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ABSTRACT

AIRY STRESS FUNCTION FOR TWO
DIMENSIONAL INCLUSION

PROBLEMS

Publication No.

Dharshini Rao Kavati, MS

The University of Texas at Arlington, 2005

Supervising Professor: Dr. Seiichi Nomura

This thesis addresses a problem of finding the elastic fields in a two-
dimensional body containing an inhomogeneous inclusion using the Airy stress
function. The Airy stress function is determined so that the prescribed boundary
condition at a far field and the continuity condition of the traction force and the
displacement field at the interface are satisfied exactly. All the derivations and solving

simultaneous  equations are carried out using symbolic  software.

il



TABLE OF CONTENTS

ACKNOWLEDGEMENTS .....ccooiiiiiiiiiiiiiccecceecceee

ABSTRACT ...

LIST OF ILLUSTRATIONS ..ot

Chapter

1. INTRODUCTION.....coiiiiii e

LT OVEIVIEW oottt
1.2 Use of Symbolic SOftware ..........ccocceeevevvieinieniceieeniennne.
2. FORMULATION OF THE AIRY STRESS FUNCTION .....
2.1 Airy Stress FUnCtion ........cccccecvevieviieenicniieenieneeeenees

2.1.1 Polar Coordinate Formulation.............cccoeeene......

2.2 Complex Variable Methods..............c..oooiiiiinan.

2.2.1 Plane Elasticity Problem using Complex Variables.............

2.3 Investigation of Complex Potentials.........................

2.3.1 Finite Simply Connected Domain.................
2.3.2 Finite Multiply Connected Domain...............

233 Infinite Domain.........coooveeneieeiie ..

3. ADVANCED APPLICATIONS OF THE AIRY STRESS FUNCTION......

3.1 Finite Plate with a Hole Subjected to Tensile Loading

v

il

iii

vi

10

13

13

14

15

17

17



3.2 Infinite Plate with a Hole Subjected to Tensile Loading ................... 19
3.3 Two Dimensional Circular Inclusion ...........cccceeevvveeniieenieeenieeennen. 23

3.3.1 Stress Field Inside the Two Dimensional

Circular Inclusion...........c..cooiiiiiiiiiiii i 24

3.3.2 Infinite Plate Surrounding the Disc................cooiiiiiil. 26

4. CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK.............. 37
Appendix

A. MATHEMATICA CODE ....cociiiiiiiiieiiieceeeeeeeeeseee e 39

REFERENCES........oiiiiiieeeet ettt s 52

BIOGRAPHICAL INFORMATION .....cccoiiiiiiiiiienieeeeeeeieeseeee e 53



Figure
2.1
2.2

2.3

3.1
3.2
33
34
3.5
3.6
3.7
3.8
3.9
3.10

3.11

LIST OF ILLUSTRATIONS

Page

Typical Domain for the Plane Elasticity Problem............................. ... 6
Complex Plane.........coooviiiii e 9
Typical Domains of Interest : (a) Finite Simply Connected,

(b) Finite Multiply Connected, (c) Infinite Multiply Connected..................... 14
Finite Plate with a Hole Subjected to Tensile Loading ........c..cccceeveenieenenne. 17
Infinite Plate with a Hole Subjected to Tensile loading...................c........ 20
Infinite Plate with a Circular Inclusion Subjected to Tensile Loading......... 23
Variation of the tensile stress along the y-axiS...........ccooevviiiiiiiiiiiininn. 33
Variation of the tensile stress along the X-axiS...........covvvviiiiiiiiiiineininn. 33
Variation of the compressive stress along the y-axis.............cooevviviennn.e. 34
Variation of the compressive stress along the X-axiS............cocevveiiiennnn. 34
Variation of the shear stress over the plate..................cooviiiiiiiinnen. 35
Variation of the Von Mises stress over the plate................ccoovviviin... 35
Variation of the Von Mises stress along the X-axiS..........ccoovviviiiniennn... 36
Variation of the Von Mises stress along the y-axis............cooovviiiiiinnnnn.. 36

Vi



CHAPTER 1
INTRODUCTION
1.1 Overview
Elasticity is an elegant and fascinating subject that deals with the determination
of the stress, strain and distribution in an elastic solid under the influence of external
forces. A particular form of elasticity which applies to a large range of engineering
materials, at least over part of their load range produces deformations which are
proportional to the loads producing them, giving rise to the Hooke’s Law. The theory
establishes mathematical models of a deformation problem, and this requires
mathematical knowledge to understand the formulation and solution procedures. The
variable theory provides a very powerful tool for the solution of many problems in
elasticity. Employing complex variable methods enables many problems to be solved
that would be intractable by other schemes. The method is based on the reduction of
the elasticity boundary value problem to a formulation in the complex domain. This
formulation then allows many powerful mathematical techniques available from the
complex variable theory to be applied to the elasticity problem.
Another problem faced is the complexity of the elastic field equations as
analytical closed-form solutions to fully three-dimensional problems are very difficult
to accomplish. Thus, most solutions are developed for reduced problems that typically

include axisymmetry or two-dimensionality to simplify particular aspects of the



formulation and solution. Because all real elastic structures are three-dimensional, the
theories set forth here will be approximate models. The nature and accuracy of the

approximation depend on the problem and loading geometry. Two basic
theories, plane stress and plane strain represent the fundamental plane problem in
elasticity. These two theories apply to significantly different types of two-dimensional
bodies although their formulations yield very similar field equations.

Numerous solutions to plane stress and plane strain problems can be obtained
through the use of a particular stress functions technique. The method employs the Airy
stress function [1] and will reduce the general formulation to a single governing
equation in terms of a single unknown. The resulting governing equation is then
solvable by several methods of applied mathematics, and thus many analytical solutions
to problems of interest can be generated. The stress function formulation is based on
the general idea of developing a representation for the stress field that satisfies
equilibrium and yields a single governing equation from the compatibility statement.
This thesis is a successful attempt to apply the above-mentioned method to a plate of
infinite length and width with a central hole and a disc separately. The problem of a
circular hole in an infinite plate has been studied for many years with various
approaches [1] including the Airy stress function approach. This problem has many
applications in engineering as it can reveal stress singularity around the hole.
However, due to the complexity of algebra involved, there has been no work about a

two-dimensional plate with a circular inclusion (disc) using the Airy stress function to



our best knowledge. This thesis addresses such a problem using symbolic algebra
software

1.2 Use of Symbolic Software

The development of hardware and software of computers has made available
symbolic algebra software packages such as MATLAB, MAPLE, MATHEMATICA [2].
Older packages such as Macsyma- one of the very first general-purpose symbolic
computations systems were written in LISP whereas new ones such as Mathematica are
written in the C language and its variations and is one of the most widely available
symbolic systems.

Using symbolic algebra systems, one can evaluate mathematical expressions
analytically without any approximation. Differentiations, integrations, expansions and
solving equations exactly are the major features of symbolic algebra systems. Most of
the symbolic algebra systems have been used by mathematicians and theoretical
physicists [8]. The ability to deal with symbolic formulae, as well as with numbers, is
one of its most powerful features. This is what makes it possible to do algebra and
calculus.

