example, the 

value of ligand density is sufficiently high to guarantee firm adhesion of nanoparticles (typically, 

adhesion force varies from 1 pN – 100 pN, while detachment forces are limited 0.01 pN). 

Moreover, in a recent study, it has been shown that once nanoparticle tether to the receptor 

coated surface, it is very unlikely that nanoparticle gets detached under hydrodynamics force 
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[40]. As a consequence this section is focusing on determining binding probability of 

nanoparticles rather than adhesion probability. The mesh information, nanoparticle and channel 

dimensions are mentioned in appendix (A.2). The simulation parameters are listed in table. 1, 

unless otherwise noted.  

 

Figure 2.8 Studying effect of depletion layer thickness on binding probability of nanorods and 
nanosphere. (a) For shear rate of 2s-1, binding probability of nanorod and nanosphere is shown. 

(b) For shear rate of 10s-1, binding probability of nanorod and nanosphere is shown. 
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The simulation begins with randomly assigned initial positions of nanoparticle at the 

channel inlet. The nanoparticle transportation is described by Brownian adhesion dynamics 

model. To ensure statistical accuracy, binding probability is evaluated based on the results of ~ 

200 independent trials. The number of bonded nanoparticles is counted and normalized by the 

total number of nanoparticles to obtain the binding probability for a given depletion layer 

thickness under defined flow condition. 

Binding probability of nanoparticles as a function of depletion layer thickness is plotted 

in Fig. 2.8 for two different shear rates (2s-1 and 10s-1). Fig. 2.8 (a) shows the simulation result 

of nanoparticle binding probability under a shear rate of 10s-1. The nanorod shows considerably 

higher binding probability than the nanosphere at both shear rates. As the depletion layer 

thickness increases, binding probability of nanoparticle decreases. Furthermore, due to limited 

diffusion length the binding probability of a nanosphere decreases almost linearly with depletion 

layer thickness, except for very low depletion layer thickness of 1.5 µm. At this thickness, the 

size of nanoparticle becomes comparable to the thickness size, thus transportation of 

nanosphere becomes diffusion dominant and resulting in high deposition probability. While the 

binding probability of nanorod decreases almost quadratically, mainly due to the tumbling 

motion. Furthermore, this result indicates that for a smaller depletion layer thickness, nanorod 

has significantly higher binding probability than nanosphere. As shear rate decreases, binding 

probability for both particles increases, since the diffusion motion becomes a dominating factor 

that enhances the binding events. Moreover, the less difference between binding probability of 

nanorod and nanosphere is observed at a shear rate of 2s-1, as shown in Fig. 2.8 (b). At lower 

shear rates Brownian motion becomes a governing factor, and thus contribution of tumbling 

motion becomes marginal compare to the diffusion motion. 

2.4.5. Influence of shear rate on binding probability for a given depletion layer thickness 

The binding probability of nanoparticles under different shear rate is studied for a given 

depletion layer thickness (5 µm). Binding probability as a function of shear rate for nanoparticles 
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with three different aspect ratios (1, 5 and 10) is plotted in Fig. 2.9. The simulation result 

elucidates that increase in shear rates reduces binding probability of nanoparticles, but the 

degree of reduction of binding probability varies with different nanoparticles. Results imply that 

binding probability rapidly drops for nanosphere with increase in shear rate. While that of 

nanorods drops only marginally with increase in shear rate. This result clearly demonstrates 

advantage of nanorod over nanosphere in terms of binding probability over a range of shear 

rates. 

 

Figure 2.9 Studying effect of aspect ratio of nanoparticle on binding probability. Binding 
probability of nanorod and nanosphere under different shear rates for a depletion layer 

thickness of 5 µm is shown. 
 

Fig. 2.9 also shows that nanorod with higher aspect ratio has higher binding probability 

than that with lower aspect ratio. Binding probability of nanorod with higher aspect ratio is 

boosted by much larger tumbling motion. To summarize, nanoparticle with high aspect ratio has 

higher binding probability and its binding probability decays slower with shear rate compared to 

that with low aspect ratio. 
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2.5 Nanoparticle deposition and distribution in an injured blood vessel 

