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ABSTRACT

ON PRIMITIVITY AND DIMENSION OF FINITE
SEMIFIELDS AND THEIR PLANES

Linlin Chen, Ph.D.

The University of Texas at Arlington, 2012

Supervising Professor: Minerva Cordero

The study of semifields originated from the work of L.E. Dickson in 1905 and
was greatly developed in the 1960s by Albert, Knuth, Walker, and Kleinfeld among
others. Two problems of interest in this area are the primitivity of semifields and the

dimension of semifields over their sub-semifields.

For the first problem, we provide an equivalent condition for the right (or left)
primitivity of finite semifields and with this result, we find that the classical Knuth
binary semifields of order 2! 2!7 and 2! are all right and left primitive; the Albert
semifields of order 2¢, where i = 7,9,11,13 are all primitive. Also we prove that
the number of primitive elements in the classical Knuth binary semifields of order 2¢,

t € [5,19] odd, is a multiple of t.

For the second problem, we first prove that the classical Knuth binary semifields
can not be fractional dimensional. Then we consider two special classes of generalized

Knuth binary semifields of order 2¢, ¢t odd. One class is fractional dimensional and



contains GF(2?) as a subfield, when ¢ € [5,31]. The other class is commutative and
does not contain the subfields GF'(2?) or GF(23). Finally we show that the Albert
semifields A, (S) do not contain the subfield GF(2%) when (n,3) = 1.
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CHAPTER 1
INTRODUCTION AND PRELIMINARIES

1.1 Introduction

In this work, we present a study of primitivity and fractional dimension of
finite semifields and semifield planes. A finite semifield is an algebraic structure with
two distributive laws, the multiplicative identity, and no zero divisors. If a plane is
coordinatized by a finite semifield, then it is called a semifield plane.

A finite semifield is (left) right primitive if its multiplicative group is “(left)
right cyclic” in a way to be described later. The study of primitivity was initially
raised by G.P. Wene. He provided examples of semifields of order 16, 27, 32, 124, and
343 that have a right primitive element, and according to those sporadic examples,
he made the following conjecture
Conjecture 1.1.1. [16] All finite semifields are right primitive.

Rua [15] proved that any finite semifield three-dimensional over its center is
both left and right primitive. However, he showed that the classical Knuth binary
semifield of order 32 is neither right nor left primitive. Then in 2006, Hentzel and
Rua [8] gave another counterexample to Wene’s Conjecture, a semifield of order 64.
Although this conjecture is incorrect, people are still interested in this problem since
for most semifields it is not known if they are right primitive or not.

Let F' = GF(q), where ¢ = p" for some n and p is a prime number. Suppose E
is any subfield of F'. Then the order of E must be p for some i that is a divisor of n.
Hence the dimension of F' relative to F is an integer. We now generalize the definition

of dimension of finite fields relative to subfields to the case of finite semifields.



Definition 1.1.1. Let D be a finite semifield and E a sub-semifield. Then dimgD =
logig||D|(= A) is the dimension of D relative to E. The semifield D has fractional

dimensional, relative to E, if X is not an integer, and now E is a fractional dimensional

sub-semifield of D. In general, D is considered fractional (dimensional) if D is frac-

tional dimensional relative to at least one sub-semifield E.

The center of a semifield D is a set, composed of all the elements in D that
commute with all the elements in D and associate with every element in D from left,
right and middle. Notice that the center of a finite semifield is a field and we view
the semifield as a vector space over its center. Since the center of a finite semifield is
a finite field, and hence has order a power of a prime. Therefore the dimension of D
relative to its sub-semifields must be an integer or a proper rational number (not an
integer). People are interested in the second case, i.e., when is the dimension of D
relative to its sub-semifields a rational number?

Jha and Johnson [9] found that the generalized Knuth binary semifields of order
2!, where t is divisible by 5 or 7, admit the subfield GF(2?), so the dimension of those
semifields over GF'(2?) is fractional. They also made the following conjectures:
Conjecture 1.1.2. [9] 1. There exist semifield planes of order 2", for any odd integer
r that admit Desarguesian subplanes of order 22.

2. There emist semifield planes of order 2¢, for any integers t relatively prime to 3
that admit semifield subplanes of order 23.

The first part of Conjecture 1.1.2 was completely solved by V. Jha [19]. How-

ever, for the second part of Conjecture 1.1.2, no examples to support it have been

found.



This thesis is divided into four chapters. Chapter I contains some basic defini-
tions and results on projective planes and finite semifields. Also, the three types of
finite semifields that we are working with will be introduced in this chapter.

In Chapter II, after providing the basic definition of primitivity of finite semi-
fields, we prove the following theorems concerning primitivity.

Theorem 2.2.2 Suppose S = (D, +, %) is a semifield of order ¢", with center
K = GF(q). Let d be a non-zero element in S and f(z) be its right characteristic
polynomial. Then d is a right primitive element if and only if ord(f(z)) = ¢"* — 1.

With this result, we show that
Theorem 2.3.1 The classical Knuth binary semifields of order 2¢, where t = 15,17, 19,
are all left and right primitive.

Theorem 2.4.3 For any odd integer ¢ € [5,19], if the classical Knuth binary semifield
F=(GF(2'),+,*) is primitive, then the number of primitive elements, N; of F, is a
multiple of ¢.

Theorem 2.5.1 The Albert Semifields A,,(S) of order 2", where n = 7,9, 11,13, are
all right and left primitive.

On Chapter III we provide the results of our study of the dimension of certain
finite semifields. In particular, we prove the following theorems.

Corollary 3.2.1 The generalized Knuth binary semifields of order 2", for any
odd integer r € [5,31], contains GF'(4). Hence these semifields are fractional dimen-
sional.

Theorem 3.3.1 The classical Knuth binary semifields do not contain any sub-
semifields.

The generalized Knuth binary semifields and the classical Knuth binary semi-

fields are isotopic, (Lemma 3.3.3), so by Albert’s Theorem [1], they coordinatize



isomorphic planes. The above two theorems provide evidence that isomorphic semi-
field planes may have different coordinatizing theorem.
Definition 1.1.2. Let m; and my be two isomorphic projective planes with bijection

a. Let 71'(()1) be any subplane of mw . If there exists 7r(()2) in my of the same order as

7T(()1) and o preserves incidence in 7T(()1) and 77[()2), then m and mo are called absolutely
1somorphic.

As we just point out, there exist semifield planes which are isomorphic but not
absolutely isomorphic. However, two isomorphic Desarguesian planes are absolutely
isomorphic, since they are coordinatized by finite fields and there exists a unique
finite field for each order up to isomorphism. We raise the question “when are two
projective planes absolutely isomorphic?”.

On Chapter IV we prove some conclusions that follow from our research and
we list two open problems concerning non-associative algebras.

Notice: All the semifields and semifield planes considered in this thesis are

finite.



1.2 Preliminaries
1.2.1 Projective Planes and Affine Planes

Definition 1.2.1. A projective plane is a nonempty set m whose elements are called

points and a collection of subsets of m called lines satisfying the following:
(1) Any two distinct points are contained in one and only one line.

(2) The intersection of two distinct lines contain one and only one point.

(8) There ezists four points no three of which are contained in the same line.

If P and @ are two distinct points of a projective plane 7, then the line con-
taining P and @) will be denoted by PQ. If the point P is contained in the line ¢,
then P is said to be incident with ¢.

If one line of a projective plane 7 contains n + 1 points, then every line of 7
contains n + 1 points and every point of 7 is incident with n 4 1 lines. Furthermore,
7 contains n? +n + 1 points and n? +n + 1 lines [10]. In this case, 7 is said to have
order n, denoted by |7| = n.

Definition 1.2.2. Let 7 be a projective plane and ©' be the incidence structure whose
points (lines) are the lines (points) of m and incidence in @' is given by incidence in

7, then @ is a projective plane called the dual plane of .

The geometric structure obtained from a projective plane by removing one line
and all the points on that line is called an affine plane.
Definition 1.2.3. An affine plane G is a nonempty set of points and lines together
with an incidence relation between the points and lines such that
(1) Any two distinct points are contained in one and only one line.
(2) Given a point P and a line ¢ with P ¢ {, there exists a unique line m with P € m
and ¢ Nm = (.

(8) There are three points not on the same line



Two lines of an affine plane are parallel if they are equal or if they do not inter-

sect. Parallelism of lines of an affine plane is an equivalence relation; the equivalence
classes are called parallel classes.

If an affine plane G is obtained from a projective plane 7 by deleting a line ¢
of m and all the points of ¢, then G will be denoted by m,. Conversely, a projective
plane can be obtained from an affine plane GG by adjoining an additional point to each
parallel class such that the lines of that parallel class intersect in the new point, and
adjoining an additional line, denoted by /., consisting precisely of the new points.
The projective plane obtained from G in this way will be denoted by G U ¢,. The
extension of an affine plane to a projective plane is unique, but the affine plane
obtained from a projective plane by removing a line is not necessarily unique.

The affine plane G is said to have order n, denoted by |G| = n, if one (and
hence every) line of G has n points.

Coordinates can be introduced in a projective plane 7 of order n as follows.
Choose four points U, V', O, I of m, no three of which are collinear. Let R be a set
of n symbols with the two properties:

(1) 0,1 € R;
(2) There exists a 1-1 correspondence « between R and the points in OI —(UV NOI)
such that 0 = O and la = I.

Using the set R, the plane 7 is coordinatized as follows. (See Figure 1.1)

(a) To a point P € OI — (UV N OI), assign the coordinates (a,a), where a € R and
acv = P.

(b) If P ¢ OI and P ¢ UV, assign to P the coordinates (a, b), where PVNOI = (a,a)
and PUNOI = (b,b).

(c)If P € UV and P # V, assign to P the coordinates (m), where OPNIV = (1,m).

(d) If P =V, assign to to P the coordinate (00), where oo is a symbol not in R.
6



I7 Za LJ‘))

(m)
S@RE, (1)
(1,m) :
(b,b)
(a,a)
I=(1,1)
0=(0,0) U=(0)

Figure 1.1. Coordinatization of the projective plane 7.

Definition 1.2.4. Let m be a projective plane and R be a set coordinatizing m with

respect to the points U, V', O, I. A ternary function F' is defined on R as follows:

if a,m,k € R, F(a,m, k) = 2" coordinate of the point (a,0) N (m)(0, k).
See Figure 1.2.
In terms of the ternary function F', observe that the lines of 7, except UV, can

be represented by equations as follows:

the line through (oo) and (k,0) : z =k
the line through (m) and (0,k) : y = F(x,m,k)
where z represents the first coordinate and y the second coordinate of a point.

Using the ternary function F', addition and multiplication can be introduced

on the coordinate set R as follows:



e (f) :

(0,k)

0 = (0,0)- 0)=U

(a,0)

Figure 1.2. Ternary Function.

Definition 1.2.5. Let w be a projective plane, R be a set coordinatizing m with respect
toU, V, O, I, and F the ternary function defined on R. An addition + and a

multiplication - are defined on R by

a+b=F(a,1,b),a-b=ab= F(a,b,0)

for all a,b € R.

The algebraic system on the coordinate set R with operations determined by
the ternary function F' as above is called a ternary ring and is denoted by (F,+, ) or
(R, F).

Definition 1.2.6. A loop is a set L with a binary operation x satisfying
(1) There ezists an element e € L such that axe =exa = a for all a € L.

(2) Given two of the elements a,b,c € L, the equation a * b = ¢ uniquely determines

the third.



Theorem 1.2.1. [10] If (R, F) is a ternary ring, then (R,+) is a loop with identity
0, and (R —{0},-) is a loop with identity 1.
We study right quasifields and translation planes.
Definition 1.2.7. Let Q) be a finite set with two binary operations + and - satisfying
the following condition:
(1) (Q,+) is an abelian group with identity 0.
(2) (Q —{0},-) is a loop with identity 1.
(8) For all a,b,c € Q, (a+b)-c=a-c+b-c.
(4) Forallae Q,a-0=0-a=0.
Define a ternary function on the set Q) by
(5) For all a,b,c € Q, F(a,b,c) =a-b+c.
The quadruple (Q, F,+,-) is called a right quasifield and will be denoted by (Q,+, )

A left quasifield is defined as above by replacing (3) by (3)
(3") For alla,b,c€e Q,a® (b+c)=aGc+a®c
Definition 1.2.8. Let m and my be two projective planes (or affine planes). If there
exists a bijection o which maps the points of w onto the points of my and the lines of
m onto the lines of mo and which preserves incidence, then m and my are said to be
1somorphic, denoted by m = 5.

An isomorphism of a plane into itself is called a collineation.

If a collineation «a of a projective plane 7 fixes all the points on a line ¢ and all

the lines through a point P of 7, then « is called a (P, ¢)-perspectivity. The point P

is called the center of o and ¢ is called the axis. If P € ¢, « is called an elation; if
P ¢ {, « is called an homology. The set of all elations of 7w with a fixed axis ¢ form
a group. If this group is transitive on all the points of © not on ¢, then 7 is called

a translation plane with axis ¢ and the affine plane 7, is called a translation plane.

Translation planes are coordinatized by right quasifields.
9



If the collineation group of a projective plane 7 contains (P, {)-perspectivities

for all points P and all lines ¢, then 7 is called a Desarguesian plane. Notice that, all

desarguesian planes are coordinatized by finite fields.

