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ABSTRACT

DERIVATION OF THE DYNAMICS EQUATIONS
FOR RECEIVER AIRCRAFT
IN AERIAL REFUELING

Publication No.

Jayme Waishek, M.S.

The University of Texas at Arlington, 2007

Supervising Professor: Atilla Dogan

This thesis describes the derivation of a new set of nonlinear, 6-DOF equations of
motion of a receiver aircraft undergoing an aerial refueling, including the effect of time-
varying mass and inertia properties associated with the fuel transfer and the tanker’s
vortex induced wind effect. Since the center of mass of the receiver is time—varying during
the fuel transfer, the equations are written in a reference frame that is geometrically
fixed in the aircraft. Due to the fact that aerial refueling simulation and control deal
with the position and orientation of the receiver relative to the tanker, the equations of
motion are derived in terms of the translational and rotational position and velocity with
respect to the tanker. Further, for the derivation, Newton’s law is applied to the system,
which consists of the receiver aircraft and the fuel before and after being transferred into
the receiver. The new receiver equations of motion are implemented in an integrated

simulation environment with a feedback controller for receiver station-keeping as well as



the full set of nonlinear, 6-DOF equations of motion of the tanker aircraft and a feedback

controller to fly the tanker on a U-turn maneuver.
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CHAPTER 1
INTRODUCTION

In aerial refueling operations, fuel is transferred from one aircraft (the tanker) to
another (the receiver), both of them being airborne. This operation might be needed to
sustain/complete some critical flight missions that require an endurance or range beyond
what the aircraft, either military or commercial [1], was designed for. The important
modeling and control problems studied in the context of aerial refueling [2, 3, 4, 5, 6, 7|
include models of the tanker-receiver interference, stability of the receiver aircraft and
design of an autonomous refueling controller. There has been a great interest in the
research community [7] to develop an autonomous and efficient control algorithm that
would enable a successful aerial refueling, with least disturbance effect on the receiver
aircraft during the whole operation. In the design, development and validation of such
a control algorithm, a mathematical model and computer simulation of the receiver
dynamics during the refueling is essential. In order to generate authentic results from
the simulation, it is critical to model the receiver aircraft with sufficient accuracy, taking
into account all major factors that influence its dynamics. Specifically, this work derives
equations of motion for the receiver to model (i) the relative motion of the receiver aircraft
with respect to the tanker aircraft, (ii) time-varying mass and inertia properties during
fuel transfer, and (iii) exposure to nonuniform wind induced by the tanker’s wake vortex.

In the problem of aircraft formation flight, various methods are used for formulat-
ing relative motion. Some papers [8, 9, 10, 11, 12, 13| consider only relative position.
Others [14, 15, 16, 17, 18] partially consider orientation in formulating relative position.

Further, the problem of relative motion is studied in other applications such as spacecraft
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formation [19, 20, 21, 22, 23] and aircraft landing on a ship [24, 25, 26]. A common ap-

proach among the work reported above is to quantify relative motion through kinematic
relations after the equations of motion are derived for each aircraft separately. In this
work, the equations of motion are derived in terms of relative position and orientation. A
benefit of this approach is that the motion of the tanker aircraft is explicitly formulated
as disturbance on the relative motion of the receiver aircraft [27, 28].

Mass properties of a system will vary when mass transfer into or out of the system
occurs or mass distribution within the system changes. Variable mass systems are studied
extensively in the area of space flight [29, 30, 31, 32, 33, 34, 35, 36, 37|, which show the
significance of the mass transfer effect on vehicle dynamics. The system of rotorcraft with
external load [38] and the Concorde supersonic airline with weight distribution changed
by moving fuel [39, 40, 41] are examples of systems in which mass changes location. Other
examples are space and underwater vehicles [42, 43, 44] where shape change actuation or
moving internal masses are used for control. In the case of aerial refueling, fuel transferred
to the receiver aircraft brings in momentum and changes its inertia properties. Previous
works [45, 7, 46, 47, 48, 49, 50, 51, 1, 52] in aerial refueling either ignore the effect of
mass transfer or treat it as disturbance causing parametric uncertainty [7]. In this work,
the equations of motion for the receiver are derived considering the system of the receiver
aircraft and the fuel before and after being transferred into the receiver. This yields a
generic mathematical model that includes the dynamic effect of fuel transfer.

The dynamic effect of nonuniform wind is another factor considered in this work.
In aerial refueling operation, like any other close formation flight, the follower aircraft
(receiver in this case) is subject to the nonuniform wind induced by the wake vortex of
the lead aircraft (tanker in this case). The vortex induced wind can be detrimental to the
control of the receiver aircraft [52, 53]. To model the dynamic effect of nonuniform wind,

various techniques such as strip theory, averaging, and look-up tables are used [54, 55, 56].
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Such techniques (i) are limited to a certain operating condition, (ii) are computationally
intensive, and (iii) require large aerodynamic databases. Another approach is to avoid
modeling of nonuniform wind or treat it as unknown /stochastic disturbance. In this work,
the equations of motion are derived such that wind terms are explicitly formulated. This
enables the implementation of a novel vortex effect modeling technique [57, 58] in the
aerial refueling problem. With this technique, the modeling of nonuniform wind effect is
more direct and computationally efficient. Further, there is no restriction on the relative
position/orientation or sizes of the aircraft.

The remainder of this thesis is organized as follows. Equations for translational
kinematics and dynamics are derived in Chapter 3. Similarly, Chapter 4 presents the
derivation of the equations for the rotational motion. In Chapter 5, the vector equations
of motion are converted into matrix form. Chapter 7 summarizes Ref. [58], which
introduced the procedure for approximating the non—uniform wind field induced by wake
vortices as uniform wind field. Chapter 8 explains how the physical design parameters of
the receiver aircraft and its fuel tanks are incorporated into the equations of motion, and
additionally presents simulation results. Finally, Chapter 9 presents conclusions based
on the simulation results and proposes additional application of the concepts herein

addressed.



CHAPTER 2
MATHEMATICAL CONCEPTS

2.1 Vectrix Formalism

To write a vector in matrix form, vectrix formalism [57] is employed. This facilitates
(1) the expression of a vector in terms of its representation in a frame and the unit vectors
of the frame and (ii) transforming the representation of a vector to another frame using
the corresponding rotation matrix. The vectrix of X-frame is defined to be the array of

the unit vectors of its axes and is denoted by

Ly
&)= g, (2.1)
kx
Hence, vector a can be written as
a= [X]Ta (2.2)

where a is the representation of vector g in X-frame. Note that the relationship between
the vectrices of the two frames are defined by the rotation matrix between the two frames,

namely

A ~

[X] = Rxy[Y] (2.3)

where Rxv is the rotation matrix from Y-frame to X-frame. Note that all matrices
in this thesis are written in bold font. Note also that rotation matrix is used to find

the representation of a vector in a frame using the representation of the same vector in



another frame. For example, let ay be the representation of vector a in Y-frame. Then,

the representation of vector a in X-frame is
a = nyay (24)

where a and ay are (3 x 1) arrays.

B, B,
Tanker's body frame

(attached to a reference
point)

i  Receiver's body frame
(attached to a reference

I [Inertial frame

Figure 2.1. Intermediate reference frames: Tanker and Receiver’s body frame.

2.2 Tanker’s body frame

This frame is fixed to the tanker’s body at a reference point which could be its
center of mass (CM) or any geometric reference point, and moving and rotating with
the tanker. From this point on, this frame will be referred to as the “Tanker’s Body

frame” or “Bp-frame”. Its vectrix is denoted by [BT] Since during the refueling, the
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position and orientation of the receiver need to be controlled relative to the tanker, the

translational positions and angular orientations are defined with respect to Bp-frame.

2.3 Receiver’s body frame

This frame is fixed to the receiver aircraft’s body at a geometrically fixed reference
point, P, and is called the “Receiver’s Body frame” whose vectrix is denoted by [B r). For
the dynamic model developed in this thesis, the reference point P on the receiver aircraft
is considered to be the CM of the empty receiver and stays fixed at that position even
though the CM would move during the refueling. This frame is chosen as the body frame
of the receiver to accommodate the fact that the CM will be moving during fuel transfer.
This frame is hereafter denoted as Bgr-frame. Fig. 2.1 depicts the spatial relation of three
reference frames: (i) Inertial, (ii) Tanker’s body (Br-frame), and (iii) Receiver’s body

(Bg-frame).

2.4 Rotation matrices

Tanker’'s Wind Frame Receiver’'s Wind Frame

Tanker’s Body
R
Receiver's Body

R
B Wr Frame

Frame

Inertial Frame

Figure 2.2. Various reference frames and the rotation matrices between them.
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In the development of the equations of motion in this thesis, there are five frames
involved: (i) inertial frame, (ii) Bp-frame, (iii) tanker’s wind frame, (iv) Bg-frame and
(v) receiver’s wind frame (Wpg-frame) (Fig. 2.2). Since the focus is on the dynamics of
the receiver aircraft relative to the tanker, the nonlinear 6-DOF equations of motion of
the receiver are written in Br-frame. However, the vectors used in the derivation will be
initially written in the respective most convenient frame. For example, the gravitational
force vector will be written in the inertial frame while the velocity of the receiver relative
to the air will be written in Wx-frame. To transform all the vectors and their repre-
sentations written in the most convenient frames to the frame in which the equations of
motion are written, the rotation matrices defined between the vectrices of each pair of
the frames will be used as shown in Fig. 2.2.

For example, the relationship between the vectrices of the inertial frame and Bp-
frame is

[B7] = Rpall] (2.5)

where Rp, is the rotation matrix from the inertial frame to By-frame. By the orthonor-
mality of rotation matrices, the transformation from Bp-frame to the inertial frame is

obtained simply by taking transpose of Rg. 1. Thus,
1] = R a[Br] (2.6)

When the rotation matrix from the inertial frame to the receiver’s body frame is needed,

as Fig. 2.2 implies, in this thesis, it is written through Bp-frame, i.e.
Rpr1 = ReperRB11 (2.7)

which means a transformation from the inertial frame to Bp-frame and then from there to

Bgr-frame. The reason for not using the rotation matrix from the inertial frame directly
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to Bg-frame is because, in aerial refueling, the focus is on the motion of the receiver

relative to the tanker. Thus,

[Br] = Rep.Re1ll] (2.8)

or

[z] = RETIRERBT [BR] (2-9)

Similarly, the relation between the vectrices of Wx-frame and Bg-frame is
[BR] = RBRWR [ER] (2'10)

where Rp,wy is the rotation matrix from Wg-frame to Bp-frame.

2.5 Matrix and Vector Properties

This section presents for easy referencing the matrix and vector properties used in
the derivation of the equations of motion. Further, proofs are provided for some of the
facts presented. For the expression and proof of the facts, the following notation is used.