Another application of developed model is to determine nanoparticle deposition and 

distribution in real vascular geometry to validate in vivo efficiency of targeted drug delivery. To 

demonstrate capability of developed model in this work, a case similar to real targeted drug 

delivery at injured blood vessel site is developed and executed. When a portion of the blood 

vessel is injured, a significant P-selectin is expressed on damaged endothelial cells [96-99], 

which can be targeted by nanoparticles coated with GPIb ligand. Using that principle, targeted 

drug delivery is modeled with ~ 1000 particles in a blood vessel with an injured site as shown in 

Fig. 2.10 (a).  
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Figure 2.10 Multi-particle deposition and spatial distribution model. (a) Particle deposition 
distribution at an injured site; (b) 3D time history plot of particle distribution in blood vessel; (c) 

particle deposition as a function of time, average deposition rate is around 50.7 s-1.  
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vessel length, y-axis shows the time of particle deposition at that location, and z-axis shows 

number of particle deposited at a given time and location. The number of particles deposited in 

the blood vessel is counted for a bin size of 2500 nm. The simulation result clearly shows a 

higher concentration of deposited nanoparticles at the injured region, with an average 

deposition rate of 50.7s-1, as shown in Fig. 2.10 (c). Both the distribution and deposition rate are 

a useful quantitative data that can be compared with designed experiments. 

In this chapter, a numerical model named, nanoparticle brownian adhesion dynamics is 

developed. This model effectively describes the targeted drug delivery process. Using this 

developed numerical model the influence of nanoparticle shape, ligand density, and flow 

conditions on nanoparticle adhesion probability is explored. The results suggest that under 

similar flow conditions, the nanorods exhibit higher binding probability than that the 

nanospheres. Further elaboration of the results is discussed in Appendix. C. 
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CHAPTER 3 
 

INTRODUCTION TO BIOSENSORS DETECTION METHOD 

 Biosensors are sensing devices to capture and detect biomolecules. Applications of 

biosensor include early detection of disease, glucose monitoring in diabetes patients, 

environmental application, etc. [100, 101]. In principle, Biosensors integrate electronic circuitry 

with natural molecules, such as antibodies, nucleic acid or DNA, as a sensing element which 

enable the devices to capture target molecules. Real-time biosensors can take multiple 

temporal measurements, thus allowing observation of the binding kinetics as well as a precise 

characterization of biomolecule concentration. In efforts to design more sensitive devices, 

researchers have created sensors with various geometries: planner, wire, sphere, etc, as shown 

in Fig. 3.1. Functional nanowire arrays constitute one of the most fascinating biosensor enabled 

by nanotechnology. The high surface to volume ratio associated with nanowires enhances the 

detection of the binding events between probe-antibodies and target molecules. In recent years, 

efforts have been made to develop a computation model of biosensor detection using 

continuum reaction-diffusion method [56, 102] to get insights of the Biosensing process. 

However, there are significant limitations associated with continuum model that will be 

discussed in following sections. The aim of this work is to explore theoretical mechanism of 

biosensor detection and to link it with experimental work for optimizing design of biosensors. 
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Figure 3.1 Different types of biosensors: (a) planar sensor (b) nanowire sensor (c) nanosphere 
sensor. 

 
3.1 Continuum diffusion-reaction model 

 Most of the current detection methods for low concentration solutions are diffusion-

limited. The time for detection is determined by the time required by the target molecules to 

reach and react with the probe molecules immobilized on the sensor surface, which is on the 

order of Dt , with D the diffusion constant and t the settling or response time. Thus, the 

biochemical/affinity sensors are limited to a diffusion-limited process, which require a long-

incubation time as the target molecules must travel to the arrayed probe on the sensor surface. 

Continuum convection-reaction-diffusion equation has been widely used to describe the 

biomolecule diffusion and binding process. The conservation equation for target analyte with 

concentration c and diffusivity D in a fluid flow with velocity u can be described as: 

2c
D c u c

t

∂
= ∇ − ⋅∇

∂
     (2.20) 

The binding process at the receptor coated surface can be described as: 

0( )on s off

b
k c b b k b

t

∂
= − −

∂
     (2.21) 

(b) 

(a) 

(c) 
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Where, kon is the binding constant, koff is the disassociation constant, b is the surface 

concentration of bonded analyte, cs is the analyte concentration at the surface boundary, and  

b0 is the density of probe molecules on the sensor. At relatively high analyte concentration (> 

nM) continuum theory agrees closely with experimental work, but accuracy of the continuum 

analysis vanishes at ultra low concentration. Using continuum models, a group of researchers 