1.2.2  Finite Semifields
(I) Basic Results on Semifields

Definition 1.2.9. A finite semifield S = (D, +, %) is a finite algebraic system con-

taining at least two elements, which possesses two binary operations, + and * such
that
(1) (D,+) is a group with identity 0.
(2) For every a,b € D, if axb =0, then either a =0 or b= 0.
(3)ax(b+c)=axb+axc; (a+b)xc=a*c+bx*c for every a,b,c € D.
(4) There ezists an element 1 in S such that 1 xa =ax*1 = a for every a € D.

Let 7 be a finite translation plane with axis /.. If the group of elations with
axis ¢ # {+, and center (00) is transitive on the points of £, — (00), then m__ is called

a semifield plane.

If condition (4) is missing, the algebraic system is called a pre-semifield.

If there are n elements in S, then we say the order of S is n, denoted |S| = n.
Remark 1.2.1. (1) Every finite field is a semifield.
(2) The term “proper semifield” refer to a semifield in which the associative law does
not hold, i.e., there exist elements a,b,c € S, such that (a *b) x c # a* (b*c).
(8) (D — {0}, %) is a loop.

The multiplicative identity 1 does not necessarily exist in a pre-semifield, and

the following theorem provides a technique to convert a pre-semifield into a semifield.

10



Theorem 1.2.2. [7] Let P = (D,+,0) be a pre-semifield without identity, and let

0# e € D. If a new multiplication * is defined on D by the rule
axb=(doe)x(eoll)=a ol

then with this multiplication x and the given addition, a semifield (D, +, %) is obtained
with tdentity e o e.

Notice: if o is commutative, so is *.
Definition 1.2.10. Let (T,+,x) and (T1,+,-) be two ternary rings. An isotopism
from Ty onto T is a set of three functions (F, G, H), each being a 1-1 correspondence

from Ty to T, such that

(axb+c)H = (aF) - (bG) + (cH), for all a,b,c€T.

In particular, let Sy = (D1, +, %) and Sy = (Da, +, ) be two finite semifields. If
the triple (F, G, H) consists of additive, 1-1 correspondence mappings from Dy to Ds,
such that

for any x,y € Dy, (zF) - (yG) = (v xy)H

then S and Sy are said to be isotopic and the triple (F, G, H) is called an isotopism.

We prove two lemmas that will be used in the future.
Lemma 1.2.1. The semifield S = (D, +, %) and pre-semifield P = (D, +,0) in The-

orem 1.2.2 are isotopic.

Proof. Define R, : D — D,z + zoeand L., : D — D, x — eox. Since (D—{0},0)
is a loop and the two distributive laws hold in P, R. and L. are additive bijections.

So are R;! and L', Also,

axb=(doe)x(eob)=dob = (aR;") o (bL")
11



Hence S and P are isotopic with isotopism (R, !, L1, I). O
Lemma 1.2.2. Isotopism of ternary rings is an equivalence relation.
Proof. T is isotopic to itself, since the triple (F,G, H) can be chosen to be (I,1,1),
where [ is the identity map of T

Let 71 and T, be two isotopic ternary rings with isotopism (F,G, H). Since
F,G, H are bijective, F~1, G™!, H™! exist and they are bijections. Also, (Or,)H = O,
implies (0g,)H ! = 07, and for any z,y, z € Ty, there exist elements a,b, c € Ty such
that

r=alF, y=5b0G, z=cH
Then
(z-y+2)H ' =[(aF) - (bG)+cHH ' =[(a-b)H +cH/H*
=a-btc=(@F ) (yG ) +zH!
So Ty is isotopic to Ty with isotopism (F~1, G=1 H™1).

Let T} be isotopic to Ty with isotopism (F,G, H) and Ty be isotopic to T3
with isotopism (P, @, R), then FR,GQ, HR are bijections from 7; to T3. For any
a,b,ceT)

(Or,)(HR) = (0n,H)R = (0p,)R = Oy,
(a-b+¢c)(HR) = (aF -bG+cH)R = (aF)P - (bG)Q + (cH)R
=aFP-bGQ +cHR
So T is isotopic to T3 with isotopism (FR,GQ, HR). ]

The importance of isotopisms on semifields is given by the following theorem

due to Albert.

12



Theorem 1.2.3. [1] Two semifields coordinatize isomorphic planes if and only if

they are isotopic.
(II) Nuclei

Various special subsystems are defined for a semifield S = (D, +, %), indicating

degrees of associativity. The most important of these are the following:

the left nucleus Ny : {r e D|(x*xa)xb=xx*(axb), forall a, b € D},
the middle nucleus Ny, : {z € D|(axx)*b=ax (z*b), forall a, b € D},

the right nucleus N, : {r € D|(axb)xx=ax(bxzx), forall a, b € D}.

The intersection of these three sets is called the nucleus of the semifield S and

is denoted by N; Knuth [11] showed that each nuclei is a finite field and S is a vector
space over any of its nuclei; it is a left vector space over N;, N,,, and N; it is a right
vector space over N,,, N, and N.

The center of a finite semifield is a set formed by all the elements in N that

commute with all the elements in D, denoted by K = Z(D), i.e.,
K={rx € Nl|laxx=xzx*a, forall a € D}

Obviously, the center of a finite semifield with addition and multiplication forms
a finite field. Let K = GF(q), where ¢ = p", p is the characteristic of D, and
dimgS = n; then [S| = ¢".

In this paper, we consider a finite semifield as a vector space over its center.

(III) Examples of Semifields

(1) Classical Knuth Binary Semifields
First we introduce the construction of the classical binary semifields due to

Knuth [12]. Let F = GF(2™") and Fy = GF(2™), where m,n are postitive integers
13



and n is odd. Considering F' as a vector space over Fj, let f be any nonzero linear

functional from F' to Fy, i.e.,

fha+ pb) = Af(a) + nf(b)

for all a,b € F and all A\, u € fy.

Define a new multiplication o in F' as follows:
aob=ab+ [f(a)b+ f(b)a)]®

Then (F,+, o) is a pre-semifield. Choose a nonzero element e in F' and define another

multiplication * by
rxy=('oe)x(eoy)=a" oy, Vo,ye F

then & = (F,+,%) is a commutative semifield called the classical Knuth binary

semifield.

Let F = GF(2"), Fy = GF(2), and let T be the trace map from F' to Fy, i.e.

277,71

AT =a+ad®+d” + - +a
for any a € F. Then the multiplication o in (1) is defined by
(ComKn) xzoy=axy+ (Ty+y z)?

Then the multiplication of pre-semifield (F,+,0) can be redefined to get a semifield
(F,+, *) using Theorem 1.2.2.
(2) Generalized Knuth Binary Semifield

V. Jha and N.L. Johnson [9] generalized the construction of the classical Knuth
binary semifields in 2010 as follows:

Let F = GF(2"), n > 5 odd, and Fy = GF(2). Suppose GL(F,+) is the full

group of Fy-linear bijections of the vector space F' over Fy. Then for any B,C €
14



GL(F,+), there corresponds a pre-semifield Fp o(F) = (F,+,®), where ® is defined
by

(GenKn) z0y=a%yC + (aPTyC + y°TaP)?

For any choice of e € F*, redefine the multiplication of the pre-semifield Fp o(F) =

F.+,®) by the following rule
(
(x@e)*x(e@y) =20y, Vo, yel

F l(;)c(F) = (F,+, %), forms a semifield, called a generalized Knuth binary semifield.

Notice that e ® e is the multiplicative identity for (F,+, %)..

The following proposition is given in [9] without proof; for completeness we
provide a proof here.
Proposition 1.2.1. Let F = GF(2"), n > 5 odd. With the addition inherited from
the finite field and the multiplication © defined above, (F,+,®) is a pre-semifield
when B,C € GL(F,+).

Proof. First, we show there are no zero divisors for ©.
Suppose z ®y = 0 and x # 0. Then 28 # 0 since B € GF(F,+) is a bijection
over F' and

IByC + xBT(yC>2 i yCT<:EB)2 =0

Dividing by (2”)? in both sides, we get

c c
BT/ Y 4 cr
X (l‘_B)2 + x_B + Yy =0
c
Let 2z = LB. Then the above equality becomes 25722 + z + y¢T = 0. Since n is odd,
x

this equation must be reducible, which implies z € GF'(2). Hence
z @y =2y + (2P 22 + 22PT2P)? = 2Py =0

So y“ = 0 and then y = 0.
15



Next we show the left distributive law holds in Fp ¢ (F') and similarly the right
distributive law also holds.
Since B, C are additive bijections on F' and T : GF(2") — GF(2), n odd, is

also additive,

O (y+2) = 2Py +2)° + 2P (y+2)° + (y + 2)T2PP?
— xB(yC—I-ZC)—|—[$BT(yC+ZC)—|—(yCT+ZOT)$B]2
—_ xByC+:chC+xBT(yC)2+$BT(ZC)2+yCT(:CB)2+zCT(:CB)2

=rx0yt+rOz

(3) Albert Semifields

This is a class of finite semifields with characteristic 2 due to Albert [17]. He
simplified the construction of Knuth for the classical binary semifields. Here is Al-
bert’s idea:

Let FF = GF(2"), n > 3 odd, with multiplication juxtaposition and write
F = S+wGF(2), where S is a (n—1)-dimensional vector space over GF(2) containing

1 and w is an element not in S. Define
s*t:st,s*w:w*s:sw+32+s,w*w:w2+1

for any s,t € S. Then the vector space F' with multiplication * forms a proper
semifield when n > 5. Wene [17] proved the following theorem.
Theorem 1.2.4. [17] Let F' = S+wGF(2), where S is a (n— 1)-dimensional vector

space over GF(2) containing 1. Suppose © = w + s¢ for some sg in S. Define
sxt==st, 50 =0*S=sw+ 8 +s,0x0=w>+1

for any s,t € S. The resulting semifields are isomorphic for all sg € S.
16



The Albert semifield of order 2", where n > 5 is odd, is denoted A, (S) in this

work.
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CHAPTER 2
PRIMITIVITY IN FINITE SEMIFIELDS

2.1 Preliminaries

In this section, we are concerned with some basic but helpful tools for the
study of primitivity in semifields. Let S = (D, +, %) be a finite semifield and K be its
center, where K = GF(q) and ¢ is a prime power. Recall S is a vector space over K.
Suppose dimgS = n. The slope map of any non-zero element d € D is T}, specified
by Ty(x) = x *d. Since T, is a non-singular linear transformation on D, it can be
identified with a non-singular n x n K-matrix, which depends on the choice of the
basis of S over K. Also the slope set for S is denoted by 7p = {Ty|d € D}, where Tj
is the zero map.
Definition 2.1.1. Let V' be a vector space over a finite field K = GF(q) , g = p",

with finite dimension n, i.e. dimgV = n. Then a set of linear maps
7 C GL(n,K)U{0,} := GL(n, K)

1s a spread set on 'V if

17| = V| =¢", 7D {0,,1,}, and A, BeT= A— B e GL(n, K)

Definition 2.1.2. We say that the set T is additive if it is closed under addition.

Proposition 2.1.1. If S is a semifield, then the slope set Tp defined above is an

additive spread set of S, which is also a vector space over K.

Proof. We first show |7p| = |S| = ¢™. First notice that

T,=T,< xT, =21, & xxm=xxn, foreveryx €S
18



When z = 1, we conclude m = n.
The mapping & — 7p that maps d € S into T; € 7p, is 1 — 1; hence onto.

Therefore |7p| = |S| = ¢". For any T,,, T, € Tp,

(T —T,) =21, —aT, =xzxm—x*xn=2xx*(m—n)

soT,,—1T, ="T,_, € Tp. Since Ty, T} € 7p, the conclusion holds. O
Suppose S is a vector space over its center K with basis {e; = 1,9, -+ ,&,}.
Then all the elements of S are linear combinations of {e; = 1,eq, -+ ,¢,}. The

additive spread set of S, 7p, is a vector space over K according to Remark 2.3 [6].
Hence 7p and S are isomorphic as vector spaces over K. Therefore {11, T.,,--- , 1., }
is a K-basis of 7p.

Definition 2.1.3. The n xn matriz associated with Ty is called the right slope matrix

of d and is denoted Rg.
Remark 2.1.1.

(1) Ry is nonsingular, and so det(R,) # 0.

(2) Knuth [11] introduced two isotopism classes of semifields with 16 elements:
system V and system W. Let F' = GF(4), so that I has elements 0, 1, w,w? = 1 +w.
The elements of system V' are of the form v+ \v, where u,v € F. Addition is defined

in an obvious way:
(u+ X))+ (z+Xy) = (u+2z) + Mo +y) (2.1)
Multiplication is defined by the following rule
(u+ Av)(z + \y) = (ux + v*y) + Avz + v’y + v*y?) (2.2)

The set of all the elements in F' with addition (2.1) and multiplication (2.2) form a

semifield, called system V.
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The elements in system W are the same as the elements in system V. But
the multiplication in W, defined below (2.3), is different from the multiplication in
system V.

(u + M) (z + \y) = (ux + wv®y) + AMve + u’y) (2.3)

By Proposition 2.1.1, since 7p is an additive spread set, it is closed under

addition. Wene [16] proved that system V' and system W are both right primitive.