There are two reference frames with vectrices [1] and [2]. The rotation matrix
from the first frame to the second is defined to be Ra;. There are three vectors, a,
b, and ¢, with corresonding representations a, b, and c. The representations are 3-by-1
column matrices constructed by the components of the vector in the corresponding frame.
Vector products are denoted by x while - refers to scalar product of vectors. Superscript
T denotes the transpose of a matrix.

Fact 1: The triple product identity
ax(bxc)=(a-c)b—(a-b)ec, Yabec (2.11)
Fact 2: Scalar product of vectors through their representations

a-b=a’b, Ya, b, (2.12)



Fact 3: Relation between representation of vectors
a'be=ca' b, Ya,b,c, (2.13)
Fact 4: Quadruple product of vectors
ax[bx(cxd)]=(b-daxc—(b-c)axd, Yabcd (2.14)

Proof: By extension of Eq. (2.11).

Fact 5: Vector product of vectors through their representations

b= [i%ax 2"

IS
X

— —[i]"S(a)b (2.15)

where a and b are representations of a and b, respectively, in the frame having vectrix

A~

[1]. Note that S(a) is a skew-symmetric matrix constructed with representation a such

that
0 as —Qa2
Sa)=| -a;s 0 (2.16)
(45} —aq 0

for vector a with representation [a; as as]’ in the frame having vectrix [1].

Fact 6: Order of vectors in vector product
S(a)b = —S(b)a (2.17)

Proof: This follows from Eq. (2.15) and the fact that a x b = —b X a.
Fact 7:
(a™b)S(a) = —S(b)aa’ Va,b (2.18)

Proof: Note from Eqgs. (2.12) and (2.15) that

(a-b) axb=—[]"(a"b)S(a) b (2.19)
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Further note that changing the order of a vector product results in the negative of the

original product. This can be expressed as
(@a-b)axb = —(a-b)bxa
= [{7(@H)S(0) a (2.20)
by again using Eqs. (2.12) and (2.15). Because a’b is a scalar, Eq. (2.20) can be rear-
ranged to be
(a-b) axb=[1]"S(b) aa”b (2.21)
The comparison of Eqgs. (2.19) and (2.21) leads to Eq. (2.18).

Fact 8:
S(Ra1a) = Ra1S(a)RY, (2.22)
Proof: As stated previously, let a and b be the representations of a and b, re-
spectively, in the frame having vectrix [1], namely ¢ = [1]7a and b = [1]7b. Note that
2] = Ray[1] since Ryy is the rotation matrix from the frame with vectrix [1] to that with

[2]. Thus, vectors a and b can be expressed in terms of [2] as
a = [2]TR21G
b = [2"Rasb (2.23)
The vector product of vectors a and b using Eq. (2.15) yields
axb=—[i"S(a) (2.24)
The same vector product performed on a and b as written in Eq. (2.23) results in
axb=—2]"S(Ry1a)Ra1b (2.25)
Note further that [2]7 = [1]"RY,. Thus, Eq. (2.25) becomes

axb=—[1]"RL,S(Rz1a)Ry1b (2.26)

The comparison of Eqs. (2.24) and (2.26) leads to Eq. (2.22).



CHAPTER 3
TRANSLATIONAL MOTION

Since, in aerial refueling, the position of the receiver should be controlled relative to
the tanker and not relative to the ground, the translational kinematics should be written
in terms of the position vector of the receiver with respect to the tanker. The vectorial

relation of the origins of the reference frames ( Fig. 2.1) yields

Tpp = Ty T8 (3.1)
Further, the effect of the wind is incorporated into the kinematics as

g, =U+W (3.2)

where U is the velocity vector of the receiver relative to the surrounding air and W is
the wind velocity vector, i.e. the velocity of the air relative to the inertial frame. The

time derivative of Eq. (3.1) along with Eq. (3.2) yields

E=U+W —ip, (3.3)

which is the translational kinematic equation in terms of the position of the receiver
relative to the tanker.

The next step is to derive the translational dynamic equations. The derivation
is intended to yield equations with explicit terms to represent dynamics effect of fuel
transfer and wind exposure. Due to fuel transfer in refueling, the receiver aircraft is a
system of varying mass. Thus, Newton’s Second Law, which states that force is equal
to the time rate of change of momentum, is not directly applicable. However, it can
be applied to a system of varying mass by examining the same mass for the change in

momentum at two instances of time [33].
11
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This approach is used in this thesis by defining a system of constant mass consisting
of the receiver aircraft and the fuel that joins the receiver through a refueling receptacle
in a given time interval. Then, the momenta of this system of constant mass before
and after fuel joins the receiver are formulated to determine the time rate of change of

momentum while refueling.

//k X
i \
| |
M, M, L
/ O ) @, N
| 2 N
| AN
[ M1 -R OM .
\\ Pl 3 \\
\ \\
\
\\ pmJ \\\
\ \
\ ml @® N
N ® ®CM mJ \
\ \
N [ \
r.
=i N4 “BR Tem \
Ir N 1
=R N ® I
SO m3 I
A T //}
< Tmj
~o 7/

Y

O  mertial Frame

Figure 3.1. Receiver-Fuel System of Constant Mass.

To facilitate the derivation of the dynamics equations including the effect of fuel
transfer, the receiver aircraft is considered to comprise two parts (Fig. 3.1). The first
part is represented by ‘n’ points at fixed positions, p;, in Bg-frame with constant masses
M; (i = 1,...,n). With the rigid body assumption, masses M; are defined to consitute
the body of the receiver aircraft excluding the fuel. Additional ‘k’ points represent the

second part of the receiver. These points are different from the first group in that they
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move and thus their position vectors in Bg-frame, pn,, (j = 1,..., k), are time-varying.
Further, these points represent the various locations of fuel mass after being transferred
into the receiver aircraft. The amount of fuel mass, m;, assumed to be concentrated at
each point, p,,;, might be time-varying during refueling. With the concentrated mass
assumption, position p,; represents the center of total fuel mass in each fuel tank.
Consider the receiver-fuel system of constant mass depicted in Fig. 3.1, in the time
interval t — At to t. Assume that, in this time interval, the fuel Am entering the receiver
through the receptacle at Pr splits into ‘k’” portions, Am;, and each Am; joins m; by

the time t. The linear momentum of the system at time ¢t — At is
P, _ZMr +Zm] 4+ AmV, (3.4)

where V, is the velocity of Am relative to the inertial frame, and r; and r,, are the
position vectors of M; and my, respectively (Fig. 3.1). At time ¢, the linear momentum
of the system is

n k

£2:ZMT+AT +ZmJ+Am] AR, ) (3.5)

i=1 j=1
The difference between the total momenta before and after Am joins the receiver aircraft
is found by subtracting Eq. (3.4) from Eq. (3.5) and is calculated to be

n k k k
AP = Z M; A7, + Z minmj + Z Amjimj + Z Aminmj — AmV, (3.6)
— — —

Jj=1
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The time rate of change of the linear momentum at time ¢ is calculated by dividing

Eq. (3.6) by At and taking the limit as At approaches 0. Specifically,

. AP ;
athar
: Ar; .
I = M
. m;AT,,, i}
Ao Al = Mtm,
li Amy .
aimo At Tmi b
fm 27 3.7
At At B (37)
Using these relations, Eq. (3.6) becomes
n k k
D= M+ mji, + > myi,, —mV, (3.8)
i=1 j=1 j=1

By Newton’s Second Law, this is equal to the total force acting on the system at time t.
This can be rewritten using the facts that My replaces Y " | M;i'; because Y " | M; =
M and the origin of Bg-frame is at the CM of the receiver aircraft before the fuel transfer.

Therefore, the total external force vector acting on the receiver aircraft is determined to

be

k
F=Mig +Y (mjimj + mjzmj) Y, (3.9)

J=1

where F' is the vectorial sum of all external forces.

Equation (3.9) is the translational dynamic equation of the receiver. However, there
are three main drawbacks with this form of the equation. First, masses m; (j =1,...., k)
will be used to represent the fuel transfer in the fuel tanks located in the receiver aircraft.
In that case, the velocity and acceleration of the m; masses will be easier to formulate

in Bi-frame than in the inertial frame. Thus, Ty, i the second and third terms should
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be written in terms of the position vectors with respect to Bg-frame. From Fig. 3.1, it
is seen that

T'm; = TBg + 0, (3.10)
Second, it is easier to express the fuel flow velocity relative to the tanker. It is therefore
necessary to separate V, into the components associated with the velocity of the tanker,
itself, and the velocity of the fuel with respect to the tanker. Thus, the fuel flow velocity
(V,) is written as

Vo=rp, +V, (3.11)
where 7' . is the velocity of the tanker relative to the inertial frame and V., is the velocity
of the fuel relative to the tanker. Substituting Eqs. (3.10) and (3.11) into Eq. (3.9) and

rearranging yields

k
(M +m)iy, = F — iy, — T+KM—§]mmm+mﬁm) (3.12)
j=1
k
where ij I'p, has been replaced with m 7y and ij I'p, has been replaced by
j=1 Jj=1
k
m g, because 'y and 7. are independent of j, and ij =m.
j=1

As a special case, 1 = 1; = 0 when the fuel transfer is completed. Then, Eq. (3.12)

becomes

(M +m)ig, = Z (3.13)

where the second term is due to the fact that the CM of the receiver is no longer at point

P, the origin of Bg-frame. Further, when the fuel tanks are positioned in such a way
k k

that the CM of the fuel is at point P, g m;p = 0, which implies that E mip =0
—m =m;
i=1 =1
since m; (j =1, ..., k) are constant in this special case. Thus, the translational dynamics

as represented in Eq. (3.12) is reduced to

(M +m)ig, =F (3.14)
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which is as expected because point P is now at the CM of the system of constant mass,
(M +m).

Third, the effect of the wind will be formulated by writing 75 and 75 in terms
of the airspeed of the receiver and the wind acting on it. In order to do this, Eq. (3.2) is
differentiated to get

iy = U+ W (3.15)

Equations (3.2) and (3.15) are substituted into Eq. (3.12) and the result is rearranged to

have U on the left hand side. This results in the general translational dynamics equation:

U= F = (U+W —ig, —V,) —Z(mjgmﬁmjgmj)] — W (3.16)

(M + m) ‘=
The resultant force acting on the receiver in Eq. (3.16), £, is considered to be the sum of
the gravity force vector M, the aerodynamic force vector A, and the propulsive force
vector Pp.

There are several significant remarks based on the derivation of Eq. (3.16). First,
note that the terms containing 7; and m represent the effect of time-varying mass on
the translational dynamics of the receiver aircraft. For the aerial refueling scenario,
as an example, 7115, the rate of mass change can be approximated as equal to the fuel
transfer rate into the jth fuel tank. This modular formulation facilitates the simulation
of asymmetric fuel loading conditions. Furthermore, both 1 and 72; can be time-varying
functions, thereby enabling the simulation of the effects of any combination of unsteady
and asymmetric fuel transfer. In practice, the values of m;, Lo ij and ij depend

on the shape, size and location of the fuel tanks on the receiver aircraft and also the

individual rates of fuel flow into each fuel tank on the receiver.