It has been demonstrated that in certain circumstances the widely held view that
one can always dramatically improve on the CPU time required for lengthy
computations by using compiled C or Fortran code instead of advanced quantitative
programming environments such as Mathematica, MATLAB etc... is wrong. A well
written C program can be expected to outperform Mathematica, R, S-Plus or MATLAB

[7] but, if the C program is not efficiently programmed using the best possible



algorithm then in fact it may take longer than using a symbolic software byte-code
compiler.

At a technical level, Mathematica performs both symbolic and numeric
calculations of cross-sectional properties such as areas, centroids, and moments of
inertia. Symbolic softwares such as Mathematica can derive closed-form solutions for
beams with circular, elliptical, equilateral-triangular, and rectangular cross sections [2].
Symbolic software also addresses the finite element method and is useful in finding
shape functions, creating different types of meshes and can solve problems for both
isotropic and anisotropic materials. They are also useful in the kinematic modeling of
fully constrained systems[2].

This thesis will formulate a boundary value problem cast within a two-
dimensional domain (subjected to far field loading) in the x-y plane using the Cartesian
coordinates and then reformulating in the polar coordinates to allow further
development and study in that coordinate system. The Airy stress function for specific
two-dimensional plane conditions is computed and the stresses and displacements at a
given point can be found using Mathematica.

The thesis is divided into 4 chapters.

Chapter 2 discusses the theory of two-dimensional elasticity behind the Airy
stress function and the foundation of its formulation. It establishes a single governing
equation for the plane stress and plane strain conditions by reducing the Navier equation
to a form from which the Airy stress function can be derived.

Chapter 3 contains the application of the Airy stress function to:

4



¢ A finite plate with a hole subjected to tensile loading
¢ An infinite plate with a hole subjected to far field loading
¢ A plate with a circular inclusion
The formulations for all of the above problems were carried out using
Mathematica and as a result the stresses and displacement given a certain point on the
plate can be found.
Graphs will be shown to describe the variation of stresses at the various points
on the plate.
Chapter 4 contains the conclusion and recommendation
The Appendix will contain the description of all the formatted codes used to

carry out the above.



CHAPTER 2
FORMULATION OF THE AIRY STRESS FUNCTION

2.1 Airy Stress Function

Solutions to plane strain and plane stress problems can be obtained by using
various stress function techniques which employ the Airy stress function to reduce the
generalized formulation to the governing equations with solvable unknowns. The stress
function formulation is based on the idea representing the stress fields that satisfy the
equilibrium equations.

The method is started by reviewing the equilibrium equations for the plane

problem without a body force as follows:

y &,

S

Figure 2-1 Typical Domain for the Plane Elasticity Problem.

9, +ar—xy: 0 (2.1.1)
Jdx  dy ’

1, do,

P +W= 0. (2.1.2)



It is observed that these equations will be identically satisfied by choosing a

representation

»’o

Gx = &2 >
0’;2

o, = &?, (2.1.3)
- 072¢

Ty =

¥

where ¢ = @(x,y) is called the Airy stress function.
The compatibility relationship, assuming no body forces, in terms of stress can
be written as
Vi, +0,)=0, (2.1.4)
where V is the Laplace operator.
Now representing the relation in terms of the Airy stress function using relations

(2.1.3), we get

3% 20% 9%
ox* ¥ dx*dy’ ¥ ay*

=V*'%=0. (2.1.5)

This relation is called the biharmonic equation, and its solutions are known as
biharmonic functions[1]. Now that we have the problem of elasticity reduced to a
single equation in terms of the Airy stress function, ¢, it has to be determined in the
two-dimensional region R bounded by the boundary S as shown in Figure 2-1.

Appropriate boundary conditions over S are necessary to complete the solution.



2.1.1 Polar Coordinate Formulation

The polar coordinates play an important part in solving many plane problems in
elasticity and the above developed equation can be worked out by converting it into the
polar coordinates thus giving us the governing equations in this curvilinear system. For
the polar coordinate system, the solution to plane stress and plane strain basic vector
differential problems involves the determination of the in-plane displacement and

stresses {u,,uy,€,,84,Y ,4,0,,04,T,} 1n region R subjected to prescribed boundary
condition on S.
The two-dimensional in-plane stresses from the Cartesian to the polar
coordinates will transform as follows:
c, = chosze +0, sin” 0 + ZTW sin6 cos0,

O, =0,sin"0+0 cos’B -2t sinbcosh, (2.1.6)

T, =-0,sinBcosd + 6 sinfcosd + 1, (cos’ - sin’6).

The relations (2.1.3) between the stress components and the Airy stress function

can be transformed to the polar form to yield

100 1 0%
0= r8r+r2 9’
0°0
Ggy = 32 2.1.7)

__i(la_q’)
o = dr\rade/

In the absence of a body force, the biharmonic equation (2.1.5) changes to the

polar coordinates as



on(Z, 10, 102 10 1
0= ar:  ror r? 002

St T+t = 0. 2.1.8
or> rdr r*d0° ¢ ( )
The plane problem again is formulated in term of the Airy stress function,

o(r,0), with a single governing biharmonic equation as required.

2.2 Complex Variable Methods

A complex variable z is defined by two real variables x and y
7= X+1iy. (2.2.1)

This definition can also be expressed in polar form by

Im
rcos(0)
y 8 Z=X+1y
r -
r sinf 6)
0
! Re

X

Figure 2-2 Complex Plane.
z=r(cos@+isin8) = re” (2.2.2)
where r = \/m known as the modulus of z and
6= tan"'(y/ x) the argument
z=x-iy=re ™. (2.2.3)

Z 1s the complex conjugate of the variable z



Using definitions (2.2.1) and (2.2.3), the following differential operators can be

developed as follows:

EREI
ox 9z 9z
i_-(i_i)
dy laz 97/’

224
LAY E I -
dz 2\ dx lay ’

2.2.1 Plane Elasticity Problem using Complex Variables

Complex Variable theory [1] provides a very powerful tool for the solution of
many problems in elasticity. Such applications include solutions of torsion problems
and the plane stress and plane strain problems. Although each case is related to a
completely different two-dimensional model, the basic formulations are quiet similar,
and by simple changes in elastic constants, solutions are interchangeable.

For a linear elastic 2-D body, the relations between the stress components and

the displacements are expressed as:

* dx dy M ox
_x(a_ha_vj”a_v 2.2.5)
0y = dx dy ”ay’ (2.2
[
fo =K dy dx
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where A is called the Lame’s constant, and | is referred to as the shear modulus or
modulus of rigidity.

We now wish to represent the Airy stress function in terms of functions of a
complex variable and transform the plane problem onto one involving complex variable

theory. Using relations (2.2.1) and (2.2.3), the variables x and y can be expressed in
terms of z and z. Applying this concept to the Airy stress function, we can write
¢= ¢(Z,Z). Repeated use of the differential operators defined in equations (2.2.4)

allows the following representation of the harmonic and biharmonic [1] operators:

) °0 _, 32 ()
\Y =4——=V =16 —
0=42-=V"0 Y

_. (2.2.6)

Therefore, the governing biharmonic elasticity equation (2.1.5) can be expressed

as:

20
W =0. (2.2.7)

Integrating the above result yields

1 — -
#z,2) = E(ZV(Z)+ 27+ x(2) + x(2)

= Re(zy(2) + (2)), (2.2.8)
where ¥ (z) and y( z) are arbitrary functions of the indicated variables, and we
conclude that ¢ must be real. This result demonstrates that the Airy stress function can

be formulated in terms of two functions of a complex variable.