[55, 56] claim that it may require a few days to detect a solution with concentration as low as 10 

fM using nanowire sensor array. However, experiments have shown that even such low 

concentration can be detected within few minutes [45, 103]. This controversy between 

predictive results from continuum theory and actual experimental observation might be due to 

the possible breakdown of continuum theory at ultra low concentration. At ultralow concentration 

such as 1 fM, there could be only 1 target analyte present in a sample volume of about 106 µm-3 

[58] (For the formulation refer to Appendix. B), which makes the continuum concentration 

treatment invalid. Though it might be argued that continuum theory gives the “average” solution 

of a large number of detection processes, yet, important features such as statistical variance 

and other possible contributing physical factors are not considered by the continuum. To explain 

the ultralow concentration detection dilemma from both statistical and physical point of views, a 

particulate Brownian binding model is used in this work.  

3.2 Particulate brownian binding model for Biosensing 

A particulate brownian binding model is used to describe the diffusion and binding 

process of target biomolecules on the biosensor surface. Brownian diffusion of small 

particles/target molecules is an inevitable phenomenon at the nanoscale, which causes target 

molecules to move freely within the solution. Once approaching the sensor surface, they bind 

with probe molecules on the sensor surface. Depending upon sensor’s detection sensitivity, a 

detectable electrical signal is triggered upon a certain number of target molecules are bonded 

onto the sensor surface. Such detection signal are usually changes in resistance, impedance, or 

current [101, 104]. A large stochastic error is associated with biomolecules detection at ultralow 
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concentration. This is because the detection signal is triggered by just a few random binding 

events [55, 57]. To capture such rare events, it is more reasonable to track motion and binding 

of individual target molecules by using a particulate method instead of using a continuum 

concentration description. Moreover, it is easier to explore through a particulate method the 

possible contribution of other physical mechanisms such as electrical forces or fluid flow. 

3.2.1. Molecule binding kinetics 

A kinetic reaction model is used to describe the binding process. The binding process 

between target molecule and receptor on the surface is governed by monovalent kinetic forward 

(kon) and reverse (koff) reaction rates. 

( )0 2exp / 2on f ts zk k k L B= −    (2.22) 

( )0 2exp ( ) / 2off r ts zk k k L Bσ= − −   (2.23) 

Where, σ is the bond elastic constant; kts is the bond elastic constant at transient state; 

Bz is thermal energy; kr
0 and kf

0 are the reverse and forward reaction rates at zero load of target 

molecule-receptor pair, respectively; L is the difference of bond length y and equilibrium length 

λ. These constants values are mentioned in Table.1 of chapter 2. In this model, bonds form and 

break according to empirical statistical laws [105]:  

1 exp( . )f onP k t= − ∆     (2.24) 

1 exp( . )r offP k t= − ∆     (2.25) 

Where, Pf is the forward (bond formation) probability and Pr is the bond breaking 

probability. For each time step, bond formation and breakage are simulated using a Monte 

Carlo process, in which bond formation and breakage occur if random numbers are chosen that 

are less than the probabilities Pf and Pr for binding and unbinding, respectively, in the time 

interval [106]. 

 

 



 

 39

3.2.2. Brownian dynamics under fluid flow 

A particle suspended in a fluid experiences a hydrodynamic force due to the average 

motion of the fluid around it. The average motion of the fluid is represented by the continuum 

Navier– Stokes equations. Small particles in fluids, in addition to the average force, experience 

a random force due to the thermal fluctuations in the fluid. In Brownian dynamic (BD) 

simulations, the thermal force from the fluid is described by the second fluctuation dissipation 

theorem [107] and integrated along with molecule binding kinetics in the IFEM platform [64, 65]. 

With its stochastic nature, Brownian dynamics model can mimic the real detection process, 

which is dominated by random initial position of the molecules as well as the random 

diffusion/binding process. The random force expression and the particle motion dynamics are 

treated same as described in chapter. 2. 