CHAPTER 4
ROTATIONAL MOTION

For the derivation of the rotational dynamics, the definitions of the receiver-fuel
system of constant mass and the reference frames, introduced for translational dynamics,
are used. Then, it can be stated that the external moment is equal to the time rate of
change of momentum since the momentum of a definite mass is examined for its rate of
change [33].

In a manner which parallels the translational dynamics derivation, the angular
momenta of the system right before and after fuel Am joins the receiver are used to
formulate the time rate of change of the angular momentum. At time ¢t — At, the angular

momentum of the system around the origin of the inertial frame is
n k
E1ZZ£iXMiﬁi+mej X T, + 1 X AmV, (4.1)
i=1 J=1

where each term represents the moment of the corresponding linear momentum term in
Eq. (3.4) about the origin of the inertial frame. Note that Eq. (4.1) introduces the vector
rg, which is the position of the receiver fuel port relative to the inertial frame. At time

t after Am joins the receiver, the angular momentum of the system is determined to be

n k
H, = Z(L +Ar;) X M;(1; + Ar,) + Z(Emj + Afmj) X (mj + Amj)(ﬁmj + Aﬁmj) (4.2)

i=1 j=1
where each term represents the moment of the corresponding linear momentum term of
Eq. (3.5) about the inertial frame. All the vectors in Eqs. (4.1) and (4.2) are written
relative to the inertial frame and the time derivatives are also taken with respect to the

inertial frame. The difference between the total angular momenta before and after Am

17
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joins the receiver aircraft is found by subtracting Eq. (4.1) from Eq. (4.2). This is then

calculated to be

n

n k
AH = 3 i x Midi + ) Aryx Mgy + ) 1y, % Amjiy,
i=1

i=1 j=1

k k
+ mej X m;Ar, + Z Ar,, X mjt,, —1rg X AmV, (4.3)
j=1 j=1

where the higher-order terms are ignored since they will become zero during the following
step. The total external moment vector acting on the receiver aircraft about the origin
of the inertial frame is equal to the time rate of change of the angular momentum, which
is calculated by dividing Eq. (4.3) by At and taking the limit as At approaches 0 using
the relations presented in Eq. (3.7). This results in an expression for the total external

moment about the origin of the inertial frame at time ¢ as

n

k k
M, = Zfi X Mir; + mej XMLy, + mej X Myt = Lp X MY, (4:4)
j=1

i=1 j=1
Further note that

MBR = MO - KBR X E (45)

where My is the total external moment about the origin of Br-frame. The second term

on the right-hand side can be calculated directly as

k
Lpr X F = Lpp X [MEBR + Z (mjimj + mjfmj) —mV,

J=1
k

= rpy X Miy, 41y, x Y (mjimj n mjzmj) — 1, x MV, (4.6)
j=1

where F is substituted from Eq. (3.9). To facilitate the subtraction in Eq. (4.5), Eq. (4.4)

can be rewritten by replacing the vectors r;, [ and rp with their expansions as (g, +
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p,), (tp, +p, ), and (rp, + p,), respectively (Fig. 3.1). This results in a moment

equation of the form

n

k
My = ) (rp, +p) x Mii; + ;(KBR +p,) X (mjimj + mjfmj)

i=1

—(rp, +pp) x MV, (4.7)
By substituting Eqgs. (4.6), (4.7), and the V, expression from Eq. (3.11) into Eq. (4.5),
while additionally using the fact that Y | M;it, = M7 pp the rotational dynamics equa-
tion in terms of the moment of the external forces about the origin of the receiver’s body
frame is obtained as

Mp, = Zﬁz‘ x Mi(ip, +p,)
i=1
+ ngj [mj IpetP ) +my(ip, +gmj)

— ppXm(ip, +Vy) (4.8)

Note that position vectors are written in terms of the vectorial sum of rp —and the
respective position vector relative to Bg-frame. In this form of the rotational dynamic
equation, the position vectors of ‘n’ and ‘k’ points and the receptacle are all relative to
Br-frame (see Fig. 3.1). Further, substituting 75, and 75, from Egs. (3.2) and (3.15),
respectively, into Eq. (4.8) yields the rotational dynamics with explicit wind terms as
MBR - Zﬁi X MZ(Q—"_W—"_BZ)
i=1
+ Zp [mJU+W+p V+mU+W+p )
-

- BR X m(zBT + Km) (49)

Note that in the special case when 1 = 71; = 0, both types of masses at ‘n’ points
and ‘k’” points have the same effect in the rotational dynamics and the equation becomes

the rotational dynamics of a system of n + k concentrated masses.
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Recall that the external force acting on the receiver is due to the sources of (i)
gravity, (ii) aerodynamics, and (iii) propulsion. The total moment of the external forces

about the origin of Bg-frame can be written as
Mp, =Mg+M,+Mp (4.10)

where M, M ,, and Mp are the moment vectors due to gravity, aerodynamics, and
propulsion, respectively. Note that the moment due to gravity is not zero since the origin
of Bg-frame is not necessarily at the CM of the receiver. However, the CM of the rigid
body particles is, by definition, the origin of Bgr-frame. Therefore, the gravitational
moment is only due to the masses concentrated at ‘k’ points, such that
k
M, = ngj x m;G (4.11)
j=1
where G is the vector of the gravitational acceleration. The aerodynamic moment con-
tains the aerodynamic rolling, pitching, and yawing moments, respectively, in the stan-

dard sense. The moment due to propulsion is

where p is the position vector of the application point of thrust relative to the origin of

Bp-frame and Pp, is the thrust vector.



CHAPTER 5
DERIVATION OF THE EQUATIONS IN MATRIX FORM

In the preceding chapter, the translational and rotational equations of motion are
derived in vector form. In this chapter, these equations are converted into state-space
form, i.e. the first order matrix differential equations. Matrix equations are more suitable
for implementation in simulation software such as MATLAB/Simulink. Further, state-
space representation is the preferred form of system equations in control theory. The
matrix form of the equations make use of vector representations in a specified frame
instead of vectors. Since there are multiple reference frames, a given vector is chosen
to be represented in the most convenient frame. Thus, the representations of vectors in

various frames are used in the matrix form.

5.1 Translational Kinematics

Translational kinematics is derived in vector form in Eq. (3.3) as

é:U‘FE_iBT

Since ¢ is the position of the receiver relative to the tanker and the motion of the receiver
relative to the tanker can be expressed easily in Br-frame, vector § is expressed in Brp-
frame, namely § = [ET]TS . Note that the time derivative of ¢ in Eq. (3.3) is with respect

to the inertial frame. Thus,

£ =1, +wp, x ¢ (5.1)
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where [§] By is the derivative of £ with respect to Br-frame and wp, . is the angular velocity
vector of Bp-frame with respect to the inertial frame. Then, using the property of vector

product introduced in Eq. (2.15),

¢ = [Br]"¢ — [By]"S(ws, )€ (5.2)

where wp,. is the representation of w By 1N Br-frame. For the three velocity vectors on the
right hand side of Eq. (3.3), three different frames are used to define the representations.
The representation of U in Wx-frame is used, i.e. U = [ER]TU . The wind vector, W,
is expressed in Bg-frame as W = [B]TW. The velocity vector of the tanker, i By 18
expressed in the inertial frame as 75 = [[]"7p,. Then, substituting § from Eq. (5.2),

Eq. (3.3) is rewritten as

A

[Br]" [€ = S(ws, )¢ | = WA]™U + [Bal™W — [I77, (5.3)

This equation will yield the matrix form of the translational dynamic equation once the
vectrices are eliminated. To do this, all the terms should be written in terms of the same
vectrix. Note that [BR] = RpgBr [ET]v [BT] = RERBT RBrwr [WARL and [BT] = RBTIm-

Equation (5.3) now becomes
Br)" |€ = S(wn,)€| = [Br] RE ppy Riaw U+ [Br) R, 5, W = [Br | Reris, (5.4)

which, after canceling the common vectrices, leads to the matrix form of the translational

dynamics as

£ =RE g, ReawrnlU + RE 5. W — Rpg1 75, + S(wpy)é (5.5)
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5.2 Rotational Kinematics

As in the case of translational motion, the rotational motion of the receiver aircraft
is formulated relative to the tanker aircraft. Thus, the rotational kinematics in the form
of Poisson’s equation is

RBRBT - S(wBRBT)RBRBT (56)

where note that both orientation and angular velocity of the receiver are relative to
the tanker. Specifically, Ry, is the orientation of the receiver relative to the tanker.
Further, wp,p, is the representation in Br-frame of wy, .., which is the angular velocity
vector of the receiver relative to the tanker.

The angular velocity of the receiver relative to the inertial frame can be vectorially

expanded as

gBR = QBRBT _I_ QBT (57)

where wp, is the angular velocity vector of the tanker relative to the inertial frame. The

matrix form of this equation is derived as

wBR = wBRBT + RBRBTWBT (58)

where wp, and wp,p, are the representations of the respective vectors in Bp-frame and

wpy is the representation of wp_ in Br-frame. Note that Eq. (5.6) is the standard form

T
for the rotational kinematics equation. However, the rotation matrix and the angular
velocity vector are not relative to a non-rotating and non-accelerating inertial frame.