Following along another path, consider the governing Navier equation[1]

11



IV u+ (A+ wV(V.u)=0. (2.2.9)
Introduce the complex variable U=u + iv into the above equation to get

A+ £[£+@]+2 072—U—0 2.2.10)
e o R @2

Integrating the above expression yields a solution form for the complex

displacement
20U = xy(2) - 2y (2) - ¥ (2). (2.2.11)
where again ¥ (z) and Ww(z) = }'(z) are arbitrary functions of a complex variable and

the parameter x depends on the Poisson’s ratio v
K = 3- 4v, plane strain

T plane stress (2.2.12)
v

Equation (2.2.11) is the complex variable formulation for the displacement field
and is written in terms of two arbitrary functions of a complex variable.

The relations (2.1.3) and (2.2.11) yields the fundamental stress combinations.

0,+0,=2(Y(2)+7(2)
(2.2.13)
G, =0, +21, =22 ()+ V().
By adding and subtracting and equating the real and imaginary parts, relations
(2.2.12) can be easily solved for the individual stresses. Using standard transformation

laws [Appendix B [1]], the stresses and displacements in the polar coordinates can be

written as

12



0,+0,=06,+0,,
Og-0,+2it,,=(0,-0,+2it, )", (2.2.14)

u, +iu, = (u+iv)e™.

2.3 Investigation of Complex Potentials

The solution to plane elasticity problems involves determination of the two
potential functions, % (z) and W (z), which have certain properties that can be
determined by applying the appropriate stress and displacement conditions. Particular
general forms of these potentials exist for regions of different topology. Most problems
of interest involve finite simply connected, finite multiply connected and infinite
multiply connected domains as shown in the Figure 2-3.

2.3.1 Finite Simply Connected Domain
Consider a finite simply connected region shown in Figure 2-3(a). For this case,

the potential functions, ¥ (z) and ¥ (z), are analytical and single-valued in the region R.

Y(2) = Z a,z",
" (2.3.1)

V()= ), b,z",
n=0

where a, and b, are constants to be determined by the boundary conditions of the

problem under study.
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v
>
v

>

(a) (b)

&«
®

(c)
Figure 2-3 Typical Domains of Interest : (a) Finite Simply Connected,
(b) Finite Multiply Connected, (c) Infinite Multiply Connected.

2.3.2 Finite Multiply Connected Domain

For a general region surrounded with a defined external boundary assumed to
have n internal boundaries as shown in Figure 2-3(b), the potential need not be single
valued. This can be demonstrated by considering the behavior of the stresses and
displacements around each of the n contours Cj in region R. Assuming that the

displacement and stresses are single valued and continuous everywhere, we get

14



n

Y(z) = - ZLlog@ )+ 7 (2),
2n(1+x) k

k=1

(2.3.2)
V()= 22 (1+ oloea= 20+ v (@),

where Fy is the resultant force on each contour Cj, zx is a point within the contour Cj,
¥ (z) and W "(z) are arbitrary analytic functions in R, and & is the material constant
2.3.3 Infinite Domain

For an externally unbounded region having m internal boundaries as shown in
Figure 2-3©, the potentials can be determined by taking into consideration that the

stresses remain bounded at infinity. Taking the requirement into consideration we get

> F
(2)=-—~——lo z+(s * oy —z+71 7 (2),
==y x) 28 4
(2.3.4)
KZFI 6, -0, +2i1] .
V(z) = 211 k) 0gz+ ) 2+ V¥ (2).

where o ,0,7 are the stresses at infinity and ¥ (z) and w(z) are arbitrary

analytic functions outside the region enclosing all n contours. Using power series theory

these analytic functions can be expressed as:

/Y>:<* (Z) — Z anZ*n’
n=1
(2.3.5)
\lj ><><(Z) — z bnzfl’l
n=1

15



The displacements at infinity would indicate unbounded behavior as even a
bounded strain over an infinite length will produce infinite displacements. Therefore the

case of the above region is obtained by dropping the summation terms in (2.3.4).

16



CHAPTER 3
ADVANCED APPLICATIONS OF THE AIRY STRESS FUNCTION

3.1 Finite Plate with a Hole Subjected to Tensile Loading

Applying the same approach as the finite multiply connected domains in
Chapter 2 for the plate shown below, the respective potential functions would be the

same as discussed in (2.3.2).

<« a I -
X 3¢ S
D l —>

A

21

A
v

Figure 3-1 Finite Plate with a Hole Subjected to Tensile Loading.

Assume a finite plate of length 2/ and width 2¢ with a central hole of radius a
subjected to uniform tension S along the x-axis. This is the case of a finite multiply
connected region, whose complex potential functions can be expressed as (2.3.2).
Since w(z) = ¥'(z), integrating the second complex function in (2.3.2) yields

n

KF,
1(2) = J.(Z,lmlog(z— )tV (z))dz, (3.1.1)

where k = 1 since there is only one internal boundary and z is O since the center of the
circle is taken as the origin (0,0) and ¥ *(z) and ¥ *(z) are arbitrary analytic functions.

17



Since they are single-valued within the region R, they can be expressed as the following

series.

Y ()=, a,z",
n=0

(3.1.2)
\If *(Z) = Z bnzn'
n=0
Substituting the above in the complex potential functions we get
n Fk ) 3
Y(z) = —Z‘lmlog(z— )+ ag+az+az +az’+...,
- KE{ 2 3

V()= Y = —log(z—2,) + by + bz + b,2> + b2’ +.., (3.1.3)

o 2n(1+x)

n

KF,
= ——1 -z)+b, +bz+b,z*+b 3+...]
1 (2) -[(,;Zn(HK) 0g(z=2,) + by + bz +b,2" + bz dz,

where k=1 as there is only one internal boundary, zx = 0 as the center of the internal
boundary which is a circle is the origin (0, 0). In fact, the logarithmic part of the
equations is omitted as it corresponds to discontinuity in the displacements or
dislocation which does not exist in this case as it is an elastic plate. Therefore, the Airy

stress function of (2.2.8) is

0(z) = Re{fi a,z"+ fi bnz"dz}.

For the given tensile loading the boundary conditions for the above plate will be

18



o (l,y)=S,

6, (xtc)=0,
(3.14)
1,(ELy)=1,,(xtc)=0,
0,(tara)-1,4(tata)=0.
Solving for the Airy stress function, we get
S(x* = y*)(=6a”+ x> + y*)+ 12b,x(a” - y*) + 12a,x(a” - y*
0(x,y) = SR y)x I2pxa m y)r Raa my) g )

12(a® - y*)

From the above result we can see that the Airy stress function is an indefinite
value. Therefore, we can conclude that for a finite plate with a central hole infinite
series having appropriate boundary conditions has to be taken into consideration to get a
valid solution.