0100 0100
: . : 0010 0010
In his proof, two special matrices M; = 000 1 and My = 000 1
1100 1 001
were used. The characteristic polynomials of M, and M, are 2* +2x+1 and 2* +23 41

respectively, which are both irreducible over GF'(2) of order 15 by Corollary 3.4 [13].

However, since {1,w, A, \w} is an ordered basis of system V or system W over
GF(2), then the set {Ry, R, Ry, Ry} is an ordered basis of 7p over GF(2); so all
the slope matrices should be a linear combination of them. But neither M; nor M,
is, which implies there does not exist an element in & = (D, +, ) with M; or M, as
the right slope matrix.

By Theorem 2.2.2, we found all the right primitive elements in Knuth’s system
V and system W. In system V', the elements w + A\, w + Aw, 1 +w+ A\, 1 + w + \w,

W+ A+ A w, and 1+ w + A + Aw, have right slope matrices as follows:

011 1 010 1
1101 1110
Roix = 1110 Rusrw = 01 11
0110 1000
1111 1101
1001 1010
B =1 1 ¢ ¢ Bivomso =1 (1 o 1
011 1 100 1
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Rw+)\+)\w -

11 1
11 1

— == O
— o~ O
— o
—_ o O =
OO = O

10 0

All the matrices above have right characteristic polynomial z* + « + 1, which
has order 15. So system V has 6 right primitive elements.

Applying the same method we found that system W has 6 right primitive
elements too, which are also w + A\, w + dw, 1 +w+ A\, 1 + w + A\w, w + A+ lw, and
l+w+ A+ dw.

Before our main results, we list all the theorems and lemmas that are needed
in our research.

Result 2.1.1. (Lemma 3.6, [13]) Let ¢ be a positive integer. Then the polynomial
[ € GF(q)[x] with f(0) # 0 divides ¢ — 1 if and only if ord(f) divides c.

Result 2.1.2. (Theorem 3.8, [13]) Let g € GF(q)[x] be irreducible over GF(q) with
g(0) # 0 and ord(g) = e, and let f = g° with a positive integer b. Let t be the smallest
integer with p° > b, where p is the characteristic of F,. Then ord(f) = ep".

Result 2.1.3. (Theorem 3.9, [13]) Let g1, - - - , gx be pairwise relatively prime nonzero
polynomials over GF(q), and let f = q1g92---gr. Then ord(f) is equal to the least
common multiple of ord(g1),--- ,ord(g), i.e., ord(f) = [ord(g:),- - ,ord(gx)]-
Result 2.1.4. (Theorem 3.11, [13]) Let GF(q) be a finite field of characteristic p,
and let f € GF(q)[x] be a polynomial of positive degree with f(0) # 0. Let f =
a fl--~f,s’“, where a € GF(q), bi,bs, - by € N, and fi1,---, fi are distinct monic
irreducible polynomials in GF(q)[x] be the canonical factorization of f in GF(q)|x].
Then ord(f) = ep', where e = [ord(f1),--- ,ord(fi)] and t is the smallest integer with

pt >maz(by,- -, by).
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Result 2.1.5. (Lemma 1, [15]) Let Z(D) = GF (p°) be the center of a finite semifield

D and let w € D* such that
W =N w0 e Nw + Nee

for some Ao, -+, A\—1 € GF(p®). If t € N s the order of the polynomial p(z) =

r—1 _

" — A\ =Nz — N € GF(p°)[x], i.e., the smallest natural number such

that p(x)|(x' — €), then the element w satisfies the equation w® = e.

Result 2.1.6. (Lemma 3.1, [13]) If f(x) € GF(q)[x] is a polynomial of degree n > 1

with f(0) # 0, then there exists a positive integer e < ¢" — 1, such that f(x)|z® — 1.
The following well-known fact is used in the proof of the main result of this

chapter; we include a proof for completeness.

Lemma 2.1.1. Suppose p is a prime number. Then (p™ —1)(p™ —1)---(p™ —1) <

ni+-+ng

P — 1, where all the ns are positive integers and t > 1.

Proof. Induction is applied to prove this result. First,

(P =)™ = 1) =p™™ —p" —p™ +1

:pn1+n2 —1 —pm —p"2 +2
Let A = —p™ — p™ + 2. Since p is a prime number, and n; > 1, then
p4p>2t 4ol =452

Therefore A < 0 and (p™ — 1)(p"2 — 1) < p™t™2 — 1.

Second, suppose (p™ — 1)(p"2 —1)--- (p™ — 1) < p™ T+t — 1. Then

(™ =1)--(p™ =™ = 1)
< (pnTTTE -1t = 1)
N1+ Fng+ng4a

=p _ pn1+---+nk _ pnk+1 + 1

— pn1+"’+nk+nk+1 1= pn1+~~-+nk _ pnk+1 +9
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Let A = —pmtt — pe+t 4+ 9 Then A < 0 and

<pn1 _ 1) ... (pnk _ 1)(pnk+1 _ 1) < pn1+---+nk+nk+1 -1

2.2 Equivalent Condition for Right Primitivity

Let S = (D, +, *) be a finite semifield with order ¢". The element w € S is said

to be a right (left) primitive element of S if each element in D* can be represented

as some right (left) power of w. Note:

2) n) n—1)

wl):w,w =wWxW, W * W

(2

(W=w, WC=wxw, - W =wsxwm™?)

If K = Z(D), the center of S, has order ¢, then S is right primitive if and only if

there exists at least one element w € S such that w9 ~! = 1, where ¢" — 1 is the
least positive integer satisfying the above condition. We also say § is primitive if S
is right and left primitive.

Theorem 2.2.1. Letd € S. Then
a0+a1d+a2d2)+---+andn) =0, g, € K
of and only iof
aoly +a1Rg +asR3+ -+ a,R' =0, a; € K
where Ry is the right slope matrixz of d.

Proof. First we show ad®) = aR} a € K, d € D, for all positive integers k.

Ifk=1,ad=axd=Tyla) = aRy. Suppose ad” = aR}, for some i > 1. Then

ad™ =axd) =ax (d)*d) = (axd)) xd = (aR}) xd = (aR}) Ry = aR;™.
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Hence,
a0+a1d+a2d2)+---+andn):0(:)aoln+a1Rd+a2R§+---+an a =10

O]
Note: If ag + a1d + asd? + - - + a,d” =0, a; € K, we say that d is a right root of
f(x) =ag+ a1x + azx® + -+ + a2 =0, a; € K.
Remark 2.2.1. When Theorem 2.2.1 is applied, the semifield S must be considered
as a vector space over its center; otherwise it is not necessarily true.

For example, let K = GF(3). In [18] Jha-Cordero observed that the semifield
Dy = (K®,+, %) has an ordered basis { E1, Es, E3, Ey, E5} over K, where

El - (07070a 170)7E2 - <1a 172707 ]-)aE3 = (0707()’ 072)7

E;=(0,1,0,2,0), E5s = (2,2,0,1,1)

Let d = E5 and M denote the slope map of d in the semifield Dy = (K°, +,%). Then

00011
0101 2
M=1]120 2 2 |. Obviously, 2d®) +2dY +d° = 0, but 2M>+2M*+ M® # 0.
11201
22210

Theorem 2.2.1 1s not true for this example, since K is not the center of the
semifield Dy and then {Ey, Fy, E3, Ey, E5} is not a basis over its center. In Dy,
E5=(0,0,0,0,2), is not in the center, because Fy x E3 # E3 % Fy. Here is a copy of

the table of the multiplication in Dy as given in [18].

* E1 E2 E3 E4 E5
E,| 8 | 127 2 | 33 | 220
Ey | 127 150 | 37 | 168 | 207
Es| 2 | 123 50 | 154 | 27
Ey| 38 175 97| 2 | 64
Es | 220 70 | 64| 55 | 2
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Corollary 2.2.1. Let f(z) = 2™+ 12" V4 ax +ag, a; € K, be the charac-

teristic polynomial of Ry. Then d is a right root of f; that s,
AV + ap 1d”V + -+ ad+ag =0

Proof. Since f(x) is the characteristic polynomial of Ry, then R, is a root of f(z).
ie.,

R+ an Ry + - +a1Rg+ apl, =0
The result is easily obtained from Theorem 2.2.1. O]

Definition 2.2.1. The characteristic polynomial of Ry is called the right characteristic

polynomial of d.

Remark 2.2.2. Let f(z) = 2"+ a,_ 12" ' + -+ + a1x + ag be the right characteristic
polynomial of d € S. Suppose f is reducible over K = Z(D); say f(z) = fi(x)fo(z),

where
m—1 k—1
file)=a™+ > b, folz) = 2"+ e’
i=0 i=0

m,k >0, and m + k = n. By Corollary 2.2.1, d + ap_1d* " + -+ + a1d + ag = 0.
However, it is possible for d not to be a right root of either factor, as the following
example shows.

Example 2.2.1. In system W, the right characteristic polynomial of X is x*+ 2% +1;
50 M +2AD +1=0. Over GF(2) we have x*+22+1 = (22 +2+1)%, but \D + A\ +1 =
wH+A+1#0.

Note: f(d)) equals fi1(d))f2(d)) if and only if d associates with every element in S; so
most often £(d)) # f1(d)) fa(d)).

Lemma 2.2.1. Let f(x) be the right characteristic polynomial of d € D* over K =
GF(q). Then ord(f(z)) < ¢" —1.
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Proof. f(x)is a polynomial over K with degree n, and f(0) # 0, since f(0) =det(—Ry)
and Ry is nonsingular. By Result 2.1.6 and the definition of order we get ord(f(z)) <
q" — 1. O

Now we give the main result of this chapter.
Theorem 2.2.2. Suppose S = (D,+,*) is a semifield of order q", with center
K = GF(q). Let d be a non-zero element in S and f(x) be its right characteris-

tic polynomial. Then d is a Tight primitive element if and only if ord(f(z)) = ¢" — 1.
Proof. The proof follows from the following three lemmas. O]

Lemma 2.2.2. Let f(x) be the right characteristic polynomial of d € D*. Suppose
f is drreducible over K. If ord(f(z)) = ¢" — 1, d is a right primitive element; if

ord(f(z)) < ¢™ —1, d is not a primitive element.

Proof. Suppose f(z) = 2" + a,_ 12" ' + -+ + a1x + ag, a; € K. Then
Rj+an R+ -+ @Ry + agl, =0

i.e., Ry is a root of f(x). By Theorem 2.2.1, d™ + a,_1d"™V + -+ 4 ayd + ag = 0.
If ord(f(r)) = ¢" — 1, by Result 2.1.5, d"~Y = 1.

In order to show d is a right primitive element, we also need to show d # 1,
for all ¢ such that 0 <7 < ¢" — 1.

Suppose d¥) = 1 for some k, 0 < k < ¢ — 1. Then d® —1 = 0, and so
R — 1, =0, ie., Ry is a root of z¥ — 1. By hypothesis, f(x) is the characteristic
polynomial of d, so it is monic and irreducible over K. Hence f(x) is the minimal
polynomial of Ry and f(z)|x*—1. If ord(f(z)) = ¢" —1, then by Result 2.1.1, ¢" —1|k.
But this never happens since 0 < k < ¢" — 1. Therefore, ¢" — 1 is the least positive
integer satisfying d9"~1) = 1; hence d is a right primitive element of S, i.e., S is right

primitive.
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If ord(f(z)) = m < ¢" — 1, then f(z)]2™ — 1. Now d™ + a,_1d"™V 4 --- +
ard + ag = 0 implies d™ = 1 by Result 2.1.5. But m < ¢" — 1, so d can’t be a right

primitive element of S. O

Notice that if all the nonzero elements of S have characteristic polynomial with
order less that ¢" — 1, then § is not right primitive. This argument was used by LF.
Rua [15], when he showed that the Knuth binary semifield of order 32 is neither right
nor left primitive. In the proof he showed that any nonzero element w of trace 0 satisfy
w® +w+1 =0, and any nonzero element w of trace 1 satisfy w® +w? +1 = 0. The
characteristic polynomial of each nonzero element is either 2° + x + 1 or 2° + 2% + 1;
each of them have order 21, which is less than 31(= 2° — 1).

Lemma 2.2.3. Ifw € D* is a right primitive element of S, then the right character-

stic polynomial of w has order ¢ — 1.

Proof. Let f(x) = 2"+ ap_ 12" '+ -+ +a1x + ag, a; € K, be the right characteristic

polynomial of w. Then f(R,) =0, i.e.,
R'+a, R+ 4+ a R, + apl, =0

By Theorem 2.2.1,

W+ @y "V 4 b ajw tag =0

Let m = ord(f(x)), so w™ = 1. We need to show m = ¢" — 1. Since w is a right
primitive element of S we have ¢ —1 is the least positive integer such that w? 9 = 1.
Hence m > ¢" — 1. But ord(f(z)) < ¢" — 1 according to Lemma 2.1, so m = ¢" — 1,

e, ord(f(z)) =q" — 1. O

Lemma 2.2.4. Let f(x) be the characteristic polynomial of d € D*, and suppose f is
reducible over K, where K = GF(q) = GF(p") for some r, and p is the characteristic

of S. Then ord(f(z)) < ¢" — 1.
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Proof. Suppose f = for... ,l:’“ is the canonical factorization of f over K, where
fi,+ -+, fr are distinct monic irreducible polynomials in K[z| and b; > 1. By Result
2.1.4, ord(f(z)) = ep', where e = [ord(f1),--- ,ord(fx)], and ¢ is the smallest integer
with p* > max(by, - -+, by).