Appendix A proves that the equation still holds even in the case of a rotating and

accelerating reference frame, while additionally deriving the expression for wg,, as

wBR = wBRBT + S(WBRBT)RBRBTWBT + RBRBTwBT (59)



24

5.3 Translational Dynamics
The translational kinematic equation is written in Eq. (5.5) in terms of U and
Rp.wy- Note that U is the representation of the translational velocity of the receiver

relative to the air in Wgx-frame. Thus,

U=1 0 (5.10)

where Vg is the airspeed of the receiver. This is because the x-axis of Wg-frame, by
definition, is along the velocity of the receiver relative to the air. Note further that
Rppwy is the rotation matrix from Wg-frame to Br-frame and parameterized by the
angle of attack, ag, and sideslip angle, Br, of the receiver. In this section, the matrix
form of the translational dynamic equation of Eq. (3.16) is written in terms of the triad

(Vr, Br, @r), which defines the column matrix, Xg, as
Xr = [Vr Br QR]T (5.11)

To derive the matrix form of the translational dynamics, every vector in Eq. (3.16)
is written in terms of its representation using the vectrix formalism. All vectors will be
expressed with the vectrix of the inertial frame, [1 |7, to enable the elimination of the

vectrices from the equation. Recall that U = [EAR]TU and can be expressed as
Q = [z]TRgTIRgRBTRBRWR U (512>
Then, since [I]” is fixed, the derivative of U is found using chain rule to be

U = [I"(RE RE 5. Reaws U+ RE RS 5, Repws U+ RE(RE 5. Reawy U
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Matrix £i is now defined such that

Vg cos Br cos ag

d d .
— (RBrwr U) = — Visin B = Er Xp (5.14)

Ropwe U+ Repwe U= 5 at

Vg cos Bg sin ag

where

cos Brcosar —Vgsin frcosar —VgcosPBrsinag
Er = sin Or Vg cos Br 0 (5.15)
cos Brsinag —Vgsinfrsinar Vg cos B cos ag

Further note, from Poisson’s equation for the rotational kinematics of the tanker, that
Re,1 = S(ws,)RE (5.16)
Using Eqgs. (5.6), (5.14), and (5.16) in Eq. (5.13) yields

U=U"Rg4 {— [RE.B:S(WBrBr) + S(wr)RE,p.] RBgwr U+ Rpp.Er XR}
(5.17)
Next, wind vector W and its derivative are expressed in the inertial frame. Recall

that W = [Bg]"W and can therefore be written as
W= [E]TRETIRERBTW (5.18)
Taking the derivative of Eq. (5.18) using chain rule yields
W =[I]"(R5 R, s, W +RERE 5, W+RERE 5, W) (5.19)
and using Egs. (5.6) and (5.16) yields
W = [[]"RE,1 {~ [RE, 5, S(@naba) + S(wn,)RE,p,] W+ REp, W} (5.20)

Two other vectors in the right hand side of Eq. (3.16), F' and iy, are expressed

in the inertial frame, i.e. F = [I|TF and i = [I|77p,. For V,;, the most convenient
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frame is Bp-frame, ie. V. = [By]"Vi, which is expressed in the inertial frame as

i
V. =II J"RE1Vin- The most convenient frame to express position vector p, isobviously
-

Bpg-frame; thus, p = [B 7" Pm,;- Then, the first derivative of p  can be written as
—m; —m;

P =12,
J j

Br W, X P, (5.21)

where [p |, and is the time derivative of with respect to Bgr-frame. It can be
pm- R pm-
] %

shown that, in vectrix formalism, Eq. (5.21) is rewritten as

P, = " RE RS 5, [, = S(@BrBr)om, — RBarS(@ne)Rip,om,]  (5:22)

—my;

By taking the derivative of Eq. (5.21) using chain rule, the second derivative of p  can

be written as

= By Jmn @i % [0, I + 5, % 2, i, % (1, 150+ w5, % 0, )

= 19, ln + 205, <[P, Ipn +wp, X p, +wp, X (Wp, Xp,, ) (5.23)

where B, 1s the second derivative of with respect to Br-frame. It can be shown
pm- R pm
% "%

that, in vectrix formalism, Eq. (5.23) is rewritten as

b = [z]TR’ETI{RERBTﬁmj + RERBTS((‘UBRBT> [S(WBRBT)pmj - 2pm]:|
+ 2S(WBT)RERBT [S(WBRBT)pmj - pmj}

+ [S*(wer) — S(4By)] RBoByfm, + RERBTS(pmj)wBRBT} (5.24)

The details of the procedure to write pand p  in matrix form are given in App. B.
=m; =m;
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Substituting all vectors written in vectrix form in Eq. (3.16) yields

[z]TR’ETI {_ [RERBTS(WBRBT) _I_ S(wBT)RBRBT] RBRWR U _I_ RBRBTgR XR}

1 . .
= Gl {[ﬂTF—m(mTRETIR e RBpwy, U+ [["RE RE 5 W

i, — [ﬂTRETIvmﬂ
k
N M + m Z < TIRBRBT [pmJ - S(WBRBT)pmJ‘

~RpnBrS(wBr)RE, By P, ] )
+my ([I]TRBTI{RBRBTpmJ + RERBTS(WBRBT) [S(WBRBT)ij - 2ij]
+2S(wBr)RegBy [S(WBrBL)Pm; — fm;]
8% (ome) — S(Grr)] R, + RS0 o |
— " RE { - [RE 5. S(@nenr) + S(@ne ) REn,] W+ Rip, W } (5.25)
Canceling the common vectrix [1 |, pre-multiplying the entire equation by Rp,s.RB1,

and using the identity in Eq. (2.22) results in

{_ [S(WBRBT) + S(RBRBTWBT)] R’BRWR U+ gR XR}

1 . . .
- (M+m) [RBRBTRBTI (F+m TBT) _m(RBRWR U_'_W_RBRBT Vm)}
1 k
o m; pmj - S(w R T)+S(R rBTW T) ij}
(M+m);(j{ [SwBrs BrBrWBT )]

+ mj{ﬁmj‘ + S(wBRBT) [S(WBRBT)pmJ' - 21077111
+ QS(RBRBT(‘UBT) [S(wBRBT>pm]‘ - pm]]
+ [S*(RBrBrwBr) — S(RBrBrWBy)] Pm; + S(Pmy )85, })

+ [S(WBRBT) + S(RBRBTWBT)] W — W (526)
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Rearranging to have Xy on the left side and pre-multiplying by 6';{1, the final form of

the translational dynamics equation becomes

Xr = Ex'[S(wBwBr) + SRerBrwiy) Regwy U+ W) — Eg'W

1 . . .
+ 7(M n m) 5;{1 [RBRBTRBTI (F +m T’BT) —m (RBRWR U + W — RBRBT Vm)}

k
1, .
- L ey (i, -1 S(R -
(M—i—m)gR P (m]{p j [ (WBRBT)_'_ ( BRBTwBT)]p J}
+ mj{ﬁmj + S(wBgBr) [S(WBRBL)Pm; — 20m,]
+ 2S(RBgB.wBy) [S(WBRBr)Pm, — fm, ]

+ [82(RBRBTWBT) - S(RBRBT(;}BT)} Pm; + S(pmj )(“UBRBT}) (527)

When regarded in this form, two additional observations may be made about the
translational dynamics equation. First, the explicit dependency of the translational mo-
tion of the receiver aircraft on its rotational dynamics states and their time derivatives
can be seen through the terms containing wg,p, and wp,p,. Secondly, the information
about the motion of the tanker aircraft - both translational and rotational - are passed
as exogenous inputs to the receiver aircraft. The variables included in this category are

T’BT, RBTIa wBT and (UBT.

5.4 Rotational Dynamics

Note that the rotational dynamic equation in Eq. (4.9) has the derivatives of P,

and p . Recall that the first and second derivatives of p  are given in Egs. (5.21) and
—m; —n;
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(5.23) in the previous section. Knowing that the p, vectors are fixed in Bg-frame, Eqgs.

(5.21) and (5.23) may be extended to p. as

I
|

ey X 0, + Lap X 1,

= Wp, X p, twp, X (Wp, X p,) (5.29)

Once the derivatives of p —and p. are substituted from Eqgs. (5.21), (5.23), (5.28), and
(5.29), Eq. (4.9) becomes

n

Mg, = > {gi X MU+ W + g, X p. +wp, X (wp, X gi)]}

i=1

D {m (U+W+0p, I +wxp, )
oy [ U4 0+ 0, Lo + 2, % B, D + i, %,

tWp, X (QBR X ij):| }

— ppxm(ip + V) (5.30)

As done in the translational dynamics, the vectors in the above equation will be
expressed in terms of vectrices to eventually derive the matrix form of the rotational
dynamics. In doing so, each line of Eq. (5.30) is processed separately. The first line of

Eq. (5.30) can be expanded as

Z {Bi x My(U + W) + Mip. x (wp, X p,) + Mip, X [wp, X (Wg, X Bz)]} (5.31)
i=1

It can be seen that the first term of this line is equal to zero after moving (U + W) outside

the summation due to its independence of subscript i as follows:

Zp x My(U + W) = <ZpM> U+ W) (5.32)
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where Y7 p.M; = 0 because the origin of Bg-frame is, by definition, at the CM of the

constant masses M; at positions p . Using the identities in Egs. (2.11), (2.12), and (2.13),

the second term of the expression in Eq. (5.31) can be simplified as

Mip. x (Wp, x p.) = Ml(p,-p,) wp, — (p,  @p,)P,]
= [Bg" {M;[(p] pi)lsxs — (pip])] WBg } (5.33)

where I3, 3 is an identity matrix included to ensure matrix dimension consistency. More-

over, the third term in Eq. (5.31) can be simplified using Egs. (2.12) and (2.14)

Mip, % lwp, * (Wi, X ) = Mi|(@p, - £)0, % wp, = W, - ws,)p, X p,

= M(wp,pi)p, X wp, (5.34)

since p. X p. = 0. After rearranging this expression as M;(plwg,,) p; X wp,, the result can

be further rewritten using the identity of Eq. (2.15) as

~

Mi(p{ wag)p, X Wp, = —[Brl" Mi(p] wp,)S(p1)wry, (5.35)

which, when using the identity of Eq. (2.18), finally becomes
[BR]TMiS(WBR) (PiﬂiT) WBR (5.36)

By adding and subtracting (pfpi) wg,, and rearranging, Eq. (5.36) is further rewritten as
LBl S o) { M (7)o = pif i, = M () om | (530

where the second term is zero because M; (pfpi) is scalar and S(wpg)wp,, is zero by
Eq. (2.15). By substituting Egs. (5.33) and (5.37) into Eq. (5.31), the first line can be

rewritten as

[BR]T {Z Mi[(PiTPi)sts - (PzPZT)] WBg — S(WBR) Z M; [(PZTPZ) I3z — Pipﬂ WBR}
- - (5.38)
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In both terms of this expression, the inertia matrix of the masses at P, positions can be
identified. Thus, the inertia matrix of the receiver, excluding fuel transferred, is defined

as

=Y Mi[(p] pi)axs — (pip})] (5.39)
i=1
By substituting in Eq. (5.39), the first line of Eq. (5.30) can be further simplified to

Bil” Ly, — S(n)Lyws, (5.40)

As done in the first line of Eq. (5.30), the other lines can be rewritten as follows
by using identities in Eqgs. (2.11), (2.12), (2.13), and (2.14). The second line can be

expanded as

x m;(U+ W) +p,, X mj[gmj]BR +p,, X 1 (w X ij) (5.41)

IIM?r

the third term of which can be expanded using the identities in Egs. (2.11), (2.12), and

(2.13) similarly to Eq. (5.33) as

'QBR)p ]

mg —m;

P, xmjwxp ) o= mllp -p )ws,—(p

—m; —m; —mj =

= 1B {08, sxs — (s )] G5} (5.42)

Substituting this expression into the second line and writing the other terms in vectrix

notation results in the second line being rewritten as

k

2 {[BR]T% vy (W)U + B W) + Bl o, x 1 Byl o,
+1m; [Bp]" [(Pﬁjpmj)lsxs - (pmjpfnj)} u)BR} (5.43)

Further, using rotation matrices to write all vectors in Bg-frame results in

k
Z { " pmy X 1 ([ER]TR’BRWRU + [ER]TW> + [Bg]" pm, % 15[ BR]" pm,

J=1

s Bal” (5 o, s = (s, )] o (5.49)
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The third and fourth lines are processed by first expanding them to

k
5, 5| 4 I+ 2 X 2, i+ i, 8,

m; mj

k
= D0, XmiU+W) +p  xmlp, Tpe+p, X mi(2wp, P, ]5,)