3.2 Infinite Plate with a Hole Subjected to Tensile Loading

Consider an infinite plate with a central hole subjected to uniform tensile far

field loading ¢ = S in the x direction. From (2.3.4), we get the complex potentials to

be
Z‘IF" | G, +67
N 1 S + 7+
Y (2) 2n(1+K)OgZ 4 et (2),
K;Fk | 6;"—0:"+2it;
= + +
v (2) n(l1 k) 087 2+ (2),

where Fj is the resultant force on the central hole, but the logarithmic part of the
equations is omitted as it corresponds to discontinuity in the displacements or

19



dislocation which does not exist in this case as it is an elastic plate and

__________

Figure 3-2 Infinite Plate with a Hole Subjected to Tensile Loading.

Substituting the power series for the arbitrary analytic functionsy” (z) and

S

V(@) ="z+ ) a,z",
4 n=1

S oo
V(z)= —Ez+ Z b,z™".
n=1

The number of terms to be taken into consideration for the summation is
determined by the boundary condition. Therefore, taking the first three terms for the

above condition, we get

_ Sz a4 a4, a
v(z)—4+z+zz+z3,
s b (3.2.1)
-8z
W(z)=—2 e
Z Z Z

Integrating the second potential function, we can obtain ¥ (z) as:

20



- S72

bz b3
% (2) = + (log2)b, - — - —5. (3.2.2)
z 2z

A plate with a hole is better manipulated using the polar coordinates.

Substituting z = re® in (3.2.1) and (3.2.2) gives the Airy stress function in terms

of the polar coordinates as

1 4 . 2 2 2
> (Sr”sin” 0 - by cos20 + byr logr
2r (3.2.3)

- 2b, cosB + 2a,rcos26 + 2a, cos30 + 2a, cos40).

0(r.0) =

Applying (2.1.7) to the above Airy stress function, we get the stresses in polar

form as follows:

1
6, == (Sr*+ Sr*cos20 + 2b,r* + 4b,rcosh
2r

r

(3.2.4)
+ 6b, 0828 - 8a,r’* c0s20 - 20a,rcos30),

1
6o = =5 (Sr* = Sr*cos20 - 2b,r* - 4b,rcos®
2r (3.2.5)

- 6b;cos20 + 4a,rcos30),

1
(= Sr*sin20 + 4b,rsinf + 6b, sin26
2r (3.2.6)

- 4a,r? sin20 - 12a,rsin30).

Tr9:

The displacements can be determined using (2.2.11) as

u =

iy (-Sr* + Sk, r* - 28r* cos20 - 4b,r’
1

- 4b,rcos8 - 4b, cos20 + 4a,r’ cos20 (3.2.7)

+ 4K ,a,r* cos20 + 8a,rcos30 + 4k ,a,rcos30),

21



(-Sr*sin20 - 2b,rsin® - 2b, sin20 + 2a,r” sin20
47"3 2 3 1
My (3.2.8)

- 2k ,a,r” sin20 + 4a, sin30 - 2k ,a,rsin30).

Uy =

where the constants can be found using the boundary conditions. The stress free

condition on the hole is denoted as

Grr = O’
atr=a
Te=VY,
which can be expressed as
6,-1My=0atr=a. (3.2.9)
Therefore,

£+ lsezie i 3ale—2ie i alezie i 8a2e—359 i 2aze359 i
2 2 a’ a’ a’ a’

‘ | ‘ ‘ (3.2.10)
15a,e™  3a,e™ b, 2be™ 3be "

- +—+
a4 d4 a2 a3 a4

The constants can be determined from (3.2.10) by equating like powers of ¢™’

as

(3.2.11)

Substituting the above constants in (3.2.3), the Airy stress function is

determined as:

-2a’(a’ - 3r*)Scos20 - 3a>Sr’ logr® + 6r*Ssin’ 0
12r*

0(r,0) = , (3.2.12)

22



from which the stress components can be obtained using equations (3.2.4) to (3.2.6) as:

_r'S-a’r’S+2a"Scos20 - 4a’r’Scos26 + r'S cos28

o

T 2r4 s
. - r*S+a’r’S-2a*Scos20 - r*Scos26
8 = 25t ’
2a*Ssin20 - 2a’r>Ssin20 - r*Ssin20
T, = o ) (3.2.13)

3.3 Two Dimensional Circular Inclusion

Consider a circular inclusion with radius a and material constants, x and g,
where x is a parameter depending only on the Poisson’s Ratio and u is the shear
modulus, embedded in an infinite plate with material constants, x; and y;. If the plate is
taken as a two-dimensional object with a disc inserted instead of the central hole, the

above observations of an infinite plate with a hole

Figure 3-3 Infinite Plate with a Circular Inclusion Subjected to Tensile Loading.
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can be clubbed with the finite simply connected domain, by maintaining the equilibrium
and continuity of stresses and displacements at the boundary of the two phases.
3.3.1 Stress Field Inside the Two Dimensional Circular Inclusion
The two-dimensional circular disc is similar to a finite simply bounded region.
Complex potentials are assumed to be
2
V(2) = ;Ocnz",

, 3.3.1)
V()= dz".

n=0
Since the disc is going to be clubbed with the infinite plate, the same boundary
conditions apply to it. Therefore we take the first three terms.
Y(2)=c¢ytcz+t 0212,

V(z)=d,+dz+d,z’,

1(2)=dyz+ dlzzz + dz—f. (33.2)
The Airy stress function in polar form, z = re®, is expressed as
0(r,8) = c,rcos® + ¢;r”* cos’ 8 + ¢,r” sin® 8 + ¢, cosB cos 28
+¢,r’ sinB sin20 + d,r cosf cos20 + d,rsinf sin20
(3.3.3)

1 1

+ Ed'r2 cos cos30 + Edlr2 sin@ sin 36
| R | R

+ §d2r cosf cos46 + gdzr‘ sinf sin49.

The stresses in polar form using (2.1.6) are expressed as
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6" = 2c, + 2c,rcos® - d, cos20 - 2d,rcos38,

64 = 2¢, + 6¢,rcosb + d, cos20 + 2d,rcos30,

1% = 2¢, + 6¢,rcos0 + d, cos28 + 2d,r cos30.

Determining the displacements using (2.2.11), we get

u = E(Kco cos® - ¢,r + ke,r - 2¢,r” cosB + ke, r” cosh

—d, cos® - d,rcos20 - d,r* cos39),

in

1 ) . . .
Ul = E(_KCO sin + 2¢,r” sin® + kc,r” sinf + d, sin®

+d,rsin20 + d,r’ sin30).