Case 1: If there is one b; greater than 1, then p' > max(by,--- ,b) > 1 implies

t > 0. If ord(f(z)) = ¢" — 1, then ord(f(z)) = p"™ — 1 = ept, so p|p"™ — 1. This is

obviously impossible, so ord(f(z)) # ¢" — 1 and ord(f(z)) < ¢" — 1 by Lemma 2.1.
Case 2. If all the b; are 1, then f(z) = fi(z)fo(z)- - fu(z), and ord(f(z)) =

lord(f1(z)), -+ ,ord(fs(z))]. Suppose deg(f;(z)) = n;, then deg(f(z)) = ni + ns +

<o+ n =n and

ord(f(x)) = [ord(fi(x)), -, ord(fi(2))]
<lg™—1--¢" =1 <(¢" =1)---(¢" —1)

< gmtettne 1 — ¢ 1. (by Lemma 2.1.1)

]

Remark 2.2.3. In [8], Hentzel and Ria provided a proof of Theorem 2.2.2 using the
technique of linear recurring sequences. Also Gow and Sheekey [14] gave a different

proof for this result using slope matrices.

2.3 Primitivity of Classical Knuth Binary Semifields of order 2%, 217, 219

Let F' = GF(2"), t odd, with multiplication juxtaposition. The following defines
a multiplication for a commutative pre-semifield (F, +, o) due to D.E. Knuth [12]. For
any x,y € F, define

oy =uxy+ (zy" +yz")’
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where T': GF(2') — GF(2) is the trace function. Choose a nonzero element e in F’

and define another multiplication % by
rxy=(2'oe)x(eoy) =20y, Vo,y e F.

Then (F,+, %) is a commutative semifield called a classical Knuth binary semifield.

Rua [15] indicated that from his computations it follows that this semifield with
F =GF(2Y, t =17,9,11,13 is primitive. We investigate primitivity of the classical
Knuth binary semifields of order 2%, 217, and 2% in this section.

In the following, R; represents the mapping x — z o 1. Also e is chosen to be
1, the identity of the finite field.
Theorem 2.3.1. The classical Knuth binary semifields of order 2¢, wheret = 15,17, 19,

are left and right primitive.

Proof. Suppose f(x) is an irreducible polynomial over GF'(2) associated with the
field extension GF'(2') over GF(2). Then {1,0,---,6""'} forms a basis of GF(2')
over GF(2), where 6 is a root of f(z). The set {1,6,---,6""1} is also a basis of the
classical Knuth binary semifield F = (GF(2'), +,*) and {Ty, Ty, -+ ,Typ:-1} is a basis
of the spread set 7p of F. By Theorem 2.2.2, if there exists an element d € F, whose
right characteristic polynomial has order 2' — 1, then F is primitive. Next we study
each of the cases under discussion.

When ¢ = 15, choose f(z) = z'® 4+ 2 + 1 and let 6 be a root of f(z). Then
{17 67 927 e 7614}

is a basis of GF(2'%) over GF(2). By Lemma 1 [2], (6")T =0 for all 0 < i < 15.
First we compute R;(6?), for 0 < i < 15. Since
Ry(0) =0 01=0"+(0')*+ (6")"
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we have

Ri(1) = 1
Ri(0) = 0+ 6°
Ri(0*) = 6 +0*
Ri(6%) = 6% + 6
R (0" = 0*+ 68
Ri(0°) = 6° +6'°
Ri(6%) = 65+ 0"
Ri(07) = 07 + 0™
Ri(60®) = 0+6*+6°
Ri(60°) = *+0"+¢°
Ri(6) = 6"+ 65 + 6"
Ri(0") = 60"+ 6%+ o™
Ri(0") = 6°+ 6" +06"
Ri(0%%) = 6" +0% +6"
Ry(0™) = 6%
Second we find R;'(6%), for 0 < i < 15. Since R;'(6") is the element such that
R (0%) o1 =6, we have

RiY(1) =1
R7YO) = 0+ 0 +6°

RN 0P = 0+60*+0"+0°

RO = 0°+0°+0"

30



RyH(0%)
R{'(6°)
RyH(0°)
Rr(67)
RyH(0%)
RyH(0%)
RH0)
Rr'(6')
R(67)
RHOY)

Ry (6"

0+0"+0°

O+60°+ 0" +6°+6°+ 0%+ 0° + 0"
0° + 9"

O+ 60°+60°+6°+0" 40" 013 4 o1
0+ 6°

046> +0*+0°+ 6%+ 6° 461
0+6°+0"+0°+ 0%+ 67+ 0"

0° + 0%+ 61 + 0 + o™

65 4 6% 4 610

014

0+60+60°4+0"+0°+60 01 + 0% 401

Next we find the basic slope matrices R; = Tyi, for 0 < i < 15.

Since 1 is the identity of the classical Knuth binary semifield, Ry = [5, the

identity matrix of size 15 x 15.

To compute R;, we first calculate #° x  and represent the result by a vector

with basis {1,6,60%,---,0™}. Then R, is composed of the following vectors.

1x6 = 6= (01000,00000,00000)

00 = R7'O)oR7YO) = 0+6%+0*+6°

= (01101, 00010, 00000)

02x0 = RTYODNo RO = 0+ +03+0*+0°+6%+0°
1 1

= (01111, 10011, 00000)
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*x0 = RN P)o RN O) = 6°+0"+0°+0°+ 0" 40" + 0" + 0™
= (00011, 10001,01111)

0'x0 = RIYONoR'(0)= 0+60°+6°+0°+0°+ 6%+ 6 + 0"
— (01110, 11011, 10000)

0°x0 = R{Y0°) o R{Y(0) = 6+ 6° = (00100, 10000, 00000)

0°x0 = RIY Yo R'O)= 0>+ 0+ 0" +6°+0% 40" + 0"
= (00011,00101,00111)

0"x0 = R (07) o R7NO) = 6>+ 6"+ 0°+ 60" = (00101, 01100, 00000)

%0 = RIYOP)VoR'O)= 0+60°+6°+0°+ 0+ 6" + 0"
— (01110, 10001, 10100)

0°x0 = RN (O°) o RN O)= 0+6°+0"+6°+0°+ 0"+ 0" + 0™
= (01011, 01010, 10101)

01 %0 = RI'O)Yo R O) = 6 +6° 40" +6° + 013
= (00100, 10101, 00010)

0" %0 = RI'OM)oRI'O)= 14+ 0> +0°+0"+6°+0" +0 + 0"
= (10010, 01101, 10110)

020 = RI'O%)oR'O0)= P +0'+0"+ 0%+ 0"+ 0" + 0" + 0"
— (00011,00111,10110)

0350 = RO oRTYW(O)= 0+60?+0>+0*+0" +6°
= (01111, 00110, 00000)

0 %0 = RO oR!M0)= 14+0+60*+0*+6°+0"+60°+ 0"
= (11101,01101,01000)
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Similarly, we found the other slope matrices Ry, R3, - - -
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The program given in Appendix A is used to compute the different right characteristic

,%).

(GF(2"),
Finally to find a primitive polynomial. We checked all the above polynomials

polynomials of all the elements in S

and found that the matrix R3 + Ry, corresponding to the element 62 + 6%, has right

characteristic polynomial

B4t +1

F(x)
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We now show that F'(x) is a primitive polynomial over GF'(2), i.e., the order of F'(z)
is 215 — 1.
Let a be a root of F(x). We need to show the order of a is 2' — 1. Now

215 — 1 =7 x 31 x 151 and

aP=a+at+Pt+al+a+1

ol =a?+a’+a"+a” +a’+a

APl — 13 1012 1 010 4 09 4 08 1 05 1o

oM =a"+a® +a" +a +a’ +a +at + 1
QTS _ Q12 4 (11 (6 4 05y 08 2

PEIES L R VR £ R C TIPS RTIDA S R

15
=1

Therefore the order of F(z) is 2% — 1.
For the case when ¢ = 17, we choose f(z) = 2'7 + 23 4+ 1. Then using Matlab

and GAP we found that the element 6 + 63 has right characteristic polynomial
Flr)=2""+aB +a" +2"+ 2+ +1

which is irreducible over GF'(2). Since 2'7 —1 is a Mersenne prime number, the order
of F(x) must be 217 — 1.
When ¢t = 19, we choose f(x) = 2 + 2° + 27 + 2 + 1. Then again by using

Matlab and GAP we found that the element #° has right characteristic polynomial
Flo)=a® + 2"+ 2% 2P v o + 2P 4ot 12 v 2T+ 2% v 2? o 41

which is irreducible over GF(2). Since 2! — 1 is also a Mersenne prime number,then

the order of F(z) is 2! — 1. O
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2.4 Primitive Elements in The Classical Knuth Binary Semifields

In this section, we are concerned with the number of primitive elements in the
classical Knuth binary semifields. Knuth [12] proved that for any element d € F,
the mapping d — d? is an automorphism of the classical Knuth binary semifield.
Hence d and d? have the same right characteristic polynomial. Let r be the smallest
integer such that d* = d. Then obviously d,d?, d*,--- ,d?" " have the same right
characteristic polynomial.
Definition 2.4.1. We call r the length of d and {d,d?,d?*,--- ,d* '} the family of
d.

Proposition 2.4.1. For any nonzero d € S, the length r of d is a divisor of t.

Proof. Let d # 1, otherwise the result is obviously true, and ¢t = ¢r + a, where

0<a<r. Ifa#0,since d € F and d* = d, then
d _ d2t _ d2q'r+a _ d2qrd2a

and d*" = 1. Hence the order of d must be a divisor of (2" —1,2%) = 1, and so d = 1.

Hence a = 0 and then 7 is a divisor of ¢. O]

Remark 2.4.1. Some right characteristic polynomials with degree t have more than
t matrices as their roots.

For example, in the classical Knuth binary semifield of order 32, 2° +z +1 is the
right characteristic polynomial of each of the following fifteen elements: ¢, (2, ¢4, ¢+
Gt G+ CCHE, CHCHCHE, GHE+HC (HEHE, (O
¢t o+, CH G+, C+C+ ¢ Hence all the matrices associated with these
fifteen elements are the roots of x° + x + 1.

In any semifield ¢-dimensional over its center, 0 is the unique element with

right characteristic polynomial z' and 1 is the unique element with right character-
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istic polynomial (z — 1)*. Since 0 and 1 can never be primitive elements, these two
polynomials are excluded from all the subsequent proofs of this section.

For every right characteristic polynomial f(x), where f(x) # ' and f(x) #
(x — 1), let N(f) indicate the number of elements in F whose right characteristic
polynomial is f(x). Then N(f) = >  ¢-mn;y, where i = length of a family, and
n; s = the number of families of lelgg‘:}igg whose elements have f(z) as their right
characteristic polynomial.

For example, in Remark 2.4, there are 3 families of length 5 whose elements
have right characteristic polynomial 2° +x + 1 in the Knuth binary semifield of order
32. In this case 1 = 5 and n; = 3.

Notice that by the arguments given above, Part (1) of the following result
follows.

Theorem 2.4.1. Let F = (GF(2'),+, %), t odd, be the classical Knuth binary semi-
field and fi(z), fo(x), -, fu(z) be all the distinct primitive right characteristic poly-
nomials of F. Let N; be the number of primitive elements in F. Then

(1) Ny = > i-n;, wherei = length of a family, n; = zn: Nk, Nik = the number of

it 1<i<t k=1
families of length i whose elements have fi(x) as their right characteristic polynomial.

(2) ni < [232].

Proof. We prove Part (2).
Let d be a primitive element with length 7; then 21 = 1. Suppose 6 is a
generator of the finite field GF(2'), and d = 6™ for some m. Then (§™)*~1 =

gm(2'=1) — 1 Hence 2t — 1lm(2° — 1). Let s(2' — 1) = m(2" — 1) for some s; hence

2 —1
2'—1
2¢ — 2 possibilities. The set of conjugates of d contains i elements, so the number of

). There are at most 2° — 2 choices for m, which means d has at most

m = s(

families with length ¢ must be less than or equal to [2Z —=]. O
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Theorem 2.4.2. With the hypothesis of Theorem 2.4.1, if t is an odd prime number,

then N; is a multiple of t.

Proof. Let d # 0 be a primitive element in F with length 7. Then i|t, and so i =1 or
t. If i = 1, then we have d? = d, which implies d = 1; hence the length of d must be

t and so N, is a multiple of ¢. m

The following well-known result follows easily from Theorem 2.4.1.

Corollary 2.4.1. If t is an odd prime number, then t|(21=1 — 1)

Proof. If t is a prime number, there are 2 — 2 nonzero, nonidentity elements in
the Knuth binary semifield F = (GF(2'),+, ), t odd. All these elements can be

separated into several families; each family has ¢ elements, so t[(2'~1 — 1). O

Theorem 2.4.3. For an odd integer t € [5,19] , the number of primitive elements,

Ny, in the classical Knuth binary semifield F=(GF(2"),4,*) is a multiple of t.