.
Il
-

+£mj xmj(wg, X ij) +£mj X mjlwp, X (wg, X ij)] (5.45)

The first line of this expansion can be rewritten by using the expressions that have already
been developed for Q and w in the translational dynamics matrix form derivation. Recall

from Egs. (5.17) and (5.20) that
U=[I"REq {— [REnrS(@BgBr) + S(wr)REpr] RBrwr U + Rip,Er XR}
and
W = [I[]"RE1 {~ [RE, 0, S(@naps) + S, REn,] W+ R, }

Both of these derivatives may be written in Bg-frame by using the frame relations and

rotation matrices. From the relation [I] = RS, _RE 5 [Bpl, it follows that
)" = [Bx]"Reg:Ra (5.46)

By substitution of Eq. (5.46) and using the identity of Eq. (2.22), Egs. (5.17) and (5.20)

become
U = [Bg)" {— [S(wBgBr) + S(RBrBrwBr)| RBrwy U + Er XR} (5.47)

and

W = [Bl" {~ [S(@nnny) + S(Runnewn,)] W+ W | (5.48)
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Making use of Eqs. (5.47) and (5.48), the first term of the expression in Eq. (5.45) may

be written as

k
Zﬁm_ x my;(U + W)

Jj=1

k
= D 0, XM ([ER]T {~ 1S(@BaBr) + S(Ripnrwm,) Regwy U+ Er Xn )

Jj=1

B4l { = [SwBws) + S(Runprwn,)| W + 1V } )

k
= Zﬁmj X M ([ER]T{ — [S(wBpBy) + S(RBgBrwBy)] (RBawy U+ W) + Er i

+W }) (5.49)

The third and fourth terms of the expansion in Eq. (5.45) can be rewritten using

the identities of Egs. (2.11), (2.12), and (2.13) as

P, xmiQRup, x[p lsz) = my[(2p

—my; —my; —my;

= Bl {208, fm, s — (2, 1)] iy 1(5.50)

'ij) WBr T (Qﬁmj 'QBR)Emj]

P, XM (Wp, X p, ) = myl(p

P, P ) Wp, — (ij 'QBR)ij]

my o —my

= B {mil(oh, pm, sss — (pm, )] o, ) (5.51)

The fifth term of the expression in Eq. (5.45) may be rewritten using Eqs. (2.12)
and (2.14) as

'Omj X mj[@BR X (QBR X Bm])] = my (QBR P )P

J— . X
)P, X B — Why, WhL )P, X P,

= mj(ngpmj)ﬁmj X Wg, (5.52)
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p = 0. When these term expansions are substituted back into Eq. (5.45)

since p X
—mj o —my

and all vectors are written in vectrix notation, the third and fourth lines become
k
S { a0,y (8207{ = 1S(emnng) + S(Rqpn )] (R U +17)

j=1

A

e W)+ B, % s B,

g [ Bl" (208, pm, s = (2m,08)| i

_l_m][ER]T [(p?nijj)I3X3 - (pmjp?n])} C;JBR

~

ey o Bl ps [ER]%BR} (5.53)

The fifth line of Eq. (5.30) may be rewritten by first writing all vectors in vectrix
notation and then using rotation matrices to write all vectors in Br-frame. This results

in
pp X (fp, + V) = —[BR) pr x (1) 5, + [By) Vi)
= —[Bg"{pr x 17 (RegprRBy175, + RBgne Vi) } (5.54)

By additionally using the skew-symmetric operation of Eq. (2.15), each of the
second, third/fourth, and fifth lines of Eq. (5.30) are further rewritten as follows:

Second line expressed in Eq. (5.44) becomes:

M-

Bl { 1,8 (o) Rewn U + W) — 10,8 (0,

1

J

+riy [(P

34

s = (o) (5.5
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Third and fourth lines expressed in Eq. (5.53) become:

" 30 { = 80 = 8(ermune) + S(Rmarns )] (R U +17)

+Er X + W) — m;S(Pm; ) Pm,
+m; [(2pz,;jpmj)13><3 - (mejpz;bj )] WBgr
+m] [(panpmj>I3X3 - (pmjp?n]>} (‘DBR

—mj(WERpmj)S(pmj)wBR} (5.56)
Fifth line expressed in Eq.(5.54) becomes:
[Br"1S(pr) (RerprRecri s, + Regpr Vi) (5.57)

When Egs. (5.40), (5.55), (5.56), and (5.57) are substituted back into Eq. (5.30),

the result is written as

k
MBR = [ER]T leBR + Z m; [(p?njpmj)13x3 - (pmj p?nj )] (“DBR - S(WBR)leBR
j=1
. k
+ [ER]T Z { - ij(pmJ') (RBRWRU + W) - mjs(pmj')pmJ'
7j=1

+mj [(panpmj)I3X3 - (pmeZnJ>i| WBR}
A k
+ [Bg]" Z { —m;S(pm,) < — [S(wBgBy) + S(RBrBrwBL)] (RBrws U + W)
j=1
e it W) = (00, i,

;[ (208, 5my s = (2m, )| i

_mj(ngpm])S(pmJ )wBR}

+ [Bpl"mS(pr) (RegBrRB.175, + REgB, Vin) (5.58)
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where the fourth line of Eq. (5.56) is moved to the first line of Eq. (5.58). It is now useful

to define the total inertia matrix of the entire system at a given time in Bgr-frame as

I = {;M + imj [(pﬁj pmj) Isus — pmjpﬁj] } (5.59)
j=1

which is always non-singular as I, is a mass property and p%j Pm; as well as py,, p%j are

positive definite terms. When Eq. (5.59) is substituted in Eq. (5.58), this yields

~

MBR = [ER]T [lthR - S(WBR)lMWBR]

~

+ [ER]T Z { - ij(pmJ') (RBRWRU + W) - mjs(pmj')pmJ'
+ii; [(pﬁjpmj)lsxs - (pmjpﬁj)} wBR}
b LTS S0 8(ema) + SRageme)] (Ragave, U4 1)

+Er X + W) — m;S(Pm; ) Pm,
+m; [(2p?njpmj)13x3 - (zpmjpz—‘nj>} WBgr
_m,? (ngpm])S(pmJ )wBR }

+ [Bgl"mS(pr) (RegsrRerris, + Regs. Vi) (5.60)
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Further substituting wg, and wp, from Egs. (5.8) and (5.9) and combining terms results

in
Mg, = [ER]T{L [WerBr + S(WBrBr ) RBrBrwWE, + RBRBrw,]
—S(wsgpr + RepBrws, )L (Wpes, + RBRBTWBT)}
+ [Bp/* Z mj{ (Pm;) RBgwrU + W) — S(pm; ) Pm,
+ [(ﬂfnjpmj)lsxs = (pm, Pﬁj)} (wWBRBr + RBRBTWBT)}

CBTY mj{ ~S(pn)) ( ~ [S(wnnne) + S(Ronnewne)] (Rogwa U+ 17)

+ |20k o, axs = (21| @By + Ripaws)

(ngBT + wBTRERBT)pmJ S(pmJ)(wBRBT + RBRBTWBT)}

+ [Bpl"mS(pr) (RegBrRB.175, + REgB, Vin) (5.61)

where vector M can be expressed in terms of its representation in Bg-frame as M .
[By|" Mp,. Also note that (wh 5 +wh RE 5. )pm, in the second line from the end is

a scalar and therefore can be moved after S(p,,; ).
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Canceling the common vectrices and further combining similar terms results in

Mp, = —S(wsgs; + RBgBws, )L, (WBeB, + RBRBLWE,)

=M
- Z S<pmj) |:m] (ngBT + ngR’ERBT) pmj (wBRBT + RBRBTMBT)
7j=1

+mj pm] + mj pmJ:|

— | S(om) mi| { = [S(wBaBy) + S(Runps wiy)] (Reaws U+ W)

[k
- Z S(pmj) mj (RBRWR U+ W)

Lj=1

k
+ 2 ij [(p?nj pmJ-) Isxs — pmjp?nj} (wBRBT + RBRBTWBT)
j=1

k
+ Z mj [(,OQJ pmj> I3><3 - pmeﬁj] (wBRBT + RBRBTWBT)
j=1
+ 1 [wBRBT + S(wBRBT)RBRBTwBT + RBRBTwBT]

=t

+ mS(pr) (RepBrRB175; + RBRBrVin) (5.62)

When Eq. (5.62) is rearranged to have wp,p, on the left side, the final form of the

rotational dynamics equation is written as
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Wpppr = I 'Mp, + L 'S(wBgBy + RBaBrwBy )L, (WB,5, + RBgBrwa,)

k
+ lt_l Z S(pmj) [mj (ngBT + ngR’%RBT) Pm; (wBRBT + RBRBTWBT)
j=1

+m; pm] + mj pmj]
k
+ 17 [Z S(Pm;) mj] { — [S(wBrBr) + S(RegBr wBr)] Rerwy U + W)
j=1
_'_SR )C"R -+ W }

k
+ lt_l [Z S(pmj) mj] (RBRWR U+ W)
j=1
k
- 2 lt_l ij |:<p31ﬂj pmj) I3><3 - pmijnj} (wBRBT + RBRBTWBT)
j=1

k
- lt_l ij [(pZﬂj pmj) I3><3 - pmijnj} (wBRBT + RBRBTWBT)
j=1
- S(wBRBT) RBRBT(")BT - RBRBT(’UBT

— L 'iS(pr) RerBrRB1178; + RBaBrVin) (5.63)

=t

In this equation, all the variables are with respect to the body frame of the receiver
or the body frame of the tanker with the exception of 7, , which is the velocity of the
tanker relative to the inertial frame. When the rotational dynamics is represented in the
above form, it seems quite complicated. However, it is very suitable for the application
of aerial refueling. Angular velocity and the orientation as well as the translational
velocity and position of the receiver are defined with respect to Bp-frame. The inertia
and mass properties of the receiver before the aerial refueling can be directly used in
the equation. Effect of the refueling on the rotational dynamics is represented by the
concentrated fuel mass and its CM location in each fuel tank. In the case of multiple fuel
tanks, the effect of fuel flow into each tank can be taken into account separately. Since

the equation is written with respect to a point fixed geometrically in the body of the
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receiver, change of the CM during the refueling is already incorporated in the equation.
Another advantage of writing the equation with respect to a geometrically fixed frame
in the body is seen when the aerodynamic variables such as airspeed, angle of attack
and side-slip angle and aerodynamic stability derivatives need to be used. Since these
variables and derivatives are determined by the geometric shape of the aircraft, not its
mass properties, the standard definitions can be directly used without any modification

or re-interpretation.