(3.34)

(3.3.95)

The stresses and displacements in a circular disc of radius @ and material

constants of x and  at r = a are expressed as

6" = 2¢, + 2ac, cosb - d, cos20 - 2ad, cos30,
04 = 2¢, + 6ac, cosd + d, cos20 + 2ad, cos 30,

1% = 2ac, sin® - d, sin20 - 2ad, sin 30.

uin —

! E(a(—l+ K)e, + (ke, + a’ (=2 + k), - d,)cosd

- ad, cos28 - a’d, cos30),

1 . : . .
u)' = —(-xc,sinb + 2a’c, sinb + a’xc, sinb + d, sinf
20

+ ad, sin28 + a’d, sin30).
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3.3.2 Infinite Plate Surrounding the Disc

Deriving the stress and displacement components for the part outside the
inclusion which material constant x; which depends only on the Poisson’s Ratio and a
shear modulus of x; .From (2.3.4) and (2.3.5) at r = a yields

1

R S (@*S+ a*Scos20 + 2a’b, + 4ab, cosd

+ 6b, c0s20 - 8a’a, c0s20 - 20aa, cos30),

1
Gop = 20" (a*S - a*Scos20 - 2a’b, - 4ab, cosh

- 6b, cos20 + 4aa, cos30),

1
1% = —(-a*Ssin20 + 4ab, sinb + 6b, sin20
2a (3.3.8)
- 4a’a, sin20 - 12aa, sin39),
out 1 4 4 4 2
w' =—=—(aS+a Sx,-2a Scos20 - 4a"b,
8a i
— 4ab, cos® - 4b, cos28 + 4a’a, cos28
+ 4a’x ,a, cos28 + 8aa, cos38 + 4ax ,a, cos30),
out 1 4 . . . 2 .
Ug' = yPE (-a"S§sin26 - 2ab, sinb - 2b, sin26 + 2a”a, sin26
@ (3.3.9)

- 2a’k ,a, sin20 + 4a, sin30 - 2ax ,a, sin 30).

The continuity condition can be satisfied if the traction force and displacements

are the same at the interface.

Equating (3.3.6) to (3.3.8) and (3.3.7) to (3.3.9) we get the following equations:
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+

2ab, sin® - 2b, sin20 + 2a’a, sin20 - 2a°k ,a, sin20 +

1
5 (a*S+a*Scos20 + 2a’b, + 4ab, cosh +

6b, c0s20 - 8a’a, cos28 - 20aa, cos38) - 2¢, -

2ac, cos® + d, cos28 + 2ad, cos36 = 0,

- 2¢, - 6ac, cos® - d, cos20 - 2ad, cos30 +

1

2a*

- 6b, cos20 + 4aa, cos30) = 0,

(a*S - a*Scos20 - 2a’b, - 4ab, cosh

- 2ac, sinb + d, sin26 + 2ad, sin 30 +

(-a*Ssin26 + 4ab, sinb + 6b, sin20
2(14 2 3

- 4a’a, sin20 - 12aa, sin30) = 0,

1
- —(a(-1+x)c, + cosB(xc, + a’(-2+ K)c, —d,)

20

- ad, cos28 - a’d, cos30) +

N (-a'S+a*Sk, - 2a*S cos20 - 4a’b,
1

— 4ab, cos® - 4b, cos28 + 4a’a, cos28

+ 4a’x ,a, cos28 + 8aa, cos30 + dax ,a, cos30) = 0,

1
2u

1
ad, sin20 + a’d, sin30) + ——(-a*Ssin20 -
4a’n,

4a, sin30 - 2ax ,a, sin30) = 0.
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—(~Kc, sin@ + 2a’c, sinb + a’kc, sind + d, sin®

(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)



Equating the coefficients of cos8,cos20,cos30,sin0,sin26,sin30

constants in the above equations to zero, the following equations are obtained.

2b,
2ac, - — =0,
a
S 3b, 4a,
AT Y
10a,
- 2ad, + e =0,
2b,
2ac, - — =0,
a
S 3b, 2a,
5+dl-a—4 — =0,
6a,
2ad, + — =0,
a
ke, a’c, a’kc, dy, b, _ 0
0w 2 2a%,
_aS_adl_l_ b, 4 Ka
Ao, 2w 2an, 2ap, 2ap,
_a2d2_ a,  XKa, _
u alu, 2a7n,
Kco+a202 a’ke, d, b,

o p on o 2a,

aS ad, b, a, K,a,
+ + 3 - + =
4y 20 2atpy, 2ap, 2ap,

28

and the

(3.3.15)

(3.3.16)

(3.3.17)

(3.3.18)

(3.3.19)

(3.3.20)

(3.3.21)

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)



_ + =0, 3.3.26
2u a’p, 2a7, (3:3:20)
aS aSk, ﬁ_l_ axce, N b, 0 (33.27)
8, 8y, 2 2u 2ap | ’ o
bl
-—4+2¢,-—=0. (3.3.28)
2 a

Solving the above equations simultaneously to find the constants, we get

*(Su-S
al__w’ a,=0, a, =0,
2(e,u + 1)
b:a(—aS].L+aSK1].L+aS|.LI—aSK].L1) b =0 :_a“Su—a“Su1
] 2(2H_H1+KH1) ’ ? ’ ’ 2(K1!~L+!~L1) ’
C_ﬂ . (S+ Sk )u I
O x TN 4Qu-p, k)
_ _ o Spt Sk _
dy=Keoy dy==g = dy =0

Substituting the above solutions into (3.3.6) and (3.3.7), we get the final stress

and displacement equations for the disc as

" Su N Sk 1 N Sy cos28 N Sk |1 cos20
0o, = ,
" 2(2M—H1+KH1) 2(2}1_“1"'1(“1) 2(K1M+M1) 2(K1M+M1)

" 1Sl+ [ 1 c0s?26 )
= — K —_
0 00 2 ( Db 2+ (-1+x)u, kpu+p,/)

L (Sh+ Sk )sin20 (33.29)
0 2 u+p,) o

L S+ )14 %))

YT Ten + 8(-1+ Ou,
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~ rS(1+ x,)sin20 (3.3.30)
' 400+ ) o
The above equations can be verified by substituting them into the equilibrium
equations i.e. (2.1.7).

Substitute the constants into equations (3.3.8) and (3.3.9) to obtain the final

stress and displacement equations for the part surrounding the circular inclusion i.e.

a’Su a’Sk 1
2 t 52 +
2r U -+ Kpy) 2r -+ KR )

out

oS
2

rr

a*sy, a’ Sk, 1
3 -~ +—Scos26 -
2rru-p k) 202U -pg +kpy) 2

3a*Spcos20  2a’Spcos20  3a’Su,cos20  2a’Su, cos20

4 3 t 53 2 >
2ri(ptpy) rru ) 2 pn,) iRy

o §+ a’s a’Su a’Sk 1
2 2Pt 272U, k) 2P QU -, KY)
1 3a*Sucos20  3a*Su,cos20
- —=S8c0s20 + —; -~ ,
2 2rix,n+p,) 2ri(k U+ py)

out L. 3a*Susin20  a’Susin20
T% =——-5sin26 -

+
2 2rt(k ) Tk )
(3.3.31)
3a*Sp,sin20  a’Sy, sin20

it ) Phpp)’

a’s rS N rSK a’Su a’Sk 1 N
4r“1 8“1 8”1 4FH1(2H—H1+KH1) 4r“1(2M_M1+KM1)

out _
L=

rS cos26 a*S cos28 N a’Scos20 N a’ Sk, cos20 N
4, 4r’(k L+, drep+un,) 4r(eu+p,)

a”Sp cos20 a’ Sy cos28 a’ Sk i cos20

AP OCRHI) A (RHR) AR R
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t S@a*-p+p)+a’r’*(-1+x )p+p,)+7r (k0 +u,)) sin20
" = - y . (3.3.32)
Arip, (K n+ 1)

The above equations can be verified by substituting them into the equilibrium
equations (2.1.7).
Example Problem: Circular Inclusion Problem

Consider finding the stresses for a thin Infinite plate with a hole made of Iron,
having a two-dimensional circular inclusion made of carbon in the center, subjected to
far field tensile loading of 1000N/mm? problem.

we know that,

for Carbon,

Poisson’s Ratio, v =0.24,

Shear Modulus p= 12.4GPa,

Parameter « for the plane strain from (2.2.12)= 3 - 4v = 2.04.

for Iron

Poissons Ratio, vl = 0.29,

Shear Modulus pl=77.5GPa,

Parameter 1 for the plane strain from (2.2.12)==3 - 4v = 1.836.