Proof. This result is true for prime numbers ¢t by Theorem 2.4.2. When ¢t = 9, choose
the irreducible polynomial f(z) = z° + ' + 23 + 2 + 1 over GF(2). Let 0 be a
root of f(z). Since f(x) is a primitive polynomial over the finite field GF(2°), then
0 is a generator of the multiplicative group of this field. Let d be an element in

F = (GF(2%),+, %) of length 3. Then there are 6 possibilities for d in F, which are
673 9146 9292
G219 138 365

With the help of Matlab and GAP, we found the right characteristic polynomial of

each family is,
Pz)=2+2+ 2 +o+1= 4o+ D@ +22 + D (a* +2° +1)

Pz) =2+ 2+ 2+ +1=@*+o+ D@+ + )@ +2° + 27+ 2+ 1)
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respectively, which are both reducible over GF(2). So those d are not primitive
elements in F = (GF(2?), +, %), which implies that the number of primitive elements
in F = (GF(2%),+, ) is a multiple of 9.

The only case left is t = 15. Now we prove all the right characteristic polyno-
mials of all the elements of length r, where r is a proper divisor of 15, are reducible
over GF(2).

Let f(z) = 2'° 4+ 2+ 1 be an irreducible polynomial for the field extension from
GF(2) to GF(2"). Tt is easily shown that f(z) has order 2! — 1, which implies that
f(zx) is primitive. Let 6 be a root of f(z). Then 0 is a generator of the multiplicative
group of the finite field GF(2'). Suppose d is an element in F = (GF(2"), +, *) of
length . Then d = 6™ for some m.

1. If r = 3, there are 23 — 2 = 6 choices for d, and those elements are separated

into 2 families.

(1.1) 62,624,604

(12) QSA’ QGA, 95A

where A = 31 x 151. With the help of Matlab and GAP, we found that the right

characteristic polynomials of (1.1) and (1.2) are

Fila)=o8 4+ 2B+ 22+ 2+ 28+ 2"+ 25+ 2+ 2t 2+ 1
=@ +r+1)(@®+2®+2° +2° + 1)
Fo(z)= 2P + o a2 4o 42l 4 0% 1 a8 4 oSyt 4 a2 11
=@+ 22+ 1)@+ 42 F2d 2t 2P+ 1),
respectively; notice these are both reducible over GF'(2). So these d are not primitive

elements in F.
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2. If r = 5, there are 2° —2 = 30 choices for d, and those elements are separated

into 6 families.

(21) 67,676 g% g1
(2.2) 6%0,0% 91 >4 g'70
(2.3) 6%, 0100 g3 g grss
(2.4) 070 91 7% 2 19
(2.5) @M 422 9139 260 210

(26) 9156’ 9305’ 0295’ 9276, 9236

where 6 = 7 x 151. With the help of Matlab and GAP, we found that the right

characteristic polynomials of (2.1)—(2.6) are

Gi(z) = 2+ a2+ + 2%+ + 2%+ 4t o+ 1

= (P 4+ +1)?@P+ 22+ D@+ 2"+ 222+ 1)
Ga(z) = 2P +a + 2% + 2% + 2% + 25+ 25+ 2% + 1

= (@P+2+ 1)@ +z+ 1)@ +2" +2°+2° + 2t + 2+ 1)
Gi(z) = o4+ a2B + 2%+ 28 +2"+ 2+ 1

= @ +z+ 1)@+ + 1) (2" + 2%+ 25+ 27 + 1)
Gy(z) = o+ + a2 +20 2+ 2 2t 4+ 1

= (@@+2+ 1)@ +2+1)@" +2+2°+2+1)
Gs(x) = 2P+ 2B a4 a2l 25 2+ 2t o+ 1

= (@P4+z+ 1) +22+ )@+’ + 2"+’ + P+ + 1)
Ge(x) = 2P+ + 20+ 284+ 2" + 2%+ 23 24+ 1

= @4+ 1)@ +22+ D@0+ 2" + 25+ 2" + 2 + 27+ 1)
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respectively. Again these are all reducible over GF(2). So these d are not primitive

elements in F = (GF(2'), +, *). O

Conjecture 2.4.1. In the classical Knuth binary semifield F = (GF(2'),+,%), t
odd, any right characteristic polynomial f(z) of an element d, whose length is a
proper divisor of t, is reducible over GF(2); so the number of primitive elements in
F is always a multiple of t.
Remark 2.4.2.
Let GF(q) be the finite field of order q. Cohen and Mullen [5] proved four conjectures
made by Golomb for finite fields as follows:

Conjecture A: If ¢ > 2 then GF(q) contains two primitive elements « and
(not necessarily distinct) with o + 3 = 1.

Congecture B: If ¢ > 3 then GF(q) contains two primitive elements o and 3
with o + = —1.

Congecture C: For all ¢ > qo, every non-zero element € has at least one repre-
sentation of the form e = a + 8, where a and [ are primitive elements of GF(q).

Congecture D: There exists a primitive quadratic of trace 1 over every GF(q).

By direct cooperation, see appendices C and D, we found that Conjectures A
and C also hold in the classical Knuth binary semifields of order 27 and 2°. Conjecture
A also holds in Knuth’s system V' and system W, but Conjecture C fails in them.
Notice that in our context, Conjectures B and A are the same; Conjecture D is not
applicable in the classical Knuth binary semifields.
Conjecture 2.4.2. Golomb’s conjectures A and C hold in all the primitive classical

Knuth binary semifields.
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2.5 Primitivity of Albert Semifields of order 27, 22, 211, 213

Albert semifields A,,(5), where n > 51is odd, is a class of commutative semifields
with characteristic 2. The Albert semifield of order 32 is both right and left primitive
and it contains 22 primitive elements [17]. We are concerned with the primitivity of
Albert Semifields A, (S), when n =7,9,11,13.
Theorem 2.5.1. The Albert Semifields A, (S), where n = 7,9,11,13, are all right

and left primitive.

Proof. When n = 7, suppose f(x) = 27 + x + 1 is the irreducible polynomial over
GF(2) used to construct the finite field GF(27) and 6 is a root of f(x). Then
{1,0,0% 63,0*,6°, 6%} is a GF(2)-basis of the vector space GF(27).

Let S = GF(2) + GF(2)0 + GF(2)6* + GF(2)0® + GF(2)6* + GF(2)6° and

w = 6% By the definition of multiplication in Albert semifields,
sxt = st, s*w:w*s:sw+32+s, wrkw=w>+1

for any s,t € S. We calculate all the right slope matrices {7y, Tp, -+ ,Typs }. Let R;
be the right slope matrix Ty, 0 <17 < 7.

Obviously, Ry = I7, the identity matrix of size 7 x 7. Next we compute R;:

16 = 6 = (01000, 00)

00 = 0

(00100, 00)
0?0 = 0° = (00010,00)
0*+0 = 0* = (00001,00)
0«60 = 6° = (00000, 10)
0°x60 = 6° = (00000,01)
%0 = 0" +6°+60 = 1+6*> = (10100, 00)
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000O0O0O0T1

1 00 0O0O0O

01 000O0O0T1

So Rr=]10010000O0

0001000

000O01O0O0

0000O0OT1O0

Similarly, we found

000O0O0OT1PO0 0000100
000O0O0T1T1 0000110
100 00O0O0 000O0O0T1T1
Ro=(01000O0O0],Rs=]10000UO0O
0010001 01 0000O0O0
0001000 0010000
000O0T1O00 0001001
0001000 0010000
0001101 0011000
0000111 0001100
Ryb=10000011],R=|00001T11
100 00O0O0 000O0O0OT1O0
01 000O0O0O0 100 00O0O
0010000 01 000O0O

01 000O0O0T1

0010100

0101100

Re=]10000110

0010000

000O0O0O0T1

1 001001

Using the program given in Appendix B, we can get all the different right
characteristic polynomials of all the elements in the Albert Semifield A7(S).

Finally we checked all the polynomials above and found that the matrix R;+ Ro,
corresponding to the element 6 + 6% has right characteristic polynomial F(z) =
27+ 2% + 2t + 2% + 2% + 2 + 1, which has order 27 — 1. So 6 + #? is a right primitive

element, which implies A7(.5) is both right and left primitive.
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When n = 9,11, 13, similarly by our computation, the Albert semifields A,, are

all all right and left primitive.

2.6 Automorphisms of Right Primitive Semifields

If w is a right primitive element of S = (D, 4, %) and ¢ is any automorphism of
S, then o(w) must be a right primitive element and o(w”) = o(w)? for any integer i.
Now we consider sort of a converse of this problem, namely, if S = (D, +, *) is a right
primitive semifield of order ¢”, and o is a bijection from S to S with o(w?”) = d?,
where w and d = o(w) are both right primitive elements, must o be an automorphism
of §7 Certainly if w and d have different characteristic polynomials, ¢ is not an
automorphism of §; however, if w and d have the same characteristic polynomial,
what happens?

We give two examples in which ¢ is defined by ¢(w?) = o(w)”, where w and d
are right primitive elements with the same right characteristic polynomial, but o is
not an automorphism of S.

Example 1 Knuth’s system W. In W, which is a noncommutative semifield,
there are 6 right primitive elements who possess the same right characteristic polyno-
mial x* + 2 + 1, and all the bijections can be represented by o;;(u + A\v) = u’ + Aw’v,
i=1,2,j=0,1,2, [11]. We show that exactly 3 of them are automorphisms in system

W, namely o1p(u+ M) = u+ v, 011 (u+ Av) = u+ Awv, and o12(u+ Av) = u+ Iw?v.

Proof. o1 is the identity map of system W, so it is obviously an automorphism. Now,

for addition,

o1 ((u+ ) + (z + \y))
= 0'11((U + ZL') + )\(U + y))
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= (u+z)+ w(v+y)
= (u+ Awv) + (z + \wy)

= o11(u+ M) + o1 (z + \y)
For multiplication, we have on the one hand,

on((u+ Av)(z + Ay))
= o1 ((uz + wvy) + Moz + u?y))

= (ux + wv?y) + Aw(vr + u’y)
On the other hand,

o11(u 4+ Av)oyi(z + Ay)
= (u+ Awv)(z + \wy)
= (ux + w(wv)’wy) + Awvr + v’wy)
= (uz + wv’y) + Iw(ve + u’y)
= o1 ((u+ \v)(z + A\y))
Hence o1, is an automorphism of system W. Similarly, we can prove that o is an

automorphism of system W.

But 099, 021, and 099 are not automorphisms of system W, because
oa((W+ AW+ X)) =14 X # X = gg(w+ ANowg(w + N),
oan((w+AN)(w+A) =14 I = =09 (w+ N)oa(w+ ),
oa((w+ N (w+N) =14 M? = M? = goa(w + Noar(w + N).
O

Example 2 Let GF(2") = GF(2)(), where 6 is a root of the irreducible

polynomial f(z) =27 +x+1 over GF(2). Then {1,0,6% --- ,6°} is a GF(2)-basis of
20



GF(27). Now consider the elements 6 + 6% and 6* + 6° in the classical Knuth binary
semifield F = (GF(27),+,%). They are primitive elements and the characteristic
polynomial of both elements is 27 4+ 2 4+ 1. Suppose o is the bijection of F given by
a((0+05)D) = (0* + 0°)); we show that ¢ is not an automorphism of F.

By direct computation, we know

Ri(1) =1 Ri(0) = 0 + 62
Ry (0%) = 62 + 6 Ry (63) = 03 + ¢°
Ri(0)=0+0*+0" R(6°)=603+06"+6°
Ry (0%) = 6°
and
RyY1) =1, R7Y0) =6+ 64
R{Y6O?) =0+ 62 + 04, RO =0+060*+0°+0°
R{'(0%) =0+ 0", RyY(6°) = 6°
R{YNO%) =0+ 603 +0* +6°+0°
Also
9:(9+06)44) 1+0+92+03+94:<94+95>44)
0+ 02 + 04 _ (9 + 06)82) 1+ 02 + 96 — (04 + 95)82)
Hence
00 =R 0) o R7YNO) =0+ 6%+ 6% = (0 +6°%
o(0x0)= (046 =14+6>+6°
But

o(8) x a(8) = o((6 +6°)*) x o (6 +6°)")
= (0% + 6°)" x (6* + 6°)*
=(1+0+60*+60>+0") «(1+0+6>+6°+06"
= (1+ Ry(0) + Ry H(0%) + Ry (0%) + Ry(0Y)
=1+6°+6>+0"+6°+0°

g(0x60)# o(0)*0(0), so o is not an automorphism of F.
o1



CHAPTER 3
DIMENSION of FINITE SEMIFIELDS

3.1 Introduction

In this chapter we are concerned with the dimension of a finite semifield over its
sub-semifields. We know the dimension of the finite field F' = GF(q") over a subfield
K = GF(q™) is specified by log,mq" = %, which is always an integer. One may more
generally defined the dimension of an arbitrary finite ternary ting with respect to any
sub-ternary ring.
Definition 3.1.1. Let D be a ternary ring of order n with a sub-ternary ring E of

order m. Then the dimension of D relative to E is specified by dimgD = log,n;

D is transcendental, fractional, or integer dimensional, relative to E, according to
whether dimgD is transcendental, rational (but not an integer), or an integer.
Similarly, if © is an affine plane of order n, with an affine subplane my of

order m, the dimension of m relative to g 1s specified by log,,n. In particular, © has

transcendental, fractional, or integer dimensional, relative to g, according to whether
logmn is transcendental, rational (but not an integer), or an integer.