3.3 Simulation results of Biosensor numerical model 

The following simulation studies are performed on planar and/or nanowire sensor. The 

set up comprised of three components: (1) fluid domain (2) sensor surface, and (3) randomly 

distributed target molecules (effectively represented as a sphere of 50 nm diameter), as shown 

in Fig. 3.2. The number of particles will be determined by the target concentration under 

consideration. The formula to covert the target concentration in to a number of particles is 

mentioned in Appendix. C. The dimension and mesh information of the fluid domain can be 

found in Appendix (A.3 & A.4).  
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Figure 3.2 Model set up for biosensors (a) Shows domain and planar sensor (10 µm x 1 µm) (b) 
Shows domain and nanowire sensor at bottom (10 µm x 50 nm) 

 

3.3.1. Effect of target molecules interaction on deposition rate 

Effect of particle interactions on deposition rate is studied first to check if interactions 

between freely moving and bonded particles influence particle distribution and deposition. For 

simplicity, the inter-particle interaction is modeled as a repulsive Lennard-Jones (LJ) potential. 

Simulation result with and without inter-particle interactions is plotted in Fig. 3.3. The effect of 

inter-particle interaction on particle deposition over time is shown to be negligible. Thus, inter-

particle interaction is not included in this study for the rest of this chapter. 

Nanowire 

Planar sensor 

(a) 

(b) 
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Figure 3.3 Particles deposition as a function of time at 15 nM concentration for two different 
cases; one is with interaction and one without interaction. Interaction between freely moving 

particle and bonded particles is considered. 
 

3.3.2. Statistical variance in detection time at low concentration 

At ultralow concentration, the detection process is composed of a sequence of random 

binding events. In this section, the statistical variance associated with detection at low 

concentration is investigated, which is an important feature of the detection process, yet 

neglected and unable to be captured by the continuum diffusion theory. The binding time 

histories of 10 independent trials at 2.5nM concentration are plotted in Fig. 3.4 (a). Each trial 

starts with ~ 120 molecules randomly distributed in a 20 µm by 2 µm by 2µm rectangular block 

domain.  
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Figure 3.4 The response time required for deposition of a certain number of particles to trigger 
detectable signal at 2.5nM concentration. (a) Time history plot of 10 independent deposition 

trials (b) Response time as a function of number of bonded particles required to trigger 
detectable signal for 10 independent trials. The mean and standard derivation of the response 

time is shown. The standard deviation is normalized by divided with the mean value. 
 

The result clearly shows that the binding process is a stochastic process. Under a given 

concentration, the detection time for a given number of bonded particles fluctuates. In 

correspondence, the mean response time required for accumulate a certain number of bonded 
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particles are plotted in Fig. 3.4 (b). The variation in response time decreases with the number of 

particles required for triggering detection signal. This indicates that the more sensitive the 

sensor is, the larger the response time variance. This is because while the binding of individual 

particles is random, the collective binding result of a large number of particles is determinant. 

3.3.3. Effect of sensor design on detection response time 

In this study, performance of a planar and a nanowire sensor is compared for a given 

target analyte concentration. The set information is mentioned in Fig. 3.2. The response time as 

a function target analytes concentration simulated by brownian binding model is plotted in Fig. 

3.5 (squares and circular marks).  The solution from continuum diffusion-reaction model is also 

plotted in Fig. 3.5 (red and blue lines for planar and nanowire cases, respectively). 

 

Figure 3.5 Comparison of detection time of nanowire and planar sensor. 
 

For the given concentration, the response time of nanowire is lower than that of planar 

sensor that suggests nanowire sensor has higher sensitivity than the planar sensor. Moreover, 

the response time decreases linearly with the molecular concentration, which agrees with the 

10
-10

10
-9

10
-8

10
-7

10
-6

10
-4

10
-2

10
0

10
2

 Target analyte concentration (M) →

 R
es

po
ns

e 
tim

e 
(S

ec
) 
→

 Nanowire vs. planer

 

 
 planer
 nanowire

Nanowire Vs. Planar 
Planar 



 

 44

Alam’s work [58]. Finally, this simulation results demonstrates the developed particle model 

agrees with continuum model at high analytes concentrations. 

3.4 Electroosmosis assisted Biosensing 

Biosensing application is always under an applied electric field. Surfaces of the 

microchannel in contact with an aqueous solution usually have electrostatic charges. The 

surface charge in turn attracts the counter-ions in the liquid to the region close to the surface, 

forming a electric double layer (EDL) [108, 109]. The electrostatic force applied to the charged 

double layer on the surfaces of the electrodes generates electroosmotic flow. In this preliminary 

study, the electroosmotic flow is treated as a slip boundary condition for the fluid. Also, since the 

Debye layer (the layer close to the wall where the velocity is varying) is only a few nanometers, 

only the steady velocity is taken into account:  

0fε ψ µ= −v E      (2.26) 

Where, 0ψ is the zeta potential, µ is the fluid viscosity, and fε is the fluid permittivity. 