Let,

the radius of the central disc be, a= 100mm,

Substituting the above values in the stress and displacement components derived

above, we get
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6" =166993+ 175481cos26,
60 = 16693-175481c0s20,

T = ~175481sin20,

t 333x10° 9.736x 10° cos26  1.298 x c0s26
67" =500~ ——5—+500c0s26 - 2 - > , (3.3.33)
r r r
333x 10° 9.736x 10° cos 28
Oq =500+ r—2—500c0529— r4 ,

9.74% 10" sin20 649x 10°sin26

4 2
r r

1% = -500sin26 +

Converting the above to the Cartesian coordinate system, we get

0" = 342413,

6% = 50002+

1
—y2)2 (946x 1077 (-2.076 x 10° (x - y)(x+ y) - (3.3.34)

(x* +
6.86x 10° (-30000+ 2(x> + y*))cos(4tan™' Z))),
X

from which we can see that the stresses in x-direction at any point on the inner disc are
constant but changes out side the disc with respect to the location.

" = -854812,

1
6% = ———5(0000473(-6.68 x 10” (x - y)(x+ y) - (3.3.35)
(x"+y%)

6.86x 10° (30000 2(x> + y*))cos(4tan”' 2))),
X

and same observation can be made for the stresses in the y-direction also.
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" =0,

Xy

—666x10€qu974x1w°—649x106x2—649x106y%snm4mn*35
X

out _

xy (x2+y2)2

(3.3.36)

The stresses along the x and y-axes can be shown using the following graphs:

Ox

2200¢
2000
1800¢
1600¢
1400¢

alongyaxis
150 200—— 250 3000 Y

Figure 3-4 Variation of the tensile stress along the y- axis.

Ox
800
700
600
500

400

: : : alongxaxis
150 200 250 300

Figure 3-5 Variation of the tensile stress along the x- axis.

33



200

150

100

50
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Figure 3-6 Variation of the compressive stress along the y- axis.
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_75,
-100}
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Figure 3-7 Variation of the compressive stress along the x- axis.
The shear stresses turn out to be zero along the x and y axes therefore, the 3-D

graph for the shear stresses can be demonstrated as follows:
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Figure 3-8 Variation of the shear stress over the plate.
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Figure 3-9 Variation of the Von Mises stress over the plate.
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Figure 3-10 Variation of the Von Mises stress along the x-axis.
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Figure 3-11 Variation of the Von Mises stress along the y-axis.
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CHAPTER 4
CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

This thesis demonstrated how to solve an elasticity problem using the Airy
stress function. It showed how the method can be applied to find the stresses and
displacements at any point on a two-dimensional plate subjected to different boundary
conditions. This eventually led to how the Airy stress function can be applied to a two-
phase plate with a circular inclusion in finding the stresses and displacements at any
point.

The problem studied in Chapter 3 further demonstrated how the Airy stress
function is applied to an infinite plate with a circular inclusion. On studying the
graphical representation of the result, it can be seen that all stresses within the inclusion
are constant and the shear stress is zero when subjected to a far-field stress. The
maximum tensile stress occurs at the boundary of the disc intersecting the y-axis and is
decreased along the boundary of the disc as it nears the x-axis. The maximum
compressive stress occurs at the boundary intersecting with the x-axis and decreases as
it nears the y-axis along the interfacing boundary.

The following extension is suggested to further exploit the content of the present
thesis:

a. The boundary conditions can be generalized to include all the stress

components at far fields.
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b. Multi-layer circular inclusions can be considered.

c. The shape of the inclusion can be extended to an elliptic shape.
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APPENDIX A

MATHEMATICA CODE
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Mathematica code for finding the stresses and displacements for a circular

inclusion
2
Y= Zan *Z"
n=0
2
¢ = an *Z"
n=0

ao+za1+22a2

bo+zb1+zzb2

2
Y1 = (S*z/4) +Zmn*z_n
n=1

3
ol = (G*x2z/2) + an*z'n
n=1

Gz 1 i) f3

2 z 72 73

d = D[y, z]
dl = D[¥l, z]

aj+2zap

S m 2my

4 72 73
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X = Integrate[op, z]

x1 = Integratel¢l, z]

22b1 z3b2
zbp + +
2 3
2
Gz (2] £ hily) f3
+1log [z - -
4 ! z 2 72

2 = ComplexExpand[ r* Exp[I 6]]
r Cos [6] + 1 r Sin [6]
e = ComplexExpand[Conjugate[z]]
r Cos [6] - 1 r Sin [6]

h = FullSimplify[ComplexExpand[ (e*Y¥) + x]] // TrigReduce
hl = FullSimplify[ComplexExpand[x1 + (¥l *e)]] // TrigReduce

1 . . : . , .
— el9r (6ap+6elraj+6e?i9rla,+6e2i9py+3e3i9rb +2e%19rh,)
6 0 1 2 0 1 2

1

476 [r]4

(& T0) 2 (et OF0) @mjgte [r]? ((-1+€49) P S+4 (Infe] - 1oy [€F€ ) £) -
2e210 £ 4 4210 grjgte 1] (-9 +rmy) +4€>19rmy))

¢ = FullSimplify[ComplexExpand[Re[h]]]

¢1l= FullSimplify[ComplexExpand[Re[hl]]]
1
- r (braj+6Cos 6] (ao+r2 ap+lp) +3rCos[26] b1+2r2Cos [36] bp)

r*ssin[0]%-as[26] f3+r (lay[r?] f1 -2Qs [6] £ +2r s [26] m +2Cs [36] mp)
2r2
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O =
(O[¢, F]*1/1) + O[d, {6, 2}]¥1/x*2)) /. Q< [6] »-Sin6] /. G’ [6] »-Cos[6] //
TricRedre

2a;+2rCos[B] ap-Cos[26] by -2rCos [36] by

Oitmi = ( O[4L, r]*1/x)+ O[4l, {6, 2}]*1/x*2)) /. Cos'[6] »-Sin[6] /.
Cos’[6] »-Cos[6] // TrigRedixce
1

ﬁ(r48+r4SCos [26] +2r2fl+

4r Cos [O] £, +6 Cos [20] f3—8r2Cos [26] my - 20 r Cos [36] my)

Cr=
((EullSinplify[ [, r]+1/x) + Ol$, {6, 2}]+1/r"2)]) /.Qx [6] »-Sine]) /.
Qs’[6] »-Gs[@)) /. r-»a//TridgRedxe
%:-1 =
(FullSinplify| O[¢l, r] +1/x) + O[AL, {6, 2}]*1/x*2)]) /. & [6] »-Sinfe] /.
@x’[6] »-GsfF] /. r-»a// TridRedxe