In this paper, we focus on finite semifields and finite semifield planes. Suppose
S = (D, +, ) is a finite semifield, n-dimensional over its center K = GF(q), where ¢ is

a prime power. Then the order of S must be ¢". Let E be any sub-semifield of S; then

the order of ¥ must be ¢™ for some positive integer m. Hence dimgD = log,mq" = %,
which is either an integer or a proper rational number. Therefore, finite semifields

can never have transcendental dimension.
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Definition 3.1.2. Let S = (D, +,%) be a finite semifield of order n, with a sub-
semifield E of order m. Then the dimension of S relative to FE, is specified by d :=

dimgD = log,n; the semifield S is fractional dimensional relative to E if d is a

proper rational number.

A semifield S is considered fractional if it is fractional dimensional relative to
some sub-semifield E.

In this chapter we show that some semifields can be fractional dimensional and
some other semifields can never be fractional dimensional. If E is a sub-semifield of
D such that dimgD is a proper rational number, we consider the case when E has
small order, i.e., |E| = ¢* or |E| = ¢>.

Let m be a projective (affine) plane of order n with a subplane 7y of order m.
Then either n = m? or n > m? + m [p10, 10].

Definition 3.1.3. If 7 is a projective (affine) plane of order n, a Baer subplane of

7 is a subplane of order m with n = m?.

By the Baer condition, it is obvious that a fractional dimensional semifield D
must have order |D| > 32. Examples of semifields of order 32 containing the finite
field GF(4) are given in [2], [9], and [15] . G.P. Wene also found several sporadic
semifields of order 27, for j = 5,7,9,11, that admit a subplane of order 22. On
the other hand, V.Jha and N.L.Johnson [9] pointed out a sufficient condition for the
generalized Knuth binary semifields to admit a subfield of order 22.

Let ' = GF(2'), the finite field of order 2*, and GL(F,+) be the full group of
GF(2)-linear bijections of the vector space F'. We first point out the notation to be
used in this chapter.

Notation 3.1.1. (1) T : F — {0,1},z — 27, is the trace map, and T = Ker(T).
(2) The stabilizer of T in GL(F,+) is denoted by GL(F,+)r.
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In this chapter first we list some finite semifields that are fractional dimensional
relative to the finite field GF(2?), and then we prove that the classical Knuth binary
semifields do not admit any sub-semifields; hence this class of semifields can never be
fractional dimensional. Finally, we show that a special class of the generalized Knuth
binary semifields are commutative and do not admit subfields GF(2%) or GF(2%). We

also prove that the Albert semifields can never contain GF(2%).

3.2 Generalized Knuth Binary Semifields with Fractional Dimension

The classical binary Knuth pre-semifield associated with the finite field F' =

GF(2'),t > 5 odd, is a commutative pre-semifield (F,+, o) with product:
(ComKn) xoy=ay+ (aly+y'z)?

V. Jha and N.L. Johnson [9] generalized the construction of the classical Knuth
binary semifields as follows.
Let F'= GF(2"), t > 5 odd. Then for any B,C € GL(F,+), there corresponds

a pre-semifield Fp o (F) = (F,4,®), where ® is defined by

For any choice of e € F*. The product in the pre-semifield Fp o (F) = (F,+,®) can
be redefined so that F gz)C(F ) = (F,+,*). becomes a semifield called a generalized

Knuth binary semifield. The new product is given by

(x@e)x(e@y) =20y, foreveryz, yeF

Notice that e ® e is the multiplicative identity for (F,+, *)e.
Let B = R, and C' = R, be multiplication from the right by elements b, c € F.

V. Jha and N.L. Johnson [9] also pointed out that if there exist b, ¢ € F' such that

e? b
=1+- 1
e+1 +c (3 )

(ec)t =b" = (eb)! =0, "' =1, and
o4



then there exists a subfield isomorphic to GF(4) in (F, +, *)..

The corresponding semifield plane is the commutative binary Knuth semifield
plane, which has order 2¢, and would then admit a subsemifield plane of order 22.

When ¢t = 5 or 7 there are subplanes of order 4 in the commutative binary
Knuth semifield planes of order 2*, c.f. Corollary 1 [9].

In this section we present a family of irreducible polynomials, where all the
x-divisible monomials (i.e., all the monomials of the form z¢, where ¢ > 1) have
trace zero, and then use them to show that there are semifields of order 2", for
any odd integer r € [5,31], containing GF(4). Hence these semifields are fractional
dimensional.

Lemma 3.2.1. Suppose F = GF(2"), where t is an odd positive integer. Let t =
2N +1 for some positive integer N. Suppose '+ f(x)+1 is an irreducible polynomial
for the field extension over GF(2), where f(x) is any z-divisible polynomial (i.e., the
constant of f(x) is 0) of degree< t, in which all even degree monomials have coefficient

zero. Then T(z") =0 for 0 <i < t.

Proof. For any z%, 0 < i < t,

Let Gal(F)={all the distinct automorphisms of GF(2") over GF(2)} and o be any
element of Gal(F). Then o(x) = z?", for any m = 0,1,--- ,¢t — 1. Since ¢ is odd,
o(x) is z-divisible, and so is T'(x%). Hence T'(x') = 0, because the trace function is

onto GF(2). O

Lemma 3.2.2. If an irreducible polynomial in Lemma 3.2.1 exists with asny_1 = 0,

i.e., ag_o =0, then T(z't?) = 0.
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N N
Proof. Let f(z) = > agr12°*71. Then 2! =1+ > ag_12%*71, and
k=1 k=1

t42 2, t 2 3 2N-1 t
2=t = + a1x” + -+ aoi_3T + asny_1T

By Lemma 3.2.1, T(2%) =0, 0 < i < t, so
T(z'"?) =0+ asny 1 T(2") =0+ 0=0

]

Theorem 3.2.1. Suppose an irreducible polynomial in Lemma 3.2.2 exists and let
e=1+z b=a 422 ¢=gt 4!

Then the generalized Knuth binary semifield (F,+, %), admits a subfield isomorphic
to GF(4).

Proof. We just need to check e, b and c satisfy (3.1):

2 2 2
2 _ (142" 142
NOW1 = ==

T T and

b It+1 +xt72 xth(x?) _I__ 1) x2 +ZL’+ 1

¢ ottt oz +1) T

2
es b
SO m—l—l—z AlSO

S
—
=
~—
|

=T+ T(@"?)=0+0=0,
T(e) =T+ T =1+0=1,

Tlec) = T((1+2)(a +2'2) = T(a™*) + (') = 0.
By Lemma 3.2.2,

T(eb) =Tz + T(2"%) + T(2") + T(z"1) = 0.
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Theorem 3.2.1 works for some particular orders of generalized Knuth binary
semifield. The following corollary lists f(z) in the irreducible polynomials of z* +
f(x) + 1 associated with GF(2"), ¢t odd.

Corollary 3.2.1. If f(x) in Lemma 3.2.2 exists, then the semifield (F,+, %), with
e, b, and ¢ as given above is a fractional semifield of order 2! for each odd t > 1.

Ezamples of such f(z) include:

t=17,9,15, fley=xz+1
t=11, f@)=2"+2+x+1
t =13, f@y=2a"+2+z+1

t=17,25,31, flx)=2*+1

t =19, f@)=2"+2"+z+1
t =21, flz)=2"+1

t = 23, flz)=2"+1

t =27, fl@)=2"+2° + 2% + 1
t =29, flx)=2""+2+1

In fact, everything won’t be lost even if f(x) has at least one monomial with
even degree. For example, for F' = GF(2!3) we can choose the irreducible polynomial

o' + 2t + 23 + 2 + 1 over GF(2) to generate I, and choose
e=1+2" b=14+a+2"+2° c=a"+2°

The corresponding generalized Knuth semifield of order 2!3 also admits a subfield of

order 4.

3.3 The Classical Knuth Binary Semifields without Fractional Dimension

In this section, we prove the following main result:
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Theorem 3.3.1. Let F = (GF(2"),+,%) be the classical Knuth binary semifield, t

odd. Then for any k, 1 < k < t, there does not exist a subsemifield of order 2% in F.
Proof. The proof of this theorem utilizes the following two lemmas. m
Lemma 3.3.1. R;'(d?) = (R;'(d))? for any d € GF(2}).
Proof. Let x = Ry'(d) and y = R;'(d?). We need to show y = x2, where 22 is the
product in the field.
r=R'd)=z0l=d
= a4+ (@7 +172)? =d
sao+2i+al =d ((7)? = (@) =27)

=2+t + a2l =d?
Since y = R;'(d?), we have
y+ @ty = andy+y* +y' = d?

Soy+y:+yl =22+t + 27 and (y +2%) + (y + 22)2 = 2T + 7

Let a = y + 2% then a + a® = 27 + yT € GF(2).

If 27 +y? =1, then a+a? = 1, which implies that a is a root of the polynomial
z? + z + 1. So there is a subfield GF(2?) in GF(2') generated by z? + z + 1. But ¢
is odd, so this is impossible. Hence 27 + y* = 0, and a + a® = 0. So either a = 0 or

a=1. If a=1, then
aT:(y—i—x2)T:yT+(:C2)T:yT+xT:O.

But this contradicts the fact that a” = 17 = 1. Hence a = 0, which implies y+ 2% = 0

and y = 2. O
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Lemma 3.3.2. In the classical Knuth semifield F = (GF(2"),+,%), t odd, let d be
any element in GF(2"), not in GF(2). Then for any k

{1, 21, 20,23, a1}
where
r1=d, xo=dx*d, T3 =129 % Ta, *--, Ti = Ti_1 * Ti_y
is a linearly independent set over GF(2).

Proof. Suppose d, = R;'(d) and d,, = R;'(d,,_1). Then

d=dyol=dy + (d +17d)* =dy + & +dF (3.2)
dy=d, 101l =dy 1+ (d +1"d, 1) =dp 1 +d> | +d_, (3.3)
Note: df' =df =dl =... =dF, for any 1.

Claim 1 : xizd?i}l,izl&--- k.

Proof: If i = 2, then

9y =dxd=R;'(d)o Ry (d) = dy od,

= B G dl R =
Suppose z;_; = d2",’, then for i,

v =xi %1 = RN (wi1) o Ry (2i21)
= Ry'(d?y) o Ry'(dYy)
= (R (di2)” " 0 (B! (di2)™
= (di)* "o (dis)” = (diy)”

Claim 2 : {1,d,z9, 3, - ,x} is linearly independent over GF'(2).
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Suppose ag* 1 +ay *xd+ag*xo+ -+ apxx, =0, a; € GF(2). Then by Claim
1, we have
ap+ ay # d+ay x (dF) + az * (df) + -+ ap * (dF)) =0 (3.4)

Simplify the left hand side of Equality (3.4) as follows.
First by Equality (3.2), replace d by d; and we get the left hand side of Equality

(3.4) to be
ag+ayxdi +xaykdy + (ay +ag) * d> Fazxdy+ -+ ag* (3.5)

Let P, = ag + ay xd" + xay x dy + (ay + ag) * d3.
Next by Equality (3.3), replace d; by dy and we get the left hand side of Equality

(3.4) to be
ap+ (ay +ag) xd" +ay xdy +ay* ds + (a1 +ag +az) *dy +ag xdy+- -+ ap * 7 (3.6)

Let Py = ag + (a1 + ag) xd" + ay * dy + ag * d3 + (ay + ag + az) x dj
Repeating the same procedure and replacing d;_; by d; according to Equality
(3.3), we get the left hand side of Equality (3.4) to be

Pt aipo % diyy +aies # diy + o+ a x 3 (3.7)

(3

where
Pi = Qo + (mu) * dT + ay * dz + (mm) * dl2 + (m4ﬂ-) * d;l 4+ -+ (in,i) * dfz

and

mi; = a linear function of ay, as,--- ,a;
me; = a linear function of a; and ay

ma; = a linear function of ai,aq, and as (3.8)

Mai; = a linear function of ai,az, - , a4
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Now we prove that Equation (3.8) is true for any i, where 1 <1i < k.
Obviously, if ¢ = 1 or 2, the above result is true. Suppose it’s also true for i;

then for ¢ + 1, we have

Py =ao+ (mi;) *d" +ay * (dipy + dZpy +d7)
+ (mo) * (dipr + diy +d")° 4 (ma) * (digy + d7y +dT)*
e (mgig) * (digr + d?ﬂ + dT)zi + Qiqo * d3++11
=ag+ (Mmi1; + a1 +mo; +ma; + -+ mai;) * dr
+ ay % digy + (a1 4 mag) * d7y g + (Mo +may) * dyy

+ - (Mgic1; 4 Mai ) * d?jrl + (Magi; + aiga) * d?_i:ll

So

mii+1 = M1, +a; + ma; + My + -+ Mai ;
= a linear function of ay, as,--- ,a;11

Mait1 = a1 +Mg,; = a linear function of a; and asy

Mai j41 = Mai-1,; + Mai; = a linear function of ai,az, -+, a1
Mait1 ;11 = Mai; + Qipp = a linear function of ai,az, -+, aiy2
Also, for all j between 1 and i+ 1, by the construction of my; ;11, the term a;1; occurs
m Mg 41

Hence, the left hand side of Equality (3.4) can be represented as a polynomial

of dj,_1, so

agx l+ayxd+agxxo+ - +apxx, =0, a; € GF(2)
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is equivalent to P,_; = 0. Therefore, all the coefficients of P,_; must be 0. Then we

get

ap +my_1(as,ag, -+ ,a5_1) =0
a; = 0
mak—1(ai,az) =0

My j—1(a1, az,a3) = 0

m?’“*l,k—1<a17 Ag, - 7ak) =0
This linear system has a unique solution ag =a; = --- = a = 0. O]
Now we can prove Theorem 3.3.1.