CHAPTER 6
STATE-SPACE FORM OF THE DYNAMICS EQUATIONS

The most general forms of the dynamics equations from Egs. (5.27) and (5.63) are

XR = fl CDBRBT + 1 (61)
CDBRBT = f2 XR + Co (62)

where
f, = (M +m [Z mj S(pm ] (6.3)

¢ = Er'[S(wBgBr) + S(RErBrwBr) (RBgws U+ W) — Eg'W
1 _ L. .
+ 7(M n m) €R1 [RBRBTRBTI (F +m ’I“BT) —m (RBRWR U+W — RBRBT Vm) }

k
1 . .
_ m&&l (mj{pmj — [S(wBgBr) + S(RBRBrWBL)] /)m]}
Jj=1

+ mj{ﬁmj + S(wBgBy) [S(WBRBT>/)mj - 2/')mj}

+ QS(RBRBTWBT) [S(WBRBT)pmJ‘ - pm]}

+ [Sz (RBRBTWBT) - S(RBRBT(‘.‘JBT)}pmJ' }) (64)
k
=1 [Z S(prm;) mj] Er (6.5)
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and

¢ = I'Mp, +I7'S(wBgBy + RBgBrwB.)Ly, (WB,5, + RBrBrws,)

+ lt_l Z S(pmj> [mj (ngBT + wBTRBRBT) Pmy; (wBRBT + RBRBTwBT)
j=1

_'_mj pm] + mj pm]]

+ LY S(omy) ms | { = [SBany) + S(Regnr wBr)] (Regws U+ W)
Li=1 i
+W }
J ]
+ lt_l Z pmj j (RBRWR U+ W)

k
- 2 I ! Zm] [(pmj pmj> I3x3 — pmjp?nj} (wBRBT + RBRBTWBT)

- lt_l ij [(pﬁj pmj) I3z — pmjpﬁj} (wBRBT + RBRBTWBT)
7j=1
- S(wBRBT) RBRBT(")BT - RBRBTwBT

— L 'mS(pr) (RBrBrRB1175, + RBeBr Vi) (6.6)

=t

Note that the above set of equations, Egs. (6.1) and (6.2) are not in the standard
state—space form, which is the most convenient for numerical simulation. After some

manipulation, these equations become

Xp = (Isxs—f1 £2)7 (Fiea + 1), (6.7)

C;JBRBT = f2 (I3><3 — fl fz)_l (flcg + Cl) + Cy (68)

which are the dynamics equations written in the state-space form and to be used in

computer simulations.



CHAPTER 7
MODELING THE VORTEX AND ITS EFFECT

It is to be noted that the wind effect terms constituting the elements W, W in the
receiver’s equations of motion derived earlier are considered to be based on the uniform
wind distribution acting at the receiver’s CM, expressed in its body frame. But, the
vortex-induced wind field acting on the receiver aircraft is non-uniform in nature. There-
fore, to be able to use the aircraft equations of motion without doing any modifications,
there is a need to approximate the non-uniform induced wind components and gradi-
ents by equivalent uniform wind and gradients. Once a fairly reasonable approximation
can be achieved, the implementation of aerodynamic coupling between the tanker and
the receiver becomes far more direct and computationally efficient than the conventional
procedure which involves first the calculation of induced forces and moments from the
wind distribution, and then inserting these forces and moments in the aircraft dynamics
equations.

In the dynamic model of this thesis for aerial refueling, the tanker is represented
by two sets of vortices each consisting of one bound and two tip (trailing) vortices, with
one set for the wing and the other for the horizontal tail. These six vortex filaments
induce additional wind velocities on the body of the receiver aircraft, which, in turn,
cause changes in the forces and moments experienced by the receiver. However, instead of
attempting to estimate the induced forces and moments on the follower, the induced wind
velocities and wind gradients are computed. The induced wind velocities are written as a
function of the relative separation as well as the relative orientation between the tanker

and the receiver using a modified horseshoe vortex model based on the Helmholtz profile.
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Since the induced wind and wind gradients are non-uniform along the body dimensions
of the receiver aircraft, an averaging technique is implemented to compute the effective
wind and wind gradient as uniform approximations. The effective wind components and
gradients are introduced into the nonlinear aircraft equations that include the components
of wind and the temporal variation of wind in the body frame to determine the effect on
the receiver’s dynamics. The effect of vortex decay over time is also included in our model.
Special care has been taken to accommodate different geometrical dimensions for the
tanker and the receiver aircraft and also to include many useful geometrical parameters
of the aircraft like the wing sweep angle, the dihedral angle and the relative distance
between the CM of the UAV and the aerodynamic center of the wing, in estimating the
vortex-effect experienced during aerial refueling. For further details of the actual vortex
model and the averaging technique used to estimate the vortex-effect on the receiver, see
Ref.[58]. Note that bound vortices were not considered in this reference, but its overall

approach is followed herein.



CHAPTER 8
APPLICATION

This section explains how the physical parameters of the receiver aircraft and its
fuel tanks are incorporated as mathematical quantities that are included in the derivation
of the equations of motion. It further presents some results of the simulation that incor-
porates the equations of motion developed herein as the model of the receiver aircraft
dynamics during aerial refueling. The simulation also includes the full 6-DOF nonlin-
ear dynamics of the tanker aircraft. In the simulation, the position and orientation of
the receiver relative to the tanker are controlled by a gain-scheduling linear controller
while the tanker flies in a racetrack maneuver. The simulation contains the ICE (Innova-
tive Control Effectors) unmanned aircraft as the receiver being refueled from a KC-135
tanker aircraft. For details of the tanker or receiver being simulated or the controller

being employed, see Refs. [28] or [59].

8.1 Fuel Tank Configuration

First, the overall fuel flow rate (1), which may be time-varying, from the tanker
to the receiver is considered to be specified as an external input. Further, the part of
the total fuel flow that is sent to each individual fuel tank is specified. For example,
Fig. 8.1 shows the sketch of the ICE aircraft containing four fuel tanks in it. In
normal circumstances, the refueling begins with the forward tanks with the total fuel

flow distribution being such that

my = my = 0.5m
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TANK 4
FUEL PORT

TANK 2

TANKE T

TANK 3

Figure 8.1. Receiver aircraft with its fuel tanks.

where the combined fuel capacity of tanks 1 and 2 totals 35% of the total aircraft fuel.
After tanks 1 and 2 are full, the aft tanks begin refueling such that the total fuel flow
distribution is described as

mg = my = 0.5m

where the combined fuel capacity of tanks 3 and 4 totals 65% of the total aircraft fuel.
The actual mass contained in the j** fuel tank at any instant of time can be computed

using the formula
t
my () = / 1 ()dr (8.1)
0
where t represents the time elapsed since the refueling operation had begun. If there

is any residual fuel in the tank before the start of refueling, that can be considered as

part of the receiver aircraft. Therefore, without any loss of generality, it is assumed that
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The next variable to be determined is Lo, which is the position vector of the fuel

mass concentrated at the j%* point, expressed in Bp-frame. Recall the assumption that
fuel in each fuel tank is concentrated at its CM. In general, the initial location Lo, (0)
is considered to be the mid-point of the base of the j* fuel tank or the surface of the

remaining fuel (Fig. 8.2). As the fuel flows into the fuel tank, the vector p () should

always point at the CM of the fuel (Fig. 8.3).

Figure 8.2. Initial condition for lumped mass position vector.

For example, consider the two-view diagram of fuel tank 1 as shown in Fig. 8.3.

Initially,

£, (0) = [Br" | 41(0) (8.2)

21(0)
During the refueling, x1(¢) and y;(¢) will be constants and equal to their initial values.
This follows from the assumptions that the fuel tanks are rectangular and the fuel stays
level within each tank. However, since the level of the fuel is rising, z;(t) will be time-
varying. From Eq. (8.1), if 72, (¢) is the fuel flow rate into tank 1, the amount of fuel

mass in the tank increases as

ml(t):/O iy (7)dr (8.3)
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Figure 8.3. Two-view diagram of fuel tank 1.

With the assumptions stated above, while fuel is flowing in, the height of the CM of the
fuel from the base of the tank can be expressed as

ml(t)
ha(t) =
() Pfuel@1by

(8.4)
where a; and b, denote the length and breadth of fuel tank 1 (Fig. 8.3), and pyye is the
density of the fuel being transferred. Thus, the time-varying position vector of fuel tank

1 is obtained as

Lo, &) = [Bal" | 4:(0) (8.5)
2(0) -
The p-vector as a function of time for the other fuel tanks can be formulated similarly.

Then, the position vectors along with their time derivatives for all the fuel tanks are used

in the receiver’s equations of motion.



49
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TANK TANK 1

TANK TANK 5

(a) (b)

Figure 8.4. Receiver fuel tank failure cases: (a) Right-hand tanks do not fill and (b)
Right-hand forward and left-hand aft tanks do not fill.

8.2 Simulation Results

In the simulation, the tanker aircraft flies at the nominal altitude of 7010 meters
at a speed of 190 m/s in a racetrack maneuver. However, note that this is the nominal
flight condition and that small deviations from the nominal conditions occur as the
tanker transitions between the legs of the racetrack maneuver. While the tanker flies in
the racetrack manuever, the receiver aircraft needs to maintain the contact position of
(-25.33, 0, 6.46) meters relative to the body frame of the tanker. Maintaining the contact
position enables the tanker’s refueling boom to deliver 0.04416 cubic meters of JP-4 fuel
per second (700gal/min) at the speed of 5.45 m/s. It is assumed that the refueling boom
is situated at an incline of 30 degrees downward from the negative x-axis of the tanker’s
body frame during the fuel transfer. The following is a presentation of the results from
the simulation of refueling while the tanker is at (i) straight-level flight and (ii) constant-
altitude, constant-speed turn. The configuration of fuel tanks in the receiver aircraft and
the scheduling of the tanks are given in the previous section.

Figures 8.5 through 8.10 depict the results of the simulations when executed for a

straight level flight condition for three different cases, as labeled in the figure legends.
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Case 1 is a normal refuel scenario where the refueling begins at 25 seconds. In Case 1,
both forward tanks fill first, each receiving half of the maximum tanker boom fuel flow
rate until filled to their commanded capacity, after which both aft fuel tanks receive half
of the maximum tanker boom fuel flow rate until filled to their commanded capacity.
Case 2 is a refuel failure scenario where neither of the right-hand fuel tanks (labeled
Tank 2 and Tank 4 in Fig. 8.1) receive fuel, but the left-hand forward tank still fills
first, followed by the left-hand aft; this failure scenario is depicted in Fig. 8.4(a). Case
3 is a refuel failure scenario where the right-hand forward and left-hand aft tanks do
not fill, which is depicted in Fig. 8.4(b). It should be noted that, in order to allow for
more accurate comparisons of the normal case to the failure cases, the fuel tanks in the
normal case are commanded to fill only to half of their capacities so that the transition
from refueling the forward tanks to the aft tanks occurs at the same time in all three
cases. This measure additionally ensures that the post-refuel total aircraft weight for the
normal case matches that for the failure cases.