When a DC or low frequency AC field is applied on a pair of parallel rectangular-shaped 

electrodes with a 10µm gap, local electroosmotic flow near the edges of electrodes is found to 

induce vortices. It is expected that such electroosmosis flow induced vortex will help transport 

all nearby molecules toward the electrode edge, which may significantly reduce detection time 

at ultralow concentrations where the target molecules are very few in numbers and might be far 

away from the sensor surface.  
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Figure 3.6 The set up of electroosmosis assisted biosensor. Electroosmosis flow is generated 
on surfaces of the two bottom electrodes. 

 

To validate this hypothesis, a quantitative study is made on electroosmosis flow 

assisted biosensors and to compare it with poiseuille flow assisted biosensors. In the following 

study, biosensor placed at the bottom of a rectangular block filled with a solution of ~ 1.5 pM is 

considered, as shown in Fig. 3.6. To ensure statistical accuracy, the sensor response time is 

evaluated based on 10 independent trials. 

Electroosmosis Flow 

Au electrode Au electrode 
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Figure 3.7 Detection of 1.5pM solution under electroosmosis flow and poiseuille flow. (a) Flow 
field and particle motion of electroosmosis flow assisted biosensor; (b) Flow field and particle 

motion under a poiseuille flow of 5 um/s at t=1s, 5s, 10s and t=15s, respectively. 
 

For both electroosmosis flow assisted and poiseuille flow assisted sensors, the same 

initial configuration is considered, as shown in Fig. 3.7. Three molecules are randomly 

positioned on top of the domain. The detection process of both sensors is qualitatively 

(a) (b) 
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compared. The difference of detection method is evident from the instantaneous snapshots 

taken at 4 different time intervals.  

To trigger the detection signal, target molecules bonded to the sensor surface need to 

exceed a certain number depending upon sensor property. The sensor response time as a 

function of triggering bonded target molecules under 1.5pM concentration is plotted in Fig. 3.8.  

 

Figure 3.8 The response time of two different types of biosensors for 1.5 pM concentration; solid 
line plot is for electroosmosis flow assisted biosensor and dashed line plot is for poiseuille flow 

assisted biosensor. 
 

The detection time of electroosmosis flow assisted biosensor is less than half of that 

required by poiseuille flow assisted biosensor. For ultra low concentration, there might be just 

one target molecule in the solution domain. Thus, target molecules have to travel a long 

distance to reach near to the sensor surface. So, in case of poiseuille flow assisted biosensor 

transportation of analyte becomes diffusion limited. While, in case of electroosmosis flow, vortex 

flow actually bring over target molecules from far field to be near to the sensor surface in much 

shorter time. The difference in response time is expected to be even larger at fM concentration. 
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CHAPTER 4 

CONCLUSION AND FUTURE WORK 

4.1 Nanoparticle brownian adhesion dynamics 

Mathematical modeling of targeted drug delivery system provides quantitative 

descriptions of the drug transportation in biological systems. It can be utilized to evaluate 

efficiency of drug delivery, and to estimate dose response and toxicity. To capture underlying 

transportation and deposition mechanism, a novel multi-scale computational modeling tool has 

been developed. The adhesion kinetics of nanoparticle coupled with Brownian Dynamics is 

studied for the first time with a three-dimensional hydrodynamic simulation method. While the 

focus here has been on the rod-shaped nanoparticles, this method is applicable to any 

arbitrarily shaped nanoparticles. 

The numerical model based on the probabilistic kinetic formulation has been developed. 

Adhesion probability of four different shaped particles, rod, disk, oblate, and spherical, has been 

compared. The result elucidates that non-spherical shape particles has remarkably higher 

adhesion probability compare to its counterpart spherical for a given particle volume. The disc 

shaped nanoparticles have shown highest drug loading capability among all other 

nanoparticles. Even the rod shaped nanoparticle demonstrated considerably high adhesion 

probability compare to the spherical particle. Thus, theoretical result indicates the nanoparticle 

shape plays a vital role in targeted drug delivery efficiency. From the theoretical expression of 

adhesion probability, the dissociation probability of nanoparticle is determined. The dissociation 

probability of the nanosphere is found to be larger than that of nanorod for a given shear rate. In 

summary, the theoretical predictions indicate that nanorod exhibit higher adhesion probability 