Proof. Suppose for some 1 < k < t, the classical Knuth binary semifield F admits a

sub-semifield Sy, of order 2. Let d € Sy, but d ¢ GF(2). Then by Lemma 3.3.2,
{17 X1, Xg, Tz, "+, xk—l}
is linearly independent and

r1=d € Sy

Ty =T *xx] € S}

Tp-1 = Tp-2 * Tp_2 € S
So {1,x1, 29,23, -+ ,Tx_1} can be viewed as a basis of Sy over GF'(2). Therefore,
Ty = Tp—1 * Tp—1 € Sk

which implies that x; should be a linear combination of {1, x1, x9, x5, -+ ,x;_1}. This

is a contradiction to Lemma 3.3.2. O
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Corollary 3.3.1. For the classical Knuth binary semifield F = (GF(2"),+, %), t odd,
which is a vector space over GF(2), Ny = N, = N,,, = GF(2).

It is uncommon for a semifield to admit no sub-semifields; we give a special
name for such a semifield.

Definition 3.3.1. Suppose S = (D, +,*) is a semifield. Then S is said to be simple

if S has no any proper sub-semifield.

Rua [15] showed that a semifield, 3-dimensional over its center, is both right and
left primitive; obviously, a 3-dimensional semifield over its center is never fractional
dimensional. V.Jha and M. Cordero [6] proved that a 5-dimensional semifield over
its center GF'(q), which is not fractional dimensional, is both right and left primitive
if ¢ is large enough. Following Theorem 3.3.1, we have the following conjecture.
Conjecture 3.3.1. Let S be a simple semifield, n-dimensional over its center GF(q).
When q is large enough, S is both left and right primitive.

Lemma 3.3.3. The classical Knuth binary semifield Sy = (F,+,*) and the gener-
alized Knuth binary semifield So = (F,+,%"), where F = GF(2'), t > 5 odd, are

150topic.

Proof. By Lemma 1.2.1 and Lemma 1.2.2, we just need to show that the classical
Knuth binary pre-semifield P, = (F,+,0) and the generalized Knuth binary pre-
semifield P, = (F,+,®) are isotopic. Let B,C be any two mappings in GL(F,+).

By the definition of ®,
r @y =2y + (@Y +yTaP)? = (@) o (v°)

We get that P, and P; are isotopic with isotopism (B, C, I). m

By Albert’s Theorem, the classical Knuth binary semifield S, which is com-

mutative, and the generalized Knuth binary semifield S, which is not commutative,
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coordinatize isomorphic planes, m; and mq, respectively. Theorem 3.3.1 tells us m
is never fractional dimensional, but m, by Theorem 3.2.1, contains GF(2%) when
t € [5,31]. In fact, V. Jha [19] proved that for any odd integer ¢, the generalized
Knuth binary semifields always contain GF(2%), so m, is always fractional dimen-
sional.

Notice that we have found two isotopic semifields, one commutative and not
fractional dimensional, and the other noncommutative and fractional dimensional
that coordinatize isomorphic planes. Hence isomorphic semifield planes may

have very different algebraic structures coordinating them.

3.4 The Generalized Knuth Binary Semifields Without Fractional Dimension

In this section, we prove that a special subclass of generalized Knuth binary
semifields, where B, C' leave the trace kernel I" invariant, do not contain the subfields
GF(2?) or GF(2%).

Definition 3.4.1. If (F,+,0) is an arbitrary pre-semifield, then the twister of any

e € F* is the unique function v, : F' — F specified by
foe=eo f, forevery f € F

Result 3.4.1. [19 Remark 4.1] For any pre-semifield (F,+,0), the twister v, belong
to GL(F,+).
For the generalized Knuth pre-semifield Fpo(F) = (F,+,®), where B,C €

GL(F,+)r, the corresponding twister is sometimes denoted by B

, to emphasize
the dependency of v, on the choice of (B, C).

If the choice of (B, () is clear from the context, we just write v, instead of

Ve(B’C).
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Result 3.4.2. [19 Corollary 4.3] Suppose e € T* and P = e, B,C € GL(F,+)r.
Then the left and right multiplication by e in the generalized Knuth pre-semifield

Frco(F) are specified as follows.

(1) For all f € F, f*7 = yBC™,

(2) For all f € F, eof:fCBfloe.

In this section, we prove that the generalized Knuth binary semifield F ; )C(F )=
(F,+, %), is commutative when e € I'* and e = e“, for B,C € GL(F,+)r. We also
show that it does not admit GF(2?) or GF(23).

Lemma 3.4.1. Suppose ¢ € I'* and e? = e, B,C € GL(F,+)r. Then the general-
ized Knuth binary semifield FS)C(F) = (F,+, %), is commutative.
Proof. For any f,g € F, we show (e ® f)* (e ®g) = (e® g) * (e ® f).
(eof)x(eog)=(f°% " oe)*(eog) (by Result 3.4.2)
= [ oy
_ (fCB—l)Bgc + ((fCB—l)BTgc + gCTfCB—1>2
— [O4C 4 (FOT4C + ¢OT fOY2

On the other hand,

(eog)x(eof)= (g% " oe)x(eof) (by Result 3.4.2)
=g o f
_ (gCB*I)BfC + ((LqCB*l)BTfC + fCTgCB*1)2
— ngC + (gCTfC +fCTgC)2

Obviously, f€g° = g¢ f¢, which implies (eo f) * (eo g) = (eo g) x (e o f). O
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Theorem 3.4.1. For any odd integer n, with the hypothesis of Lemma 3.4.1, the
generalized Knuth binary semifield fg)C(F) = (F,+,*). does not contain the finite
field GF(2?).
Proof. Since (F*,®) is a loop, for any d # 0, there is a unique f € F* such that
d= f®e. If {1,d} is a basis of GF(2?), then
d¢ GF(2)andd*d=d+1 (3.9)
where 1 = ¢ ® e is the identity of the generalized Knuth binary semifield F ]ge)c(F) =
(F, 4+, %)e.
We prove
P =d+1,ie, (foe)) =fOetede (3.10)
where (f ®e)? = (f ®e) * (f ® e), never has a solution in the generalized Knuth
binary semifield Fiy1,(F) = (F, +, *)..
(foe)? = (foe)x(eof*) = fof
— foVeC + (fBTfl/eC' + fVeCTfB)Z
_ fB<ch—1)c + (fBTch—lc + ch—lchB)z
— fPFE = (fB)
foeteme = fPe 4 (fPTe + T fB)2 4 ePe 4 (ePTe” 4 eTeP)?
— fB€C+fBT(GC>2 +€B€C
— fB€B+fBT(€B)2+ (GB)Q
Case 1: When f € T. If (3.10) is true, then (f?)% + fBe® + (eP)? = 0. Since n
is odd, the above equation never has a solution in the finite field F' = GF'(2").
Case 2: When f ¢ T. Then f @e+e®e = fPel + (eP)? + ()2 = fBeP. If
(3.10) is true, then (fP)? = fBeB and so fB=0or f8 =¢eP. Hence f =0or f =e,

since B € GL(F,+), and then implies d =0 or d = e ® e. O
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Lemma 3.4.2. Suppose e € I'* and e® = e“, B,C € GL(F,+)r. For any f € F, let
fioe=f. Then

. %)Bi, if fiel,
(L) e, if hgr

Proof. If fi ® e = f, then
fo= ST+ (e + TSP

— {Bec+f1BT(GC>2

Case 1: if f; € T, then f = fBe% and f2 = e%' So fi1 = (%)Bil-
2

]

Theorem 3.4.2. For any odd integer n, with the hypothesis of Lemma 3.4.1, the
generalized Knuth binary semifield ]:j(;)C(F) = (F,+,*). does not contain the finite
field GF(2%) when (n,3) = 1.

Proof. By Theorem 3.4.1, for any d € F — GF(2), {1,d,d*} is linearly independent,
so this set can be viewed as a basis of GF(23) over GF(2). Any finite field GF(q"),
q is a prime power, can be constructed by an irreducible polynomial over GF'(q). For

the finite field GF(23), there are only 2 irreducible polynomials over GF'(2):
o+l and P47+ 1.

Without lost of generality, let d be a root of g(x) = 23 +x+1, which is the irreducible
polynomial for the field extension from GF(2) to GF(23).

For any d € F — GF(2), let d = f ® e. In order to prove this theorem, we just
need to show that the equation

(foe))+foeteme=0 (3.11)
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has no solution in F' = GF(2"), when (n,3) = 1.

By the computation in Theorem 3.4.1,
fOeteme= fPeP + fPT(eP)? + (eF)? (3.12)
and

(f@e)? = (fP) (3.13)

Case 1: if f €T, then fOe+e®e=fPef + ()% Let fioe=(f@e)?.
B\2
If f €T then by Lemma 342, fi = (L7 and

(foe)® = (fee)*(fae)
= (oe))x(eo f*) = Lo~

= PP+ (T 4 T R

B2 B\3
— ((feB) )fB — (];B)
So if (3.11) is true, then
(fB)3 + fBeB + (63)2 =0 (3 14)
e B '
and
(fB) + fB(eP) 2+ P =0 (3.15)

B

Let z = f—B. Since e # 0 and B is a bijection on F, e® # 0. Then dividing by (e?)?
e

in both sides of equation (3.15), we get 2> + 2z +1 = 0. This equation has no solution

in F' because (n,3) = 1.

B2
If fi ¢ T, then by Lemma 3.4.2, f; = ((J;B) )27 4 e and

(foe)) = (foe))«(foe) = Lo [~

= FPPEC (PP T gy
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= (FOVP+ () = (FO° + (7
= L ey
_ (J;—B)‘I‘erB‘i‘(fB)Q

So if equation (3.11) is true, then

(‘i—; + e f7 4 (fP) 4 fPeP + () =0 (3.16)
and
<fe—B) +(fP)?+ (") =0 (3.17)

B B
Hence (f—B)3 + (f—B)2 +1 = 0. This equation has no solution in F' because (n,3) = 1.
e e
Case 2: if f¢ ', then fOe+e®e= fBel. Let fioe=(f®e)?.

B\2
If fi € I', then by Lemma 3.4.2, f; = ((‘};—B))B_1 and so

(foe)” = hosr
g gt ey et o
- P+ Py
= N (L)
(f7)°e” + (f7)

(e”)?

So if equation (3.11) is true, then
(f5)%” + (f5)

) + fPeP =0 (3.18)

and
FPLSEY +eB(f7)7 + (7)) =0 (3.19)
Since f # 0 and B is a bijection on F, then fZ # 0. Hence equation (3.19) can be

simplified as

(S5 +e(f7)* + (") =0 (3.20)
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However, equation (3.20) has no solution in F' because (n,3) = 1.

B\2
If f ¢ ', then by Lemma 3.4.2, f; = ((J;B) )27 + e and

(foe)) = o f-
= [+ (PO )
= (O + () + (D)
= (({g + )P+ (£ + <<f§ +e)’
U

+
eB (eB)Z

+fB€B + (fB>2 + (63)2
If (3.11) is true, then

(2, (o)
eB +(eB)2

= (P + (fP) + (") + (fP) (") =0

+ () + (7 =0

=(f5 + P (P + B (eP) + ()] = 0
Since B is a bijection on F' and f? # e, then we have fZ + ef # 0, and
(fP) 4+ fP(P)? 4+ (eF)° =0 (3.21)

Similarly the equation above has no solution in F'. O]

3.5 The Albert Semifields Without Fractional Dimension

Wene [17] proved that any Albert semifield A,,(S), n odd, where S is a (n — 1)-
dimensional vector space over GF(2) containing 1, never contains a field of order 4.
We have the following result:
Theorem 3.5.1. For any odd integer n, where (n,3) = 1, it’s impossible for the
Albert semifield A, (S), where S is a (n — 1)-dimensional vector space over GF(2)

containing 1, to contain the finite field GF(23).
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Proof. Since GF(4) is not contained in any Albert semifield A, (S), for any d ¢ GF(2),
{1,d,d=*d} is linearly independent. Hence this set can be viewed as a GF'(2)-basis of
the finite field GF(23). Suppose the finite field GF(23) is generated by the irreducible
polynomial f(x) =%+ z + 1 over GF(2) and d is a zero of f(x).

We show all the elements d in the Albert semifield A,,, when (n,3) = 1, can not
be a root of the equation 2® +x +1 =10 .

There are a total of 4 cases to consider:

(i) d,dxd € S; (11) d e S,dxd ¢ S,

(i) d ¢ S, dxde S, () d,dsd ¢ S

Case i: If d,d*d € S, then {1,d,d*d} C S, so a subfield GF(2?%) is contained

in GF(2"). But this is impossible since (n,3) = 1.