2a;+2aCos[0] ap-Cos[26] by -2aCos [36] by

1 4 4 2
ﬁ(a S+a SCOS[29]+28. f1+
a

4aCos [6] £, +6Cos [20] £5-8a2 Cos [260] my - 20 a Cos [36] my)
Ogomi = D[¢, {r, 2}] // TrigReduce
2a; +6 T Cos [0] ap+Cos [26] by + 2r Cos [36] by
Oeolmi = D[¢l, {xr, 2}] // TrigReduce

ris-r*SCos[20] -2r%f1 -4rCos [0] £2-6Cos [20] £3+4rCos [30] mp
214

Ogo = Simplify[(D[¢, {r, 2}]) /. r—»a // TrigReduce]

2a;+6aCos[0] ap+Cos[26] by +2aCos [36] by
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Ogo1 =FullSimplify[ (D[¢1, {r, 2}]) /. r—>a // TrigReduce]

a*ssin[6]?-3Cos[26] f3-a (af1 +2Cos [0] £2- 2 Cos [30] mp)

a4

Gai =
(FullSinplify[- D[D[¢, 6] *1/x, x]]) /. [6] »-Sin[6] /. &=’ [6] »-Cs[6] //
TrigRedxe

2rSin[6] a +Sin [26] by +2r Sin [36] by

TrolIni = (FullSimplify[-D[D[¢l, ©6]*1/x, r]]) // TrigReduce

—r455in[26] +4rSin[6] f2+6Sin[26] £3-4r? Sin[26] m - 12 r Sin [36] mp
2rd

Tro =
(((FullSimplify[- D[D[¢, 6] *1/x, r]] // TrigReduce) /. r-a) /.
Cos’[6] —»-Sin[6]) /. Cos”[6] -» -Cos[6]
Tral =
(((Fullsimplify[- D[D[¢1l, 6] *1/x, r]] // TrigReduce) /. r-a) /.
Cos’[6] »-Sin[6]) /. Cos”[6] » -Cos[6]

2asin[6] a, +Sin[26] by + 2a Sin [36] by

—a*ssin[26] +4aSin[6] £,+6 Sin[26] £3-4&° Sin[26] m - 12 aSin [36] mp
23t

UrIni = FullSimplify[ur] // TrigReduce

1

5 (x Cos [6O] ao—ra1+r}<a1—2r2 Cos [B] ap +
U
r

2 x Cos [6] ap - Cos [0] by - r Cos [26] by - r? Cos [36] by)
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4 a3l

Uritni = FullSimplify[url] // TrigReduce

1
8r3 .l
412 Cos [26] my + 4r2K1 Cos [26] my + 81 Cos [36] mp + 41 K1 Cos [36] mp)

(-ris+risxl+2rtsas[20] -4 f] -4rGos [O] £, 4G [20] f3+

Ur = (FullSimplify[urmni // TrigReduce]) /. r-a
U1 = (FullSimplify[urimi // TrigReduce]) /. r-a

a(-1+x) a1 +Cos [6] (kap+a? (-2+K) ap—by) —aCs [26] by —a% Cos [36] p
21

1
8ad ul
4a(-af]-Cos 6] fo+a (1+x1l) Cos[26] my + (2+K1) Cos [36] my))

(a*s (-1+x1+2Cos [26]) -4 Cos [26] £3+

Volmi = (CarplexExpand[uil] // TrigReduce) /. Cos[6] A2 + Sin[6]*2 -1

o (-r*ssin[26] -2rsSin[6] f,-28in[26] f3+

2r?Sin[26] m - 2r?x1 8in[26] m +4r Sin[36] mp - 2r k1 Sin [36] my)

Up = (Simplify[uemi] // TrigReduce) /. r-a
Ugl = (Simplify[ueimni] // TrigReduce) /. r-a

—kSin [6] ag+2a2Sin [6] ap +& kSin [6] ap+Sin [0] kp+a Sin [26] by +&° Sin [36] Iy
2
(-a®ssin[26]-2asin[6] f,-25in[26] f5+

2a28in[20]m -2a%x1Sin[260]m +4aSin[36] m - 2axl Sin [360] m,)
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THE SIMULTANEOUS EQUATIONS THAT HAVE TO BE SOLVED TO
FIND THE CONSTANTS

Eql = FullSimplify[ Coefficient [orr // Expand, Cos[6]] -
Coefficient [Orr1 // Expand, Cos[6]]]

Eq2 = FullSimplify[Coefficient [orr // Expand, Cos[26]] -
Coefficient[ Orrl // EXPand/ Cos [2 9] ] ]

S b 31f3 4my
- —by - +
o 1T a8 a?

Eq3 = FullSimplify[Coefficient [orr // Expand, Cos[36]] -
Coefficient [ oxr1 // Expand, Cos[36]]]

10 mp

-2aby+
2 a3

Eq4 = FullSimplify[Coefficient[ tr¢ //Expand, Sin[6]] -
Coefficient [ tro1 // Expand, Sin[6]]]
)
2aap - ?
EqQ5 =
FullSimplify[Coefficient [tre // Expand, Sin[26]] -
Coefficient [ tre1 //Expand, Sin[26]]]
S 3f3 2m

— +by - +
a4 a?

Eq6 = FullSimplify[ Coefficient [tro //Expand, Sin[36]] -
Coefficient|[ tre1 //Expand, Sin[36]]]

omy

2abo +
2 a3
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m7 =
Expand| Goefficient [ur // Expand, Gos[6]] - Goefficient[ ug //Egpand, Gos[6]]]

K ag a2 ao aZKaz o b))
- + - +
2 U U 2 L 2u  2a%ul
BB =

Bxeard| Quefficient [u- //Egard, (s[26]] - Qoefficient[us //Bgpard, Gs[26]]]

as abi f3 my Klm
— — + — —
4 ul 2 U 2adul  2apl 2apul

EP = Qoefficient[ue //Exgard, Gos[36]] - Coefficiant[ua //Bgad, Gos[36]]

a? o)) my x1lmo

2 U a2l 2a2ul

10 = Coefficient [up //Expard, Sin[6]] - Coefficient[vg //Bgand, Sin[6]]

xap a2 ao aZKaz oo fo

+ + + + >
21 U 2 U 24  2acul

Bql1 = Goefficient[w //Exqpard, Sin[26)]] - Coefficient[uy //Bgard, Sin[26]]

as ab; f3 my Klm
+ + - +
4 ul 2 U 2adul  2apl  2apl

B2 = Qoefficient[vp //Exqpard, Sin[36]] - Coefficient[ug //Bypard, Sin[36]]

a2 o)) m xKlmp

+
2 U a?ul  2a?ul

B3 =
Bypard| u- - Qoefficient [u-, Gs[e]]*Cs[6] -
Qoefficiert[u,, Gs[26]]*@s[26] - Qefficient [, Qs[36]]*Cs[36] -
(v -QoefFicient [wa, Gs[6]] *Qs[6] - Coefficient fug, Gs[26]]*s[26] -
Qoefficiert[ua, Gs[36]]+Cs[36])]
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as aSkl aa axai 1
- - + +
8 ul 8 ul 2 U 2 U 2aul