To be able to maintain the nominal refueling contact position, the deviation from
the refueling position as well as the deviation in relative orientation should be minimal.
To analyze the performance of the aircraft in terms of these important requirements,
phase portraits of position and orientation are presented in Figs. 8.5 and 8.6, respectively.
Note that the y-deviation extends up to 0.3 and -0.2 meters with Case 3 resulting in
deviations significantly greater than those of the other cases. It is interesting to note
that, while Cases 2 and 3 have, as expected, the same y-deviations in the negative x- and
y-quadrant while Tank 1 is filled, their y-deviations in the positive x- and y-quadrant are
in opposite directions due to the fact that opposite-side aft tanks are being filled in these
cases (Tank 3 in Case 2 and Tank 4 in Case 3). The x-deviation is between -0.2 and 0.2

meters in all three cases and z-deviation is between -0.1 and 0.15 meters. The deviations
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Figure 8.5. Deviation of the receiver position from the refueling position in straight level
flight.

are smallest for Case 1, which results in zero y-deviation as expected based on the fuel
tank symmetry.

Figure 8.6 shows the phase portraits of Euler angles to illustrate the deviation
of the receiver orientation from the tanker orientation. The pitch angle variation is
approximately the same (below 1.5 deg) for all cases while Case 3 causes a greater range
of deviation of both yaw and bank angles. As with the y-deviation of Fig. 8.5, it is
interesting to note the portion of the Case 3 yaw deviation which is opposite of the Case
2 yaw deviation due to the asymmetric tank refueling.

Fig. 8.7 illustrates the x- , y- and z- components of the receiver’s position relative
to the tanker in the time domain. Correlations can be drawn between Figs. 8.7 and 8.5,
such as the magnitude of the y-position spikes resulting from the Case 3 scenario. The

first such spike at 25 seconds is the same for both Cases 2 and 3 due to the fact that both

cases begin by refueling the left-hand forward tank, but Case 3 second spike around 70
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Figure 8.6. Receiver deviation in relative orientation in straight level flight.

seconds is the result of the cessation of Tank 1 refueling and the commencement of (right-
hand aft) Tank 4 refueling, and it is this second larger spike which correlates to the largest
y-deviation depicted in the phase portrait. Similarly, the opposite-direction y-position
spikes at about 140 seconds are the result of refuel completion and the reorientation of
the aircraft into an appropriate trim condition after being refueled in opposite-side aft
tanks, which correlates to the opposite-direction y-deviation spikes seen in the phase
portrait. This behavior is mathematically represented by the third term of Eq. (5.27),
which illustrate the contribution of the individual fuel tank masses and their derivatives,
along with the fuel CM locations and their derivatives, to the receiver’s translational
dynamics.

Fig. 8.8 shows how the orientation of the receiver changes in terms of Euler angles
relative to the tanker’s body frame in the time domain during straight level flight in the
three cases. As in the case with the position plots, correlations can be drawn between

Figs. 8.8 and 8.6, such as the opposite-direction tendencies of the yaw and bank angles
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Figure 8.7. Time history of the deviation of the receiver position from the refueling
position in straight level flight.

immediately following the Case 3 transition from the forward to diagonal aft fuel tank
when compared to the same-side forward to aft tank transition of Case 2. These moments
are largely due to the contribution of the second, third, fourth, fifth, sixth, and eighth
terms of Eq. (5.63), which express the relationship between the derivatives of the individ-
ual fuel tank masses and center-of-gravity locations to the receiver’s rotational dynamics.
It is also interesting to note that, after refuel completion, the yaw trim angle is different
for Cases 2 and 3, where the Case 2 results in a slightly positive yaw trim angle and Case
3 results in a very slightly negative yaw trim angle. Note also that there is, albeit very
small, a nonzero steady-state bank angle in Cases 2 and 3. This demonstrates the effect
of the asymmetric mass distribution on the steady-state trim condition.

Figures 8.9 and 8.10 illustrate the values of the control variables in all three cases
of straight level flight. Figure 8.9 illustrates the deflections of the three control effectors:

elevon, pitch flap, and clamshell. In all three cases, very small deflections (compared
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Figure 8.8. Time history of the receiver relative orientation deviation in straight level
flight.

to the saturation deflections) in all the three effectors are used to maintain the refuel
contact position throughout the simulation. Both the elevon and clamshell deflections
can be compared with the roll and yaw angle histories in Fig. 8.8 to show how these
effectors reacted to the refueling in the failure cases and how their steady-state positions
corresponded to the receiver’s steady-state FEuler angles. It can be seen that, when the
refueling of Case 3 transitioned from the forward to the diagonal aft tank, both the elevon
and clamshell reacted immediately to compensate for the opposite-side tank refueling,
and it is interesting to note how the elevon and pitch flap angle magnitudes change
steadily throughout the refueling to account for the steadily growing fuel tank masses.
This phenomenon is accounted for by the contribution of the gravitational moment caused
by the fuel masses as presented in Eq. (4.11) to the total moment of the external forces

about the origin of Br-frame as presented in Eq. (4.10). Figure 8.10 illustrates the level
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Figure 8.9. Time history of receiver control surface deflections in straight level flight.

of throttle in the three cases, which prove to be very similar. As expected, the throttle
tends to grow as the refueling occurs (beginning at 25 seconds) to keep the receiver at
the commanded velocity while experiencing mass increase, and the steady-state throttle
value is somewhat higher than initially due to the higher post-refuel aircraft weight.
Figures 8.11 through 8.16 depict the results of the simulation when executed for a
U-turn maneuver scenario which involves the tanker beginning to turn 25 seconds into
the simulation with a specified yaw rate until the yaw angle change reaches 180 degrees.
The commanded yaw rate for the tanker in a racetrack maneuver is generated from a 1.7
deg/sec step response of fourth order linear filter with time constants of 10, 10, 10 and
1 seconds. In these figures, Case 1 involves the turn maneuver only with no refueling,
included as a reference to determine how much of the receiver’s response is due solely to
the refueling. Case 2 is the same normal refuel scenario introduced in the straight level

flight case, with refueling beginning with the forward tanks at 25 seconds and continuing
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Figure 8.10. Time history of receiver throttle setting in straight level flight.

with the aft tanks after the forward tanks are filled to commanded capacity. Case 3 is
the refuel failure scenario where the right-hand forward and left-hand aft tanks do not
fill, which is depicted in Fig. 8.4(b). Once again, the fuel tanks in the normal case are
commanded to fill only to half of their capacities so that the transition from refueling the
forward tanks to the aft tanks occurs at the same time in Cases 2 and 3 while ensuring
that the post-refuel total aircraft weight for the normal case matches that for the failure
case.

As in the straight level flight case, the deviation from the refueling position as well
as the deviation in relative orientation should be minimal. To analyze the performance
of the aircraft in terms of these important requirements, phase portraits of position and
orientation are presented in Figs. 8.11 and 8.12, respectively. When compared with
deviations in the straight level cases, Case 1 herein shows that the additional deviations
are mostly due to the response of the receiver to the tanker turn. However, Figs. 8.11 and

8.12 show the additional deviations due to the symmetric and asymmetric fuel transfer.



o7

case—1
N - - - case-2

y [m]

-05 0 0.5 -02 -01 0
x[m] z [m]

01 02

Figure 8.11. Deviation of the receiver position from the refueling position during turn.

The effects of the refueling are somewhat more pronounced in the Euler angle phase
portrait of Fig. 8.12, where both refueling cases, especially the failure of Case 3 about the
yaw axis, create orientation deviations significantly in excess of the orientation deviations
due only to the turn.

Figure 8.13 illustrates the x- , y- and z- components of the receiver’s position relative
to the tanker in the time domain. Once again, correlations can be drawn between Figs.
8.13 and 8.11, such as the magnitude of the y-position displacement around 45 seconds
resulting from the Case 3 forward-to-aft tank transition. Fig. 8.14 presents results
comparable to the Euler angle phase portrait, where the yaw deviations due to Case 3
and the fuel tank transition thereof are quite apparent. It is also apparent in this plot
that, when compared to the no-refueling Case 1, the steady-state pitch angle of Cases 2
and 3 is approximately one degree higher to account for the increased aircraft weight at

the end of the refueling exercise.
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Figure 8.14. Time history of the receiver relative orientation deviation during turn.

Figures 8.15 and 8.16 illustrate the magnitudes of the control variables in all three
turn maneuver cases. Figure 8.15 illustrates the deflections of the three control effectors
and it is obvious that the tenancies of especially the elevon and clamshell follow those of
the straight level flight case presented in Fig. 8.9. The differences between the effector
deflections required for turning with and without refueling are also illustrated here, with
the steady-state trim deflections being somewhat different both with and without fuel,
and with and without asymmetric mass distribution. Figure 8.16 illustrates the level of
throttle in the three cases, with Cases 2 and 3 having almost identical throttle require-
ments. Note that the throttle setting is higher in Cases 2 and 3 than in Case 1 during
the turn as well as during steady-state after the turn and refueling are both completed.
This is due to the mass transfer during the refueling and due to the higher post-refuel

aircraft weight in steady-state.
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Figure 8.15. Time history of receiver control surface deflections during turn.

Throttle setting

0.72

0.7

0.68

0.66

0.64

0.62

0.6

0.58

0.56

0.54

Turn

case-1
— — — - case-2

————— — case-3

Figure 8.16.

time [sec]

Time history of receiver throttle setting during turn.

60



Deflection [deg] ~ Orientation [deg] Deviation [m]

Throttle setting

Figure 8.17. Time history of receiver in straight level flight becoming fully refueled.

0.6

0.4

Straight Level, Full

y [m]

Turn, Vortex and Refuel Comparison

0.8

0.6

0.4

0.2

0
0

J J J J Elevon

— — — Pitch Flap

T T~ 4 -— Clamshell
i [ R N ey I i P ' ' 1
0 50 100 150 200 250

T T T T T

i i i i i
0 50 100 150 200 250

time [sec]

T T < T T i |

| case-1
- — —case-2
‘‘‘‘‘ case-3

F

g

L ‘ N

i i i i~ i i i = = i i
-06 -04 -02 0 02 04 -0.2 -0.1 0 01 0.2
x [m] z[m]

61

Figure 8.18. Deviation of the receiver position from the refueling position during turn
for observation of vortex and refueling effects.
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Figure 8.19. Receiver deviation in relative orientation during turn for observation of
vortex and refueling effects.

For the purposes of comparison, Fig. 8.17 depicts the receiver behavior in a straight
level flight scenario with refueling beginning at 25 seconds as before, but the tanks are
now commanded to fill to their full capacities instead of only halfway as previously done.
This simulation case is presented to show the response of the receiver in the case of the
full-capacity normal refueling scenario. It can be seen that all deviations and control
variable variations are larger in magnitude than in the previous scenario to account for
the additional mass being transferred into the aircraft.