Caseii: If d € S, but dxd = d* ¢ S. Suppose dxd = w+1 for some t € S, then

d® = (wWHt)xd=wxd+txd

= wd+d*+d+td
If @ = d+ 1, then

wd+d*+d+td=d+1=>wd+d®>+td+1=0
=d+w+t)d+1=0

= d*+ (d®)d+1=0, ie., d®+d*+1=0

Hence d is a root of the irreducible polynomial g(z) = 23 + 22 + 1 over GF(2), which
implies GF(2%) is in GF(2"). But this contradicts the fact that (n,3) = 1.

If d ¢ S, suppose d = w + d; for some d; € S, then

dxd=(w+d)*(w+d)=w?+dj +1
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Case iii: If d ¢ S, but dxd € S. Then

& = dPxd = (WP +dP+1) % (w+dy)
= (WHd+Dw+ W +di + 1)+ (W+di+ 1)+ (W +di + 1)dy

= (WP+E+ D[+ +1) + (w+d + 1))
If d¥) = d+ 1, then
W+ +D[W+di+ 1)+ (w+di+1)]=w+d +1
Since d ¢ GF(2),d+ 1 =w+d; +1 # 0 and then

(wH+d +D[W+d+1) +(w+d +1)] =1
= (w+d +1)[(w+d +1)(w+d)] =1

= (d+D[(d+1Dd =1, ie, d®+d+1=0

The equation above implies that GF(2%) is contained in GF(2"). But this contradicts

the fact that (n,3) = 1.
Case iv: If d,d+*d ¢ S. Then d*d = (w+dy) * (w+dy) = w? +d? + 1. Let

d*d=w+p for some p € S; 50 p=w?+w+d:+1 and then
) = dxd=(w+p)*(w+d)

—wrkwtwx(p+d))+pxdp

=W+ 1+ (p+d)w+ (p+di)* + (p+ dy) + pdy
If @) = d+ 1, then

Wt (p+d)w+ (p+di)?+ (p+di) +pd =w+ds
=+ (WHwt+di+1+d)w+ (WHw+di+1+d) + (W +w+di+1+d)

+(Wtw+di +1)d =w+d
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Sttt @+ d D)+ (B Fd 1) (B Fdi+ 1)+ (W w)d +d =0
= (W' +d}) + (W +wdi + wdy + &) + (w+di) =0

= W+d)'+w+di)*+ (w+d) =0

Since d = w + d; # 0 ,then the equation above is d® 4 d? + 1 = 0, which implies that

GF(23) is contained in GF(2"). But again this is impossible because (n,3) = 1. [
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CHAPTER 4
CONCLUSIONS AND FUTURE WORK

4.1 Conclusions

In Chapter II, we focused on the the problem of right primitivity for finite
semifields. After providing the basic definition of primitivity of finite semifields, we
proved the main theorem of the chapter, which provided an equivalent condition for
right primitivity of finite semifields (Section 2.2). With this result, we investigated the
primitivity of the classical Knuth binary semifields of order 2", where n = 15,17,19
(Section 2.3), and the Albert semifields of order 2", where n = 7,9,11, 13 (Section
2.5). Also for the primitive classical Knuth binary semifields we exhibited a formula
to describe the number of primitive elements (Section 2.4). Finally, we investigated
some properties of automorphisms of right primitive semifields (Section 2.6).

In Chapter III, we provided some new results on the dimension of finite semi-
fields. Let F' = GF(2"), where n is an odd positive integer. First, the classical
Knuth binary semifields F = (F, +, %), which is an n-dimensional vector space over
GF(2), does not contain any sub-semifields (Section 3.3). Next, we considered two
special classes of the generalized Knuth binary semifields F g )C(F ) = (F, 4+, )., where
B,C € GL(F,+) and e is a nonzero element in F. Each semifield in the first class
contains the subfield GF(2?), when n € [5,31]; hence this class is fractional dimen-
sional(Section 3.2). The semifield in the second class do not contain the subfield
GF(2?) or GF(23%) (Section 3.4). Finally, we proved that the Albert semifields do not
contain subfields GF(23) either (Section 3.5).
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4.2 Future Work
Until now, all semifields that do not admit the finite fields GF(2%) or GF(23)
are commutative. Some interesting problems to explore are the following.
e Let S be a commutative semifield. Is it possible for S to be fractional dimen-
sional?
e If m; and my are two semifield planes coordinatized by 2 commutative finite

semifields, can m and 7y be absolutely isomorphic? (See Definition 1.1.2)

5



APPENDIX A

MATLAB PROGRAM FOR F = (GF(2'%), +, *)
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In this appendix, we present a Matlab program to get all the distinct right
characteristic polynomials of all the elements in the classical Knuth binary semifield

F = (GF(2),+,%).

B=[]j=0;
fori0 =0:1
foril=0:1
fori2=0:1
forid=0:1
forid=0:1
fori5=0:1
for i6 =0:1
for it=0:1
for i8=10:1
for i9=0:1
for i10=0:1
forill=0:1
fori12=0:1
foril3=0:1
forild=0:1
j=i+1;

p=poly(i0x A0+ il «* A1 +i2% A2+ i3 % A3+ idx Ad+ 5% A5 +i6 % A6+ 17 AT+
i8% A8+ 19 % A9 + 010 % A10 4+ 411 % A11 + 412 % A12 + 913 x A13 + 114 x Al4);

p = round(p):

r = abs(mod(p,2));

B(j,:) =;
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unique(B, ‘rows’)
end
end
end
end
end
end
end
end
end
end
end
end
end
end

end
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APPENDIX B

MATLAB PROGRAM FOR A;(S)
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In this appendix, we present a Matlab program to get all the distinct right

characteristic polynomials of all the elements in the Albert semifield A7 (.S).

fori0 =0:1
foril=0:1
fori2=0:1
forid=0:1
forid=0:1
fori5=0:1
fori6=0:1

A=10%xRO+il*x Rl +12% R2+1i3 % R3 +i4 * R4+ i5 x R5 + i6 * RO;
p = poly(rem(A4, 2));

r = round(rem(p,2))

end

end

end

end

end

end

end
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APPENDIX C

PRIMITIVE ELEMENTS IN F = (GF(27), +, %)
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In this appendix, we present all the primitive elements in the Knuth binary

semifield F = (GF(27), +, *). The irreducible polynomial f(z) = 2"+ 2+ 1 is chosen

to be the polynomial associated with the field extension over GF'(2). Let ¢ be a root

of f(x). Then {1,{,(? -+ ,(%} is a GF(2)-basis of GF(27).

Primitive elements in the Knuth binary semifield of order 27

¢

C+¢°

C4

1+C+ ¢4
1_’_C2+g4
1+C3+C4

G+ ¢G4+
1+¢C+C+3+ ¢
C+¢°
C+C+G+¢°
<4+C5
14+C+C+ ¢
C+E++¢°
14+ ¢+ (8

¢34+ (F
1+<2+C3+C6
CH+C++¢°
I+¢+C+CH+¢C
¢+ +¢°
1+C2+<5+C6
CH+HC+C+C+EE
1+¢+ ¢+ +¢°
CHE++ P+
1+C2+§3+C4+65+C6

1+¢

1+ ¢?

1+ ¢t

¢+t
1+¢C+C+ ¢t

C+ ¢+t
C+C+ ¢34+

<5

1+¢+ ¢

1+ +3+¢
1+¢+¢°

G4+t +¢°
I+¢+ G+ +¢°
C+¢4¢°
1+C3+C6
C+Ct+ ¢
I+C+C+¢t+¢°
C+C+C++(C
1+¢+¢+¢5
G+ +¢°

1+ C+C+C+C+¢
C2+<4+C5+C6
1+¢+ G+ ++ ¢

82

CZ

1+¢+ 2

¢+ ¢t

C+¢+¢!

¢+ ¢
1+¢+3+ ¢
1+ +3+¢
14 ¢°

C+¢+¢°
1+C+C+HE3+C
C+ ¢+ ¢°
1+C3+C4+<5
¢+¢°
1+¢+ 2+ ¢S
<2+C3+C6

1+ ¢+ ¢+ ¢85
C+E+ M+ ¢°
1+(+C+C+¢H+ ¢
C2+C5+§6
1+C3+C5+C6
C+ ¢ +¢°+¢8
1+C2+C4+C5+C6
C2+C3+€4+C5+C6



APPENDIX D

PRIMITIVE ELEMENTS IN F = (GF(2%), +, *)
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In this appendix, we present all the primitive elements in the Knuth binary
semifield F = (GF(29), 4, *). The irreducible polynomial f(z) = 2%+ x4 1 is chosen
to be the polynomial associated with the field extension over GF(2). Let ¢ be a root
of f(x). Then {1,¢,¢2,---, (8} is a GF(2)-basis of GF(2%).
Primitive elements in the Knuth binary semifield of order 2°
G+ O+ CHEFTHE LT CHEHE OO+ CHC+HT+
¢, CHCHCHCE, G, CHEOHCT, CHCHCOHCT, CHOHCHCTHC, G0, O
CHCOHC G+ CHOHC, CHC O+, G CHCHT G, G+, G
CHC CHCHTHCEE, G, G, AT, GO, G
CHC CHAFCHT, CHCHCHE, CHHCHEHE, CHCHTHE, CHEC+
O CHCHCHE, CHCHC T, CHCHC TG CHE G R+
¢+ CHCHEO A+, (T, CHCHE CHE T, CHC+
T+ CHCHCHT, (HCHEHE, CHCHC T, (HCHCHTHE, (HEHCH
¢ CHCHCHC, CHCHCT, CHC O CHCHE T, CHCHC O (HE+
CHEOH, (HCHC CHCHCHE, CHCHC T CHCHCHCHE, CHCHCHC+
CHC CHCHOHCHOHTHE CHCHCHC CHCHC T, (HCHCHEC, CHC+
CHH, HCHCHCHTHE, HCHEHH O, CHCHCHCHCHTHE, (HC+
CHCHCHCHT G 1+ 1+ 1+ 1+, 14O+ B 144+ (7, 14 ¢%, 1+
CHCT 1+ 1+ 14+ CHOH T+ T4+ 1+ 1+ 1+
CO 1+ G I+ HCHC I+ HCHT I+ H G+ G+ O+ 1+
CrH+ O+ + T 1+ G 1+ CHT 1+ CHE I+ CH O+ T+ CHE+ T+ 1+ G+
CoI+CHCHT+CE 1+CH+HCHE 1+ G+ O+ 1+ CHCHE T+ 1+ 3+
CHI+CHCHC I+ CHCH TG 1+ G+ 1+ CAHCHCH 1+ GO+
COA+CH+H+G 1+ CH+HC+HCHE I+ CHC+C+H T+ G I+ CH P+ 1+
14+ 1+ CH T 1+ CH+H O+ T+ B 1+ C+ G+ CHC T 14+ O+
T+ 1+C+HC 1+C+HCHCE, 144+, 1+C+HCHCT+EG, 1+C+CHCC+
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¢ 14+ CHC T+, 1+CHCHCC, 1+CHC G+, 1+C+C+C+C, 1+
CHCHCHEE, T+CHCHCHEHEE, 1+C+EC, 1+CHCHT, 1+C+C+HT+
¢ 14+C+CHE, 1+C+C+HE+C, 1+C+CHC+T, 1+C+CHEC+HT+CB, 1+
CHC+HC+E, 1+C+HCHCHCT, 1+C+HGHCHTHEE, 1+C+HCHCHCC+CB, 1+
CHCHCHE, T+CHCHCHCHCE, 14+¢, 14+CHC+C, 14+, 14+¢+C, 1+
CHCHCHE, 1+, 1+CHCHCHC, 1+HCHCHECHEE, 1+ +
O+, 14+C+C, 14+CHCHEE, 1+CHCHCT, 14HCHCHCT+HEE, 1+CHE+CC+
¢ 1HCHCHCHCT, 14HCHCHCHEE, 14+CHCHC O+, 1+HCHCHCHEE, 1+
CHCHCHHCTHCE, 1HCHCHCHCE, 1+CHGHCHC, 1+HCHCHEHCHEE, 14+
A+ HCT, 14+CHC, 14+C+HCHC, 14+C+HCHCT, 14+C+HCP+C5, 1+¢+C+C5+
¢ 1+C+CHCHCT, 14+C+CHCH, 14HCHCHC T+, 1+HC+CH+HCHEE, 1+
CHCHCHOHCE, T+HCHCHCHCEHCT, 14HCHCHCE, THCHCHCHCE, 1+C+HC+
CHCT, 1HCHCHCHHCHC, THCHCHCHCHCE, 14+CHCHCHCHECHEE, 14+¢+
CHC+O+C+CTHC, 14+C+HC+HCHEE, 1+C+HCHEH, 1+CHCHCHCS, 1+
CHCHCHOHEE, 14+C+HCHCHC, 1+HCHCHCHCH, 1+HC+HCHCHC T+
3, 14+(+CHCHCHHCE, T+HCHCHCHCHCOHCE, 14+HCHCHECHCHC, 14+C+HC+

CHCHCHT+E, 1+HCHCHCHHC O+, 14+ CHCHC O+ T+
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