compare to its spherical counterpart. Thus, nanorod is an appropriate choice for the targeted 

drug delivery application. 
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The influence of nanoparticles shape and ligand density on nanoparticle adhesion 

kinetics has been studied qualitatively. The simulation result demonstrates the ability of non-

spherical nanoparticle to adhere to the vascular wall surface due to tumbling motion whereas 

spherical particle just flows away without interacting to the wall surface. Furthermore, upon 

initial contact the stability of nanoparticle, whether it remains adhere or not, is dictated by the 

ligand density. The result reveals that nanoparticle with low ligand density gets unbounded due 

to weak adhesive force, but nanoparticle with high ligand density firmly adheres to the wall 

surface under the same physical condition. The statistical variance of nanoparticles trajectory 

shows that non-spherical particles have higher fluctuation in their trajectories compare to their 

spherical counter parts. Thus, non-spherical particle will have more number of binding events 

compare to spherical particle during its transportation through the channel. 

Binding probability of nanorods and nanospheres is determined for a range of depletion 

layer thickness. It is found that nanorod has considerably higher binding probability compare to 

nanosphere under the same flow condition. Moreover, with increase in shear rate the difference 

of adhesion probability between nanorod and nanosphere is found to be increasing. 

To sum up, nanorods are found to have a higher chance of contact with wall surface 

then that of nanosphere under similar vascular flow condition, mainly due to the tumbling 

motion. Such knowledge can be used to optimize the design of shape and size of nanoparticle 

for desired nanomedicine functions. Finally, in depth analysis using developed may help to 

shorten the cycle for the design of nanomedicine carriers for a variety of useful applications. 

4.2 Future work: Evaluation of Targeted drug delivery efficiency 

An advanced model will be developed to include blood cells into the analysis, thus, the 

influence of cell-particle interaction would be studied for the first time. This model will determine 

the coefficient called as dispersion coefficient, a parameter governing particles concentration 

near to wall region. Once that is achieved, it would be combined with the deposition rate at near 

wall region to get predict targeted drug delivery efficiency. In addition, the focus would be to 
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design nanoparticles for targeted delivery to affected sites and predict its distribution under 

idealized vascular environment. To mimic the real geometry, the vascular environment will be 

reconstructed from original CT/MRI images. In support of this idea, a preliminary result of 

nanoparticle deposition in a two-branch vessel is shown in Fig. 4.1. A non-uniform nanoparticle 

deposition distribution is observed on vascular surface, with a high particle concentration on the 

bifurcation region. The multiscale fluid mechanics and binding kinetic models will be developed 

to address the coupling between the physics at these two scales. Model predictions will be 

validated against experimental and clinical data from designed experiments. Thus, the ultimate 

goal of this study would be for given patient vascular network, to design nanoparticles for 

maximum targeting efficiency and minimum drug dosage to reduce any risk of damaging 

surrounding cells and reduce overall health care cost. 

 

Figure 4.1 Particle deposition and distribution in real vascular geometry 
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4.3. Physics of Biosensor Detection 

Biosensors are micro/nano scale devices employing biochemical molecular recognition 

properties as their basis for a selective analysis. Researchers have been investigating the 

potential of nanoscale biosensors for label-free and ultra sensitive detection of target 

biomolecules. However, to achieve this goal through experimental study is very challenging; 

thus, exploring the detection process via a computational approach is more convenient. The 

role of continuum reaction-diffusion model at ultra low concentration detection is questionable. 

Thus, particulate brownian binding model is developed to predict the performance of 

biosensors, in particular for ultra low concentration. Computational modeling tool model 

describes the transportation and binding process of the target molecule on the biosensor 

surface. The motion of target molecules is governed by fluid flow and brownian dynamics, 

whereas the binding process is described by molecular adhesion kinetics.The effect of 

interactions between freely moving and bonded particles on particle distribution is studied. The 

result indicated that the effect of inter-particle interaction on distribution and deposition rate is 

negligible. This simplifies future simulation by neglecting inter-particle interaction. Further, the 

binding histories of 10 independent trials have been compared and for a given response time 

significant variation in number of bonded particles is observed. It implies that the detection 

process at low concentration is a stochastic process. Moreover, the statistical variance of the 

detection process of an individual target molecule is captured, which is not possible to 

determine using continuum theory. Performance of a nanowire and a planar nanosensor is 

compared. The results shown that nanowire sensor has lower response time than planar sensor 

for a given concentration. Thus, it indicates that nanowire sensor could be a better choice for 

detection at ultra low concentration. 