Finally, Figs. 8.18 and 8.19 are presented as a means of comparing the effect of the
vortex on the receiver position and orientation deviations to the effect of the refueling in
the turn scenario. In these figures, Case 1 is a simulation involving neither the vortex
nor the refueling, and is included as a reference for the other two cases. In Case 2, the
vortex is included without any refueling, while Case 3 includes refueling at 25 seconds

as before, but with no vortex. From these figures in which the vortex and refueling
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effects are isolated from one another, it is apparent that the vortex and refueling actually
contribute extremely similarly to the receiver deviations. From these results, it can be
reasonably concluded that the effect of the refueling is as significant to the performance

of the receiver as the effect of the vortex-induced wind field.



CHAPTER 9
CONCLUSION

In this thesis, a new set of equations of motion of an aircraft is derived to account
for (i) time-varying inertia properties due to fuel transfer, (ii) exposure to wind induced
by the wake vortex of a lead aircraft, and (iii) position and orientation relative to an
accelerating and rotating reference frame.

A system of receiver aircraft and the fuel that will join the aircraft is defined. The
expressions for the time rates of change of linear and angular momenta of this sytem of
constant mass are derived by formulating the momenta before and after the fuel joins
the receiver and moves into the fuel tanks. This allows the application of Newton’s
Law, which is valid for a system of constant mass. Since the fuel before joining the
receiver aircraft is considered in the formulation of the linear and angular momentum
variation, the speed and direction of fuel flow into the receiver, as well as the location of
the receptacle in the receiver, are included in the equations of motion. The fuel that is
transferred into the receiver is modeled as point masses concentrated at the center of mass
of fuel within each fuel tank. This alows the formulation of time-varying fuel quantity
and center of mass for each fuel tank individually. Further, it allows the specification of
fuel tank location, shape, and size in the equations of motion. Additionally, since the
fuel flow rate into each fuel tank is individually accounted for in the equations of motion,
asymmetric fuel loading and unstead fuel transfer conditions can easily be simulated.

A geometrically fixed body reference frame is chosen for the receiver to address the
fact that the center of mass of the system may change during the fuel transfer. The origin

of this body frame is chosen to be at the center of mass of the receiver before the fuel
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transfer. This enables the mass and inertia matrix of the receiver aircraft without fuel to
be identified in the derivation of the equations. Thus, the mass and the inertia matrix of
the receiver excluding the transferred fuel can be used directly in the equations. Another
advantage of writing the equations with respect to a geometrically fixed frame manifests
itself when the aerodynamic varibles such as airspeed angle of attack, side slip angle, and
stability derivatives are used. Since such variables and derivatives are determined by the
shape of the aircraft rather than its mass properties, the standard definitions can be used
directly without any modification or re-interpretation.

To derive the equations of motion that include the dynamic effect of wind exposure,
the velocity and acceleration of the receiver are expressed as the sum of the velocity
and acceleration of the aircraft relative to the the surrounding air, and the velocity
and acceleration of the air relative to the inertial frame. This results in equations of
motion with explicit wind terms, which facilitiates the incoporation of the wind effect
in the aircraft dynamics and kinematics. It should be noted that this approach uses an
assumption of uniform wind and wind gradient acting at the origin of the receiver body
frame. An averaging technique, which was developed for close-proximity formation flight,
is used to approximate the nonuniform wind field induced by the tanker’s wake vortex
by uniform wind velocity and wind rotation. This enables easy dynamic modeling of the
receiver aircraft flying in the wake of the tanker aircraft.

Another novelty in the derivation of the equations is that they are expressed in
terms of the position and orientation of the receiver relative to the tanker, rather than
relative to the inertial frame. This offers a very suitable set of equations for the aerial
refueling problem since aerial refuling requires control of the receiver relative to the
tanker. Further, in the final form of the equations, the effects of the tanker’s motion on

the relative motion of the receiver are clearly shown. This also allows the translational
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and rotational states of the tanker aircraft to be passed into the receiver dynamics as
exogenous inputs.

The equations of motion are first derived in vector form. Then, vectrix formalism
and rotation matrices are used to convert the equations into state-space matrix form.
The matrix form enables the equations of motion to be dirctly implemented in numeri-
cal simulation tools such as MATLAB/Simulink. Further, state-space form is preferred
for model based control design. Another advantage of the matrix form is that the cou-
plings between rotational and translational dynamics can be easily identified through the
appearance of the rotational variables in the translational equations and vice versa.

Application of the derived equations in aerial refueling simulation has demonstrated
the ease of implementation and the versatility of the equations in terms of analyzing
various types of flight conditions and refueling scenarios. It should be noted that the
generic nature of the equations enables the simulation of any type of aircraft at any
flight condition with mass transfer of any sort. Analysis of the simulation results has
also shown the level and detail of insight that can be gained by the implementation of the
equations. In future work, the equations will be utilized in more effective control system

development as well as analysis of other systems having time-varying mass properties.
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Rotational kinematics of the receiver relative to the inertial frame in the form of

Poisson’s equation is

Rp,RE, 1 = —S(wsg) (A1)

where wp,, is the representation of the angular velocity of Br-frame with respect to the
inertial frame and most conveniently defined in Bg-frame. Similarly for the rotational

kinematics of the tanker,

Rp.RE 1 = —S(ws,) (A.2)

where wp,. is the representation in Bp-frame of the angular velocity of Bp-frame.
It is obvious that the angular velocity of the receiver with respect to the inertial
frame can be written as the sum of its angular velocity with respect to the tanker and

the tanker’s angular velocity with respect to the inertial frame. Thus,
gBR = gB}:{,BT + gBT (A3>

where wp . is the angular velocity vector of the receiver relative to the inertial frame,
Wp,. 5, 18 the angular velocity vector of the receiver relative to the tanker, and wp . is the

angular velocity vector of the tanker relative to the inertial frame. Eq. (A.3) implies

wBRBT = wBR - RBRBTWBT (A4)

where wp,, g, and wp, are the representations of the respective vectors in Bg-frame while

wp,. is the representation of the corresponding vector in Br-frame, and recall Eq. (2.7)

as

. T
Rerer = RBriRB 1

Differentiating and transposing Eq. (2.7), we obtain

RgRBT = RBTIRERI _I_ RBTIRERI (A5)
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From Eq. (2.7) and Eq. (A.5), we have

Rp.p:RE,.5, = ReaRE (RBTIR§R1+RBTIRERI)

= RpuR3, 1+ ReaRE ReaRE (A.6)

In the above equation, the first term on the right hand side can be replaced by
—S(wsyg ) owing to Eq. (A.1). The second term can be simplified as shown below. The

time derivative of Rg_jRp,1 = I, where Iis a (3 x 3) identity matrix, implies
RE,1Rer = —RE1Ren (A7)
which is used for the second term in Eq. (A.6) to get

ReRE ReaREr = —ReuREReaRE (A.8)

= —RpuRE ReuRE (ReaRE 1 (A.9)

where the product RETIRBTI (which is equal to identity matrix) has been inserted into

the right hand side of Eq. (A.8). Grouping terms using Eqgs. (A.2) and (2.7) yields
RpuiRE, Re1RE ReaRE 1 = —Rpns.S(ws, ) RE, B, (A.10)

Now, using the property that the cross product is preserved after the transformation by

a rotation matrix, it can be shown that

RBRBTS(MBT)RERBT = S(RBRBTWBT) (A11>

which gives the simplification for the second term on the right hand side of Eq. (A.6) to
be
Rp.iRE Re1RE, 1 = S(RegB.wB,) (A.12)
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Thus, using Egs. (A.1), (A.4) and (A.12), along with the property of linearity for

S(-) operations in Eq. (A.6), Eq. (5.6) is proven as

RBRBTRERBT = _S(WBR) + S(RBRBT(‘UBT)
= —S(wBg — RepBrwiy)

= —S(wpgBy) (A.13)

By rearranging Eq. (A.4), it is shown that wp, = wp,p, + RBgBrwWE,. Taking the

derivative of this expression yields
@By = WByBr + RBRBowB, + RBRBoWB, (A.14)
If Eq. (A.13) is rearranged such that RERBT = —RE_p,S(wBkBy), then it follows that
Rp.B, = S(WByB.)RBLB, (A.15)
By substituting Eq. (A.15) into Eq. (A.14), an expression for wp,, is arrived at as
Wpp = WppBr + S(wWBgBr ) RBRBrWE, + RBRBrWE,

thus completing the proof of Eq. (5.9).
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Recall from Eq. (5.21) that

D, =10, IBn + @B, X P,

mj

Substituting wp, from Eq. (5.7) gives

Py, =10, 15+ Whpp, X P, +Wh X P, (B.1)

Recall that Py = [ER]Tija YWBRBr [ER]TWBRBTa Y, = [ET]TWBW and [ER] =

Rp, B, [By]. Thus, Eq. (B.1) becomes

p = [BR]Tpmj + [BR]TWBRBT X [BR]Tij + [ER]TRBRBT Wpyp X [BR]Tij (B.2)

Using the vector product property in Eq. (2.15) yields

~

ij = [ER]T |:pm] - S(wBRBT)pmJ' - S(RBRBTMBT)pmj} (B3)
Note that p  can be expressed in the inertial frame using BT = [[]"RE RE. 5.

which yields Eq. (5.22).
Recall Eq. (5.23) as being

D, =10, 1Be + 205, X [P, Inp + @5, X p, +wp, X (Wp, Xp, )

After substituting wp, from Eq. (5.7) and rearranging, the above equation becomes

b . = [Bm]]BR + QQBRBT X [ij]BR + QQBT X [ij]BR + QBRBT X ij
+ wp, X P, +wp. 5, X (Wa,B, X ij) +wp. g, X (Wp, X Emj)
+ Wi X (Wpep, X P, ) T Wp, X (Wp, X p, ) (B.4)

where note that wp 5 = [Wp, BBz +Wp, X Wp,p,. After wp p. is substituted in and

the identity of Eq. (2.11) is used, it can be shown that

(Wpy XWp,B5,) XLy, TYBRBr X (Wg, Xﬁmj)+£BT X(WpnBy Xﬁmj) = 2wp, X (Wp,p, Xﬁmj)

(B.5)
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Substituting this back into Eq. (B.4) in place of the three terms, using the vector product

property of Eq. (2.15), and rearranging, Eq. (B.4) becomes

émj = [BR]T [pm] - 2S(WBRBT)pmj - QS(RBRBTWBT)pmj + S(pmj)wBRBT

+ QS(RBRBT(‘UBT)S((‘UBRBT>pmj - S(RBRBT(’DBT)pmj
+ S2(WBRBT)pmJ' + S2(RBRBTWBT)pmj] (B6)
Note that in rearranging Eq. (B.4) to get Eq. (B.6), the skew-symmetric matrix properties

of Eqs. (2.22) and (2.17) are used. Similarly to p , Eq. (5.24) is obtained once p in

Eq. (B.6) is expressed in the inertial frame.
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