B4 =FullSinpl ify| v - Qoefficiert [up, Sin[E]]*Sin[6] -
Qoefficient[ v, Sin[26]]+Sin[26] - Gefficiert[w, Sin[36]]+Sin[36] -
(veL - QoefFicient [y, Sin[6]]+Sin[6] - Coefficient [y, Sin[26]] +Sin[26] -
Coefficient [ug, Sin[36]]+Sin[36])]

0

EH15 =FullSinplify[ o - Gefficiat [0, Gs[0]]*Cs[6] -
Coefficiert[ o, Gs[26]]*Cs[26] - Cefficient [ oy, s[36]]*s[36] -
(o —Coefficiant[ o, Gs[6]]*Cos[6] -
Coefficiat[on, Gs[260]]*Cs[26] - Coefficiant [y, Cs[36]]*Cs[36])]
S f1
- E + 2 aj — ?
16 =FullSinplify[ 5o - Goefficient [, Sin[e]]*Sinfe] -
Qoefficiat [ Gg, Sin[26]]*Sin[26] - Gefficiat| oy, Sin[36]] *Sin[36] -
(Ta -Coefficient [ g, Sin[6]]*Sin[O] -
Qefficiat[tg, Sin[26]]*Sin[26] - Gefficiat[tg, Sin[36]]*Sin[36])]

0
Solve[{ Eql3:== 0, Eql5 =0}, {a1, f1}]

-Su-Sx1lu £ a(-aSu+aSxlu+aSul-aSkpl) }}
’ -
20—l +xul) ! 2 (2p-ul+xul)

{{al%— 4 (
Solve[{Eql ==0, EqR == 0, EqB ==0, Eqd==0, Eq6 ==0, Eq9=: 0, Eql1 ==0,

Eg8=:0, Eql2 ==0, Eq7==0, Eql0==0, Eql3==0, Eql5 =0},
{a0, az, ko, £2, by, kg, my, me, £3, £1, a1}]
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&S & (S+SKl) i (S+SK1) 1 Su+SKlu

{{lcoeKao, Ho—+ ;a1 o T —
2 2@Qu-Ll+xLd) 4 (-l +xyd) 2 (< )

_a4Su—a4S/Jl . & (Spu—SLid)

f 14 _7’
T 2pdpn) T 2 gy

£5-0, -0, -0, I‘[‘Q%O}}

RADIAL STRESSES ON THE INNER AND OUTER PARTS

(S+s) u Su+SxKlu
bl
4 2u-+xd) 2 (dpu+)

OnFiral = (Ontni) /. a1~ /.2-0/.p-0

(S+SKl) u (Su+Sklu) Cos[20]
+

2 (2pu-pul +xul) 2 (k1 p+ul)
OlFiral =
atsu-atsu & (Su-Sidl)
E‘!:a'd[(qaﬂlm) /-ﬁﬁ—m -M*—m /.£-0/.mp-0/.
a (-aSu+aSK u+aSil -aSxyd)
2 Qu-l +xydl) ]
a2 S aZSKlu

- +
2 2r2 Qu-pl+xpl) 212 2u-pl+xpl)

+

aZSul aZSKul 1
- + = SGs[26] -
212 Qu-pl+xpd) 212 Qu-pd+xpl) 2
3a4SuCos[26] ZaZSuCos[ZQ] 3a4Su1Cbs[29] 2a28u1Cos[29]
+ + -
2r% (kKL p+ 1) r2 (k1 p+pl) 21t (K1 p+pd) r2 (Kl p+pl)

SHEAR STRESSES ON THE INNER AND OUTER PART

Su+Sxlu

TreFinal = (TreIni) /-blﬁ-m

/.a2-»0/.b2-0

(Spu+Sxlu) Sin [26]
2 (KL p+ul)
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TrolFiral =
atsu-atsii & (Su-Syid)

M[tﬂlrﬁ./-%—)—m /.m>- 2(K1H+IJ1)

/. 50 /.n‘g—>0]

3atsusin(26] +aZSqun[29] 3ats 1 sin[20] _aZS/JlSjn[Ze]

Cordpdpnd) | 2 edped) | 2 edund) | 2 (dusid)

1
-, Ssin[26]

ANGULAR STRESSES ON THE INNER AND OUTER PARTS

CeeFiral =
oo [ y (S+sd) u Su+S i / 0/.kp 0]
Ful1Sinpl i fy (qsmyi /. a1 - .bo———— /. 2-50/.p>
LR Y i+ 2aunt) "®
1 1 Cos [2 O]
= S (1+x1) U ( -
2 2u+ (-1+x) pl xlu+pl
GeelFirel =
@S & (S+SK)u atsu-atsl
Seltan 6 2 ) 57 2 by 0
f2—>0]
S  a®s azsu aZSKlu
A _ _ _
2 2r?2 2r?2 Qu-pl+xpl) 212 (2u-pl+xul)

3a*spucos[20] 3a*sulcos[20]
2rd (k1 p+pl) 2rd (k1 p+pl)

1
E S Cos [29] +

RADIAL DISPLACEMENTS FOR THE INNER DISC AND THE OUTER

PLATE
ire1 = FullSinplify [urmi / W b0/ STSAIK
WFinal = UrTni /. 80 < -a 4 Qu-id +xpd) '
Su+SKlu
> o) |20/ 200
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r(S(-1+x) (1+x1l) u+4r Qu+ (-1+x) 1) ((-2+K) Cs 6] ap-Cs[36] I»))
8u (2u+ (-1+x) 1)

UrlFinal =
FullSinplify|
" a®?s  a% (S+Sxl)u c atspu-atsu
S e L T Y2 @uopd expd) T T 2 pd )
a? (Su-sul)
m - - 2 0 s ) /.f2—>0/.m2—>0]

1 ‘(S ‘(12 (2 (-1+x1) Qu+ (-1+x) pd) =282 ((-1+x1) p+pl -xpd)) .

8r31 | |\ 2u+ (-1+x) pl
2 @*% (u-pd) +a2r? (L+x1) (-u+pd) +r* < p+pd)) Cos [26] ‘\‘\
KLu+pl /)

ANGULAR DISPLACEMENTS FOR THE INNER DISC AND THE OUTER

PLATE
RALISingLify oo /- box0 /- B b/ 2550/.1p0)]
; = i /.o~ L0 - -2V /.

Uepiral Ueni a0 2 dpe) |2

~ rS (1+x1l) Sin [26]

4 (k1 p+pd)
UglFirel =
atsu-atsul & (Su-Syd)

FullSingplify e /. - /. £-0/.12-50]

2¢dusd) 7T 2 dpnd)

S(@* (~pu+pl) +a®r? (-1 +x1) (-p+pl) +r? (klp+pl)) Sin[26]

43l (K1 p+pl)
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VERIFICATION OF THE EQUILIBRIUM EQUATIONS

Simplify [D[onFinal, X] +D[Twrinal, 6] *1/r + (OnFinal - GecFinal) / T ]

0

Simplify [D[OrriFinal, ¥] + D[TwiFinal, 6] *1/ L + (OriFinal - CkslFinal) / X]

0

Simplify [D[trerinal, ¥] + D[Ogerinal, 6] *1/r + (2% Trgrinal /T) ]

0

Simplify[D[treiFinal, r] + D[OgeiFinal, 6] *1/x +2 * TrgiFinal /]

0
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