The dilemma of detection limit could be explained by the electroosmosis flow. In a 

preliminary study, response time of electroosmosis assisted and poiseuille assisted biosensor is 

compared. The result elucidates that electroosmosis flow enhances the biosensor performance. 
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The electroosmosis flow assisted biosensor found to be almost 3 times sensitive than the 

poiseuille assisted biosensors at 1.5pM. At fM concentration, it is expected that electroosmosis 

flow assisted biosensor may have very low detection time and eventually theoretical prediction 

may agree with the experimental results at the end. 

4.4. Future work: Reducing response time for biosensor detection 

Future work would be focused on developing model that utilizes electroosmosis flow 

principle to simulate biosensor detection. Theoretical predictions will be compared with 

experimental results, to ensure consistency among the results. That could help for the better 

design of biosensors.  

Further, electric field assisted biosensor, such as dielectrophoresis assisted sensor, will 

be developed. Researchers have demonstrated manipulation of biomolecules or microparticles 

using dielectrophoresis and shown that it can increase sensitivity of respective biosensor [110-

112]. Depending upon biomolecules electrical property, dielectrophoresis can provide controlled 

manipulation of those biomolecules to enhance biosensor performance. A numerical model will 

be developed to investigate the effect of dielectrophoresis, and its impact on the sensitivity of 

the sensor will be studied. 

The fully established computational model of the biosensor will provide enormous 

opportunity of studying different types of biosensor theoretically and characterize its 

performance without bothering to study it experimentally. 
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APPENDIX A 

 
 

MESH INFORMATION 
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A.1: Meshes and dimensions of nanoparticles and fluid domain (a) Nanorod (node: 1404 and 
elements: 5996), (b) Spherical nanoparticle (node: 3213 and elements: 14286), (c) fluid channel 
(node: 1017 and elements: 2870) 
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A.2: Meshes and dimensions of nanoparticle and fluid domain (a) Nanorod (node: 4680 and 
elements: 22457), (b) Nanosphere (node: 2194 and elements: 10818), (c) fluid channel (node: 
2044 and elements: 5739) 
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A.3: Mesh and dimension of planar sensor (node: 5444 and elements: 25801) 
 
 
 
 

 
A.4: Nanowire sensor (node: 3103 and elements: 15019) (a) Cross-sectional view of the fluid 
domain with expended view of nanowire cross-section, (b) Mesh and dimension of the fluid 
domain
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APPENDIX B 
 
 

CALCULATION OF NORMALIZED BINDING RATE
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Physically, the binding rate means the number of particles deposited in one second, 

and it is mainly governed by the chemical reaction. But, it is unable to capture the dynamic 

convection-diffusion process. Therefore, another parameter named normalized binding rate is 

developed and determined from the simulation results. This parameter effectively includes the 

convection-diffusion process. First, the average time of a single trial is calculated from the 

channel length and the velocity. Then, the following equation is used to calculate the normalized 

binding rate (NBR): 

avg

total number of deposited particles
NBR

Total number of particle time
=

g
 

The results have been summarized in following table: 

Binding rate 

  Nanosphere Nanorod 

Thickness 
(µm) 

For 2s-1 For 10s-1 For 2s-1 For 10s-1 

1.5 0.1078 0.2512 0.1714 0.5566 
2.5 0.0794 0.1632 0.1020 0.4228 
4.0 0.0796 0.1504 0.1072 0.3810 
5.0 0.0700 0.1070 0.1101 0.3894 
6.0 0.0574 0.1000 0.1115 0.3951 
 

 The significance of the NBR is that it suggests how fast the particles will bind to the 

surface. It can be interpreted as out of total particles present within defined depletion layer 

thickness, the number of particles deposited in one second for a given shear rate. Further, 

average time considered in the calculation might be longer than the actual one, because particle 

may get bind before the average time. Thus, the value of the calculated NBR is underestimated. 
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APPENDIX C 
 
 

CONCENTRATION CONVERSION FORMULA
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Following is the formula to convert given concentration into number of particles. 

310
A oN Vol C

N −

⋅ ⋅
=  

Where, N is the total number of target molecules, vol is the volume of fluid domain 

under consideration, Na is Avogadro’s number (6.022 x 1023 mol-1), and Co is target analytes 

concentration in Molar. 
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